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Abstract. In this paper we address some basic computational problems on
algebraic curves. The main tool we use is the concept of curves in generic
position. We first deal with the problem of finding and representing the singular points, together with their basic invariants, of an algebraic curve. Then
we show how to efficiently recognize curves having only Eggers singularities.
For such curves we give an algorithm to compute a nonsingular model. The
algorithm is factorization-free and does not introduce field extension of the
ground field.

1. Introduction
Algebraic curves theory, which lies at the intersection of algebra, analysis and
geometry, is ubiquitous in many areas of applications, such as computer aided
geometric design, computer graphics and coding theory. The curves arising form
such areas of application need to be analyzed, and in most of the cases this reduces
to deal with singularities of plane curves and the algebraic number manipulation
issues this induces.
Dealing with singularities of plane algebraic curves is in general a difficult problem, especially from the computational point of view. For example, resolving one
singularity requires to extract information in its depths, and a tower of field extensions of the ground field is unavoidably introduced during computation, see e.g.
[6, 5, 10, 24]. But in fact, the singularities of a given curve are often quite simple. This is for example the case for ordinary multiple points and cusps with one
characteristic pair. It is therefore important to have at disposal efficient tools to
recognize simple singularities, and whenever it is the case to resolve them without
introducing field extensions of the ground field. In this paper we develop such tools
for the so-called Eggers singularities.
The paper is structured as follows. In section 2 we set up notation and give some
basic results on algebraic curves. In section 3 we give a review on subresultants
which are used in this paper as a tool to perform in an efficient way elimination.
Section 4 is devoted to a systematic study of curves in generic position. We give in
this section different rational representations of the critical points of such curves.
Section 5 shows how to compute the critical points together with their basic invariants. In section 6 we use the basic singularity data given in section 5 to give an
easy and algorithmic characterization of curves with only Eggers singularities. For
such curves we give in section 7 an algorithm to compute the integral closure.
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2. Notation and basic tools
Throughout this paper K will be a commutative field of characteristic zero and
K its algebraic closure. In this section we fix notation and recall some facts about
algebraic curves that will be needed for our purpose.
2.1. Basics on plane algebraic curves. Let f be a square-free polynomial in
K[x, y] and Cf be the affine plane algebraic curve, over the field K, defined by the
2
equation f (x, y) = 0. The zeros in K of the ideal I(f, ∂y f ) (resp. I(f, ∂x f )) are
called the x-critical points (resp. y-critical points) of the curve Cf .
The multiplicity of a point (α, β) of the curve Cf is defined as the greatest integer
p such that ∂xi+j
i y j f (α, β) = 0 for any i + j < p. When p ≥ 2 the point is called
singular.
If (α, β) is a point of multiplicity p in the curve Cf then the Taylor expansion of f
around (α, β) writes as
f (x, y) = fp (x − α, y − β) + · · · + fd (x − α, y − β),
where the fi ’s are i-homogeneous and fp 6= 0. Since fp is homogeneous and bivariate
it factorizes over K into a product of linear forms. For each linear factor `(x, y)
of fp the equation `(x, y) = 0 gives a tangent line to Cf at (α, β). Thus a point of
multiplicity p has p tangent lines counted with multiplicities. In case fp is squarefree the point (α, β) is called an ordinary multiple point.
2.2. Multiplicity of intersection. Let I be
 an ideal of K[x, y]. To each zero
(α, β) of I corresponds a local ring K[x, y]/I (α,β) obtained by localizing the ring
K[x, y]/I at the maximal ideal I(x − α, y − β). When this local ring is finite dimensional as K-vector space we say that (α, β) is an isolated zero of I and the
dimension as vector space of the corresponding local ring is called the multiplicity
of (α, β) as zero of I.
An important particular case is when two curves Cf and Cg meet at a point (α, β)
and have no one-dimensional common component containing this point. In this
case (α, β) is an isolated zero of the ideal I(f, g) and its multiplicity is called the
intersection number of the two curves at this point, and denoted by Int(f, g, (α, β)).
The intersection number satisfies the inequality
(1)

Int(f, g, (α, β)) ≥ pq

where p (resp. q) is the multiplicity of (α, β) as point of the curve Cf (resp. Cg ).
Equality holds if and only if the two curves have no common tangent line at the
considered point. On the other hand, if f and g are monic with respect to y and α
is a root of multiplicity m of the resultant Resy (f, g) with respect to y then
X
(2)
m=
Int(f, g, (α, β)),
β

where β ranges over all the common roots of f (α, y) and g(α, y).
When the two curves have no one-dimensional common component they meet at
finitely many points. In this case the vector space K[x, y]/I(f, g) is finite dimensional and its dimension is the sum of all the intersection numbers at the common
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points of Cf and Cg in the affine plane. A fundamental result of algebraic geometry,
namely Bézout theorem, asserts that
(3)

dimK K[x, y]/I(f, g) ≤ deg(f ) deg(g)

and equality holds if and only if the two curves do not meet in the line at infinity
of the projective plane.
Another important case is the so-called Milnor number of a singular point. Given
a singular point (α, β) of Cf , it is easy to show that it is an isolated zero of the
ideal I(∂x f, ∂y f ). Its multiplicity as zero of this ideal is called the Milnor number
of (α, β) as singular point of Cf and is denoted by e(f, (α, β)). We have the relation
(4)

