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Abstract. Given an input graph G on n vertices and an integer k,
the parameterized K4-minor cover problem asks whether there is a
set S of at most k vertices whose deletion results in a K4-minor free
graph or, equivalently, in a graph of treewidth at most 2. The problem
can thus also be called Treewidth-2 Vertex Deletion. This problem
is inspired by two well-studied parameterized vertex deletion problems,
Vertex Cover and Feedback Vertex Set, which can be expressed as
Treewidth-t Vertex Deletion problems: t = 0 for Vertex Cover
and t = 1 for Feedback Vertex Set. While a single-exponential FPT
algorithm has been known for a long time for Vertex Cover, such
an algorithm for Feedback Vertex Set was devised comparatively
recently. While it is known to be unlikely that Treewidth-t Vertex
Deletion can be solved in time co(k) · nO(1), it was open whether the
K4-minor cover could be solved in single-exponential FPT time, i.e. in
ck · nO(1) time. This paper answers this question in the affirmative.

1 Introduction

Given a set F of graphs, the parameterized F-minor cover problem is to
identify a set S of at most k vertices — if it exists — in an input graph G
such that the deletion of S results in a graph which does not have any graph
from F as a minor; the parameter is k. Such a set S is called an F-minor cover
(or an F-hitting set) of G. A number of fundamental graph problems can be
viewed as F-minor cover problems. Well-known examples include Vertex
Cover (F = {K2}), Feedback Vertex Set (F = {K3}), and more generally
Treewidth-t Vertex Deletion for any constant t, which asks whether an
input graph can be converted to one with treewidth at most t by deleting at most
k vertices. Observe that for t = 0 and 1, Treewidth-t Vertex Deletion is
equivalent to Vertex Cover and Feedback Vertex Set, respectively. In
addition to its theoretical importance, the Treewidth-t Vertex Deletion
problem has important practical applications as well. For example, even for
small values of t, efficient algorithms for this problem would improve algorithms
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for inference in Bayesian Networks as a subroutine of the cutset conditioning
method [1]. This method is practical only for small values of t, and therefore
efficient algorithms for small treewidth t are desirable.

In this paper we consider the parameterized F-minor cover problem for
F = {K4}, which is equivalent to Treewidth-2 Vertex Deletion. The NP-
hardness of this problem follows from a classical result [2]. Its fixed-parameter
tractability—that the problem can be solved in time f(k) · nO(1) for an input
graph on n vertices, where f is a computable function—follows from two cele-
brated meta-results: the Graph Minor Theorem of Robertson and Seymour [3]
and Courcelle’s theorem [4]. Unfortunately, the resulting algorithms involve huge
exponential functions in k and are impractical even for small values of k.

For treewidth-t vertex deletion, single-exponential parameterized
algorithms—those which run in ck · nO(1) time on an input graph on n vertices,
where c is a constant—are known only for t = 0 and t = 1. Indeed, for t = 0
(Vertex Cover), a simple O(2k ·n)-time algorithm is an oft-quoted first exam-
ple for a parameterized algorithm [5–7]. For t = 1 (Feedback Vertex Set), no
single-exponential algorithm was known for many years until Guo et al. [8] and
Dehne et al. [9] independently discovered such algorithms. The fastest known de-
terministic algorithm for this problem runs in time O(3.83k ·n2) [10]. The fastest
known randomized algorithm, developed by Cygan et al., runs in O(3k · nO(1))
time [11]. Very recently, Fomin et al. [12] presented 2O(k log k) · nO(1)-time algo-
rithms for treewidth-t vertex deletion, for any constant t. In this paper
we prove the following result for t = 2:

Theorem 1. The K4-minor cover problem can be solved in 2O(k) ·nO(1) time.

