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AbstratIn this survey we desribe the evolution of tehniques based on the Graph Minor Theoryof Robertson and Seymour for obtaining Fixed-Parameter Tratable (FPT) algorithmsfor problems on graphs. We �rst desribe a dynami programming tehnique for a ertainlass of problems on graphs of bounded treewidth. This tehnique yields algorithms whoserunning time is singly exponential in the treewidth parameter.The diameter of a planar graph is linearly bounded by its domination number. We showhow this fat, ombined with an observation relating the treewidth of a planar graph to itsdiameter, leads to singly exponential FPT algorithms for the parameterized DominationNumber problem (where one is interested �nding if there exists a dominating set of size atmost k, the parameter) and a ertain lass of related problems on planar graphs. Note thatthe set of planar graphs inludes graphs of arbitrarily large treewidth. We then exploreways of extending this tehnique in several diretions.We show a stronger bound on the treewidth of a planar graph in relation to its dom-ination number. This and similar bounds lead to signi�antly faster FPT algorithms forthe same lass of problems on planar graphs: the ourrene of the parameter (whih isthe solution size) in the exponent is now proportional to the square root of the parameter.The lass of bidimensional problems properly ontains Domination Number and therelated lass of problems that are handled by the above tehniques. We show how theabove approah applies to the lass of bidimensional problems and yields FPT algorithmswith running times where the exponent is proportional to the square root of the parameter.We then desribe how to obtain similar algorithms for the same lass of problems onlarger lasses of graphs, namely apex-minor-free graphs (whih inlude bounded genusgraphs) and the lass of H-minor free graphs for any �xed graph H. Finally we mentionsome ways of obtaining polynomial-time approximation shemes for some optimisationproblems on apex-minor-free and H-minor-free graphs using these tehniques.
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Chapter 1Introdution
1.1 IntrodutionFixed-Parameter Tratability (FPT) is an approah to solving NP-hard problems exatlyand in feasible time. The Graph Minor Theory of Robertson and Seymour is �the deepestand likely the most important work in Graph Theory� [DHK05℄. In this survey we de-sribe tehniques that have been developed using Graph Minor Theory for �nding FPTalgorithms for ertain lasses of problems on ertain lasses of graphs.The report is organised as follows. In the rest of this hapter we de�ne the variousnotions used in the rest of the report. In Chapter 2 we desribe various ways of opingwith the NP-hardness of problems that arise in pratie, and introdue the notions ofparameterized and FPT algorithms. In Chapter 3 we present the onepts of tree deom-position and treewidth that underlie all the algorithm development tehniques that weover in this report. In Chapter 4 we see how we an use dynami programming to obtainexat solutions in feasible time for a lass of NP-hard problems on graphs of bounded (andsmall) treewidth. In Chapter 5 we desribe the diameter-treewidth property of planargraphs, and how this property helps in obtaining FPT algorithms for Domination Numberand related problems on planar graphs when parameterized by solution size. We also seehow this approah an be extended to the larger lass of apex-minor-free graphs, whih area superlass of planar graphs and whih ontain bounded genus graphs as a sublass. In3



Chapter 6 we show how a tighter bound on the treewidth of planar graphs in relation to thesize of the dominating set results in faster FPT algorithms for Minimum Dominating Setand related problems. In Chapter 7 we explore the approah known as bidimensionalitytheory that extends these methods to a larger lass of problems, namely those problemsthat are �bidimensional�. This approah extends to the lass of apex-minor-free graphs.It also applies to the larger lass of graphs that exlude any �xed graph H as a minor. InChapter 8 we look at some ways of obtaining polynomial-time approximation shemes foroptimisation problems on apex-minor-free and H-minor-free graphs using these tehniques.The objetive of this survey is to trae the evolution of a ertain lass of tehniquesbased on the Graph Minor Theory of Robertson and Seymour for obtaining FPT algorithmsfor problems on graphs. As suh, we leave out most of the proofs, and instead givereferenes to the literature.1.2 De�nitionsIn this setion we de�ne di�erent terms used in the report, exept for those that arede�ned in ontext later in the report. We follow the graph terminology of [Die00, Wes01℄;the de�nitions below are mostly from these books as well.1.2.1 Graphs � basi de�nitionsIn the following, let G = (V,E) and G ′ = (V ′,E ′) be graphs, and U ⊆ V some set ofverties of G.The union of graphs G and G ′ is de�ned as G ∪ G ′ = (V ∪ V ′,E ∪ E ′), and theirintersetion is de�ned as G ∩ G ′ = (V ∩ V ′,E ∩ E ′).
U is said to be a vertex over of G if every edge in G is adjaent to at least one vertexin U.
U is said to be an independent set in G if no two elements of U are adjaent to eahother. The independene number of G is the number of verties in a largest independentset in G. 4



U is said to be a lique in G if every pair of elements of U is adjaent to eah other.The lique number of G is the number of verties in a largest lique in G. A lique onthree verties is also alled a triangle.
U is said to be a dominating set in G if every vertex in V \U is adjaent to some vertexin U. The domination number of G is the number of verties in a smallest dominatingset in G.A set D ⊆ E of edges of G is said to be an edge dominating set in G if every edge in

E \ D is adjaent to some edge in D.A set M ⊆ E of edges of G is said to be a mathing of G if no two edges in M areadjaent. A mathing M of G is said to be a maximal mathing if there is no edge
e ∈ E \ M suh that M ∪ {e} is also a mathing of G.Let G ′ be a subgraph of G. If E ′ ontains all the edges {u, v} ∈ E with u, v ∈ V ′, then
G ′ is an indued subgraph of G, indued by V ′. For any set of verties U ⊆ V, G [U]denotes the subgraph of G indued by U.The distane between verties u, v of G is the length of a shortest path from u to vin G; if no suh path exists, the distane is de�ned to be ∞. The diameter of G is thegreatest distane between any two verties in G.A subset S ⊆ V \ {u, v} is alled a vertex separator for u and v in G if eah path from
u to v ontains at least one vertex that is in S[Jun07℄.A yle C = (V ′,E ′) in a G is said to be a Hamiltonian yle if V = V ′.Let C a be yle that is a subgraph of G. A hord of C is an edge of G that is inidenton two verties in C but is not itself an edge of C. An indued yle in G is a yle in Gthat is an indued subgraph of G. Equivalently, it is a yle in G that has no hords.Graph G is said to be hordal, or triangulated, if eah of its yles of length at least4 has a hord, that is, if G ontains no indued yles other than triangles. A graph H issaid to be a triangulation of a graph G if H is a triangulated supergraph of G and hasthe same vertex set as G.Graph G is said to be onneted if there is a path in G from every vertex of G to everyother vertex of G. If U ⊆ V and G [U] is onneted, then U itself is said to be onneted5



in G.Removing a vertex v from a graph G inludes removing all edges inident on v as well.1.2.2 Planar and related graphsAn embedding of a graph in a surfae Σ is a drawing of the graph on the surfae in whihno two edges ross. Given a planar embedding of a graph, a region of the plane boundedby verties and edges of the graph and ontaining no vertex or edge of the graph in itsinterior is said to be a fae of the embedding.A plane graph is a partiular planar embedding of a planar graph. A plane graph G issaid to be a plane triangulation if every fae of G (inluding the outer fae) is boundedby a triangle. A triangulation of a plane graph G is a plane triangulation H obtained byadding zero or more edges to G.(See [ABF+02, Setion 5.3℄) A k-fae over C of a plane graph G = (V,E) is a set of kfaes of G that over all the verties of G. That is, for every vertex v ∈ V, there exists afae f ∈ C suh that v lies on the boundary of f.(See [Wes01, Setion 6.3℄) A handle is a tube joining two holes ut in a surfae. Thegenus of a surfae obtained by adding handles to a sphere is the number of handles added.(See [DFHT05℄) For an integer r > 1, the r × r grid is the graph on r2 verties
{(x,y) |1 6 x,y 6 r} with edges between those verties that di�er by ±1 in exatly oneoordinate. The verties (i, j) of the r × r grid with i ∈ {1, r} or j ∈ {1, r} are alledthe boundary verties of the grid. The remaining verties are alled the non-boundaryverties of the grid. The size of an r × r grid is the number of verties in it, whih is r2.The r × r grid is planar. A partially-triangulated r × r grid is any planar graphobtained by adding edges between pairs of nonadjaent verties that lie on a fae of aplanar embedding of the r × r grid. The size of a partially-triangulated r × r grid is thenumber of verties in it, whih is r2.An augmented r×r grid of span s is an r×r grid with some extra edges (not neessarilypreserving planarity) suh that eah vertex is adjaent to at most s non-boundary vertiesof the grid. 6



A graph G is said to be an apex graph if there is a vertex v in G suh that the graph
G ′ obtained by removing v from G is planar.1.2.3 ColouringA proper vertex olouring of a graph G = (V,E) is a map c : V → S suh that c (v) 6= c (w)whenever v and w are adjaent. The elements of the set S are alled the available olours.A proper k-olouring of G (if it exists) is a proper vertex olouring c : V → {1, . . . , k}. Theminimum positive integer k suh that G has a proper k-olouring is alled the hromatinumber of G.1.2.4 Graph MinorsLet e = {u, v} be an edge of a graph G = (V,E). The operation of ontrating e onsistsof the following:1. Adding a new vertex w to G,2. For eah vertex x /∈ {u, v} that is adjaent to at least one of {u, v}, adding an edge

{w, x} to G, and,3. Removing the verties u and v from G.The graph obtained from G by ontrating e is denoted G/e. Formally, G/e is a graph
(V ′,E ′) with vertex set V ′ = (V \ {u, v}) ∪ {w} where w /∈ V, and edge set

E ′ = {{x,y} ∈ E| {x,y} ∩ {u,w} = ∅} ∪ {{w, z} | {x, z} ∈ E \ {e} or {y, z} ∈ E \ {e}}A graph G ′ obtained from a graph G by a sequene of zero or more ontrations ofedges is said to be a ontration of G. A grid R that is a ontration of a graph G is saidto be a grid ontration of G. A partially triangulated grid ontration of G is de�nedsimilarly. 7



A graph H is said to be a minor of a graph G if H is a subgraph of some ontrationof G. A grid R that is a minor of a graph G is said to be a grid minor of G.A family F of graphs is said to be minor-losed if for any G ∈ F, every minor of G isalso an element of F.Let H be a �xed graph. A graph G is said to be H-minor-free if H is not a minor of G.A minor-losed family F of graphs is said to be H-minor-free if H /∈ F. An H-minor-freefamily F of graphs is said to be apex-minor-free if H is an apex graph.1.2.5 NP-omplete Graph ProblemsIn this subsetion we give the de�nitions of various NP-omplete graph problems referredto in the report. The referene for all these problems is [GJ79℄.Vertex CoverInput: A graph G = (V,E) and a positive integer k 6 |V |.Question: Does G have a vertex over of size k or less?Independent SetInput: A graph G = (V,E) and a positive integer k 6 |V |.Question: Does G have an independent set of size k or more?Dominating SetInput: A graph G = (V,E) and a positive integer k 6 |V |.Question: Does G have a dominating set of size k or less?Conneted Dominating SetInput: A graph G = (V,E) and a positive integer k 6 |V |.8