Int(f, ∂y f, (α, β)) = e(f, (α, β)) + m − 1

where m is the multiplicity of β as root of f (α, y), see e.g. [23].
2.3. Newton-Puiseux expansions. Let f (x, y) ∈ K[x, y] be a square-free polynomial, (α, β) be a point of Cf and m be the multiplicity of β as root of f (α, y).
The classical Puiseux theorem states that there exist η1 , . . . , ηm ∈ K[[x − α]]? =
S
1
n
n≥1 K[[(x − α) ]] such that ηi (0) = β and f (x, ηi ) = 0, see e.g. [26]. The fractional power series η1 , . . . , ηm will be called the Newton-Puiseux expansions of Cf
around the point (α, β). The result holds true if we replace f by any polynomial in
K[[x − α]]? [y], so that the field K((x − α))? is algebraically closed. Notice also that
in case m = 1, i.e. β is a simple root of f (α, y), the Newton-Puiseux expansion of
Cf around (α, β) belongs to K[[x − α]].
The Newton-Puiseux expansions can be computed by using the Newton polygon.
This introduces an increasing, but finite, sequence of field extensions of the ground
field K, and so makes very costly such a computation. A substantial, but still costly,
improvement of the Newton polygon method is given by D. Duval in [10].
We let ordα be the standard valuation of K((x − α))? given by
X
ordα (
ai (x − α)i ) = min{i , ai 6= 0},
and we recall that ordα (η+ϑ) ≥ min(ordα η, ordα ϑ), with equality if ordα η 6= ordα ϑ.
3. Review on subresultants
Subresultants theory, which dates back at least to the 19-th century (see e.g.
[22]), is nowadays a classical tool of elimination in polynomial rings, see e.g. [1, 7]
and the references therein. The most known applications of such tool are gcd
computation for parameter dependent univariate polynomials and the real root
counting problem. An important feature of subresultants is that they can be very
efficiently computed, see e.g. [20, 9].
Let A be a commutative ring with unit and m ≤ n be two positive integers. We
denote by Mm,n (A) the A-module of m × n matrices with coefficients in A. Consider the free A-module Pn of polynomials with coefficients in A of degree at most
n − 1 equipped with the basis Bn = [y n−1 , . . . , y, 1]. A sequence of polynomials
[P1 , . . . , Pm ] in Pn will be identified with the m × n matrix whose row’s coefficients
are the coordinates of the Pi ’s in the basis Bn .
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Definition 3.1. Let m ≤ n be positive integers and M = (ai,j ) be a matrix in
Mm,n (A). For 0 ≤ j ≤ n − m let dj be the m × m minor ofPM extracted on the
columns 1, . . . , m − 1, n − j. The polynomial DetPol(M ) = j dj y j is called the
polynomial determinant of M.
Let p, q be positive integers and P, Q ∈ A[y] be two polynomials with deg(P ) = p
and deg(Q) = q. Let δ(p, q) = min(p, q) if p 6= q and δ(p, q) = q − 1 if p = q and
p > 0 (note here that we exclude the case p = q = 0).
For 0 ≤ i ≤ min(p, q) − 1 we let the i-th Sylvester matrix of P and Q to be
Sylvi (P, Q) = [y q−i−1 P, . . . , P, y p−i−1 Q, . . . , Q]. When p 6= q we let the δ(p, q)-th
Sylvester matrix of P and Q to be [y q−p−1 P, . . . , P ] if p < q and [y p−q−1 Q, . . . , Q]
if q < p. The q-th Sylvester matrix is not defined when p = q 1.
Definition 3.2. Let P, Q ∈ A[y], with deg(P ) = p and deg(Q) = q. For any i ≤
δ(p, q) the polynomial determinant of the matrix Sylvi (P, Q), denoted by Sri (P, Q),
is called the i-th subresultant of P and Q. The coefficient of degree i of the polynomial Sri (P, Q), denoted by sri (P, Q), is called the i-th principal subresultant coefficient of P and Q.
The polynomial Sri (P, Q) is of degree at most i and belongs to the ideal I(P, Q). In
particular Sr0 (P, Q) is constant and is nothing but the resultant of P and Q. Let us
notice on the other hand that the matrix Sylvi (Q, P ) is obtained from Sylvi (P, Q)
by row exchanges so that
(5)

Sri (Q, P ) = (−1)(p−i)(q−i) Sri (P, Q)

According to this fact one can assume without loss of generality that q ≤ p. The
following specialization property of subresultants stands to reason.
Proposition 3.1. Let ψ : A −→ B be a ring homomorphism and P, Q ∈ A[y]
be two polynomials with deg(P ) = p and deg(Q) = q. If deg(ψ(P )) = p and
deg(ψ(Q)) = q then for any i ≤ δ(p, q) we have:
Sri (ψ(P ), ψ(Q)) = ψ(Sri (P, Q)).
The following theorem is the most important property subresultants satisfy.
Theorem 3.1. Let A be a domain and P, Q ∈ A[y] be two polynomials with
deg(P ) = p and deg(Q) = q. Then the following assertions are equivalent:
i) P and Q have a gcd of degree k over the fractions field of A,
ii) sr0 (P, Q) = · · · srk−1 (P, Q) = 0, srk (P, Q) 6= 0.
In this case, Srk (P, Q) is a gcd of P and Q over the fractions field of A.
Notice that the case p = q = k should be taken with some care in theorem 3.1 since
we did not define Srk (P, Q) in such a case. But this is harmless since this case is
trivial, and anyway it will not occur in the sequel.
The properties of subresultants listed above will be ubiquitous in the sequel, so we
will make use of them without explicit reference.
1When p = q and the ring A is integral then Sylv (P, Q) is actually defined as [b−1 Q]. In our
q
0

case we do not define it for this case because we do not assume A to be integral.
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4. Curves in generic position
The concept of curves in generic position is cooked up exactly so that no overlapping occurs in the projections, with respect to the coordinate axes, of the critical
points. In [14, 12, 28] generic position is used to come up with efficient algorithms
to compute the topology of arrangements of real plane algebraic curves. Generic
position is also used in [3] to compute the dual of a plane projective curve, and
in [13] to solve some instances of the Poincaré problem on plane polynomial vector fields. In this section we recall the definition of curves in generic position and
systematically study their main properties.
Definition 4.1. An affine plane algebraic curve Cf is called in generic position
with respect to the projection on the x-axis if the following conditions hold:
i) deg(f ) = degy (f ),
ii) two distinct x-critical points of Cf have distinct x-coordinates,
iii) the curve Cf has no vertical tangent line at its singular points,
iv) the curve Cf has no inflexion point with vertical tangent line.
If moreover the curve Cf has no x-critical points at infinity then we say that Cf is
in projective generic position with respect to the projection on the x-axis.
A curve Cf is called in generic position (resp. in projective generic position) with
respect to the projection on the y-axis if the curve defined by the polynomial f (y, x)
is in generic position (resp. in projective generic position) with respect to the
projection on the x-axis.
Notice that a curve Cf is in projective generic position if and only if it is in generic
position and the leading homogeneous form of f is square-free. This last condition
can easily be fulfilled by a projective change of coordinates. It is also possible to
put a given curve in generic position by substituting x + uy to x in the equation f
of the curve, where u is a randomly chosen integer.
In the sequel we will mainly be concerned with plane algebraic curves in generic
position with respect to the projection on the x-axis. To simplify we will call such
curves in generic position without reference to the projection axis.
4.1. Rational representation of the critical points. For curves in generic position locating and representing the singular points reduces to a univariate problem.
In this subsection we give the basic theoretical results needed for this purpose.
Let f (x, y) be a square-free polynomial of degree d with respect to y. In all the rest
of this paper we let Sr0 , . . . , Srd−1 be the subresultant sequence of f and ∂y f with
respect to y, and we write Srj = srj (x)y j + srj,j−1 (x)y j−1 + · · · + srj,0 (x).
Proposition 4.1. Let Cf be a plane algebraic curve in generic position given by a
square-free polynomial f ∈ K[x, y] and (α, β) be a critical point of Cf . Then:
i) the multiplicity of α as root of sr0 is equal to Int(f, ∂y f, (α, β)),
ii) the point (α, β) is singular if and only if α is a multiple root of sr0 . In this
case the multiplicity of (α, β), as point of Cf , is equal to the multiplicity of β as
root of f (α, y).
Proof. i) This is a direct consequence of the relation (2) according to the fact that
f (α, y) and ∂y f (α, y) have β as the only one common root.
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ii) Let p be the multiplicity of (α, β) as point of Cf , and write f = fp + · · · + fd
for the Taylor expansion of f around (α, β). Since Cf is in generic position the
polynomial fp is monic with respect to y and so (α, β) is of multiplicity p − 1 in the
curve C∂y f . If (α, β) is singular in Cf then p ≥ 2 and by the relation (1) we have
Int(f, ∂y f, (α, β)) ≥ p(p − 1) ≥ 2.
Conversely, assume that (α, β) is nonsingular in Cf and recall that in such a case
its tangent line to this curve is vertical. Since on the other hand (α, β) is not a
flex of Cf we have ∂y2 f (α, β) 6= 0, and so it is nonsingular in C(∂y f ) and its tangent
line to this curve is not vertical. This proves, according to the relation (1) that
Int(f, ∂y f, (α, β)) = 1.