Our single-exponential parameterized algorithm for K4-minor cover is based
on iterated compression [13]. This allows us to focus on the disjoint version of
the K4-minor cover problem: given a solution S, find a smaller solution disjoint
from S. We employ a search tree method to solve the disjoint problem. Although
our algorithm shares the spirit of Chen et al.’s elegant iterated compression
algorithm for Feedback Vertex Set [14], our need to cover K4-minors—
instead of K3-minors—results in a compression step which is quite involved. To
bound the branching degree by a constant, we make use of three key factors.
First, we employ protrusion replacement, a technique developed to establish a
meta theorem for polynomial-size kernels [15–17], with modifications that are
needed to facilitate its use in the context of iterated compression. Second, we
introduce the notion of an extended SP-decomposition for treewidth-two graphs,
which makes it easier to exploit their structure. Finally, the running time analysis
makes use of properties of the extended SP-decomposition and a measure which
keeps track of the biconnectivity of a part of the graph.

2 Notation and Preliminaries

We follow the graph terminology of Diestel’s textbook [18]. Our graphs are undi-
rected, loopless and may contain parallel edges. We use “biconnected” as a syn-



onym for “2-connected”. For a vertex set X in a graph G = (V,E), the boundary
∂G(X) of X is the set N(V \X), i.e. the set of vertices in X which are adjacent
with at least one vertex in V \X. We sometimes omit the subscript when it is
clear from the context. We use tw(G) to denote the treewidth of a graph G.

When a graph H is a topological minor of a graph G as witnessed by a
subgraph G′ of G, we say that G′ is an H-subdivision in G. In an H-subdivision
G′ of G, the vertices which correspond to the original vertices of H are called the
branching nodes; the other vertices of G′ are called the subdividing nodes. If the
maximum degree of H is at most three, then G contains H as a minor if and only
if it contains H as a topological minor [18]. A θ3-subdivision is a graph which
consists of three vertex disjoint paths between two branching vertices, called its
poles.

Series-parallel graphs are a special class of graphs with a simple structure,
which can be constructed by starting from the single edge and recursively apply-
ing the so-called series and parallel compositions [19]. This recursive construction
can be represented by a so-called SP-tree, a canonical form of which can be con-
structed in linear time in the size of the series-parallel graph [20]. For any graph
G, tw(G) ≤ 2 if and only if every block of G is a series-parallel graph [20,21].

Extended SP-decompositon. The block tree BG of a connected graph G has
a node set consisting of all the blocks and cut vertices of G, and a block B and
a cut vertex c are adjacent in BG if and only if B contains c. We now define the
notion of an extended SP-decomposition of a connected graph of treewidth at
most two. In general, an extended SP-decomposition of a graph is a collection
of extended SP-decompositions of its connected components.

Let BG be the block tree of a treewidth-two graph G. We fix an arbitrary
cut node croot of BG. The oriented block tree BG is obtained by orienting the
edges of BG outward from croot. If BG consists of a single node, it is regarded
as an oriented block tree by itself. An extended SP-decomposition of G is a pair
(T,X = {Xα : α ∈ V (T )}), where T is a rooted tree whose vertices are called
nodes and X = {Xα : α ∈ V (T )} is a collection of subsets of V (G), one for each
node in T . We say that Xα is the label of node α.

– For each block B of G, let (TB ,XB) be a (canonical) SP-tree of G[B] such
that c(B) is one of the terminals associated to the root node of TB . A leaf
node of TB is called an edge node.

– For each cut vertex c of G, add to (T,X ) a cut node α with Xα = {c}.
– For each block B of G, let the root node of (TB ,XB) be a child of the unique

cut node α in T which satisfies Xα = {c(B)}.
– For a cut vertex c of G, let B = B(c) be the unique block such that (B, c) ∈
E(BG). Let β be an arbitrary leaf node of the (canonical) SP-tree (TB ,XB)
such that c ∈ Xβ (note that such a node always exists). Make the cut node
α of (T,X ) labeled by {c} a child of the leaf node β.