Question: Does G have a dominating set D of size k or less, where the subgraph of
G indued by D is onneted?Edge Dominating SetInput: A graph G = (V,E) and a positive integer k 6 |V |.Question: Does G have an edge dominating set of size k or less?The optimisation versions of the above problems ask for a solution of maximum orminimum size, as the ase may be: maximum for Independent Set, and minimum forall the other problems. The following two problems ask for the size of suh an optimumsolution:Independene NumberInput: A graph G.Problem: Find the size of a maximum-size independent set of G.Domination NumberInput: A graph G.Problem: Find the size of a minimum-size dominating set of G.3-ColourabilityInput: A graph G.Question: Does G have a proper 3-olouring?Chromati NumberInput: A graph G = (V,E), and a positive integer k 6 |V |.Question: Does G have a proper k-olouring?9



Steiner Tree in GraphsInput: A graph G = (V,E), a weight funtion w : E → Z
+0 that assigns nonnegativeintegral weights to eah edge e, a subset R ⊆ V, and a positive integer bound B.Question: Is there a subtree of G that inludes all the verties of R and suh thatthe sum of the weights of the edges in the subtree is no more than B?Hamiltonian CyleInput: A graph G.Question: Does G have a Hamiltonian yle?Feedbak Vertex SetInput: A graph G = (V,E) and a positive integer k 6 |V |.Question: Is there a subset V ′ ⊆ V with |V ′| 6 k suh that V ′ ontains at least onevertex from every yle in G?Minimum Maximal MathingInput: A graph G = (V,E) and a positive integer k 6 |V |.Question: Is there a subset E ′ ⊆ E with |E ′| 6 k suh that E ′ is a maximalmathing?Longest PathInput: A graph G = (V,E), a positive integer k 6 |V |, and two verties s, t ∈ V.Question: Is there a path in G from s to t of length k or more?The following problems are NP-omplete on planar graphs [ABF+02℄.
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Independent Dominating SetInput: A graph G = (V,E) and a positive integer k 6 |V |.Question: Does G have a dominating set D of size k or less, where D is also anindependent set in G?Total Dominating SetInput: A graph G = (V,E) and a positive integer k 6 |V |.Question: Does G have a dominating set D of size k or less, where eah vertex in
D has a neighbour in G?Weighted Dominating SetInput: A graph G = (V,E), a positive integral weight funtion w : V → N, and apositive integer k.Question: Does G have a dominating set D suh that (∑

v∈D w (v)
)

6 k?Fae CoverInput: A graph G = (V,E) and a positive integer k.Question: Does G have a k-fae over?
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Chapter 2Fixed-Parameter Tratable Algorithms
2.1 IntrodutionIf a problem is NP-hard, then it is not likely that there is an algorithm that solves theproblem exatly in polynomial time. Many problems that arise in pratie are NP-hard.There are many ways of oping with this state of a�airs. In this hapter we look at afew of these ways and desribe one of them � parameterization and the notion of FixedParameter Tratable (FPT) algorithms � in detail.2.2 Dealing with NP-hard problemsMany problems of pratial importane are NP-hard (see, e.g., [CK℄): By de�nition, suha problem an be solved in time polynomial in the size of the input only if P = NP. Thus,given the widely believed assumption that P 6= NP, the NP-hardness of a problem impliesthat there is no hope for a polynomial-time algorithm for the problem.As an example, onsider the problem of monitoring, in real time, the status of the linksin a telephone network. Suppose that the solution onsists of installing, at the nodes in thenetwork, equipment that monitors the status of eah link out of the node. Suppose alsothat this equipment is expensive to purhase and to maintain. To minimise the expense,then, we need to �nd a smallest set of nodes suh that installing the equipment at these12



nodes would take are of every link in the network. This problem is the same as theMinimum Vertex Cover problem, with the nodes in the telephone network being theverties in the graph G, and the links its edges:Input: A graph G.Problem: Find a minimum-size vertex over of G.A vertex over of G is a set S of verties of G suh that every edge in G has at leastone endpoint in S.The deision version of the Minimum Vertex Cover problem, the Vertex Coverproblem, is one of the standard NP-omplete problems (see, e.g., [GJ79℄). It follows thatthe Minimum Vertex Cover problem is NP-hard, and so we annot hope to �nd, inpolynomial time, a smallest set of nodes of the network as required to solve our problem.How does one go about solving suh NP-hard problems that arise in pratie and need tobe solved? We now desribe some of the di�erent ways of oping with NP-hard problemsin pratie.2.2.1 Polynomial-time approximation algorithms.These give an approximate solution to the problem in polynomial time, usually withina spei�ed fator of approximation: see [CK℄ for a list. As an example, the MinimumVertex Cover problem has an approximation algorithm that runs in polynomial time andoutputs a vertex over that is at most twie the size of a minimum vertex over � seeAlgorithm 1.Clearly the algorithm outputs a vertex over of G: if e is an edge that is not overedby S, then it would be left in G when the loop in step 2 terminates, whih ontraditsthe termination ondition of the loop. It is easy also to see that the algorithm runs inpolynomial time in the size of the graph. To see that |S| is at most twie the size of aminimum vertex over of G, observe that any vertex over of G must ontain at least oneof the two verties added to S in eah iteration of the loop in step 2.13



Algorithm 1 A 2-approximation algorithm for Minimum Vertex Cover.Input : A graph GOutput : A vertex over of G whih is at most twie as large asthe minimum-size vertex over of G.1. S := ∅2. While there are edges left in GdoPik an arbitrary edge e = {u, v} of G

S := S ∪ {u, v}Remove u and v and their adjaent edges from Gdone3. Output SIf the extra ost involved in implementing an approximate solution for a problem in-stead of an exat one is prohibitive due to pratial onsiderations, then the approximatesolution is not good enough for solving the problem in pratie. The telephone networkmonitoring problem desribed above ould provide suh an example if the ost of equip-ment is high enough. In suh a ase, expending a few weeks or even months of omputertime in solving the problem exatly may be more desirable than implementing an approx-imate solution.2.2.2 Worst-ase vs. average-ase analysis.A problemA is NP-hard if, given an algorithm B that an solve every instane of A in timepolynomial in the size of the instane, one an solve every problem in NP in polynomialtime. Assuming P6=NP thus implies that there is no polynomial-time algorithm that ansolve every instane of A in polynomial time: that is, that A is hard in the worst ase. Itould well be that there is an algorithm that solves nearly all instanes of A in polynomialtime: that is, A ould well be easy on the average, while at the same time being hard inthe worst ase.Average-ase analysis involves designing algorithms that run in polynomial time giventhat the input follows a spei� distribution (see [BT06, Lev86℄). Let A be an NP-hard14



problem, and let D be a distribution on the input to A. If it an be shown that analgorithm B for A runs in polynomial time on inputs piked from D, then B an be usedto solve A in polynomial time in those ases where the input is guaranteed to follow D. Aproblem with this approah is that it is often very di�ult to arrive at a distribution Dthat faithfully models the input expeted in pratie (see [CLR01℄, p 26).2.2.3 Exat exponential-time algorithmsThese are algorithms that may take up to exponential time in the size of their input, andarrive at an exat solution. For example, a trivial algorithm forMinimum Vertex Coverwould be to hek every subset S of verties of G to see if S is a vertex over of G, andto pik a vertex over of the minimum size found. This algorithm yields a minimum-sizevertex over, and takes time Ω (2n) where n is the number of verties of G. We would liketo do better than this; we look for an algorithm that is signi�antly faster than the trivialalgorithm, though it may still be exponential in n. These algorithms have running timesof the form O (cn) where c is stritly smaller than 2; see [FGK05, Woe03℄ for surveys.On a slightly di�erent note, suppose we are interested in the di�erent problem of �ndingif the input graph G has a vertex over of size l or less, and �nding suh a vertex over ifit does exist, for a �xed number l that is independent of the number of verties n in theinput graph. A trivial way to do this is to hek, for eah l-subset U of the vertex set Vof G, whether U is a vertex over of G. There are (

n

l

)

= Θ
(

nl
)

l-subsets of V, and fora given set U of l verties, it takes Θ (n) time in the worst ase to hek if U is a vertexover of G. Thus this algorithm runs in Θ
(

nl+1) time in the worst ase.There is a simple algorithm, all it algorithm A, that heks if G has a vertex over ofsize l, and �nds suh a vertex over if it exists, in O
(2ln

) time (see Setion 1.4 of [Nie02℄).
A thus runs in linear time in the size of its input. For moderately large values of l, A isthus feasible for any value of n that ould arise in pratie; ompare this with the naivealgorithm desribed above that takes Θ

(

nl+1) time in the worst ase, whih beomesimpratial for even moderately large n for omparatively smaller values of l. For manypratial questions whih an be phrased as this problem, it is indeed the ase that l is15



�small�: referring to the example in Subsetion 2.2.1, the telephone ompany ould beevaluating the approah that uses monitoring equipment to see whether that approah isfeasible: they would then be interested in the question �Is it possible to monitor all thelinks in the network with at most k of these equipment?�, where k is a (�small�) onstantthat depends on the budget for the problem. In suh ases, the O
(2ln

) algorithm ispreferable over the trivial Θ
(

nl+1) algorithm.There is in fat a faster algorithm, all it algorithm B, that solves this problem: it�nds if the input graph G on n verties has a vertex over of size l or less, and �nds suha vertex over if it does exist, in O
(1.2745ll4 + l × n

) time ([CG05℄). Algorithm B is thusfeasible for a muh larger range of l than algorithm A. Note also that by repeating A(resp. B) for l = 1, 2, . . . till it �nds a vertex over, we an solve the Minimum VertexCover problem exatly in O
(2kn

) (resp. O
(1.2745kk4 + kn

)) time, where k is the size ofthe smallest vertex over in the graph.Algorithms A and B are both part of a lass of algorithms alled Fixed ParameterTratable (FPT) algorithms.2.3 Fixed-parameter tratable (FPT) algorithmsThese are a lass of exat exponential algorithms where the exponential blowup in therunning time is restrited to a small parameter assoiated with the input size ([DF99,FG06, Nie06℄). That is, the running time of suh an algorithm on an input of size n isof the form O (f (k)nc), where k is a parameter that is typially small ompared to n,
f (k) is a (typially superpolynomial) funtion of k that does not involve n, and c is aonstant. For example, algorithms A and B mentioned in the previous setion are of thiskind. Formally,De�nition 1. A parameterized (deision) problem is a language L ⊆ Σ∗ × N, where Σ isa �nite alphabet. The seond omponent is alled the parameter of the problem.De�nition 2. A parameterized problem L is �xed-parameter tratable if there exists analgorithm that deides in f (k) · nO(1) time whether (x, k) ∈ L, where n = |x| and f is a16



omputable funtion that does not depend on n. The algorithm is alled a �xed parameteralgorithm for the problem. The omplexity lass ontaining all �xed parameter tratableproblems is alled FPT.About half the naturally parameterized1 problems listed as NP-omplete in [GJ79℄ arein FPT [DFS99℄, inluding three of the six basi problems treated in Chapter 3 of thatbook. See [Ces01℄ for a large list of NP-omplete problems that are in FPT with suitableparameterizations. Parameterized Complexity Theory is an area of researh that takes atwo-pronged approah to studying the omputational omplexity of parameterized prob-lems. On the one hand, the e�ort is to �nd FPT algorithms for parameterized problemsand to improve the running times of suh algorithms for problems already shown to be inFPT. On the other, the e�ort is to �nd evidene as to why ertain parameterized problemsare not likely to have FPT algorithms, in a similar way as the theory of NP-ompletenessgives evidene as to why ertain problems in NP are not likely to have polynomial-timealgorithms. See the books [DF99, FG06, Nie06℄ for more on parameterized omplexitytheory, inluding various algorithmi tehniques for obtaining FPT algorithms, and hard-ness theories. In this survey we look at one algorithmi paradigm based on Graph MinorTheory for designing FPT algorithms for ertain graph problems.