We turn now to one of the main features of generic position, namely the rational
univariate representation of the critical points of an algebraic curve.
Proposition 4.2. Let f be a square-free polynomial in K[x, y] such that Cf is in
generic position. If (α, β) is a critical point of Cf then there exists a unique k such
that
sr0 (α) = · · · = srk−1 (α) = 0, srk (α) 6= 0,
srk,k−1 (α)
β=−
.
k.srk (α)
If furthermore (α, β) is singular of multiplicity p then k = p − 1.
Proof. Let k be the unique integer such that sr0 (α) = · · · = srk−1 (α) = 0 and
srk (α) 6= 0. Then, Srk (α, y) is the gcd of f (α, y) and ∂y f (α, y). Since Cf is in
generic position (α, β) is the only one critical point which has α as x-coordinate.
In particular, β is the only one root of Srk (α, y), properly counting, and hence
β = −(k.srk (α))−1 srk,k−1 (α).
Assume now that (α, β) is singular of multiplicity p, and let f = fp + · · · + fd
be the Taylor expansion of f around (α, β). Since Cf is in generic position the
homogeneous form fp does not have x − α as factor, and so fp (α, y − β) = c(y − β)p .
This proves that β is a multiplicity p root of f (α, y), and hence k = p − 1.

Let p ≥ 2 and δp (x) be the square-free factor of sr0 whose roots are the x-coordinates
of the singular points of multiplicity p in Cf . By theorem 4.2, a rational representation of the singular points of multiplicity p is given by
δp (x) = 0,
y = −((p − 1)srp−1 (x))−1 srp−1,p−2 (x).
This representation is more suited for numerical computations. For more algebraic
computations we need to get rid of the denominator in the expression of y in terms
of x. This can be achieved by simply computing a Bézout identity rp δp +sp srp−1 = 1
of δp and srp−1 , and then replacing the expression of y by
γp = −(p − 1)−1 sp srp−1,p−2 .
In so doing we get a new rational representation in which the expression of y in
terms of x is a polynomial instead of a rational function. We will call such a
representation a square-free rational representation.
We can also keep the multiplicities in sr0 of the roots of δp and proceed in the same
way to get another rational representation. Indeed, let us write sr0 = µp (x)ν(x)
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in such a way that gcd(µp , ν) = 1, and µp and δp have the same roots. Since
gcd(δp , srp−1 ) = 1 we also have gcd(µp , srp−1 ) = 1, and therefore we may write
up µp + vp srp−1 = 1, with up , vp ∈ K[x]. If we replace the expression of y by
(6)

γp = −(p − 1)−1 vp srp−1,p−2

we get a new rational representation of the singular points of multiplicity p in the
curve Cf . We will call such a representation a contact rational representation. The
choice of this terminology, as well as the reason we construct this representation,
will become clear in §4.2.
To handle in a global way the singular points, without taking into account their
multiplicities, it is more convenient to use a uniform rational representation which
can be constructed according to the following algorithm.
Algorithm 1 Uniform Rational Representation.
Input: A square-free polynomial f ∈ K[x, y] such that Cf is in generic position.
Output: A uniform rational representation of the critical points of Cf .
1:

2:
3:

Factorize the resultant sr0 with respect to multiplicities, i.e. sr0 = µ1 . . . µs ,
where gcd(µi , µj ) = 1 for i 6= j, the critical points of Cf whose x-coordinates
are roots of µi are all of the same multiplicity pi and p1 < · · · < ps . Let us also
denote by δi the maximal square-free factor of µi .
Compute for each i a contact (resp. square-free) rational representation γi of
the critical points of multiplicity pi .
Glue together all the γi ’s by using the Chinese remainder theorem, i.e. compute
γ such that γ = γi mod µi (resp. δi ) for any i = 1, . . . , s.

4.2. Rational representation and contact exponent. The aim of this subsection is to show that the contact rational representations also give information about
the first common terms of the Newton-Puiseux expansions of the curve Cf around
a given singular point.
Let (α, β) be a singular point of multiplicity p in the curve Cf and assume that
the line x = α is transverse to Cf at (α, β). Let η1 , . . . , ηp be the Newton-Puiseux
expansions of Cf around (α, β). The rational number
(7)

c(f, (α, β)) = min ordα (ηi − ηj )
i6=j

introduced by H. Hironaka in [16] is called the contact exponent of the singularity
germ (Cf , (α, β)), see e.g. [4, 27] for more details. There exists a unique polynomial
of degree ≤ bc(f, (α, β))c = m
γα = c0 + c1 (x − α) + · · · + cm (x − α)m
with coefficients in K(α) such that ηi = γα + ηi? and ordα (ηi? ) ≥ c(f, (α, β)) (here
b.c stands for the floor function).
Qp
Let f ? = 1 (y − ηi ) and notice that f ? ∈ K[[x − α]][y]. So, the polynomial f
factorizes over K[[x − α]] in the form f = uf ? , where u(α, β) 6= 0.

8

M. EL KAHOUI

Lemma 4.1. For any i ≤ p − 2 and any H(x, y) = hi y i + hi−1 y i−1 + . . . + h0 in
the ideal I(f ? , ∂y f ? ) we have
ordα hi ≥ (p − i − 1)c(f, (α, β)).
Proof. Let i ≤ p − 2 and H(x, y) = hi y i + hi−1 y i−1 + · · · + h0 be a polynomial in
the ideal I(f ? , ∂y f ? ) which is of degree i with respect to y. If we let f1? (x, y) =
f ? (x, y+γα ) then the polynomial H1 = H(x, y+γα ) belongs to the ideal I(f1? , ∂y f1? )
and its leading coefficient with respect to y is hi .
Let us write f1? = y p + bp−1 y p−1 + · · · + b0 . Since the ηi? ’s are the Newton-Puiseux
expansions of f1? around the point (α, 0) we have ordα bi ≥ (p − i)c(f, (α, β)) for
i = 0, . . . , p − 1.
P
P
Let us now write H1 = uf1? + v∂y f1? with u = k uk y k and v = k vk y k . This
gives in particular hi = ui b0 + · · · + u0 bi + vi b1 + · · · + iv1 bi + (i + 1)v0 bi+1 , which
proves that ordα hi ≥ minj≤i+1 ordα bj ≥ (p − i − 1)c(f, (α, β)).

Theorem 4.1. Let Cf be a plane curve in generic position and (δp (x), γp (x)) be a
contact rational representation of the singular points of multiplicity p in Cf . Then
for any singular point (α, β) of multiplicity p in Cf we have:
min(ordα (ηi − γp )) = c(f, (α, β)),
i

where η1 , . . . , ηp are the Newton-Puiseux expansions of Cf around (α, β).
?
p
p−1
Proof. Let us write
+ · · · + a0 . Then we have the relation
P ? f = y + ap−1 y
ap−1 = −pγα − ηi = −pγα + ω(x), with ordα w ≥ c(f, (α, β)).