Let α be a node of T . Then Tα is the subtree of T rooted at node α; Eα is
the set of edges (u, v) ∈ E(G) such that there exists an edge node α′ ∈ V (Tα)



with Xα′ = {u, v}; and Gα is the — not necessarily induced — subgraph of
G with the vertex set Vα :=

⋃
α′∈V (Tα)Xα′ and the edge set Eα. We define

Yα := Vα \ Xα. We say that a node α of (T,X ) which is not a cut node is
inherited from (TB ,XB), where B is the block to which α belongs. Let α be
inherited from (TB ,XB). We use TBα to denote the SP-tree naturally associated
with the subtree of TB rooted at α. By GBα we denote the SP-graph represented
by the SP-tree TBα , where (TB ,XB) inherits α. The vertex set of GBα is denoted
V Bα . Note that for every node α, Gα is connected and that ∂G(Vα) ⊆ Xα.

Soundness proofs and running time bounds for all the reduction rules, and
proofs of those statements which are labelled with a ?, can be found in the full
version of this paper [22].

3 The Algorithm

Our algorithm for K4-minor cover uses various techniques from parameterized
complexity. First, an iterated compression [13] step reduces K4-minor cover to
the so-called disjoint K4-minor cover problem, where in addition to the
input graph we are given a solution set to be improved. Then a Branch-or-
reduce process develops a bounded search tree. We start with the definition of
the compression problem for K4-minor cover.

Given a subset S of vertices, a K4-minor cover W of G is S-disjoint if W∩S =
∅. We omit the mention of S when it is clear from the context. If |W | ≤ k − 1,
then we say that W is small.

disjoint K4-minor cover problem
Input: A graph G and a K4-minor cover S of G
Parameter: The integer k ≤ |S|
Output: A small S-disjoint K4-minor cover W of G, if one exists. Oth-

erwise return NO.

To prove Theorem 1, it is sufficient to show that disjoint K4-minor cover
can be solved in 2O(k) · nO(1) time; this follows by an argument which is now
standard in the context of iterated compression [14, 23, 24]. Observe that both
G[V \ S] and G[S] are K4-minor-free. Indeed if G[S] is not K4-minor-free, then
the answer to disjoint K4-minor cover is trivially NO.

3.1 A Disjoint Protrusion Reduction Rule

A subset X of the vertex set of a graph G is a t-protrusion of G if tw(G[X]) ≤
t and |∂(X)| ≤ t. Our algorithm uses a modified version of the “protrusion
reduction” technique [15, 16]. The adaptation is required because we have to
apply the technique to the “disjoint” version of the problem. In essence, our



(adapted) protrusion lemma for disjoint parameterized problems says that a
‘large’ protrusion which is disjoint from the forbidden set S can be replaced by
a ‘small’ protrusion which is again disjoint from S.

Reduction Rule 1 (Generic disjoint protrusion rule) Let (G,S, k) be an
instance of disjoint K4-minor cover and X be a t-protrusion such that X ∩
S = ∅. Then there exists a computable function γ(.) and an algorithm which
computes an equivalent instance (G′, S, k′) in time O(|X|) such that G[S] and
G′[S] are isomorphic, G′ − S is K4-minor-free, |V (G′)| < |V (G)| and k′ ≤ k,
provided |X| > γ(2t+ 1).

We remark that some of the reduction rules in the next subsection are instan-
tiations of the generic disjoint protrusion rule. However, to ease the algorithm
analysis, the generic rule above is used only on t-protrusions whose boundary
size is 3 or 4. For protrusions with boundary size 1 or 2, we shall instead apply
the following explicit reduction rules.

3.2 Explicit Reduction Rules

Let F denote the subset V (G) \ S of vertices. For a vertex v ∈ F , let NS(v)
denote the neighbours of v which belong to S. By Ni ⊆ F we refer to the set of
vertices v in F with |NS(v)| = i. In each of the next three rules, S and k are
unchanged (S′ = S, k′ = k).

Reduction Rule 2 (1-boundary rule) Let X be a subset of F . (a) If G[X]
is a connected component of G or of G \ e for some bridge e, then delete X. (b)
If |∂G(X)| = 1, then delete X \ ∂G(X).