1That is, where the parameter is a number that appears as one of the inputs. For example, in thenaturally parameterized version of the Vertex Cover problem de�ned in subsetion 1.2.5, the parameter is
k. 17



Chapter 3Treewidth
3.1 IntrodutionMany problems that are NP-hard on general graphs are solvable in polynomial, evenlinear, time on trees [Nie02, Setion 4.4℄. For example, it is easy to solve Vertex Coverand Dominating Set in linear time when restrited to trees � root the tree at an arbitraryvertex, start proessing at the leaves and work towards the root vertex. The orretnessof these algorithms derives from two separation properties of trees that make it easy todesign divide-and-onquer and dynami programming algorithms on trees. One propertyis that if we delete an edge from a tree, then the tree breaks up into exatly two onnetedomponents. The other property is that if we delete a vertex v from a tree, then the treebreaks up into exatly as many onneted omponents as the degree of v.The treewidth of a graph G is a measure of how tree-like G is. The notion of treewidth,introdued by Robertson and Seymour in their Graph Minor series of papers[RS86b℄, isalgorithmially interesting beause of (at least) the following reasons:� Many problems that are intratable for general graphs beome polynomial and oftenlinear-time solvable when restrited to graphs of bounded treewidth. For example,this is the ase with many well-known NP-omplete problems suh as IndependentSet, Hamiltonian Cyle, and Steiner Tree, and also some PSPACE-ompleteproblems (See [Bod93, Setion 4℄ for a list of referenes).18



� Many problems that arise in pratie are seen to have the property that the graphsthat model their instanes have bounded treewidths ([Bod93℄). For example, LIG-AND [GOH+02, LIG℄ is a large database of �hemial substanes and reations thatare relevant to life.� Yamaguhi and others [YAM03℄ omputed the treewidth of 9712hemial ompounds from this database and found that all but one had treewidth atmost three; the one exeption had treewidth four.The formal de�nition of treewidth is as follows:De�nition 3 (Tree Deomposition, Treewidth). A tree deomposition of a graph G =

(V,E) is a pair ({Xi|i ∈ I} , T = (I, F)) with T a tree and {Xi|i ∈ I} a family of subsets of V,alled bags, one for eah node of T , suh that� (Vertex Coverage) ⋃

i∈I Xi = V.� (Edge Coverage) For all edges (v,w) ∈ E, there exists an i ∈ I with v ∈ Xiand w ∈ Xi.� (Coherene) For all v ∈ V, the set of nodes {i ∈ I|v ∈ Xi} forms a subtree of T .The width of a tree deomposition ({Xi|i ∈ I} , T = (I, F)) is maxi∈I |Xi|−1. The treewidthof a graph G, denoted tw (G), is the minimum width over all possible tree deompositionsof G.Convention. To avoid onfusion, we will use the term �node� for a vertex of theunderlying tree T of a tree deomposition of graph G, and the term �vertex� for avertex of G itself.De�nition 4 (Rooted Tree Deomposition). A rooted tree deomposition
({Xi|i ∈ I} , T = (I, F) , r) of a graphG = (V,E) is a tree deomposition ({Xi|i ∈ I} , T = (I, F))of G where the underlying tree T is rooted at node r.De�nition 5 (Path Deomposition, Pathwidth). A path deomposition of a graph G =

(V,E) is a tree deomposition ({Xi|i ∈ I} , T = (I, F)) of G where the underlying tree T is a19



path. The width of a path deomposition ({Xi|i ∈ I} , T = (I, F)) is maxi∈I |Xi| − 1. Thepathwidth of a graph G is the minimum width over all possible path deompositions of
G.3.2 Properties of tree deompositionLet G = (V,E) be a graph and ({Xi|i ∈ I} , T = (I, F)) a tree deomposition of G. TheCoherene property of tree deompositions guarantees that a separation of T , of one of thetwo kinds desribed in the Introdution, orresponds naturally to a separation of G. For asubgraph T ′ of T , let GT ′ denote the subgraph of G indued by the verties in all the bagsassoiated with the nodes of T ′: that is, GT ′ = G

[

⋃

i∈V(T ′) Xi

]. The separation propertiesof a tree deomposition an be stated as follows[KT06, Setion 10.4℄:Lemma 1. Let t ∈ I, and suppose that T − t has omponents T1, . . . , Td. Then thesubgraphs GT1 − Xt,GT2 − Xt, . . . ,GTd
− Xt have no verties in ommon, and there areno edges between them.Lemma 2. Let A and B be the two omponents of T obtained by deleting the edge

(x,y). Then deleting the set Xx ∩ Xy from V disonnets G into the two subgraphs
GA−(Xx ∩ Xy) and GB−(Xx ∩ Xy). These two subgraphs have no verties in ommon,and there are no edges between them.Consider T to be rooted at some node r ∈ I. For a node x ∈ I in this rooted tree deom-position ({Xi|i ∈ I} , T = (I, F) , r), let Gx denote the subgraph of G indued by the vertiesin all the bags assoiated with the subtree of T rooted at x: that is, Gx = G

[
⋃

i∈I,i6x Xi

],where i 6 x denotes that i is either x or a proper desendant of x in the rooted tree. Treedeompositions have the following property:Lemma 3. [Bod93, Setion 4℄ Let ({Xi|i ∈ I} , T = (I, F) , r) be a rooted tree deomposi-tion of the graph G = (V,E). Let i, j be nodes in I suh that j is not a desendant of
i. If v ∈ V is present both in Gi and in Xj, then v ∈ Xi. If v is present in Gi and isadjaent in G to a vertex w ∈ Xj, then v ∈ Xi or w ∈ Xi.20



It follows from Lemma 2 that if a onneted graph G = (V,E) has treewidth w < |V |−1,then G has a vertex separator of size w: Let T be the tree underlying a tree deompositionof G of width w. Then there is an edge (x,y) in T suh that Xx 6= Xy, for otherwise theVertex Coverage property is violated. Clearly |Xx ∩ Xy| 6 w, and from Lemma 2, Xx ∩Xyis a separator of G.In fat, something stronger an be said; the following two de�nitions are from [Bod98,Setion 5℄.De�nition 6. A k-separator of a graph G = (V,E) is a set U ⊆ V suh that V \ U an bepartitioned into two disjoint sets A and B of at most k verties eah, suh that no vertexin A is adjaent to a vertex in B.De�nition 7. Let s : N → N be a funtion. A graph G = (V,E) on n verties is said tobe s (N)-separable if� it onsists of one vertex, or,� it has a 2n/3-separator S of size at most s (n). In this ase, if A and B are thetwo non-adjaent vertex sets that partition V \ S, then G [A] and G [B] must be
s (N)-separable.Lemma 4. [Bod98, Theorem 20℄A graph G that has treewidth k is k-separable.This result an be used to give a proof of the famous planar separator theorem ofLipton and Tarjan[LT79℄; see Setion 7.2.Treewidth is monotoni with respet to the operation of taking minors:Lemma 5. [Die00, Proposition 12.3.6℄Let G be a graph and a H a minor of G. Then

tw (H) 6 tw (G).The width of a tree deomposition is taken to be one less than the maximum bag sizeso as to make trees have treewidth 1:Lemma 6. [KT06, Setion 10.4℄A onneted graph G has treewidth 1 if and only ifit is a tree. 21



A tree deomposition of a graph G preserves dense strutures within G in the followingsense[Bod98, Lemmas 4 and 5℄:Lemma 7. Let ({Xi|i ∈ I} , T = (I, F)) be a tree deomposition of G = (V,E), and let
W ⊆ V be a lique in G. Then there exists an i ∈ I with W ⊆ Xi.Lemma 8. Let ({Xi|i ∈ I} , T = (I, F)) be a tree deomposition of G = (V,E). Let
W1,W2 ⊆ V, and suppose {(v,w) |v ∈ W1,w ∈ W2} ⊆ E. Then there exists an i ∈ Iwith W1 ⊆ Xi or W2 ⊆ Xi.3.3 Tree deompositions of speial formsSome speial forms of tree deompositions help in designing and analysing algorithms.3.3.1 Nonredundant tree deompositionThis form helps ensure that there are not too many bags in a tree deomposition. This isuseful, for example, in devising e�ient dynami programming algorithms on tree deom-positions. The following are from [KT06, Setion 10.4℄:De�nition 8. A tree deomposition ({Xi|i ∈ I} , T = (I, F)) of a graph G = (V,E) is said tobe nonredundant if there is no edge (i, j) of the underlying tree T suh that Xi ⊆ Xj.Lemma 9. Given a tree deomposition D of a graph G, one an onstrut a nonre-dundant tree deomposition of G from D in time polynomial in the size of D.3.3.2 Nie tree deompositionThis is a kind of tree deomposition with a simple struture. This simple struture helpsin solving problems by dynami programming on the tree deomposition.De�nition 9. A nie tree deomposition ({Xi|i ∈ I} , T = (I, F) , r ∈ I) of a graphG = (V,E)is a tree deomposition where T is a binary tree rooted at r and whih satis�es the followingonditions: 22



1. If a node i has two hildren j and k, then Xi = Xj = Xk. Suh a node i is alled ajoin node.2. If a node i has one hild j, then one of the following must hold:(a) |Xi| = |Xj| + 1 and Xj ⊂ Xi. Suh a node i is alled an introdue node.(b) |Xi| = |Xj| − 1 and Xi ⊂ Xj. Suh a node i is alled a forget node.3. If a node i is a leaf of T , then |Xi| = 1. Suh a node i is alled a leaf node.Lemma 10. [Klo94, Lemma 13.1.3℄ Given a tree deomposition of width k of a graph
G in whih the underlying tree has N nodes, one an onstrut, in linear time, a nietree deomposition of G of width k in whih the underlying tree has O (N) nodes.3.4 Finding tree deompositions of small widthGiven a graph G and an integer k, the problem of �nding if the treewidth of G is at most kis NP-omplete[ACP87℄. For a �xed number k, however, the problem of �nding if a givengraph G has treewidth k or less an be solved in linear time. In fat, if G has treewidthat most k, then a tree deomposition of width at most k an be onstruted in lineartime[Bod96℄. Thus the problem is �xed-parameter tratable, with k as the parameter.The linear-time algorithm of [Bod96℄ is useful for theoretial purposes: an algorithmthat exploits a tree deomposition of small width ould use this algorithm as a �rst step.The algorithm is, however, useless for pratial purposes sine the hidden onstant in the
O-notation is suh a large funtion of k that the algorithm is infeasible even for smallvalues of k, e.g., when k = 4 (See [Bod05, Setion 3.3℄).There is a polynomial-time approximation algorithm, with a logarithmi approximationratio, for �nding tree deompositions. This outputs, in time polynomial in the size of theinput graph G, a tree deomposition of width O (k lg k) where k is the treewidth of G.There are also �xed-parameter algorithms whih take a graph G as input and a positiveinteger k as the parameter and either give a tree deomposition of G of width at most ck23