On the other hand, let us write sr0 = µp ν, where gcd(µp , ν) = 1 and µp and δp have
the same roots. We have in particular ν(α) 6= 0 and so ν is a unit of K[[x − α]].
Therefore, µp ∈ I(f ? , ∂y f ? ) since sr0 ∈ I(f, ∂y f ) ⊆ I(f ? , ∂y f ? ).
Let up µp + vp srp−1 = 1 be a Bézout identity of µp and srp−1 , and let us consider
the polynomial g(x, y) = up µp y p−1 + vp Srp−1 . Clearly, g is monic of degree p − 1
with respect to y and its coefficient of degree p − 2 is vp srp−1,p−2 = −(p − 1)γp ,
according to the relation (6). Moreover, we have g ∈ I(f ? , ∂y f ? ) since Srp−1 ∈
I(f, ∂y f ) ⊆ I(f ? , ∂y f ? ).
The polynomial k(x, y) = pg(x, y) − ∂y f ? ∈ I(f ? , ∂y f ? ) is of degree ≤ p − 2 with
respect to y and its coefficient of degree p − 2 is cp−2 = −p(p − 1)γp + p(p − 1)γα +
(p − 1)ω.
Since on the other hand ordα cp−2 ≥ c(f, (α, β)) by lemma 4.1 and ordα w ≥
c(f, (α, β)) we also have ordα (γp − γα ) ≥ c(f, (α, β)). This gives ordα (γp − ηi ) ≥
c(f, (α, β)), for any i = 1, . . . , p, according to the fact that ηi = γα + ηi? with
ordα (ηi? ) ≥ c(f, (α, β)).
If mini (ordα (ηi − γp )) > c(f, (α, β)), then for any i 6= j we get ordα (ηi − ηj ) ≥
min(ordα (ηi − γp ), ordα (ηj − γp )) > c(f, (α, β)). This contradicts the fact that
c(f, (α, β)) = mini6=j (ordα (ηi − ηj ).

Corollary 4.1. Let Cf be a plane curve in generic position and (δ(x), γ(x)) be a
uniform contact rational representation of the singular points of Cf . Then for any
singular point (α, β) in Cf we have:
min(ordα (ηi,α − γ)) = c(f, (α, β)),
i
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where η1,α , . . . , ηp,α are the Newton-Puiseux expansions of Cf around (α, β).
Proof. Let (γp (x), δp (x)) be a contact rational representation of the singular points
of multiplicity p in Cf . Then for any root α of δp we have γ = γp + (x − α)m r(x, y),
where m is the multiplicity of α as root of sr0 . Since moreover m > c(f, (α, β)) we
have ordα (γ − γp ) > c(f, (α, β)), and this proves the claimed result.

Remark 4.1. Let (α, β) be a singular point of multiplicity p in Cf , and m be the
m
, Therefore,
multiplicity of α as root of sr0 . Then it is clear that c(f, (α, β)) ≤ p(p−1)
as long as one is interested with uniform contact rational representations, there is
no need to perform the step 3 in algorithm 1 with the multiplicity m. In fact, one
m
c + 1 instead of m and get a
can perform this computation with the bound b p(p−1)
rational representation for which corollary 4.1 holds true.
5. Computation of the singular points and their basic invariants
This section is devoted to the computation of the singular points, together with
their basic invariants, of a plane algebraic curve in generic position. The method
we will describe takes as input a polynomial f ∈ K[x, y] such that Cf is in generic
position and outputs a list L(f ) = [L1 , . . . , Ls ], where each Li = [δi , γi , pi , ei ] is
such that the pair (δi , γi ) is a contact rational representation of the critical points
of multiplicity pi and Milnor number ei . In the sequel we will refer to L(f ) as the
basic singularity data of the curve Cf .
To achieve this we first compute sr0 and its square-free factorization
sr0 = θ1m1 · · · θrmr ,
with m1 < m2 < · · · < mr . In case there are nonsingular critical points we have
m1 = 1. This case is easy to handle since the Milnor number is 0, the multiplicity
is 1 and a rational representation can be easily computed from the subresultant
sequence of f and ∂y f .
In the case of singular points, we factorize for any mi ≥ 2 the polynomial θi with
respect to multiplicities, i.e.
θi = δi,1 · · · δi,ri ,
where gcd(δi,j , δi,k ) = 1, the roots of δi,j are the x-coordinates of singular points of
the same multiplicity pi,j and pi,1 < · · · < pi,ri . Such a factorization is obtained in
the following way:
φ1 = θi
φ1
φ2 = gcd(φ1 , sr1 )
δi,1 =
φ2
φ2
φ3 = gcd(φ2 , sr2 )
δi,2 =
φ3
φ3
φ4 = gcd(φ3 , sr3 )
δi,3 =
φ4
..
..
.
.
After these gcd computations, it may happen that some of the δi,j ’s are constant. In
this case, we remove them and relabel the remaining polynomials. For any mi ≥ 2
and any j = 1, . . . , ri the roots of the polynomial δi,j are the x-coordinates of
singular points of Cf of multiplicity pi,j and Milnor number mi − pi,j + 1 according
to formula (4). The following algorithm describes the main steps to be performed
in order to compute the basic singularity data.
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Algorithm 2 Computation of the basic singularity data.
Input: A square-free polynomial f ∈ K[x, y] such that Cf is in generic position.
Output: A list L(f ) = [L1 , . . . , Lr ], where Li = [δi (x), γi (x), pi , ei ] is such that
the pair (δi (x), γi (x)) is a contact rational representation of the critical points
of multiplicity pi and Milnor number ei .
1:

Compute a square-free factorization of the discriminant sr0 ,
sr0 = θ1m1 · · · θrmr .

2:

3:
4:

For any mi ≥ 2 factorize θi with respect to multiplicities of singularity, i.e.
θi = δi,1 · · · δi,ri , where gcd(δi,j , δi,k ) = 1 for j 6= k, the singular points of Cf
whose x-coordinates are roots of δi,j are all of the same multiplicity pi,j and
pi,1 < · · · < pi,ri .
For any i = 1, . . . , r and j = 1, . . . , ri compute a contact rational representation
(δi,j , γi,j ) of the pi,j -critical points whose x-coordinates are roots of δi,j .
Output the list [[δi,j (x), γi,j (x), pi,j , ei,j ], i, j], where e1,1 = 0 if m1 = 1 and for
mi ≥ 2 ei,j = mi − pi,j + 1.

The information computed in algorithm 2 may be considered as a prerequisite for
any further computations on algebraic curves. In the rest of this paper we will
show how to use the basic singularity data to extract useful information on curves,
especially on their singularities.

6. Curves with Eggers singularities
In this section we are interested with curves in generic position with Eggers
singularities. The simplest examples of Eggers singularities are double points, cusps
with one characteristic pair and ordinary multiple points.
Let Cf be a plane algebraic curve, (α, β) be a singular point of multiplicity p and
without vertical tangent line to Cf . Let η1 , . . . , ηp be the Newton-Puiseux expansions of Cf around (α, β). The germ (Cf , (α, β)) is called an Eggers singularity if
we have ordα (ηi − ηj ) = c(f, (α, β)) for any i 6= j. A complete description of Eggers
singularities is given in [11]. More precisely, we have the following result.
Theorem 6.1. Let Cf be a plane algebraic curve, (α, β) be a singular point of Cf
of multiplicity p, Milnor number e and contact exponent c. Assume moreover that
the line x = α is transverse to Cf at (α, β). Then the germ (Cf , (α, β)) is an Eggers
singularity if and only if one of the following conditions holds:
i) c ∈ N, all the branches of the germ (C, (α, β)) are smooth and intersect pairwise
with multiplicity c.
ii) c ∈
/ N, pc ∈ N and the germ (C, (α, β)) has r = gcd(p, pc) branches, each one
p2 c
with one characteristic pair ( pr , pc
r ), intersecting pairwise with multiplicity r 2 .
iii) pc ∈
/ N, the germ (C, (α, β)) is the union of a smooth branch (D, (α, β)) and a
germ (C 0 , (α, β)) of type ii) with p − 1 as multiplicity and c as contact exponent, and
the smooth branch (D, (α, β)) has a maximal contact with any branch of (C 0 , (α, β)).
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Theorem 6.1 which gives a complete classification of Eggers singularities is in contrast not useful to recognize whether a given germ of singularity is of Eggers type.
An easy and nice way to recognize such singularities is given in the following lemma.
Lemma 6.1. Let Cf be a curve in generic position and (δ(x), γ(x)) be a contact
rational representation of the singular points of multiplicity p and Milnor number
e. Then for any singular point (α, β) of multiplicity p and Milnor number e the
following conditions are equivalent:
i) the germ (Cf , (α, β)) is an Eggers singularity,
e+p−1
,
ii) the contact exponent of the germ (Cf , (α, β)) is p(p−1)
e+p−1
iii) for any j = 0, . . . , p − 1 we have ordα ∂yj j f (x, γ(x)) ≥ (p − j) p(p−1)
.