Reduction Rule 3 (Bypassing rule) Bypass every vertex v of degree two in
G with neighbours u1 ∈ V , u2 ∈ F . That is, delete v and its incident edges, and
add the new edge (u1, u2).

Reduction Rule 4 (Parallel rule) If there is more than one edge between
u ∈ V and v ∈ F , then delete all these edges except for one.

The next two reduction rules are somewhat more technical, and their proofs
of correctness require a careful analysis of the structure of K4-subdivisions.

Reduction Rule 5 (Chandelier rule) Let X = {u1, . . . , u`} be a subset of F ,
and let x be a vertex in S such that G[X] contains the path u1, . . . , u`, NS(ui) =
{x} for every i = 1, . . . , `, and vertices u2, . . . , u`−1 have degree exactly 3 in G.
If ` ≥ 4, contract the edge e = (u2, u3) (and apply Rule 4 to remove the parallel
edges created).



The intuition behind the correctness of the Chandelier rule is that such a
set X cannot host all the four branching nodes of a K4-subdivision. Our last
reduction rule is an explicit 2-protrusion rule. In the particular case when the
boundary size is exactly two, the candidate protrusions for replacement are either
a single edge or a θ3 (see Figure 1).

Reduction Rule 6 (2-boundary rule) Let X ⊆ F be such that G[X] is con-
nected, ∂(X) = {s, t} (and thus, X \ {s, t} ⊆ N0). Then we do the follow-
ing. (1) Delete X \ {s, t}. (2) If G[X] + (s, t) is a series parallel graph and
|X| > 2, then add the edge (s, t) (if it is not present). Else if G[X] + (s, t) is
not a series parallel graph and |X| > 4, add two new vertices a, b and the edges
{(a, b), (a, t), (a, s), (b, t), (b, s)} (see Figure 1).
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Fig. 1. If G[X] + (s, t) is an SP-graph, we can safely replace G[X] by the edge (s, t).
Otherwise G[X] can be replaced by a subdivision of θ3 with poles a and b in which s
and t are subdividing nodes.

We say that an instance of disjoint K4-minor cover is reduced if none of
the reduction rules 2 - 6 results in changes to the instance.

3.3 Branching Rules

A branching rule is an algorithm which, given an instance (G,S, k), outputs a
set of d instances (G1, S1, k1) . . . (Gd, Sd, kd) for some constant d > 1 (d is the
branching degree). A branching rule is safe if (G,S, k) is a YES-instance if and
only if there exists i, 1 ≤ i ≤ d, such that (Gi, Si, ki) is a YES instance. We
now present three generic branching rules, with potentially unbounded branching
degrees. Later we describe how to apply these rules so as to bound the branching
degree by a constant. Given a vertex s ∈ S, we denote by ccS(s) the connected
component of G[S] which contains s. Likewise, bcS(s) denotes the biconnected
component of G[S] containing s. It is easy to see that three branching rules
below are safe.

Branching Rule 1 Let (G,S, k) be an instance of disjoint K4-minor cover
and let X be a subset of F such that G[S ∪X] contains a K4-subdivision. Then
branch into the instances (G− {x}, S, k − 1) for every x ∈ X.



Branching Rule 2 Let (G,S, k) be an instance of disjoint K4-minor cover
and let X be a connected subset of F . If S contains two vertices s1 and s2, each
of which has a neighbour in X, and such that ccS(s1) 6= ccS(s2), then branch
into the instances

– (G− {x}, S, k − 1) for every x ∈ X
– (G,S ∪X, k)

Branching Rule 3 Let (G,S, k) be an instance of disjoint K4-minor cover
and let X be a connected subset of F . If S contains two vertices s1 and s2, each
of which has a neighbour in X, and such that ccS(s1) = ccS(s2) and bcS(s1) 6=
bcS(s2), then branch into the instances

– (G− {x}, S, k − 1) for every x ∈ X
– (G,S ∪X, k)

We shall apply branching rule 1 in three different cases: (i) X is a singleton
{x} for x ∈ F , (ii) X is connected, or (iii) X consists of a pair of non-adjacent
vertices of F . An instance (G,S, k) is said to be a simplified instance if it is a
reduced instance and if none of the branching rules 1–3 applies on singleton sets
X = {v}, for any v ∈ F . Such an instance has a useful property.