(for some onstant c) or determine that the treewidth of G is more than k. Amir desribesfour approximation algorithms of these kinds for treewidth.Theorem 1. [Ami01℄Let G be a graph on n verties, and let the treewidth of G be k.There exist four algorithms as follows:� An algorithm that produes a fator-4 approximation in time O
(24.4kkn2),� An algorithm that produes a fator-323 approximation in time

O
(23.7kn3k3 lg4 n

),� An algorithm that produes a fator-412 approximation in time O
(23kn2k 32), and� An algorithm that produes a fator-O (lg k) approximation in time

O
(

n3 lg4 nk5 lg k
).More reently, Feige et al. desribed a polynomial-time algorithm that �nds a treedeomposition of width at most O

(

k
√lg k

) for a graph of treewidth k [FHL05, Theorem6.4℄.For later use, we note two fats about the fator-4 approximation algorithm mentionedabove. Let the input to the algorithm be (G, k) where G is a graph and k a positive integer.Firstly, the algorithm as stated in [Ami01℄ �nds a triangulation of G of lique numberat most 4k+1 if the treewidth of G is at most k−1 (Otherwise it outputs that the treewidthof G is k or more.). Applying the O (n4)-time algorithm desribed in [Gav74℄ for �nding a�representation by subtrees� of a hordal graph C � this is essentially a tree deompositionof C; see [Bod98, Theorems 26, 27℄ � to the triangulation output by the approximationalgorithm, we get the desired tree deomposition of G in time O
(24.4kkn2 + n4).Seondly, it is shown in [Gav72, Setion 2℄ that the number of maximal liques of ahordal graph C is at most the number of verties of C. Together with the above fats,this implies that the tree deomposition of G that an be obtained from the output of theapproximation algorithm has at most as many tree nodes as there are verties in G.
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3.5 A deomposition theorem from Graph Minor TheoryGraph Minor Theory, developed by Robertson and Seymour in a series of over twentypapers spanning over twenty years, is likely the most important work in graph theory.The notions of treewidth and pathwidth that we desribe in this hapter, for example,were introdued in this series. In this setion we desribe a graph deomposition theoremfrom Graph Minor Theory that the authors introdue as being the �ornerstone theorem�of the Graph Minors series of papers. This theorem has been used to derive some of theresults that we see later in this report. The theorem desribes the struture of graphs thatexlude a �xed non-planar graph as a minor, and appears in the sixteenth paper in theseries, titled �Exluding a non-planar graph�[RS03, Theorem 1.3℄. In the �fth paper inthe series, the authors derive the following simpler result that desribes the struture ofgraphs that exlude a planar graph as a minor:Theorem 2. [RS86a℄For any planar graph L there is a number N suh that every
L-minor-free graph has treewidth at most N.The struture of graphs that exlude a non-planar graph as minor turns out to beonsiderably more omplex. Stated informally, the graph deomposition theorem saysthat for any �xed non-planar graph H, every H-minor-free graph G an be expressed as a�tree struture� of piees, where eah piee is a graph that an be drawn without rossingson a surfae in whih H annot thus be drawn, exept for a bounded number of �apexverties� and a bounded number of �loal areas of non-planarity� alled �vorties�. All thebounds here depend only on H. From Theorem 2, we see that the deomposition theoremapplies to H-minor-free graphs for any �xed graph H, not neessarily non-planar. Toformally state the theorem, we need the de�nitions of the terms in quotes. The followingde�nitions are from [RS03℄.De�nition 10 (Clique-sum, Tree-struture). Let G be a graph and H1 and H2 subgraphsof G with no ommon edges and suh that H1 ∪H2 = G. Let K be a omplete graph with
V (K) = V (H1) ∩ V (H2). Let Gi = Hi ∪ K (i = 1, 2). Then G is said to be a lique-sum25



of G1 and G2. If G an be onstruted from members of a lass C of graphs by (repeated)lique-sums, then G is said to be a tree-struture over C.Lemma 11. [RS03℄ For a graph G, let N be the smallest positive integer suh that Gis a tree-struture over the lass of all graphs with at most N + 1 verties. Then Nis the treewidth of G.De�nition 11 ((6 w)-vertex extension). If a subgraph G ′ of a graph G an be obtainedfrom G by deleting at most w verties of G, then G is said to be a (6 w)-vertex extensionof G ′.De�nition 12 (r-ring ). A graph G is said to be an r-ring with perimeter t1, . . . , tn if
t1, . . . , tn ∈ V (G) are distint and there is a sequene X1, . . . ,Xn of subsets of V (G) suhthat� X1 ∪ · · · ∪ Xn = V (G), and every edge of G has both ends in some Xi,� ti ∈ Xi for 1 6 i 6 n,� Xi ∩ Xk ⊆ Xj for 1 6 i 6 j 6 k 6 n, and� |Xi| 6 r for 1 6 i 6 n.Thus, an r-ring with perimeter t1, . . . , tn is a graph that has a path deomposition ofwidth at most r − 1, with the length of the underlying path being n, and with ti being inthe ith node of the path.De�nition 13 (Outgrowth by d r-rings.). Let G0 be a graph embedded in a surfae Σ,and let ∆1, . . . ,∆d ⊆ Σ be losed diss whih� are pairwise disjoint,� meet G0 only at its verties, and� ontain no vertex of G0 in their interiors.26



For 1 6 i 6 d, let the verties of G0 in the boundary of ∆i be ti1, . . . , ti
n, in order, and let

Gi be an r-ring with perimeter ti
i, . . . , ti

n, meeting G0 in just ti
i, . . . , ti

n and disjoint fromevery other Gj. Let G = G0 ∪ G1 ∪ · · · ∪ Gd. Then G is said to be an outgrowth by d

r-rings of a graph in Σ.The deomposition theorem an now be stated:Theorem 3. [RS03, Theorem 1.3℄Let L be a non-planar graph, and let Σ1, . . . ,Σs beall the onneted surfaes (up to isomorphism) in whih L annot be embedded. Thenthere are numbers r,d,w suh that every graph with no L-minor may be onstrutedby lique-sums, starting from graphs G ′ with the following property: G ′ is a (6 w)-vertex extension of an outgrowth Go by 6 d r-rings of a graph Ge that an be embeddedin one of the surfaes Σ1, . . . ,Σs.The �apex verties� mentioned in the informal statement of this theorem above are the
6 w verties that are removed from G ′ to obtain Go. The �vorties� are the 6 d r-ringsadded to Ge to obtain Go.
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Chapter 4FPT algorithms for graph problemsparameterized by treewidth
4.1 IntrodutionIn this hapter we desribe an algorithmi tehnique for solving problems on graphs oftreewidth bounded by some onstant. To desribe the tehnique we make the assumptionthat we have obtained a tree deomposition, of width at most a onstant k, of the inputgraph G. The tehnique results in algorithms that run in time O (|G|

c
), where c is aonstant independent of k, and the onstant hidden by the O-notation ould possibly bea superpolynomial funtion of k. Coupled with the linear-time exat algorithm of [Bod96℄or the polynomial-time log-fator approximation algorithm mentioned in Setion 3.4 for�nding a bounded-width tree deomposition of a graph G of treewidth at most k, thistehnique results in polynomial (and sometimes linear) time algorithms for many NP-hardproblems on graphs of treewidth bounded by a onstant (See, e.g., [AP89℄); these are FPTalgorithms for the parameterized versions of these problems where the parameter is thetreewidth of the input graph.The tehnique, based on dynami programming, was introdued by Bern et al. [BLW87℄and Arnborg and Proskurowski [AP89℄. The presentation in this hapter is based onthe desription of the tehnique given by Bodlaender [Bod97℄, who names the tehnique28



�omputing tables of haraterisations of partial solutions�.4.2 An outline of the tehniqueTo apply the tehnique to obtain the solution to a problem, we �rst onvert the input treedeomposition of width k into a nie tree deomposition, say T = ({Xi|i ∈ I} , T = (I, F) , r),of the same width. From Lemma 10, this an be done in time linear in the size of the inputand results in, at most, a linear inrease in the number of nodes in the deomposition.For eah node i of T we ompute a ertain table, a �table of haraterisations of partialsolutions� for i. To ompute the table for node i we only use:� information from the tables already onstruted for the immediate hild nodes of i,if there are any suh nodes, and� the struture of the indued subgraph G [Xi].We ompute these tables in a bottom-up fashion, starting from the leaf nodes and endingup at the root r. The solution for the problem is now obtained by inspeting the table for
r.4.3 Detailed desription of the tehniqueWe now desribe the di�erent steps of the tehnique in detail. To illustrate the tehnique,we show what eah step entails for two di�erent NP-hard graph problems: IndependeneNumber and 3-Colourability [AP89℄.Independene NumberInput: A graph G = (V,E).Problem: Find the size of a largest subset W of V suh that there is no edge joiningany two verties in W. 29



3-ColourabilityInput: A graph G = (V,E).Question: Is it possible to olour the verties of G with three olours suh that notwo adjaent verties have the same olour?To desribe the type of tables required, we need the notion of terminal graphs assoiatedwith a tree deomposition [Bod97℄.De�nition 14 (Terminal Graph, Sum of Terminal Graphs). A terminal graph is a triple
H = (V,E,X), where (V,E) is a graph with vertex set V and edge set E, and X is an orderedsubset of the verties in V. The verties in X are alled the terminals of H. A terminalgraph with l terminals is alled an l-terminal graph. The sum ⊕ is de�ned on pairs ofterminal graphs with the same number l of terminals: H ⊕ H ′ is de�ned to be the graphobtained by taking the disjoint union of H and H ′ and then identifying the ith terminalof G with the ith terminal of H ′ for 1 6 i 6 l.De�nition 15 (Terminal Graphs Assoiated with a Tree Deomposition). Let T =

({Xi|i ∈ I} , T = (I, F) , r) be a rooted tree deomposition of a graph G. The terminal graph
G[i] assoiated with node i of T is de�ned as G[i] = (Vi,Ei,Xi) where Vi is the set of allverties that are in some bag in the subtree of T rooted at i and Ei is the set of edgesindued by G on Vi, so that (Vi,Ei) is the indued subgraph of G on Vi. The ordering of
Xi is arbitrary.An important property of the terminal subgraph G[i] that follows from Lemma 1 is:Lemma 12. Let T = ({Xi|i ∈ I} , T = (I, F) , r) be a rooted tree deomposition of a graph
G = (V,E). For any node i ∈ I, there is no edge in G between V \ V

(

G[i]

) and
V

(

G[i]

)

\ Xi.We an now desribe the tehnique. Let G be the input graph, and T =

({Xi|i ∈ I} , T = (I, F) , r) a nie rooted tree deomposition of width k of G obtained fromthe input tree deomposition. Let A denote the problem whose input instane is G. Thesteps in designing an algorithm based on the tehnique are as follows:30



