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Abstract. In this paper we study the structure of Gröbner bases
with respect to elimination orders. We give a structure theorem
for such Gröbner bases, which turns out to be an extension of
Lazard’s theorem established in the case of two variables. We then
give a more precise structure theorem in the case of radical zero-
dimensional ideals. As an application of this we give the basic
theoretical ingredients of an algorithm to compute a lexicographic
Gröbner basis of a finite intersection of maximal ideals.

1. Introduction

The concept of Gröbner bases, introduced by Buchberger [5] in 1965,
is nowadays one of the main tools for studying algebraic systems and
various related problems in computational algebra, see [6] and the stan-
dard reference books [4, 2, 10, 25] for basic facts and applications of
such a concept.
Many computational aspects of Gröbner bases theory have been studied
so far. For example, the way to get the solutions of an algebraic system
from a Gröbner basis with respect to the lexicographic order is studied
in [26]. The same question, but with respect to other monomial orders,
is treated for example in [16]. The complexity aspect of Gröbner basis
computation is studied in [8, 9, 14].

We are concerned in this work with the question of understanding
the structure of lexicographic Gröbner bases. In the case of two vari-
ables, Lazard’s theorem [15] gives a complete structural understanding
of lexicographic Gröbner bases. This result is extended to the case of
univariate polynomial rings over Dedekind domains in [3]. For higher
dimensions, a structure theorem is given in [13] for the case of radical
zero-dimensional ideals.
This paper is aimed toward a better understanding of the structure, in
high dimensions, of Gröbner bases with respect to elimination orders.
It is organized as follows. After setting up the necessary notation in
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1



2 M. EL KAHOUI AND S. RAKRAK

section 2, we state in section 3 a structure theorem for Gröbner bases
with respect to elimination orders. In section 4 we give a refinement
of the established structure theorem in the radical zero-dimensional
case. Section 5 is devoted to the problem of computing a lexicographic
Gröbner basis of a finite intersection of maximal ideals. We give in this
section an algorithmic understanding of the combinatorial way such
Gröbner bases are built from the triangular systems defining the given
maximal ideals.

2. Notation

In all the rest of this paper we will denote by K[x1, . . . , xn] = K[x] the
ring of polynomials in n indeterminates with coefficients in a commuta-
tive field K. The multiplicative semigroup generated by x = x1, . . . , xn

is denoted by M, and its divisibility partial order by ≤.
For any sub-list J of x, with |J | as number of elements and J c as
complement, we let M[J ] be the sub-semigroup of M generated by J .
Identified to K[J ][J c], the ring K[x] has a natural structure of free K[J ]-
module with M[J c] as canonical basis. Thus, any polynomial f ∈ K[x]
is uniquely written as

f =
∑

aαxα,

where the sum ranges over a finite subset of M[J c] and the aα’s are
elements of K[J ].
Given an admissible order ≺ on the monomials of M we define the
leading term of f with respect to J and ≺, denoted by Lt(f, J,≺), to
be aβxβ where xβ is the greatest element of {xα ∈ M[J c] ; aα 6= 0} with
respect to ≺. The monomial xβ is called the leading monomial of f
with respect to J and ≺ and is denoted by Lm(f, J,≺). The coefficient
aβ is called the leading coefficient of f with respect to J and ≺ and is
denoted by Lc(f, J,≺).
Let I be an ideal of K[x], J be a sub-list of x and ≺ be an admissible
order on the monomials. Given xα ∈ M[J c] we let J (I, J,≺, xα) be
the set

{a ∈ K[J ] ; a = 0 or (∃f ∈ I , Lm(f, J,≺) = xα and Lc(f, J,≺) = a)}.

This is obviously an ideal of K[J ] and we have the following elementary
lemma.