Lemma 1. [?] If (G,S, k) is a simplified instance of disjoint K4-minor cover,
then F = N0 ∪N1 ∪N2.

An instance (G,S, k) of disjoint K4-minor cover is independent if (a) F is
an independent set; (b) every vertex of F belongs to N2; (c) the two neighbours
of every vertex of F belong to the same biconnected component of G[S], and (d)
G[S ∪{x}] is K4-minor free for every x ∈ F . The instance becomes independent
if case (ii) of branching rule 1 is applied exhaustively.

Theorem 2. [?] Let (G,S, k) be an instance of disjoint K4-minor cover.
If (i) none of the reduction rules applies and (ii) no branching rules applies on
connected subsets X ⊆ F , then (G,S, k) is an independent instance.

We now construct an auxiliary graph G∗(S): its vertex set is F , and (u, v)
is an edge in G∗(S) if and only if G[S ∪ {u, v}] contains K4 as a minor. The
next theorem says that to solve disjoint K4-minor cover on the independent
instance, it is sufficient to exhaustively apply case (iii) of branching rule 1.

Theorem 3. [?] Let (G,S, k) be an independent instance of disjoint K4-minor
cover. Then W ⊆ F is a disjoint K4-minor cover of G if and only if it is a
vertex cover of G∗(S).



3.4 The Algorithm and its Complexity Analysis

We now present the algorithm. At each node of the computation tree associated
with a given instance (G,S, k), one of the following operations is performed.
As each operation either returns a solution (as in (a),(e)) or generates a set of
instances (as in (b)-(d)), the overall application of the operations can be depicted
as a search tree.

(a) if (k < 0) or (k ≤ 0, tw(G) > 2) or (tw(G[S]) > 2), then return NO;
(b) if the instance is not reduced, apply one of the reduction rules 2–5. If none

of these applies, then apply reduction rule 6;
(c) if the instance is not simplified, apply one of branching rules 1–3 on the

singleton sets {x} for each x ∈ F ;
(d) if the instance is simplified, apply the procedure Branch-or-reduce;
(e) if the application of Branch-or-reduce marks every node of (T,X ), then

the instance is an independent instance; solve it in 2k · nO(1) time (Theo-
rem 3).

The procedure Branch-or-reduce works in a bottom-up manner on an
extended SP-decomposition (T,X ) of G[F ]. Initially the nodes of (T,X ) are un-
marked. Starting from a lowest node, Branch-or-reduce recursively tests if
we can apply one of the branching rules on a subgraph associated with a lowest
unmarked node. If the branching rules do not apply, the procedure tries to detect
a large protrusion (see Lemma 3) and to reduce the instance using the generic
protrusion rule (reduction rule 1). Once either a branching rule or the protru-
sion rule has been applied, the procedure Branch-or-reduce terminates. The
output is a set of instances of disjoint K4-minor cover, possibly a singleton.

A key part of the complexity analysis of the algorithm consists of showing
that the sets X on which branching rules 1–3 are applied, in lines 4, 7, and 10, are
of size bounded by some constant. This is done by a series of technical lemmas.
To simplify the notation, in the following we use Gα instead of G[F ]α for a node
α of T . Similarly, we use the names Vα, Yα = Vα \ Xα and V Bα to denote the
various named subsets of V (G[F ]α).

Lemma 2. [?] Let W and Z be disjoint vertex subsets of a graph G such that
G[W ] is biconnected, G[Z] is connected and |NW (Z)| ≥ 3. Then G[W ∪ Z]
contains a K4-subdivision.