Step 1 De�ne a notion of a solution to the problem. This is an objet or property of theinput graph G with whih the problem A is onerned. For the two problems whihwe use as examples, the notion of solution an be de�ned as follows :Problem The notion of solutionIndependene Number The size of a maximum independent set in G.3-Colourability A 3-olouring of G.Step 2 De�ne the notion of the set of partial solutions A
(

G[i]

)for terminal graphs G[i]assoiated with T. The de�nition should be suh that1. A
(

G[r] = (G,Xr)
) inludes, or easily yields, the solution(s) to the problem, and2. For any non-leaf node i ∈ I of the rooted tree deomposition, A

(

G[i]

) an beobtained from G [Xi] and A
(

G[y1]) , . . . ,A (

G[yt]

) where y1, . . . ,yt; t 6 2 are thehildren of i in T .The idea is that one we ompute the partial solutions for terminal graphs assoiatedwith the leaves of T, we an ompute partial solutions for terminal graphs assoiatedwith all the other nodes in a bottom-up fashion, �nally �nding A
(

G[r]

) and henethe solution to the problem.For the two problems whih we use as examples, A
(

G[i]

) an be de�ned as givenbelow. In both the ases it is easy to see that the hoie of partial solutions satis�esthe �rst requirement on a set of partial solutions. With a little work, we an showusing Lemma 3 that the hoies satisfy the seond property as well (See [Bod93,Setion 4℄, [KT06, pages 580-584℄, and [ABF+02, Theorem 13℄) :� Independene Number: For eah subset S of Xi (inluding the empty set) suhthat G [S] is an independent set, let S∗ be a largest independent set in G[i] suhthat S = (S∗ ∩ Xi). A
(

G[i]

) is the set of all suh S∗, over all suh S.� 3-Colourability: A
(

G[i]

) is the set of all 3-olourings of G[i]; that is, the set ofall funtions f : V
(

G[i]

)

→ {1, 2, 3} ; ∀ {u, v} ∈ E
(

G[i]

) .f (u) 6= f (v).31



Step 3 De�ne a notion of an extension of a partial solution. Here we de�ne the aseswhen a partial solution an be extended to a solution to the problem. This is usuallysuggested by the above two de�nitions, as is the ase with our examples:� Independene Number: A maximum-size independent set M inG is an extensionof a partial solution S∗ assoiated with a terminal graph G[i] if and only if S∗ isa subset of M.� 3-Colourability: A 3-olouring f : V → {1, 2, 3} of G is an extension of a 3-olouring g of a terminal graph G[i] if and only if g is the restrition of f to
V

(

G[i]

).Step 4 De�ne a notion of a harateristi of a partial solution. This is information thatharaterises the ases when a partial solution an be extended to a solution; if twopartial solutions have the same harateristi, then one an be extended to a solutionif and only if the other an be extended to a solution. The full set of harateristisfor a terminal graphG[i] assoiated with T is the set of all harateristis of the partialsolutions for G[i]. The goal is to �nd a harateristi suh that the size of the fullset of harateristis for any terminal graph G[i] assoiated with T is polynomial inthe input size.The motivation behind de�ning the harateristi of a partial solution in this fashionis the following: The set of partial solutions for a terminal graph assoiated with Tan oneivably be exponentially large in the size of the input. This is the ase, forexample, with the notions of partial solutions that we de�ned for the 3-Colourabilityproblem. In suh ases, we annot always, in polynomial time, obtain A
(

G[i]

) using
A

(

G[y1]) , . . . ,A (

G[yt]

) where y1, . . . ,yt; t 6 2 are the hildren of i, sine the lattersets may be exponentially large. This then prevents us from omputing the solutionfor the problem in polynomial time following the sheme outlined in Step 2. Henethe need to de�ne a suint harateristi of a partial solution.For our examples the harateristi of a partial solution an be de�ned as follows:32



� Independene Number: For a partial solution S∗ assoiated with a terminalgraph G[i] as de�ned in Step 2, the harateristi is the pair (S, |S∗|). The sizeof the full set of harateristis for G[i] is then no more than 2|Xi| lg |V (G)| =2(k+1) lg |V (G)|, whih is polynomial in |G| sine k is a onstant independent of
|G|.� 3-Colourability: For a partial solution f assoiated with a terminal graph G[i]as de�ned in Step 2, the harateristi is the restrition of f to Xi. The size ofthe full set of harateristis for G[i] is then no more than 3|Xi| = 3(k+1), whihis a onstant independent of |G|.Step 5 Show for eah kind of node in T � leaf, introdue, forget, or join � that the full setof harateristis for G[i] where i is a node in T an be omputed in polynomial timegiven the full sets of harateristis for G[y1], . . . ,G[yt] where y1, . . . ,yt; 0 6 t 6 2are all the hildren of i. For our examples, this an be done as follows:� Independene Number[Roe98, Setion 2.2℄:� i is a leaf node: Let the single vertex in the bag assoiated with i be v. Thefull set of harateristis for G[i] is then {(∅, 0) , ({v} , 1)}.� i is an introdue node: Let v be the new vertex in Xi as ompared to Xy,where y is the hild node of i. For eah harateristi (C, c) of G[y],� Add (C, c) to the set of harateristis for G[i].� If C ∪ {v} is an independent set, then add (C ∪ {v} , c + 1) to the set ofharateristis for G[i].� i is a forget node: Let v be the missing vertex in in Xi as ompared to Xy,where y is the hild node of i. For eah harateristi (C, c) of G[y], add

(C \ {v} , c) to the set of harateristis for G[i].� i is a join node: Let y, z be the hildren of i. For eah ombination oftwo harateristis (C, c) of G[y] and (D,d) of G[z] suh that C = D, add
(C, c + d − |C|) to the set of harateristis for G[i].33



� 3-Colourability:� i is a leaf node: Let the single vertex in the bag assoiated with i be v. Thefull set of harateristis for G[i] is then {(v, 1) , (v, 2) , (v, 3)}.� i is an introdue node: Let v be the new vertex in Xi as ompared to Xy,where y is the hild node of i. For eah harateristi f : Xy → {1, 2, 3} of
G[y], add all funtions g : Xi → {1, 2, 3} suh that g and f oinide on theset Xy, and g (v) 6= f (w) for any w adjaent to v in G (See [Bod97, Lemma4.3℄).� i is a forget node: Let v be the missing vertex in in Xi as ompared to Xy,where y is the hild node of i. For eah harateristi f : Xy → {1, 2, 3} of
G[y], add f|Xi

to the set of harateristis for G[i].� i is a join node: Let y, z be the hildren of i. For eah ombination of twoharateristis f : Xy → {1, 2, 3} of G[y] and g : Xz → {1, 2, 3} of G[z] suhthat f = g, add f to the set of harateristis for G[i].Step 6 Show that given the full set of harateristis for the root r of T, the solution tothe problem an be omputed in polynomial time. For the examples,� Independene Number: Choose the largest seond omponent among the fullset of harateristis of r.� 3-Colourability: The input graph is 3-olourable if and only if the full set ofharateristis of r is not empty.The above an be formalised as follows[Roe98, Theorem 15℄:Theorem 4. Let A be a deision problem for whih the following are available:1. A de�nition of harateristis of partial solutions,2. A proof that the full set of harateristis of any terminal graph is of onstant(resp. polynomial) size, 34



3. Four onstant (resp. polynomial) time algorithms, one for eah of Leaf, Intro-due, Forget, and Join nodes, that take as input� a tree node i of the respetive type,� the bag Xi and introdued or forgotten verties, and� for eah hild yi of i, one harateristi Cyi
,and return a set of harateristis at x.4. Proofs that there is a onstant (resp. polynomial) time ombination proedure

CP suh that(a) for every harateristi Ci produed by CP by ombining Cy1 , . . .Cyt
; t 6 2where yj is the jth hild of i, a partial solution Si with harateristi Ciexists at i suh that its restritions Syj

to G[yj] have the harateristi Cyj
,respetively, and(b) for every partial solution Si, CP applied to i �nds the harateristi Ci of

Si, provided that the ombination proedure is alled for all ombinationsof harateristis from the full sets at all hildren yj of i.Then there is a linear (resp. polynomial) time deision algorithm for A.For a problem that involves omputing some objet, we have:Theorem 5. Let B be a problem for omputing some objet, for whih the four thingsspei�ed in the above theorem are available, and in addition the following are avail-able:Four polynomial time algorithms, one for eah of Leaf, Introdue, Forget, andJoin nodes, that take as input� a tree node i of the respetive type,� the bag Xi and introdued or forgotten verties,35



� a harateristi Ci from the full set of harateristis at i, and� for eah hild yj of i, a pair (

Cyj
, Syj

) of the harateristi Cyj
at yj that led to

Ci and a partial solution Syj
of yj with harateristi Cyj

,and return a partial solution Si at i that has harateristi Ci and whose restritionto Gyj
is Syj

.Then there is a polynomial time algorithm omputing a solution to B. If solvingthe deision problem using Theorem 4 takes time O (n), and the algorithms of theingredient spei�ed in this theorem have onstant running time, then the solutionan be omputed in linear time.4.4 SummaryIn this hapter we saw an algorithmi tehnique that yields polynomial and even linear-time algorithms for NP-hard problems on graphs when the input is restrited to graphsof bounded treewidth. Some of the NP-hard graph problems for whih the tehnique hasbeen applied to get FPT algorithms when parameterized by the treewidth of the inputgraph are� [AP89℄Independene Number,Domination Number,Chromati Number, andHamiltonian Cyle.� [Bod88℄Vertex Cover, Feedbak Vertex Set, Minimum Maximal Mathing,Longest Path, and a host of other problems: see [Bod88, Table 1℄ for a list ofnearly thirty suh problems.
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Chapter 5Extending the tehnique: thediameter-treewidth property
5.1 IntrodutionThe dynami-programming-based tehnique desribed in the previous hapter yields FPTalgorithms for graph problems when the parameter is the treewidth of the input graph. Thelass of planar graphs ontains graphs of arbitrarily large treewidth, and so the tehniquedoes not, in the form it was presented, apply to problems on planar graphs. In thishapter we desribe how we an apply the tehnique to planar graphs, using their diameter-treewidth property, to obtain FPT algorithms with two di�erent parameterisations. Wealso see how this extension an be made to apply to the lass of apex-minor-free graphs.5.2 The diameter-treewidth property for planar graphsPlanar graphs are not a lass of graphs with bounded treewidth � the n × n grid hastreewidth n (See Setion 6.2). However, planar graphs do have the property that theirtreewidth is linearly bounded in their diameter. Eppstein proves the following bound onthe treewidth of planar graphs:Lemma 13. [Epp99, Lemma 4℄Let planar graph G on n verties have a rooted span-37



ning tree T in whih the longest path from the root to any vertex has length l. Thena tree deomposition of G with width at most 3l an be found in time O (l × n).The proof of the Lemma in fat onstruts a tree deomposition with no more than 2nnodes.Now let G be a planar graph with diameter D, and T the shortest path tree of G foundby breadth-�rst searh starting from an arbitrary vertex s of G. Then the longest pathfrom s to any vertex in T has length at most D. The diameter-treewidth property of planargraphs follows from this and the above lemma:Lemma 14 (The Diameter-Treewidth Property for Planar Graphs). A planar graph Gwith diameter D has treewidth at most 3D. If the number of verties of G is n, thena tree deomposition of G of width 3D or less and with at most 2n nodes an be foundin time O (n2).For the following two subsetions, let A be a problem on planar graphs for whih thedynami-programming tehnique on tree deompositions of bounded treewidth desribedin Chapter 4 yields an FPT algorithm when the parameter is the treewidth.5.2.1 Parameterization by diameterIt follows diretly from Lemma 14 that the dynami-programming tehnique an be appliedto obtain an FPT algorithm for A when the parameter is the diameter of the input graph.In partiular, the following problems, for whih the dynami-programming tehnique isdesribed in [AP89℄, and whih are NP-hard when restrited to planar graphs, have FPTalgorithms by this method when restrited to planar graphs, with the parameter set tobe the diameter of the input graph: Independene Number, Domination Number,Chromati Number, and Hamiltonian Cyle.5.2.2 Parameterization by solution sizeSome NP-hard optimisation problems on planar graphs have the property that the diameterof the input graph is bounded in the value of the solution to the problem. For example,38