Proof. Let η1 , . . . , ηp be the Newton-Puiseux
expansions of Cf around (α, β). Let
Q
also g = f (x, y + γ(x)) and g ? = i (y − ηi + γ). Clearly, η1 − γ, . . . , ηp − γ are the
Newton-Puiseux expansions of Cg around (α, 0), and so g = ug ? with u(α, 0) 6= 0.
Write g = ad y d + · · · + a0 , g ? = y p + bp−1 y p−1 + · · · + b0 and u = cd−p y d−p + · · · + c0 .
P
“i) ⇒ ii)” By the relation (4) we have e + p − 1 = ordα sr0 (x) = i6=j ordα (ηi − ηj ).
Moreover, we have ordα (ηi − ηj ) = c(f, (α, β)) for any i 6= j. This proves that
e+p−1
ordα (ηi − ηj ) = p(p−1)
.
“ii) ⇒ iii)” On the first hand, for any j = 0, . . . , p − 1 we have the relation
P
Qp−j
e+p−1
bj = (−1)p−j i1 6=...6=ip−j 1 (ηik − γ), and so ordα bj ≥ (p − j) p(p−1)
. On the
e+p−1
.
other hand, we have aj = c0 bj + · · · + cj b0 which gives ordα aj ≥ (p − j) p(p−1)

Since finally aj =

1 j
j! ∂y j f (x, γ(x))

we get the claimed result.

“iii) ⇒ i)” The equation (ηi −γ)p +bp−1 (ηi −γ)p−1 +· · ·+b0 = 0 gives the inequality
p.ordα (ηi −γ) ≥ minj (ordα bj (ηi −γ)j ), and so p.ordα (ηi −γ) ≥ ordα bj +j.ordα (ηi −
e+p−1
γ)j for some j. This gives (p − j).ordα (ηi − γ) ≥ ordα bj ≥ (p − j) p(p−1)
, and hence
e+p−1
ordα (ηi − γ) ≥ p(p−1)
.
Now given any i 6= j we have ordα (ηi − ηj ) ≥ min(ordα (ηi − γ), ordα (ηj − γ)) ≥
P
e+p−1
i6=j ordα (ηi −ηj ) = e+p−1 we have the equality
p(p−1) . On the other hand, since

ordα (ηi − ηj ) =

e+p−1
p(p−1)

for any i 6= j.



As consequence of lemma 6.1 we have the following characterization of curves in
generic position with only Eggers singularities.
Theorem 6.2. Let Cf be a curve in generic position and L(f ) = [L1 , . . . , Ls ] be its
basic singularity data, with Li = [δi , γi , pi , ei ]. For any i = 1, . . . , s such that pi ≥ 2
i −1
and any j = 0, . . . , pi − 1 we let mi,j = b(pi − j) peii +p
(pi −1) c. Then Cf has only Eggers
singularities if and only if for any i such that pi ≥ 2 and any j = 0, . . . , pi − 1 one
of the two following conditions holds:
mi,j
i −1
i) (pi − j) peii +p
divides ∂yj j f (x, γi (x)),
(pi −1) ∈ N and δi
mi,j +1

i −1
/ N and δi
ii) (pi − j) peii +p
(pi −1) ∈

divides ∂yj j f (x, γi (x)).

Proof. “⇒” Let (α, β) be a singular point of multiplicity pi and Milnor number
ei , and assume that (Cf , (α, β)) is an Eggers singularity. By lemma 6.1 we have
i −1
ordα ∂yj j f (x, γi (x)) ≥ (pi − j) peii +p
(pi −1) for any j = 0, . . . , pi − 1. Since on the other
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hand ordα ∂yj j f (x, γi (x)) is an integer we have ordα ∂yj j f (x, γi (x)) ≥ mi,j + 1 in case
i −1
(pi − j) peii +p
/ N.
(pi −1) ∈
“⇐” Let (α, β) be a singular point of multiplicity pi and Milnor number ei in Cf .
i −1
Then conditions i) and ii) imply that ordα ∂yj j f (x, γi (x)) ≥ (pi − j) peii +p
(pi −1) for any
j = 0, . . . , pi − 1, and so (Cf , (α, β)) is an Eggers singularity by lemma 6.1.

7. Nonsingular models of curves with Eggers singularities
Computing a nonsingular model of an algebraic curve is a fundamental operation
in algebraic curves theory. It is for instance used in [21] for computing a system of
adjoint curves and in [18] for parametrization of algebraic curves. More generally,
it is used for the Riemann-Roch problem [15, 19].
There are several methods so far for the computation of the integral closure. The
method given by Trager in [25] is an adaptation of classical algorithms used in
algebraic number theory to the case of function fields. Another method given by
van Hoeij in [17] is based on Newton-Puiseux expansions, and is a part of the Maple
package Algcurves. This method is in fact an improvement of Coates’ method [6]
which is also described in [8].
In this section we give an explicit description of the integral closure of the coordinate
ring K[Cf ] of a curve Cf in generic position with only Eggers singularities. We first
give a general, but abstract, construction of the integral closure for a curve in
generic position. This construction turns out to be algorithmic, thanks to uniform
contact rational representation, in the case of curves with Eggers singularities.
7.1. Abstract description of the integral closure. Let Cf be a plane algebraic
curve in generic position given by a square-free degree d polynomial and K[Cf ] be
its coordinate ring. Let us denote by K[Cf ] the integral closure of K[Cf ] in the ring
extension K(x)[y]/f .
Since y ∈ K[Cf ] is assumed to be integral over K[x] and K[Cf ] is a finitely generated
K[x]-module it is so for K[Cf ]. As shown in [17], it is moreover possible to find a
triangular basis b0 , . . . , bd−1 of K[Cf ], i.e. each bi is of the form bi = hωi (x,y)
with
i (x)
hi monic of degree i with respect to y. To give a more precise description of the
hi ’s and the ωi ’s we need the following obvious extension of the concept of contact
exponent.
Let (α, β) be a singular point of multiplicity p of Cf and η1 , . . . , ηp be the NewtonPuiseux expansions of Cf around (α, β). For any g ∈ K[[x − α]][y] we let
c(f, g, (α, β)) = min (ordα g(x − α, ηj )).
1≤j≤p