Lemma 3. [?] Let (G,S, k) be a simplified instance and let α be a lowest node
of the extended SP-decomposition (T,X ) of G[F ] which is considered at line 11
of Algorithm 1. If α is a P-node inherited from the SP-tree of block B, then
|∂G(V Bα ) \Xα| ≤ 2 and V Bα is a 4-protrusion.

The next two lemmas show that applying Branch-or-reduce in a bottom-
up manner enables us to bound the branching degree of the Branch-or-reduce
procedure. Lemma 4 states that for every marked node α, the graph Gα is of
constant-size.



Algorithm 1: Branch-or-reduce

Input: A simplified instance (G,S, k) of disjoint K4-minor cover, together
with an extended SP-decomposition (T,X ) of G[F ].

Output: A set of instances of disjoint K4-minor cover.

while T contains unmarked nodes do
1 Let α be an unmarked node at the farthest distance from the root of T ;
2 if S contains two vertices xu ∈ NS(u) and xv ∈ NS(v) with u, v ∈ Vα and

ccS(xu) 6= ccS(xv) then
3 Let X be a path in Gα between two such vertices u and v such that

X \ {u, v} ⊆ N0;
4 Apply branching rule 2 to X; terminate;

5 if S contains two vertices xu ∈ NS(u) and xv ∈ NS(v) with u, v ∈ Vα and
bcS(xu) 6= bcS(xv) then

6 Let X be a path in Gα between two such vertices u and v such that
X \ {u, v} ⊆ N0;

7 Apply branching rule 3 to X; terminate;

8 if G[S ∪ Vα] contains a K4-subdivision then
9 Let X ⊆ Vα be a connected set such that G[S +X] contains a

K4-subdivision;
10 Apply branching rule 1 to X; terminate;

11 if α is a P-node and |V Bα | > γ(9) then
12 X = V Bα is a 4-protrusion (see Lemma 3);
13 Apply the generic protrusion rule (reduction rule 1) with X; terminate;

14 Mark the node α;

Lemma 4. [?] Let (G,S, k) be a simplified instance of disjoint K4-minor
cover and let α be a marked node of the extended SP-decomposition (X , T ) of
G[F ]. Then |Vα| ≤ c1 := 12(γ(8) + 2c0).

Lemma 5. [?] Let (G,S, k) be a simplified instance of disjoint K4-minor
cover and let α be a lowest unmarked node of (T,X ) of G[F ]. In polynomial
time, one can find

(a) a path X of size at most 2c1 satisfying the conditions of line 3 (resp. line 6),
if the test at line 2 (resp. 5) succeeds;

(b) a subset X ⊆ Vα of size bounded by 2c1 satisfying the condition of line 9, if
the test at line 8 succeeds;

For analysing the running time of our algorithm, we introduce the following
measure

µ := (2c1 + 2)k + (2c1 + 2)#cc(G[S]) + #bc(G[S])

where #cc(G[S]) (resp. #bc(G[S])) denotes the number of connected com-
ponents (resp. biconnected components) of G[S].



We are now ready to prove:

Theorem 1. The K4-minor cover problem can be solved in 2O(k) ·nO(1) time.

Proof. As observed at the beginning of this section, it is sufficient to show that
one can solve disjoint K4-minor cover in time 2O(k) · nO(1). Let (G,S, k) be
an input instance of disjoint K4-minor cover. The recursive application of
operations (a)-(e) (see the beginning of this subsection) to (G,S, k) produces a
search tree Υ . From the fact that the various reduction and branching rules are
safe, it follows that (G,S, k) is a YES-instance if and only if at least one of the
leaf nodes in Υ corresponds to a YES-instance.