Lemma 2.1. The sequence (J (I, J,≺, xα))α is non-decreasing, i.e. for
any xα ≤ xβ we have J (I, J,≺, xα) ⊆ J (I, J,≺, xβ).
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Given a sub-list J of x and a generating system G of I we write G =
{B1,i, . . . , Bri,i ; i = 0, . . . , s}, where Lm(Bj,i, J,≺) = xα(i)

and xα(0) ≺
xα(1) ≺ · · · ≺ xα(s)

.

3. A structure theorem for Gröbner Bases

In this section we give a structure theorem for Gröbner Bases with
respect to elimination orders. Our result turns out to be an extension
of the structure theorem given in [15] for the two variables case. To
formulate the claimed result we need to fix some terminology.

Definition 3.1. Given an admissible order ≺ on M and a sub-list J of
x, we will say that ≺ is an elimination order with respect to J c if the
following property holds:

(3.1) ∀f ∈ K[x] , Lm(f,≺) = Lm(Lc(f, J,≺),≺)Lm(f, J,≺)

A typical example of elimination order is given by the lexicographic
order x1 ≺lex x2 ≺lex · · · ≺lex xn and J = x1, . . . , xn−1. In general, let
J be a sub-list of x and ≺J (resp. ≺Jc) be an admissible order on M[J ]
(resp. M[J c]). If≺ is the lexicographic order on M = M[J ]×M[J c] built
with (M[J ],≺J) and (M[J c],≺Jc) then ≺ is an elimination order with
respect to J c. The following proposition shows that any elimination
order on M can be realized this way.

Proposition 3.2. Let ≺ be an elimination order on M with respect to
J . Then ≺ is the lexicographic order on M = M[J ]×M[J c] built with
(M[J ],≺J) and (M[J c],≺Jc). Moreover, if ≺ is an elimination order
with respect to J1 and J2 and J1 ⊆ J2 then for any f ∈ K[x] we have:

i) Lm(f, J1,≺) = Lm(Lc(f, J2,≺), J1,≺)Lm(f, J2,≺),
ii) Lc(f, J1,≺) = Lc(Lc(f, J2,≺), J1,≺).

Proof. Consider two monomials xα = xα(1)
xα(2)

and xβ = xβ(1)
xβ(2)

,
where xα(1)

, xβ(1) ∈ M[J ] and xα(2)
, xβ(2) ∈ M[J c], and let ≺′ be the

lexicographic order on M built with (M[J ],≺J) and (M[J c],≺Jc), i.e.

xα ≺′ xβ ⇔ xα(2) ≺Jc xβ(2)

or (xα(2)

= xβ(2)

and xα(1) ≺J xβ(1)

)

Assume that xα ≺ xβ and let f = xβ − xα. Then we have

Lm(f,≺) = xβ = Lm(Lc(f, J,≺),≺)Lm(f, J,≺),

and therefore
Lm(f, J,≺) = xβ(2)

,

Lm(Lc(f, J,≺),≺) = xβ(1)
.

The first equality shows that xα(2) �Jc xβ(2)
. Moreover, if xα(2)

= xβ(2)

then we have Lc(f, J,≺) = xβ(1) − xα(1)
and then the second equality



4 M. EL KAHOUI AND S. RAKRAK

shows that xα(1) ≺J xβ(1)
. This means exactly that xα ≺′ xβ. Con-

versely, if xα ≺′ xβ then by using equation (3.1) it is easy to show that
Lm(f,≺) = xβ and hence xα ≺ xβ, so that ≺=≺′ .
Now let f = cαxα +

∑
xβ≺xα cβxβ where cα, cβ ∈ K[J2] and xα, xβ ∈

M[J c
2 ]. Since ≺ is the lexicographic order built with (M[J2],≺J2) and

(M[J c
2 ],≺Jc

2
) we have xδxα ≺ xδ′xβ for any δ, δ′ and any β such that

xα ≺ xβ.
On the other hand, let us write cα = cα,γx

γ +
∑

xδ≺xγ cα,δx
δ where

cα,γ, cα,δ ∈ K[J1] and xγ, xδ ∈ M[J2 \ J1]. We have therefore

f = cα,γx
γxα +

∑
xβ≺xγ+α

dβxβ

where cα,γ, dβ ∈ K[J1] and xβ ∈ M[J c
1 ]. This shows that

Lm(f, J1,≺) = xγxα = Lm(Lc(f, J2,≺), J1,≺)Lm(f, J2,≺),
Lc(f, J1,≺) = cα,γ = Lc(Lc(f, J2,≺), J1,≺).