Given any i = 1, . . . , p − 1 we let
(8)

ci (f, (α, β)) = max c(f, g, (α, β)),
g

where g ranges over the set of primitive degree i polynomials in K[[x − α]][y]. It is
easy to see that we may reduce to monic degree i polynomials in K[x][y], and that
for at least one, say gi , we have c(f, gi , (α, β)) = ci (f, (α, β)).
Notice that c1 (f, (α, β)) is nothing but the contact exponent c(f, (α, β)). On the
other hand, given positive integers i1 , . . . , ir such that i1 + · · · ir = i the polynomial
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Q
gP= k gik is monic of degree i with respect to y and we have c(f, g, (α, β)) ≥
k cik (f, (α, β)). This proves that
X
(9)
ci (f, (α, β)) ≥
cik (f, (α, β)).
k

Lemma 7.1. Let Cf be a curve in generic position given by a square-free degree d
polynomial. Let b = h(x,y)
ω(x) ∈ K[Cf ] be integral over K[x] and assume that h(x, y) is
primitive of degree i < d with respect to y. Then for any root α of ω(x) we have
the following properties:
i) there exists β ∈ K such that (α, β) is a singular point of Cf ,
ii) if p is the multiplicity of (α, β) in Cf then i ≥ d − p + 1,
iii) ordα w(x) ≤ bci+p−d (f, (α, β))c.
Proof. i) Let β be any root of f (α, y) and η be a Newton-Puiseux expansions of Cf
h(x,η)
around the point (α, β). Since h(x,y)
ω(x) is integral over K[x] we have ordα ω(x) ≥ 0,
and so ordα h(x, η) ≥ ordα ω(x) ≥ 1. As by product, h(α, β) = 0.
If all the roots of f (α, y) are simple then the polynomial h(α, y) has at least d distinct roots, and this means that i = degy (h) ≥ d. This contradicts the assumption
i < d. Thus, one a least of the roots of f (α, y) is multiple, and according to generic
position exactly one root, say β, is multiple.
Let us assume toward contradiction that (α, β) is nonsingular in Cf . Since Cf is in
generic position β is a double root of f (α, y), and so f (α, y) has d − 1 distinct roots.
This proves that deg(h(α, y)) = d − 1 and all its roots are simple, and therefore we
may factorize h(x, y) over K[[x−α]] in the form h(x, y) = u(x, y)(a(x)(y−β)+b(x)),
with u(α, β) 6= 0, a(α) 6= 0 and b(α) = 0.
Since β is a double root of f (α, β) the Newton-Puiseux expansions of Cf around
1
this point write as η = β + ζa1 (x − α) 2 + · · · , where ζ = ±1. An easy computation
shows that ordα h(x, η) = 12 , and so ordα h(x,η)
ω(x) < 0. This contradicts the fact that
h(x,y)
ω(x)

is integral over K[x].

ii) Let p be the multiplicity of (α, β) in Cf . Then f (α, y) has exactly d−p+1 distinct
roots which are also roots of h(α, y). This shows that degy (h(x, y)) ≥ d − p + 1.
iii) Let us factorize h(x, y) over K[[x − α]] in the form h(x, y) = u(x, y)h? (x, y),
where u is monic of degree d − p with respect to y and the roots of u(α, y) are the
simple roots of f (α, y). We have in particular u(α, β) 6= 0 and h? is primitive of
degree i+p−d < d with respect to y, and following the definition of ci+p−d (f, (α, β))
for at least one Newton-Puiseux expansion of Cf around (α, β), say η, we have the
bound ordα h? (x, η) ≤ ci+p−d (f, (α, β)). Since on the other hand ordα u(x, η) = 0 we
get ordα h(x, η) ≤ ci+p−d (f, (α, β)), and so ordα ω(x) ≤ ci+p−d (f, (α, β)) according
to the fact that h(x,y)
ω(x) is integral over K[x]. Since finally ordα ω(x) is an integer we
get ordα ω(x) ≤ bci+p−d (f, (α, β))c.

The following theorem gives a precise description of the integral closure in the case
of curves in generic position.
Theorem 7.1. Let Cf be a plane algebraic curve in generic position given by a
square-free degree d polynomial. For any singular point (α, β) of multiplicity p in
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Cf we let ηα,1 , . . . , ηα,d be the Newton-Puiseux expansions of Cf around the points
in the line x = α. Let b0 , . . . , bd−1 be a triangular system of K(x)[y]/f and write
bi = hωi (x,y)
. Then b0 , . . . , bd−1 is a basis of the integral closure of K[Cf ] over K[x]
i (x)
if and only if for any singular point (α, β) of multiplicity p in Cf the following hold:
i)

ordα ωi = 0,
i = 1, . . . , d − p,
ordα ωi = bci+p−d (f, (α, β))c, i = d − p + 1, . . . , d − 1.
ii) for any i = d − p + 1, . . . , d − 1 and any j = 1, . . . , d we have
ordα hi (x, ηα,j ) ≥ bci+p−d (f, (α, β))c.
Proof. “⇐” The assumptions i) and ii) imply in particular that ordα bi (x, ηj,α ) ≥ 0
for any i, j and α. This proves that the bi ’s are integral over K[x].
Let h(x,y)
ω(x) be integral over K[x] and let us prove by induction on j = degy (h) that
it is a linear combination of the bi ’s. Without loss of generality we may assume
that h is primitive with respect to y.
For degy (h) = 0 the claim is obvious, so let us assume that it holds till j − 1. Let α
be a root of ω(x). By lemma 7.1 there exits β such that (α, β) is a singular point
of multiplicity p in Cf , j ≥ d − p + 1 and ordα ω(x) ≤ bcj+p−d (f, (α, β))c. On the
other hand, according to assumption ii) we have ordα ωj (x) = bcj+p−d (f, (α, β))c.
This proves that any root of multiplicity m of ω(x) is a root of multiplicity at least
m of ωj (x), and so ω(x) divides ωj (x).
Since hj is monic with respect to y we may write h(x, y) = a(x)hj (x, y) + r(x, y),
r(x,y)
with degy (r) < j. Dividing by ω(x) we get h(x,y)
ω(x) = aj (x)bj (x, y) + ω(x) , where
aj =

a(x)ωj (x)
ω(x)

r(x,y)
ω(x) .

∈ K[x]. Since

h(x,y)
ω(x)

and bj are both integral over K[x] it is so for

By applying induction hypothesis to

r(x,y)
ω(x)

we get the claimed result.

“⇒” Let i be fixed and let us construct an integral element h(x,y)
ω(x) such that
for any singular point (α, β) of multiplicity p ≥ d + 1 − i we have ordα ω(x) =
bci+p−d (f, (α, β))c.
Let (α, β) be a singular point in Cf of multiplicity p ≥ d + 1 − i and assume that
η1,α , . . . , ηp,α correspond to the point (α, β). Notice first that ηj,α ∈ K[[x − α]] for
j ≥ p + 1 according to the fact that their constant terms are simple roots of f (α, y).
Let gα (x, y) ∈ K[x, y] be monic of degree i − d + p such that c(f, g, (α, β)) =
?
ci+p−d (f, (α, β)). Let ηj,α
be the truncation up to bci+p−d (f, (α, β))c of ηj,α , and
consider the polynomial
hα (x, y) = gα (x, y)

d
Y

?
(y − ηj,α
).

p+1

Clearly, the polynomial hα (x, y) is monic of degree i with respect to y and we have
ordα hα (x, ηj,α ) ≥ bci+p−d (f, (α, β))c = mα for any j = 1, . . . , d.
By the Chinese remainder theorem we can glue together the hα ’s. So let h(x, y)
and ω(x) be polynomials, with h(x, y) monic of degree i with respect to y, such
that
mα
h(x, y) =
Qhα (x, y) mα mod (x − α) ,
ω(x) = α (x − α) ,
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where α ranges over the x-coordinates of the singular points of multiplicity p ≥
d + 1 − i.
h(x,ηj,α )
≥ 0 for any root
ω(x)
h(x,y)
ω(x) is integral over K[x].