We now look at the time required to apply the operations (a)-(e) at each node
of Υ . Every instance corresponding to a leaf node either is a trivial instance or
is an independent instance (Theorem 2) which can be solved in 2k · nO(1) time
by applying branching rule 1 on pairs of vertices of F (Theorem 3). Clearly, the
operations (a)–(c) can be applied in polynomial time. Consider the operation
(d). The while-loop in the algorithm Branch-or-reduce iterates O(n) times.
At each iteration, we are in one of three situations: (i) we detect in polynomial
time (Lemma 5) a connected subset X on which to apply one of the branching
rules, or (ii) apply the protrusion rule in polynomial time (reduction rule 1), or
(iii) none of these two cases occurs, and the node under consideration is marked.

Observe that by Lemma 5, the branching degree of the search tree is at most
2c1 + 1. To bound the size of Υ , we need the following claim.

Claim. In any application of branching rules 1–3, the measure µ strictly de-
creases.

Proof of claim. The statement holds for branching rule 1 since k reduces by
one and G[S] is unchanged. Recall that branching rules 2 and 3 put a vertex in
the potential solution or add a path X ⊆ F to S. In the first case, µ strictly
decreases because k decreases and #cc(G[S]) and #bc(G[S]) remain unchanged.
Let us see why µ strictly decreases also when we add a path X to S.

If branching rule 2 is applied, the number of biconnected components may
increase by at most 2c1 + 1. This happens if every edge on the path X to-
gether with the two edges connecting the two end vertices of X to S add
to the biconnected components of G[S ∪ X]. So the new value of µ is µ′ =
(2c1 + 2)k + (2c1 + 2)#cc(G[S ∪ X]) + #bc(G[S ∪ X]) ≤ (2c1 + 2)k + (2c1 +
2)(#cc(G[S]) − 1) + (#bc(G[S]) + 2c1 + 1) ≤ µ − 1. It remains to observe that
an application of Branching rule 3 strictly decreases the number of biconnected
components, and it does not increase the number of connected components. It
follows that µ′ ≤ µ− 1. ut

By this Claim, at every root-leaf computation path in Υ we have at most
µ = (2c1 + 2)k + (2c1 + 2)#cc(G[S]) + #bc(G[S]) ≤ (4c1 + 5)k nodes at which
a branching rule is applied. Since we branch into at most (2c1 + 1) ways, the
number of leaves of Υ is bounded by (2c1 + 1)(4c1+5)k. Also note that any root-
leaf computation path contains O(n) nodes at which a reduction rule is applied:



This is because each reduction rule strictly decreases the size of the instance (and
does not affect G[S]). It follows that the running time is bounded by ((4c1 +
5)k +O(n)) · (2c1 + 1)(4c1+3)k · poly(n) = 2O(k) · nO(1). ut

4 Conclusion and Open Problems

Due to the use of the generic protrusion rule (on t-protrusions for t = 3 or 4),
the result in this paper is existential. A tedious case by case analysis would
eventually lead to an explicit ck · nO(1) exponential FPT algorithm for some
constant value c. It is an intriguing challenge to reduce the basis to a small c
and/or get a simple proof of such an explicit algorithm. More generally, it would
be interesting to investigate the systematic instantiation of protrusion rules.

We strongly believe that our method will apply to similar problems. The
first concrete example is parameterized Outerplanar Vertex Deletion, or
equivalently the {K2,3,K4}-minor cover problem. For that problem, we need
to adapt the reduction and branching rules in order to preserve (respectively,
eliminate) the existence of a K2,3 as well. For example, the by-passing rule
(reduction rule 3) may destroy a K2,3 unless we only bypass a degree-two vertex
when it is adjacent to another degree-two vertex. Similarly in reduction rule 6,
we cannot afford to replace the set X by an edge. It would be safe with respect to
{K2,3,K4}-minor deletion if, instead, X is replaced by a length-two path or by
two parallel paths of length two (depending on the structure ofX). We conjecture
that for Outerplanar Vertex Deletion our reduction and branching rules
can be adapted to design a single exponential FPT algorithm.

A more challenging problem would be to get a single exponential FPT algo-
rithm for the treewidth-t vertex deletion for any value of t. Up to now
and to the best of our knowledge, the fastest algorithm runs in 2O(k log k) · nO(1)

time [12].
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