�

The above proposition is stated only for giving a precise description of
elimination orders. It will not be needed in the sequel.
We have now enough material to state the main theorem of this sec-
tion, namely a structure theorem for Gröbner bases with respect to
elimination orders.

Theorem 3.3. Let I be an ideal of K[x] and J be a sub-list of x. Let ≺
be an elimination order with respect to J c. Then, for any finite subset
G of I the following assertions are equivalent:

i) G is a Gröbner basis of the ideal I,
ii) for any xα ∈ M[J c] the set

{Lc(f, J,≺) ; f ∈ G and Lm(f, J,≺) ≤ xα}
is a Gröbner basis of the ideal J (I, J,≺, xα) with respect to ≺J .

Proof. “i) ⇒ ii)” Let c ∈ J (I, J,≺, xα) and f ∈ I be such that
Lm(f, J,≺) = xα and Lc(f, J,≺) = c. Since G is a Gröbner basis of I
with respect to ≺ there exists g ∈ G such that Lm(g,≺) ≤ Lm(f,≺).
According to the relation (3.1) we have

Lm(g, J,≺) ≤ Lm(f, J,≺) = xα,
Lm(Lc(g, J,≺),≺) ≤ Lm(Lc(f, J,≺),≺) = Lm(c,≺J).

Therefore, the set {Lc(g, J,≺) ; g ∈ G and Lm(g, J,≺) ≤ xα} is a
Gröbner basis of the ideal J (I, J,≺, xα) with respect to ≺J .
“ii) ⇒ i)” Let f ∈ I and write Lm(f, J,≺) = xα. Since the set
{Lc(g, J,≺) ; g ∈ G and Lm(g, J,≺) ≤ xα} is a Gröbner basis of
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the ideal J (I, J,≺, xα) with respect to ≺J there exists g ∈ G such
that

Lm(g, J,≺) ≤ Lm(f, J,≺) = xα,
Lm(Lc(g, J,≺),≺) ≤ Lm(Lc(f, J,≺),≺).

Therefore, Lm(g,≺) ≤ Lm(f,≺) according to the relation (3.1). This
shows that G is a Gröbner basis of I with respect to ≺ . �

The structure theorem given in [13] corresponds to the particular case
J = x1, . . . , xn−1 and I radical and zero-dimensional of theorem 3.3.
The strategy followed in this paper is of geometric nature. More pre-
cisely, by studying the geometric configuration of the zeros of I in an
algebraic closure of K, the authors construct a particular Gröbner basis
of I which exhibits a factorized form and satisfies the property ii) of
theorem 3.3. They then show that this property remains true, even
though the factorized form is destroyed, when one makes reduced the
constructed Basis. This strategy, which has the advantage of being
intuitive, is in contrast not applicable in the presence of multiplicities
or positive dimensional components.

The case n = 2 and J = x1 is very particular. Indeed, in such a
case K[J ] = K[x1] is a principal ideal domain, and the only one mono-
mial order on K[J c] = K[x2] is the divisibility order. This yields the
following structure theorem [15].

Theorem 3.4. Let I be an ideal of K[x1, x2] and G = {B0, . . . , Bs}
be a minimal generating system of I, with degx2

(Bi) ≤ degx2
(Bi+1).