Since ordα
function
have

α of ω(x) and any j = 1, . . . , d the rational
According to the fact that degy (h) = i we

h(x, y)
= ai (x)bi (x, y) + · · · + a0 (x)b0 (x, y).
ω(x)
By comparing the leading coefficients in both sides of the equality we get ωi (x) =
ai (x)ω(x) and this proves that ordα ωi (x) ≥ ordα ω(x) = bci+p−d (f, (α, β))c for any
α which corresponding singular point is of multiplicity p ≥ d + 1 − i. The fact
that ordα ωi (x) = bci+p−d (f, (α, β))c is due to lemma 7.1 iii). Notice finally that
is integral
ordα hi (x, ηα,j ) ≥ bci+p−d (f, (α, β))c according to the fact that hωi (x,y)
i (x)

over K[x].



7.2. The case of Eggers singularities. We show in the sequel how the description of the integral closure given in theorem 7.1 turns out to be algorithmic in the
case of curves in generic position with only Eggers singularities. A fundamental
ingredient that makes this working is the following lemma.
Lemma 7.2. Let Cf be a plane curve in generic position, (α, β) be a singular
point of multiplicity p in Cf and assume that the germ (Cf , (α, β)) is an Eggers
singularity. Then for any i = 1, . . . , p − 1 we have
ci (f, (α, β)) = i.c(f, (α, β)).
Proof. Let us notice that ci (f, (α, β)) ≥ i.c(f, (α, β)) according to equation (9).
Let g ∈ K[[x − α]][y] be monic of degree i with respect to y and assume that
c(f, g, (α, β)) > ic(f, (α, β)). Without loss of generality we may assume that β is
the only one root of g(α, y). Let η1 , . . . , ηp (resp. ϑ1 , . . . , ϑi ) be the Newton-Puiseux
expansions of Cf (resp. Cg ) around (α, β).
P
For any j = 1, . . . , p we have ordα g(x, ηj ) =
k ordα (ϑk − ηj ) > ic(f, (α, β)),
and so there exists kj such that ordα (ϑkj − ηj ) > c(f, (α, β)). Since on the other
hand i < p there exists at least j1 6= j2 such that kj1 = kj2 = k. This gives
ordα (ηj1 − ηj2 ) ≥ min(ordα (ηj1 − ϑk ), ordα (ηj2 − ϑk )) > c(f, (α, β)). This of course
contradicts the fact that (Cf , (α, β)) is an Eggers singularity.

We have now enough material to give our method for computing the integral closure
of a curve in generic position with Eggers singularities.
Theorem 7.2. Let Cf be a plane algebraic curve in generic position given by a
square-free degree d polynomial f and L(f ) = [L1 , . . . , Ls ] be its basic singularity
data, with Li = [δi , γi , pi , ei ] and p1 ≤ · · · ≤ ps . Assume that Cf has only Eggers
singularities and let (δ(x), γ(x)) be a uniform contact rational representation of the
singular points of Cf . For any i = d − ps + 1, . . . , d − 1 we let:
i) f (x, y) = hi (x, y)(y − γ(x))d−i + ri (x, y), with degy (ri ) < d − i,
m
m
e +p −1
ii) ωi (x) = δ1 i,1 . . . δs i,s , with mi,j = b(i+pj −d) pjj (pjj−1) c if pj > i and mi,j = 0
otherwise.
Then, 1, . . . , y d−ps ,
K[Cf ] over K[x].

hd−ps +1 (x,y)
hd−1 (x,y)
ωd−ps +1 (x) , . . . , ωd−1 (x)

is a basis of the integral closure of
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Proof. Let (α, β) be a singular point of multiplicity p in Cf and η1,α , . . . , ηd,α be the
Newton-Puiseux expansions of Cf around the points in the line x = α. Without loss
of generality we assume that η1,α , . . . , ηp,α correspond to the singular point (α, β).
According to theorem 7.1 let us first prove that ordα hi (x, ηj,α ) ≥ ci+p−d (f, (α, β))
for any i = d − p + 1, . . . , d − 1. This reduces, thanks to lemma 7.2, to show that
ordα hi (x, ηj,α ) ≥ (i + p − d)c(f, (α, β)).
Let g(x, y) = f (x, y + γ(x)), and write g(x, y) = ad (x)y d + · · · + a1 (x)y + a0 (x).
Since ηj,α − γ are the Newton-Puiseux expansions of Cg around the point (α, 0) for
j = 1, . . . , p and ordα (ηj,α − γ) ≥ c(f, (α, β)), according to corollary 4.1, we have
ordα aj (x) ≥ (p − j).c(f, (α, β)) for j = 0, . . . , p − 1.
On the other hand, we have g(x, y) = hi (x, y + γ(x))y d−i + ri (x, y + γ(x)), and so
ri (x, y + γ(x)) = ad−i−1 y d−i−1 + · · · + a0 . This proves that
ri (x, y) = ad−i−1 (x)(y − γ(x))d−i−1 + · · · + a0 .
For any j = 1, . . . , d we have hi (x, ηj,α )(ηj,α − γ(x))d−i = −ri (x, ηj,α ). This gives
(10) ordα hi (x, ηj,α ) + (d − i)ordα (ηj,α − γ) ≥

min (ordα ak + k.ordα (ηj,α − γ)).