Lemma 15. [HHS98, Theorem 2.24℄If G is a onneted graph with domination num-ber k, then the diameter of G is at most 3k.Let G be a onneted graph with diameter d = 2k, and let P = (V,E) where V =

{x0, x1, . . . , x2k} ,E = {{x0, x1} , {x1, x2} , . . . , {x2k−1, x2k}} be a path of length d in G thatwitnesses this diameter. Then P is an indued subgraph of G, and so {x0, x2, . . .x2k} is anindependent set in G. Thus the independene number of G is at least k + 1. Hene,Lemma 16. If G is a onneted graph with independene number k, then the diameterof G is at most 2k − 1.From Lemmas 14 and 15 it follows thatLemma 17. If G is a planar graph on n verties with domination number k, then
G has treewidth at most 9k, and a tree deomposition of G of this width or less andwith at most 2n nodes an be found in time O (n2).Alber et al. prove the following:Lemma 18. [ABF+02, Theorem 13℄ If a tree deomposition of width l of a graph G isknown, then the domination number of G an be determined in time O

(4lN
), where

N is the number of nodes of the tree deomposition.From these it follows that the Domination Number problem on planar graphs, pa-rameterized by the size of the dominating set, is FPT. That is, the following problem hasan FPT algorithm:Input: A onneted planar graph G = (V,E) and a positive integer k.Parameter: k.Problem: Does G have a dominating set of size at most k?The FPT algorithm proeeds as follows. Let n = |V |:39



1. Find the diameter d of G. This an be done in O (n3) time by solving theAll-Pairs Shortest Paths problem for G (See [CLR01, Chapter 25℄).2. If d > 3k, then answer �NO�: by Lemma 15, G has domination number largerthan k.3. Otherwise, d 6 3k, and G has treewidth at most 9k. Find a tree deomposition
T of G on at most 2n nodes and of width 9k or less, in O (n2) time as in Lemma 14.4. Using T, �nd the domination number of G in time O

(49kn
) as in Lemma 18.This algorithm runs in time O

(49kn + n3) where k is the size of the minimum domi-nating set.More generally, if the problem A has the property that the diameter of the input graphis bounded in the value of the solution, then from Lemma 14 it follows that the dynami-programming tehnique an be applied to obtain an FPT algorithm for A when the inputis restrited to planar graphs and the parameter is the value of the desired solution.5.3 The diameter-treewidth property for apex-minor-freegraphsWhen Eppstein [Epp00℄ de�ned the notion of the diameter-treewidth property, he did sofor general families of graphs, and for general bounding funtions:De�nition 16. A family F of graphs is said to have the diameter-treewidth propertyif there is some funtion f (D) suh that every graph in F with diameter at most D hastreewidth f (D).He also found a haraterisation of theminor-losed graph families that have a diameter-treewidth property. Reall that a graph G is said to be an apex graph if there is a vertex
v in G suh that the graph G ′ obtained by removing v from G is planar:Lemma 19. [Epp00, Theorem 1℄ Let F be a minor-losed family of graphs. Then Fhas the diameter-treewidth property if and only if F does not ontain all apex graphs.40



A simpler proof of this theorem, using ideas from Graph Minor Theory, was obtainedby Demaine and Hajiaghayi [DH04a℄.Demaine and Hajiaghayi also found a strong diameter-treewidth bound for apex-minor-free graph families using the deomposition theorem, Theorem 3:Lemma 20. [DH04b, Theorem 4.1℄For any �xed apex graph H, every H-minor-freegraph of diameter D has treewidth O (D).For the following two subsetions, let A be a graph problem for whih the dynami-programming tehnique on tree deompositions of bounded treewidth desribed in Chap-ter 4 yields an FPT algorithm when the parameter is the treewidth.5.3.1 Parameterization by diameterIt follows from Lemma 20 that the dynami-programming tehnique an be applied toobtain an FPT algorithm for A on apex-minor-free graph families when the parameteris the diameter of the input graph. In partiular, all the problems mentioned in Subse-tion 5.2.1 have FPT algorithms on apex-minor-free graph families when the parameter isthe diameter of the input graph.5.3.2 Parameterization by solution sizeLet H be a �xed apex graph, and let G be any graph that does not have H as a minor. Letthe diameter of G be D. Lemma 20 guarantees an upper bound of cD, for some onstant cthat depends on H and is independent of G, for the treewidth of G. A tree deompositionof G of width 4cD or less an be found in time polynomial in the size of G, and singlyexponential in the treewidth of G, using the fator-4 approximation algorithm of [Ami01℄mentioned in Setion 3.4. Using the same reasoning as in subsetion 5.2.2, we now have:If the problem A has the property that the diameter of the input graph is bounded in thevalue of the solution, then the dynami-programming tehnique an be applied to obtainan FPT algorithm for A when the input is restrited to apex-minor-free graphs and theparameter is the value of the desired solution. In partiular, using Lemmas 15 and 16,41



we have suh algorithms for the Domination Number and Independene Numberproblems on apex-minor-free graphs.5.4 SummaryIn this hapter, we saw two ways of extending the tehniques of the Chapter 4 so that theyyield FPT algorithms for ertain planar graph problems. The diameter-treewidth propertyof planar graphs implies that if a graph problem has an FPT algorithm following thetehnique of the previous hapter, then the problem restrited to planar graphs has an FPTalgorithm when the parameter is the diameter of the input graph. NP-hard problems onplanar graphs that have FPT algorithms using this idea inlude Independene Number,Domination Number, Chromati Number, Hamiltonian Cyle, Vertex Cover,Feedbak Vertex Set, and Longest Path [AP89, Bod88℄.Some NP-hard optimisation problems on planar graphs have the property that thediameter of the input graph is bounded in the value of the solution to the problem. Suhproblems have FPT algorithms when the parameter is the value of the solution. NP-hardproblems on planar graphs that have FPT algorithms using this idea inlude DominationNumber, Vertex Cover, and Independene Number (See, e.g., [HHS98, Theorem2.24℄).We also saw that apex-minor-free graph families also obey a linear diameter-treewidthbound, and that this yields FPT algorithms for problems restrited to suh families likeit does for planar graphs.
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Chapter 6Improving the running time
6.1 IntrodutionThe reasoning behind the O

(49kn + n3) algorithm of the last hapter for theDominationNumber problem on planar graphs, where k is the value of the solution, an be summarisedas follows: The diameter of the input graph G is linearly bounded in the value of thesolution; the treewidth of G is linearly bounded in its diameter, and so the treewidthis linearly bounded in the value of the solution. Obtain a tree deomposition T of G ofthis bounded treewidth using Lemma 14, and use dynami programming on T to �nd thesolution.The argument holds in a modi�ed form when �diameter� is replaed by �size of thelargest partially triangulated grid ontration�. Namely; the size (number of verties) ofthe largest partially triangulated grid ontration of the input graph G is linearly boundedin the value of the solution; the treewidth of G is bounded linearly in the square root of thesize of its largest partially triangulated grid ontration, and so the treewidth is linearlybounded in the square root of the value of the solution. Obtain a tree deomposition T of
G of this bounded treewidth, and use dynami programming on T to �nd the solution. Thisgives an algorithm whose running time is of the form O

(2O(
√

k)nO(1)) : subexponentialin the parameter k. In this hapter we desribe this argument in detail. This and a similarargument whih is based on the size of the largest grid minor lead to faster FPT algorithms43



for Domination Number and many other problems on planar graphs.6.2 Planar graphs and the (partially triangulated) r × rgridThe r× r grid is the anonial planar graph of treewidth r: it is planar and has treewidth
r, and any planar graph of treewidth w has an Ω (w) × Ω (w) grid as a minor. Further,any planar graph G is a minor of an r × r grid where r is linear in the number of vertiesof G.Lemma 21. [Bod98, Corollary 89℄The r × r grid has treewidth r.Lemma 22. [RST94, Theorem 6.2℄A planar graph that does not have an r × r gridminor has treewidth at most 6r−5. That is, a planar graph that has treewidth w hasa ⌈

w6 ⌉

×
⌈

w6 ⌉ grid as a minor.Lemma 23. [RST94, Theorem 1.5℄ Every planar graph H an be obtained as a minorof the r × r grid, where r = 14 |V (H)| − 24.The following is lear from the de�nition of a partially triangulated grid and fromLemmas 5 and 21:Lemma 24. A partially triangulated r × r grid has treewidth at least r.Let G be a onneted planar graph of treewidth w. From Lemma 22, G has a ⌈

w6 ⌉

×
⌈

w6 ⌉grid R as a minor. By de�nition, R an be obtained from G by� a sequene S of edge ontrations resulting in a ontration G ′ of G, followed by� a sequene T of edge or vertex deletions applied to G ′.From Kuratowski's Theorem [Die00, Setion 4.4℄, G ′ is planar, and sine ontrationspreserve onnetivity, G ′ is onneted. If T is empty or it onsists entirely of edge deletions,then G ′ di�ers from R only in that G ′ has zero or more additional edges that preserve44



planarity, and so G ′ is a partially triangulated ⌈

w6 ⌉

×
⌈

w6 ⌉ grid. If T ontains vertexdeletions as well, then let v be a vertex that is deleted and whih is adjaent to a vertex win R (there will always be suh a vertex w sine G ′ is onneted). Contrat the edge {v,w}.Repeat this for eah vertex marked for deletion in T . The resulting graph is a partiallytriangulated ⌈

w6 ⌉

×
⌈

w6 ⌉ grid. Lemma 22 an therefore be adapted to ontrations asfollows:Lemma 25. A planar graph that has treewidth w has a partially triangulated ⌈

w6 ⌉

×
⌈

w6 ⌉grid as a ontration.6.3 A subexponential FPT algorithm for DominationNumberThere are (r − 2)2 nonboundary verties in an r × r grid. Sine any vertex in a partiallytriangulated r×r grid R an dominate at most 8 (other) nonboundary verties, the smallestdominating set of R has at least (r − 2)2 /9 verties. Thus,Lemma 26. A partially triangulated r × r grid has domination number at least
(r − 2)2 /9.Edge ontrations do not inrease the domination number of a graph: if graph H is aontration of graph G, then a dominating set D of G �projeted to� the vertex set of His a dominating set of H:Lemma 27. Let a graph H be obtained by a sequene of zero or more edge ontrationsstarting from a graph G. Then the domination number of H is no larger than thedomination number of G.From Lemmas 25, 26, and 27, it follows that a planar graph of treewidth w has domi-nation number at least (w − 12)2 /324. In other words,Theorem 6. If a planar graph G has treewidth 18√k+13 or more, then the dominationnumber of G is larger than k. 45