Then G is a Gröbner basis of I with respect to x1 ≺lex x2 if and only
if to the following properties hold:

i) for any i = 0, . . . , s we have Bi = gi(x1)Hi(x1, x2), where Hi is
monic with respect to x2 and degx2

(Hi) < degx2
(Hi+1),

ii) for any i = 0, . . . , s − 1 we have gi = δigi+1, where δi is noncon-
stant, and Hi+1 ∈ I(δi−1(x1), Hi(x1, x2)).

For higher dimensions, Gröbner bases with respect to elimination or-
ders do not exhibit in general such a factorized form. A serious obstruc-
tion for this is that prime ideals in positive dimension are rarely gener-
ated by triangular systems. However, in the radical zero-dimensional
case it is possible to construct a Gröbner basis which has a factorized
form, see [13] and section 4.



6 M. EL KAHOUI AND S. RAKRAK

4. The radical zero-dimensional case

In this section we give more insight on the structure of Gröbner bases
for radical zero-dimensional ideals in polynomial rings. For this aim we
study the structure of such an ideal I as a K[J ]-submodule of K[J ][J c].

Lemma 4.1. Let I be a zero-dimensional ideal of K[x], J be a sub-list
of x and ≺ be an elimination order with respect to J c. Assume that
the ideal I ∩ K[J ] is radical. Then for any xα ∈ M[J c] there exists a
polynomial Hα ∈ K[x] such that:

i) Lm(Hα, J,≺) = xα and Lc(Hα, J,≺) = 1,
ii) for any c ∈ J (I, J,≺, xα) we have cHα ∈ I,
iii) for any f ∈ I there exists a unique sequence (cα)xα∈M[Jc], having

a finite support, such that f =
∑

cαHα and cα ∈ J (I, J,≺, xα).

Proof. To simplify let Jα = J (I, J,≺, xα), and notice that J0 = I ∩
K[J ] is radical zero-dimensional and J0 ⊂ Jα, J0 ⊂ J0 : Jα for any α.
This implies in particular that Jα, as well as J0 : Jα, is either radical
zero-dimensional or equal to K[J ]. Moreover we have (J0 : Jα) +Jα =
K[J ].
Let a ∈ J0 : Jα and b ∈ Jα be such that a + b = 1, and let f ∈ I be
such that Lm(f, J,≺) = xα and Lc(f, J,≺) = b. If we let Hα = f +axα

then we have Lm(Hα, J,≺) = xα and Lc(Hα, J,≺) = a + b = 1. On
the other hand, given any c ∈ Jα we have ca ∈ J0 ⊂ I and hence
cHα = cf + caxα belongs to the ideal I.
Let f ∈ I \ {0}, xα(0)

= Lm(f, J,≺) and cα(0) = Lc(f, J,≺). Then

f1 = f − cα(0)Hα(0) belongs to I and satisfies xα(1)
= Lm(f1, J,≺) ≺

Lm(f, J,≺). If f1 6= 0 then we can construct another polynomial f2 =

f1 − Lc(f1, J,≺)Hα(1) which satisfies the relation xα(2)
= Lm(f2, J,≺

) ≺ Lm(f1, J,≺). Continuing this way we construct a sequence f0 =
f, f1, . . . , ft, . . . in I such that

Lm(f0, J,≺) � Lm(f1, J,≺) � · · ·Lm(ft, J,≺) � · · · .

According to the Artinian nature of the order ≺, the constructed se-
quence (fi)i≥0 should stop at some t. If ft 6= 0 then we can construct
another polynomial ft+1 = ft−Lc(ft, J,≺)Hα(t) with Lm(ft+1, J,≺) ≺
Lm(ft, J,≺) and this contradicts the fact that the sequence stops at t.
Thus we have f =

∑t−1
0 cα(i)Hα(i) . To prove the uniqueness it suffices

to show that the Hα’s are linearly independent over K[J ]. But this
obviously follows from the fact that the polynomials Hα have pair-wise
distinct leading monomials with respect to J and ≺. �

We can now state a more precise structure theorem in the case of a
zero-dimensional radical ideal.
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Theorem 4.2. Let I be a radical zero-dimensional ideal of K[x], J
be a sub-list of x and ≺ be an elimination order with respect to J c.
Let G = {Bj,i ; i = 0, . . . , s , j = 1, . . . , ri} be a Gröbner basis of I
with respect to ≺, with Lm(Bj,i, J,≺) = xα(i)

. Then one can construct
polynomials H0, . . . , Hs such that:

i) Lm(Hi, J,≺) = xα(i)
and Lc(Hi, J,≺) = 1,

ii) for any c ∈ J (I, J,≺, xα(i)
) we have cHi ∈ I,

iii) the set G1 = {Lc(Bj,i, J,≺)Hi ; i = 0, . . . , s , j = 1, . . . , ri} is a
Gröbner basis of the ideal I with respect to ≺ .

Proof. For any i = 0, 1, . . . , s let Hi be a polynomial satisfying the
properties of lemma 4.1, with xα = xα(i)

. On the other hand, following
the construction of G1 we have

{Lc(f, J,≺) ; f ∈ G1 and Lm(f, J,≺) ≤ xα}
= {Lc(Bj,i, J,≺) ; xα(i) ≤ xα and j = 1, . . . , ri}

for any monomial xα, and therefore this set is a Gröbner basis of
J (I, J,≺, xα) according to theorem 3.3 and to the fact that G is a
Gröbner basis of I with respect to ≺ . By applying once again theorem
3.3 we deduce that G1 is a Gröbner basis of I with respect to ≺ . �

5. Lexicographic Gröbner bases of finite sets of points

Let K be a commutative field, M1, . . . ,Mr be maximal ideals of
K[x] and I be their intersection. In this section we are interested with
the problem of computing a lexicographic Gröbner basis of I. Such
a problem appears in several fields of mathematics; it is for example
the basis for multivariate interpolation in numerical analysis (see e.g.
[18, 22, 24, 23] and the references therein). It also arises in coding
theory and rational function approximation (see e.g. [21, 12]), and in
the field of discrete statistics (see e.g. [20, 19]).

Several solutions have been given to this problem so far (see e.g. [7,
17, 1]). All of them are mainly based on Buchberger-Möller algorithm
[7]. Recently, another solution inspired by Newton’s interpolation is
given to this problem [11].

In this section we give an alternative method based on an algorithmic
understanding of the combinatorial way such a Gröbner basis is built
from the triangular systems generating the given ideals. Our method
can be seen as a more precise reformulation, and a slight extension,
of the one given in [13] in so far as we consider finite sets of maximal
ideals of K[x], i.e. sets of conjugated algebraic points over K, instead
of rational points, i.e. points in Kn.
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Before going into the details of our method, it is worth recalling that
any maximal ideal M of K[x] is generated by a reduced monic triangu-
lar system {p1, p2, . . . , pn}, i.e. pi ∈ K[x1, . . . , xi] and has 1 as leading
coefficient with respect to xi and degxi

(pj) < degxi
(pi) for any j 6= i.

In this case the generating triangular system is uniquely determined.

5.1. Some special cases. We start by explaining our method in some
special cases. The importance of such cases lies in the fact that they
can be combined in a quite elementary way to deal with the general
case.
To give the geometric intuition behind these special cases, let K be

the algebraic closure of K and π be the projection from Kn
onto Kn−1

which discards the last coordinate xn.
The first case concerns the one-fibre configuration, i.e. all the zeros of

the ideal I project under π onto the same point of Kn−1
. In such a

case, the situation is easy as shown in the following lemma.

Lemma 5.1. Let M1, . . . ,Mr be maximal ideals of K[x], I be their in-
tersection and assume thatMi∩K[x1, . . . , xn−1] = Mj∩K[x1, . . . , xn−1]
for i 6= j. Let us write Mi = I(p(x1), . . . , pn−1(x1, . . . , xn−1), pn,i(x)),
and let pn be the product of the pn,i’s. Then the set {p1, . . . , pn−1, pn}
is a Gröbner basis of I with respect to ≺lex.