k≤d−i−1

In case j = p + 1, . . . , d we have ordα (ηj,α − γ) = 0 and this gives in particular
mink≤d−i−1 (ordα ak + (p − k)ordα (ηj,α − γ)) = mink≤d−i−1 (ordα ak ) ≥ (p − d + i +
1)c(f, (α, β)). This gives ordα hi (x, ηj,α ) ≥ (p − d + i + 1)c(f, (α, β)).
Now assume that j ≤ p and ordα (ηj,α − γ) = c(f, (α, β)). Then for some k0 ≤
d − i − 1 we have mink (ordα ak + k.ordα (ηj,α − γ)) = ordα ak0 + k0 .c(f, (α, β)) ≥
p.c(f, (α, β)). This proves according to the relation (10) that ordα hi (x, ηj,α ) ≥
(i + p − d).c(f, (α, β)).
The last case we need to deal with is when ordα (ηj,α − γ) > c(f, (α, β)). Let us
first notice that there is at most one ηj,α with this property. Indeed, if there are
j1 6= j2 such that ordα (ηjk ,α − γ) > c(f, (α, β)), k = 1, 2, then ordα (ηj1 ,α − ηj2 ,α ) ≥
mink (ordα (ηjk ,α − γ)) > c(f, (α, β)). This contradicts the fact that (Cf , (α, β)) is
an Eggers singularity. Without loss of generality we may assume that j = p, i.e.
ordα (ηp,α − γ) > c(f, (α, β)).
From the construction of hi we deduce that the simple roots of f (α, y) are simple
roots of hi (α, y) and β is a root of multiplicity i+p−d of hi (α, y). Let ϑ1 , . . . , ϑi+p−d
be the Newton-Puiseux expansions of C(hi ) around (α, β).
If there exists j ≤ p − 1 such that ordα (ηj,α − ϑk ) ≥ c(f, (α, β)) for any k =
1, . . . , i + p − d then ordα (ηp,α − ϑk ) ≥ c(f, (α, β)) for any k according to the fact
that ordα (ηj,α − ηp,α ) ≥ c(f, (α, β)), and so ordα hi (x, ηp,α ) ≥ (i + p − d)c(f, (α, β)).
Now, if no such a j exists then for any j = 1, . . . , p − 1 there exists k(j) such that
ordα (ηj,α − ϑk(j) ) < c(f, (α, β)). Since ordα hi (x, ηj,α ) ≥ (i + p − d)c(f, (α, β)) there
exists `(j) such that ordα (ηj,α − ϑ`(j) ) > c(f, (α, β)).
We claim that the map ` is injective. Indeed, if `(j1 ) = `(j2 ) = ` for j1 6= j2 then
ordα (ηj1 ,α −ηj2 ,α ) ≥ mink (ordα (ηjk ,α −ϑ` )) > c(f, (α, β)). This contradicts the fact
that (Cf , (α, β)) is an Eggers singularity. The fact that the map ` is injective implies
that i+p−d = p−1 and so i = d−1. It also implies that for any k = 1, . . . , p−1 there
exists `0 (k) such that ordα (ϑk − η`0 (k),α ) > c(f, (α, β)), and so ordα (ϑk − ηp,α ) ≥
c(f, (α, β)) according to the fact that ordα (ηp,α − η`0 (k),α ) ≥ c(f, (α, β)). Since this
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holds for any k = 1, . . . , p − 1 we get ordα hi (x, ηp,α ) ≥ (p − 1)c(f, (α, β)). This
finishes the proof of the fact that ordα hi (x, ηj,α ) ≥ (i + p − d)c(f, (α, β)) for any
j = 1, . . . , d.
Notice that the ωi ’s are constructed so that ordα ωi (x) = b(i + p − d)c(f, (α, β)c for
any singular point (α, β) of multiplicity p ≥ d − i + 1. Thus, according to theorem
h
(x,y)
s +1 (x,y)
, . . . , hωd−1
is a basis of the integral closure of K[Cf ]
7.1, 1, . . . , y d−ps , ωd−p
d−p +1 (x)
d−1 (x)
s

over K[x].



The statement of theorem 7.2, which looks a bit complicated, becomes very easy in
the case of curves with double points as singularities.
Corollary 7.1. Let Cf be a plane algebraic curve in generic position given by
a square-free degree d polynomial f and assume that Cf has only double points
as singularities. Let (δ(x), γ(x)) be a uniform contact rational representation of
the singular points of Cf , and write f (x, y) = h(x, y)(y − γ(x)) + r(x). Then,
1, . . . , y d−2 , h(x,y)
δ(x) is a basis of the integral closure of K[Cf ] over K[x].
Let 1, . . . , y d−s ,

hd−ps +1 (x,y)
hd−1 (x,y)
ωd−ps +1 (x) , . . . , ωd−1 (x)

be a K[x]-basis of the integral closure of
ps +1
K[Cf ] over K[x] as described in theorem 7.2. Then the curve Ce of K
defined by
the ideal
I(f (x, y), ωd−ps +1 (x)z1 − hd−ps +1 (x, y), . . . , ωd−1 (x)zps −1 − hd−1 (x, y)) : ω(x)∞ ,
Q
ps +1
where ω(x) =
ωi (x), has no singular points in the affine space K
and is
birationally isomorphic to the original curve Cf . If moreover the curve Cf is in
projective generic position then all its singular points are in the affine plane, and
so Ce has no singular points in the projective space. The following algorithm gives
an outline of the basic steps needed to compute the integral closure in the case of
curves in generic position with Eggers singularities.
Algorithm 3 Computation of the integral closure.
Input: A square-free polynomial f ∈ K[x, y] such that Cf is in generic position.
Output: The integral closure of K[Cf ] in case Cf has only Eggers singularities.
1:
2:
3:
4:

Compute the basic singularity data of Cf by using algorithm 2.
Check whether Cf has only Eggers singularities by using theorem 6.2.
If it is the case, compute a uniform contact rational representation of the singular points by using algorithm 1.
Compute a basis of the integral closure by using theorem 7.2.

8. Conclusion and future work
We gave in this paper algorithms to perform some basic computations on plane
algebraic curves. They all are based on the concept of curves in generic position
and its nice properties.
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Computing the integral closure of the coordinate ring of an affine curve is in
general a very costly problem, due to the fact that it requires to extract information in the depths of singularities. In exchange, an explicit description of the
integral closure encodes in a global way all the necessary information about the singularities of a given plane curve, and thus significantly simplifies other fundamental
computations such as the Riemann-Roch problem.
The way we followed in this section to go round the hardness of computing the
integral closure is to first start with a particular but large enough class of curves.
But it seems not obvious to go ahead with this plan and enlarge this class of
curves. Another way is motivated by the observation that in most of the cases
the integral closure is not a goal in itself, but an intermediate step needed to
perform further computations. So, what is really important is to be able to perform
computations inside the integral closure, which mainly reduce to compute with the
finite valuations of the field of rational functions on the curve.
Another basic problem we are interested is the following: Given a nonsingular
algebraic curve C and a finite set V of points on C, find a vector field X on the
curve C which has no fixed point in V.
Our motivation for this problem comes form the Riemann-Roch problem. In the
simple case of the function field K(x) of the Riemann sphere, the Riemann-Roch
reduces to a Hermite interpolation problem, and this naturally involves the derivation ∂x in the linear algebra computations that arise from interpolation. In the
general case, and in order to reduce the Riemann-Roch problem to interpolation
one needs to compute a derivation which does not vanish at the prescribed zeros
and also at some points related to the prescribed poles.
A stronger version of this problem is to find a fixed point free vector field on
the curve C. This is equivalent to proving that the K[C]-module DK (K[C]) of vector
fields on C is free of rank 1. In case C is a nonsingular plane curve given by a squarefree polynomial f , the K-derivation ∂y f ∂x − ∂x f ∂y solves our problem. Another
easy case in when the curve C is a complete intersection given by polynomials
f1 , . . . , fn−1 in K[x1 , . . . , xn ]. In this case, the Jacobian K-derivation defined by
X (g) = det(Jac(f1 , . . . , fn−1 , g)) is fixed point free, see [2]. For the general case,
the problem is considerably more involved and it is closely related to the problem
of finding a curve which meets C at prescribed points and nowhere else.
One way to address this problem is to realize the given curve as the nonsingular
model of a plane nodal curve in generic position. This makes much easier the
description of DK (K[C]) as finitely generated K[C]-module, and as by-product the
computation of vector fields without singularities at prescribed points.
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12. A. Eigenwillig, L. Kettner, E. Schömer, and N. Wolpert, Complete, exact, and efficient computations with cubic curves., Symposium on Computational Geometry (Jack Snoeyink and
Jean-Daniel Boissonnat, eds.), ACM, 2004, pp. 409–418.
13. M. El Kahoui, On plane polynomial vector fields and the Poincaré problem., Elect. J. diff.
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