Algorithm 2 A subexponential FPT algorithm for Domination NumberInput : A graph G and a positive integer k.Parameter : kOutput : �No� if G has domination number more than k.The domination number of G, otherwise.1. Apply the fator-4 approximation algorithm fortree deomposition mentioned in Setion 3.4to (

G, ⌈18√k
⌉

+ 13).2. If the approximation algorithm says that the treewidthof G is ⌈18√k
⌉

+ 13 or more, then return �No�.3. Otherwise, the approximation algorithm returns a treedeomposition T of G of width at most 4 ⌈18√k
⌉

+ 52.Find the domination number of G using T in time
O

(44⌈18√k⌉+52n), as in Lemma 18.4. If the domination number found in step 3 is largerthan k, then return �No�. Otherwise return thisdomination number.This theorem suggests Algorithm 2 for Domination Number that runs in time
O

(23.7√kk3/2n3 lg4 n + 44⌈18√k⌉+52n)

= O
(2O(

√
k)n3 lg4 n

).6.4 SummaryIn this hapter we saw how we an obtain a subexponential FPT algorithm for the Domi-nation Number problem on planar graphs, parameterized by the value of the solution, byshowing a linear bound on the size of the largest partially triangulated grid ontration ofthe input graph with respet to the value of the solution. Some other problems on planargraphs, suh as Edge Dominating Set and Independene Number, share this propertyof the Domination Number problem, and this argument applies to all suh problems.Some problems on planar graphs, suh as Vertex Cover and Feedbak Vertex Set, havea similar bound on the size of the largest grid minor of the input graph, and the sameargument results in subexponential FPT algorithms for these problems [DFHT05, Setion46



4.2℄. See Setion 7.2 of this report for more examples.
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Chapter 7Extending the Approah:Bidimensionality
7.1 IntrodutionThe subexponential (that is, with a running time of the form 2O(

√
k) × nc where k is theparameter and c is some onstant) FPT time algorithm for the Domination Numberproblem desribed in the previous hapter ould be ahieved beause of the following:1. The fat established by Theorem 6, that the treewidth of a planar graph G is linearlybounded in the square root of the value of the solution.2. The existene of a dynami programming algorithm on tree deompositions of boundedtreewidth that �nds the solution to the problem in time singly exponential in thetreewidth, as stated in Lemma 18.3. The existene of a onstant-fator approximation algorithm for minimal tree deom-position that runs in time singly exponential in the (suspeted) treewidth.The third fator is independent of the spei� problem that has to be solved. Therefore,there is a subexponential FPT algorithm, along similar lines as Algorithm 2, for anyproblem on planar graphs that satis�es the �rst two onditions. In this hapter we desribe48



a su�ient ondition, alled bidimensionality, for a planar graph problem to satisfy the�rst ondition. It so happens that all planar graph problems for whih subexponential FPTalgorithms have been found so far satisfy this ondition. We also see how the notion ofbidimensionality has been extended to problems on muh larger lasses of graphs, namely
H-minor-free graphs and apex-minor-free graphs, to yield a su�ient ondition for aproblem on suh graphs to have a subexponential FPT algorithm.7.2 Bidimensionality and problems on planar graphsA su�ient set of onditions for a problem on planar graphs to satisfy the �rst on-dition stated in the Introdution, namely, that the treewidth of a planar graph G islinearly bounded in the square root of the solution, is the so-alled �bidimensionality�property. The onept of bidimensionality was developed by Demaine, Hajiaghayi andothers: see [Haj05℄ for a survey. The following de�nitions are from [Haj05, Setions 1.4and 1.5℄ and [DH℄.De�nition 17. A graph parameter P is a funtion that maps graphs to nonnegativeintegers. The deision (or parameterized) problem assoiated with P asks, for a givengraph G and nonnegative integer k, whether P (G) 6 k.The following are examples of graph parameters: the number of verties, the size of aminimum vertex over, the size of a minimum feedbak vertex set, the size of a minimummaximal mathing, the domination number, and the diameter of the graph.De�nition 18. Let P be a graph parameter and F a family of graphs. F is said to havethe parameter-treewidth property for P if there is a stritly inreasing funtion f suhthat every graph G ∈ F has treewidth at most f (P (G)).De�nition 19. Let g : N → N be a stritly inreasing funtion. A graph parameter P issaid to be g (r)-minor-bidimensional on planar graphs if� If graph H is a minor of graph G, then P (H) 6 P (G), and49



� For the r × r grid R, P (R) > g (r).A graph parameter P is said to be g (r)-ontration-bidimensional on planar graphs if� Contrating an edge in a graph G annot inrease P (G), and� For any partially triangulated r × r grid R, P (R) > g (r).A graph parameter P is said to be g (r)-bidimensional, or just bidimensional, on pla-nar graphs if it is g (r)-minor-bidimensional or g (r)-ontration-bidimensional on planargraphs.Note that a parameter that is minor-bidimensional is also ontration-bidimensional.Many graph parameters are bidimensional on planar graphs. For example [DFHT05, Se-tion 4.2℄, [Haj05, Setion 1.4℄:� The number of verties in the graph, the size of a minimum vertex over, the size ofa minimum feedbak vertex set, and the size of a minimum maximal mathing areall Θ (r2)-minor-bidimensional.� The size of a minimum dominating set and the size of a minimum edge dominatingset are Θ (r2)-ontration-bidimensional.� The diameter of the graph is Θ (r)-ontration-bidimensional.Let P be a graph parameter that is g (r)-minor-bidimensional on planar graphs, and let Gbe a planar graph of treewidth w. Then from Lemma 22, G has a ⌈

w6 ⌉

×
⌈

w6 ⌉ grid minor
R. Sine P is g (r)-minor-bidimensional, P (R) > g

(⌈

w6 ⌉) and P (G) > P (R) > g
(⌈

w6 ⌉),and sine g is stritly inreasing, g−1 (P (G)) >
⌈

w6 ⌉. Thus w 6 6g−1 (P (G)), and if
g (r) = Ω (r2), then w = O

(

√

P (G)
). That is,� If P is a graph parameter that is g (r)-minor-bidimensional on planar graphs where

g (r) = Ω (r2), and� G is a planar graph of treewidth w, 50



then w = O
(

√

P (G)
).By a similar argument that uses Lemma 25, we an show that� If P is a graph parameter that is g (r)-ontration-bidimensional on planar graphswhere g (r) = Ω (r2), and� G is a planar graph of treewidth w,then w = O

(

√

P (G)
). ThusTheorem 7. [DFHT05, Theorem 4.4℄ Let P be a graph parameter that is Ω (r2)-bidimensional on planar graphs. Then for any planar graph G, tw (G) = O

(

√

P (G)
).As mentioned above, the number of verties of the graph is Θ (r2)-minor-bidimensionalon planar graphs. From this and the above theorem, it follows that if G is a planar graphon n verties, then tw (G) = O

(√
n
). Together with Lemma 4, this implies the famousseparator theorem of Lipton and Tarjan for planar graphs [LT79℄.It follows from Theorem 7 that if a problem A on planar graphs� an be expressed as a deision problem assoiated with a graph parameter P that is

Ω (r2)-bidimensional on planar graphs, and� has a dynami programming algorithm on tree deompositions of bounded treewidththat �nds the solution to the problem in time singly exponential in the treewidth,then there is a subexponential FPT algorithm for A parameterized by the value of thesolution.Almost all known algorithms for obtaining subexponential FPT algorithms for prob-lems on planar graphs follow the strategy of �rst showing a bound on the treewidth ofthe input graph that is sublinear in the value of the solution and then using an algo-rithm whose running time is singly exponential in the treewidth of the input graph andpolynomial in the size of the input graph. In all of these ases, it so happens that theproblem an be stated as a deision problem assoiated with a graph parameter P that is51



Ω (r2)-bidimensional on planar graphs. As a onsequene, the lass of Ω (r2)-bidimensionalparameterized problems ontains all problems that are known to have subexponential pa-rameterized algorithms for planar graphs [DFHT05, Setion 4.3℄, [Haj05, Setion 1.8℄.Examples of suh problems inlude Dominating Set, Independent Dominating Set,Total Dominating Set, Weighted Dominating Set, and Fae Cover [ABF+02℄. It isan open question whether every parameter that admits a 2O(
√

k)nO(1)-time algorithm onplanar graphs is bidimensional [DFHT05℄.7.3 Bidimensionality and problems on larger lasses ofgraphsDemaine and Hajiaghayi extended Theorem 7 to apply to larger lasses of graphs. Forthis purpose, they extended the notion of minor and ontration-bidimensionality to theselarger lasses as follows:De�nition 20. [DH℄Let g : N → N be a stritly inreasing funtion, and let H be a �xedgraph. A graph parameter P is said to be g (r)-minor-bidimensional on H-minor-freegraphs if� If graph K is a minor of graph G, then P (K) 6 P (G), and� For the r × r grid R, P (R) > g (r).Let H be a �xed apex graph. A graph parameter P is said to be g (r)-ontration-bidimensional on H-minor-free graphs if� Contrating an edge in a graph G annot inrease P (G).� For any r×r grid R augmented with additional edges suh that eah vertex is inidentto O (1) edges to nonboundary verties of the grid, P (R) > g (r). Here O (1) dependson H.They proved the following generalisation of Lemma 22 using the deomposition theo-rem, Theorem 3 in Setion 3.5: 52



Theorem 8. [DH, Theorem 2℄ For any �xed graph H, every H-minor-free graph oftreewidth w has an Ω (w) × Ω (w) grid as a minor.The extended result follows from the above theorem and arguments presentedin [DFHT04℄:Theorem 9. [DH, Theorem 3℄ For any minor-bidimensional parameter P that isat least g (r) in the r × r grid, every H-minor-free graph G has treewidth tw (G) =

O (g−1 (P (G))). Let K be an apex graph. For any ontration-bidimensional parameter
P that is at least g (r) in an augmented r × r grid of span s where s is a onstantdependent on K, every K-minor-free graph G has treewidth tw (G) = O (g−1 (P (G))).In partiular, if g (r) = Ω (r2), then these bounds beome tw (G) = O

(

√

P (G)
).This theorem has many interesting onsequenes. For example, setting P to be thenumber of verties of the graph, whih is minor-bidimensional with g (r) = r2, one obtainsthe following (known) bound on the treewidth of an H-minor-free graph:Corollary 1. [DH, Corollary 1℄ For any �xed graph H, every H-minor-free graph hastreewidth O

(

√

|V (G)|
).The diameter of a graph is a ontration-bidimensional parameter with g (r) =