Proof. For i ≤ n − 1 we let di = degxi
(pi), and for j ≤ n we let

dn,j = degxn
(pn,i), and dn = dn,1 + . . . + dn,r. Since each pi is monic

with respect to xi and P = {p1, . . . , pn−1, pn} is triangular we deduce
that P is a Gröbner basis of the ideal it generates. On the other hand,
an easy computation shows that

dimKK[x]/I(P ) =
n∏
1

di,

and by the Chinese remainder theorem we have

dimKK[x]/I =
r∑
1

dimKK[x]/Mj = (
r∑
1

dn,j)
n−1∏

1

di.

This proves that the vector spacesK[x]/I(P ) andK[x]/I have the same
dimension, and this is enough to deduce that I = I(P ) according to
the fact that I(P ) ⊆ I. �

The second special case we consider concerns the configurations where
all the fibres are of the same size, i.e. there exists a positive integer d
such that when projecting under π, any obtained point is the projection
of exactly d zeros of I.
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Lemma 5.2. Let I1, . . . , Ir be a list of pairwise relatively prime zero-
dimensional ideals of K[x], each one being assumed to be generated by
a monic triangular system {p1,i, . . . , pn−1,i, pn,i}, and I be their inter-
section. Let Pi = Ii ∩ K[x1, . . . , xn−1], and assume that Pi + Pj = (1)
for any i 6= j and that the pn,i’s have the same degree dn with respect
to xn. Let Gn−1 be a Gröbner basis of I ∩ K[x1, . . . , xn−1] with respect
to ≺lex. Then the following assertions hold:

i) there exists a monic polynomial pn of degree dn with respect to xn

such that pn = pn,i mod Pi for any i,
ii) the set Gn−1 ∪ {pn} is a Gröbner basis of I with respect to ≺lex.

Proof. i) Let P be the intersection of the Pi’s. By assumption the
Pi’s are pair-wise relatively prime, and by the Chinese remainder the-
orem there exists a K-algebra isomorphism φ : K[x1, . . . , xn−1]/P −→∏

iK[x1, . . . , xn−1]/Pi. This extends to an isomorphism, also denoted
by φ, from (K[x1, . . . , xn−1]/P)[xn] onto (

∏
iK[x1, . . . , xn−1]/Pi)[xn] =∏

i(K[x1, . . . , xn−1]/Pi)[xn].
Therefore, there exists a unique polynomial q in (K[x1, . . . , xn−1]/P)[xn]
of degree dn such that φ(q) = (q1, . . . , qr), where qi is the residue class
of pn,i modulo Pi. Since the leading coefficient of each pn,i with respect
to xn is 1 it is so for q. Now to construct pn we take any monic polyno-
mial of degree dn with respect to xn whose residue class with respect
to P is q.
ii) It is obvious that Gn−1 ∪ {pn} ⊂ I is a Gröbner basis, with respect
to ≺lex, of the ideal it generates. On the other hand, by using vector
space dimension arguments, as done in the proof of lemma 5.1, we
easily deduce that Gn−1 ∪ {pn} generates the ideal I. �

5.2. The general case. In this section we show how the special cases
studied in the previous subsection can be combined to deal with the
general case.
Let M1, . . . ,Mr be maximal ideals of K[x], I be their intersection and
define on the set {1, . . . , r} the equivalence relation ∼ by

i ∼ j ⇔Mi ∩ K[x1, . . . , xn−1] = Mj ∩ K[x1, . . . , xn−1].