Ω (lg r) [DH℄. Setting P to be the diameter of the graph therefore yields the followingdiameter-treewidth property:Corollary 2. [DH, Corollary 2℄ For any �xed apex graph H, every H-minor-free graphof diameter D has treewidth 2O(D).(Note that this bound is exponentially weaker than that of Lemma 20.)The theorem also yields subexponential FPT algorithms on H-minor-free and apex-minor-free graphs for problems whih are minor and ontration-bidimensional, respe-tively, where the parameter is the value of the solution:Corollary 3. [DH, Corollary 3℄ Let H be a �xed graph, and K a �xed apex graph. Con-sider a parameter P that an be omputed on a graph G in h (w)nO(1) time given a tree53



deomposition of G of width at most w. If P is minor-bidimensional and at least g (r)in the r×r grid, then there is an algorithm that omputes P on any H-minor-free graph
G in time [

h (O (g−1 (k))) + 2O(g−1(k))
]

nO(1), where k = P (G). If P is ontration-bidimensional and least g (r) in an augmented r × r grid, then there is an algorithmomputing P on any K-minor-free graph G in time [

h (O (g−1 (k))) + 2O(g−1(k))
]

nO(1),where k = P (G). In partiular, if g (r) = Ω (r2) and h (w) = 2o(w2), then theserunning times are subexponential in k.7.4 SummaryIn this hapter we desribed a su�ient ondition, namely bidimensionality, for a problemon planar graphs to have a subexponential FPT algorithm when parameterized by thevalue of the solution. We also saw how this notion an be extended to over problemson larger lasses of graphs, namely H-minor-free graphs for minor bidimensional problemsand apex-minor-free graphs for ontration bidimensional problems.Problems that have subexponential FPT algorithms on planar graphs following thisapproah inludeDominating Set, Independent Dominating Set, Total DominatingSet, Weighted Dominating Set, and Fae Cover [ABF+02, DFHT05, Setion 4.3℄.Vertex Cover is a problem that has a subexponential FPT algorithm on H-minor-freegraphs following this approah [DFHT05, Bod88, Setion 4.2℄. Dominating Set is aproblem that has a subexponential FPT algorithm on apex-minor-free graphs followingthis approah [ABF+02, DFHT05, Setion 4.3℄.
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Chapter 8Approximation Algorithms
8.1 IntrodutionIn this hapter we list ways of obtaining polynomial-time approximation shemes (PTASs)for optimisation problems on apex- and H-minor free graph lasses using two propertiesof suh graph lasses whih were used in earlier hapters to obtain FPT algorithms. Wealso mention the deomposition theorem of Grohe for H-minor-free graphs whih yieldsPTASs for some optimisation problems on H-minor-free graph lasses.8.2 The diameter-treewidth property for apex-minor-freegraphsAs we saw in Subsetion 5.3.1, Theorem 4.1 of [DH04b℄ leads to FPT algorithms forproblems on apex-minor-free graphs parameterized by the diameter of the input graph.The same result gives rise to PTASs for hereditary maximisation problems on apex-minor-free graphs.For the purpose of this setion, a graph property is a olletion of graphs: a graph Gis said to have the property Π if G ∈ Π.De�nition 21 (Hereditary Graph Property). [Wes01℄A graph property Π is said to behereditary if every indued subgraph of a graph G in Π is also a graph in Π.55



Examples of hereditary graph properties inlude the properties of being hordal, ayli,without yles of a spei�ed length, bipartite, independent, or a lique.De�nition 22 (Hereditary Maximisation Problem). [DH04b, Setion 5℄A problem of �nd-ing the largest indued subgraph of the input graph that satis�es some hereditary graphproperty Π is alled a hereditary maximisation problem.Examples of hereditary maximisation problems inlude �nding the indued subgraphof maximum size that is hordal, ayli, without yles of a spei�ed length, bipartite,independent, or a lique.Demaine and Hajiaghayi state the following onsequene of Theorem 4.1 of [DH04b℄:Lemma 28. [DH04b, Theorem 5.2℄Given as input an H-minor-free graph G on n ver-ties, where H is an apex graph, there are PTASs with approximation ratios (1+ 1/k)(or (1+ 2/k)) running in O
(

ckn
) time, where c is a onstant, for hereditary maximi-sation problems suh as Maximum Independent Set, and for other (non-hereditary)problems suh as Minimum Vertex Cover, Minimum Dominating Set, and Mini-mum Edge-dominating Set.8.3 The large grid-minor property for H-minor-freegraphsAs we see in Setion 7.3, Theorem 2 of [DH℄ leads to subexponential FPT algorithms on

H-minor-free and apex-minor-free graphs for problems whih are minor and ontration-bidimensional, respetively, where the parameter is the value of the solution. The sameresult gives rise to PTASs for minor-bidimensional parameters on H-minor-free graphsand for ontration-bidimensional parameters for apex-minor-free graphs [DH05℄. Here wefollow the summary in [DH04, Setion 10℄.The PTASs are obtained for some graph problems in whih the objetive is to �nda minimum-size set of verties and/or edges of the input graph that satisfy a ertainproperty. The �natural� parameter for suh a problem is the size of the minimum-size set56



in question, and this parameter de�nes the notion of bidimensionality for suh problems.Using the notions of separation property and generalised form of a problem de�nedin [DH05℄ for bidimensional problems, the result an be stated as follows:Lemma 29. [DH04, Theorem 11℄Let A be a bidimensional problem satisfying theseparation property. Suppose that A an be solved on a graph G on n verties in
f (n, tw (G)) time. Suppose also that the problem an be approximated within a fatorof α in g (n) time. If A is a ontration-bidimensional problem, suppose further thatboth these algorithms also apply to the generalised form of A. Then there is a (1+ ǫ)-approximation algorithm for A whose running time is O (nf (n,O (α2/ǫ)) + n3g (n))for inputs from the graph lass (H-minor-free for a �xed H, or apex-minor-free fora �xed apex graph) for whih A is bidimensional.Examples of bidimensional problems for whih this result yields a PTAS are[DH04℄:� Minor-bidimensional problems in H-minor-free graphs: Feedbak Vertex Set, FaeCover (for planar graphs), Vertex Cover, Minimum Maximal Mathing.� Contration-bidimensional problems in apex-minor-free graphs: Minimum Domi-nating Set,Minimum Edge Dominating Set, andMinimum Conneted Dom-inating Set.8.4 Loal tree-width, exluded minors, and PTASsGrohe[Gro03℄ de�nes the notion of the loal treewidth of a graph, and derives a deom-position theorem for graphs exluding a �xed minor that makes use of this notion. Thedeomposition theorem leads to PTASs for many problems on lasses of graphs that ex-lude a �xed minor. We brie�y outline the theorem and its appliations in this setion.See [Gro03℄ for the details.Let d (u, v) denote the distane between verties u and v in the graph G = (V,E). For
r > 1, the r-neighbourhood of a vertex v ∈ V of G is the set of all verties of G that areat a distane of at most r from v: 57



De�nition 23 (r-neighbourhood). For r > 1 and v ∈ V, the r-neighbourhood of v in G,denoted NG
r (v), is de�ned as

NG
r (v) = {w ∈ V |d (v,w) 6 r}The loal treewidth of graph G is the funtion that assoiates with every r ∈ N themaximal treewidth of an r-neighbourhood in G:De�nition 24 (Loal treewidth). The loal treewidth of G is the funtion ltwG : N → Nde�ned as

ltwG (r) = max{
tw

(

G
[

NG
r (v)

])

|v ∈ V
}De�nition 25. A lass C of graphs is said to have bounded loal treewidth if there is afuntion f : N → N suh that ltwG (r) 6 f (r) for all G ∈ C and r ∈ N. C is said to havelinear loal treewidth if there is a λ ∈ R suh that ltwG (r) 6 λr for all G ∈ C and r ∈ N.The deomposition theorem states that if C is a minor-losed lass of graphs that doesnot ontain all graphs, then every graph in C an be deomposed into a tree of graphsthat, after removing a bounded number of verties, have bounded loal treewidth:De�nition 26. For λ,µ > 0, let

L (λ) =
{
G|∀H � G ∀r > 0 : ltwH (r) 6 λ · r

}

L (λ,µ) = {G|∃X ⊆ V (G) : ((|X| 6 µ) ∧ (G \ X ∈ L (λ)))}where for graphs G and H, H � G denotes that H is a minor of G.Theorem 10. [Gro03, Theorem 13℄Let C be a lass of graphs with an exluded minor.Then there exist λ,µ ∈ N suh that every G ∈ C is a tree-struture over L (λ,µ).(See Setion 3.5 for the de�nition of tree-struture.)Grohe uses this theorem to show the existene of PTASs for some optimisation problemsrestrited to H-minor-free graph lasses: 58



Theorem 11. [Gro03, Theorems 18,20,21℄Let C be a lass of graphs with an exludedminor. Then the restritions of Minimum Vertex Cover, Minimum DominatingSet, and Maximum Independent Set to instanes in C have PTASs.
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Chapter 9ConlusionIn this survey, we saw how �xed parameter tratable algorithms evolved for problems ongraphs. We �rst saw how dynami programming that uses the underlying tree strutureresults in polynomial-time algorithms for some NP-hard problems on graphs of treewidthat most a �xed onstant. The diameter-treewidth property of planar graphs then allowedus to extend this tehnique to get FPT algorithms for the same problems on planar graphswhen parameterized by the diameter of the input graph, and, for some problems, thevalue of the solution. The diameter-treewidth property of apex-minor-free graphs, derivedby Demaine and Hajiaghayi using the minor deomposition theorem of Robertson andSeymour, allowed the tehnique to be extended in a similar fashion to the larger lassof apex-minor-free graphs. All these FPT algorithms have running times that are singlyexponential in the parameter.We then saw how we ould improve the running time of the FPT algorithm for theDomination Number problem on planar graphs, parameterized by the value of the so-lution, using the following fats: (i) The size of the largest partially triangulated gridontration of the input graph is linearly bounded in the value of the solution, and (ii)The treewidth of the input graph is linearly bounded in the square root of the size ofits largest partially triangulated grid ontration. This improvement resulted in an FPTalgorithm whose running time has an exponent that is linear in the square root of theparameter. Then we saw how the notion of bidimensionality aptures a simple set of su�-60



ient onditions for the existene of suh subexponential FPT algorithms for problems onplanar graphs and also on the larger lasses of apex-minor-free and H-minor-free graphs.This development makes heavy use of results from Graph Minor Theory. Finally we sawsome ways of obtaining PTASs for graph problems on apex-minor-free and H-minor-freegraphs, again using results from Graph Minor Theory.In losing, we mention reent work that extends the sope of FPT algorithms for prob-lems on graphs. A graph G is said to be d-degenerated if every indued subgraph of Ghas a vertex of degree at most d. The degeneray d (G) of G is the smallest number dsuh that G is d-degenerated. Graphs of bounded degeneray are a more general lass ofgraphs than H-minor-free graphs. Reently, Alon and Gutner, using ompletely di�erenttehniques than those desribed in this report, found an FPT algorithm for the Domi-nating Set problem in graphs of bounded degeneray, where the parameter is the valueof the solution and the running time is linear in the input size [AG07℄.
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