Let C1, . . . , Ct be the equivalence classes of ∼. Each class Ck gives a
maximal ideal Pk of K[x1, . . . , xn−1] and an ideal Ik =

⋂
i∈Ck

Mi. By
lemma 5.1 we easily deduce, from the triangular systems generating
the Mi’s with i ∈ Ck, a monic triangular system which generates
Ik. Let {p1,k, . . . , pn,k} be such a triangular system, and let us point
out that {p1,k, . . . , pn−1,k} generates the maximal ideal Pk. If we let
dk = degxn

pn,k then without loss of generality we may assume that
d1 = · · · = dk1 < dk1+1 = · · · = dk2 < · · · < dks−1+1 = · · · = dks , with
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ks = t. We also let k0 = 0 and for any 0 ≤ i ≤ s− 1, Ji =
⋂

k≥ki+1 Pk,
Gi be a Gröbner basis of Ji with respect to ≺lex, Js = (1) and Gs =
{1}.
On the other hand, by lemma 5.2 we can construct a monic polynomial
Hi of degree dki

with respect to xn such that for any k ≤ ki.

(5.1) Hi = x
dki

−dk
n pn,k mod Pk

Theorem 5.3. Let the Gi’s and the Hi’s be as constructed above. Then
the set G = G0 ∪G1.H1 ∪ . . . ∪ Gs.Hs is a Gröbner basis of the inter-
section ideal I with respect to ≺lex.

Proof. Let us first show that G ⊂ I. Clearly G0 is a subset of I. On
the other hand, given any i ≤ s and any k ≤ ki we have Hi ∈ Mk

according to the relation (5.1), and so Hi ∈
⋂

k≤ki
Mk. Moreover, for

any k ≥ ki+1 and any c ∈ Gi we have c ∈ Pk, and therefore cHi ∈Mk.
This proves that cHi ∈Mk for any k, and so cHi ∈ I.
Now let us prove that G is a Gröbner basis of the ideal I by using
theorem 3.3 with J = x1, . . . , xn−1. Let f ∈ I, xd

n = Lm(f, J,≺lex) and
c = Lc(f, J,≺lex). We then have one of the following cases:
– if d ≥ dks then J (I, J,≺lex, x

d
n) = (1), which makes trivial this case.

– if 0 ≤ d < dks then we let 0 ≤ i ≤ s − 1 be the unique integer such
that dki

≤ d < dki+1 (we take dk0 = 0). Given any k ≥ ki + 1 we have
f ∈ Mk, and any reduction process of f with respect to the Gröbner
basis {p1,k, . . . , pn,k} of Mk leads to a relation of the form

f =
n−1∑

1

ajpj,k,

with aj ∈ K[x]. The fact that this relation is free of pn,k is due to the
bound d < dki+1 ≤ dk. On the other hand, by comparing in the last
relation the coefficients with respect to xn we deduce that c belongs
to Pk. Since this holds for any k ≥ ki + 1 we have c ∈ Ji. This
proves that J (I, J,≺lex, x

d
n) = Ji and thus Gi is a Gröbner basis of

J (I, J,≺lex, x
d
n).

At the close of the cases studied above we deduce that J (I, J,≺lex, x
d
n)

has {Lc(B, J,≺lex); B ∈ G , Lm(B, J,≺lex) ≤ xd
n} as Gröbner basis

with respect to ≺lex for any d ≥ 0, and by theorem 3.3 that G is a
Gröbner basis of the ideal I with respect to ≺lex. �

6. Conclusion

We presented in this paper a structure theorem of Gröbner bases
with respect to elimination orders. In the radical zero-dimensional case,
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we gave a more precise structure theorem which proves in particular
the existence of Gröbner bases in a factorized form. We also shed some
light to the way one can assemble maximal ideals to get a lexicographic
Gröbner basis of their intersection.
An important question is to understand better the inverse process,
namely dismantling Gröbner bases, in the radical zero-dimensional
case, to get triangular systems. It is also interesting to understand
the combinatorics of the assembly process in positive dimension, at
least in the case of radical equi-dimensional and unmixed ideals.
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21. S. Sakata, Gröbner bases and coding theory, In B. Buchberger, F. Winkler, ed-
itors, Gröbner bases and applications (Proc. of the conf. 33 years of Gröbner
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