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Abstract

In this paper, we present a new representation for individu-
als in the single-source shortest path problem. Contrary to
previous approaches, it has the natural property that differ-
ent vertex degrees do not induce unfairness in the mutation
step. In particular, at any time each edge has roughly the
same probability of being added to or removed from the cur-
rent individual.

This turns out to be a crucial property. Mainly based
on this, we prove superior bounds for the optimization time
two evolutionary algorithms for the single-source shortest
path problem. For both the multi-criteria formulation of
the problem (introduced by Scharnow, Tinnefeld and We-
gener (2002, 2004)) and the single-criteria one (regarded in
Baswana et al. (2009)), we improve the existing bounds by a
factor of n2/m, where m denotes the number of edges and n
the number of vertices of the underlying graph. Given that
most graphs found in practical applications are sparse, this
is a considerable gain.

1 Introduction

The single-source shortest path (SSSP) problem asks for
shortest paths from a given vertex of a directed graph to
all others. It is one of the first combinatorial optimization
problems for which rigorous results have been proven on
how simple evolutionary algorithms find an optimal solution
(Scharnow, Tinnefeld and Wegener [15, 16]).

While there has been some work improving their analyses
([5, 2]), to the best of our knowledge there has been no
discussion on whether the algorithms suggested in the first
work are really the optimal approach.

In this work, we suggest a different representation for in-
dividuals. Contrary to the previously used one, it has the
natural property that edges are treated fairly, that is, each
edge has roughly the same probability to enter or leave the
current solution during a single mutation step. As we shall
prove, this leads to a considerable run-time improvement for
graphs that are not regular.

∗This is the author’s version of the work. It is posted here by
permission of ACM for your personal use. Not for redistribution.
The definitive version was published in GECCO-2010: Proceedings
of Genetic and Evolutionary Computation Conference, 2010, ACM,
http://doi.acm.org/10.1145/1830483.1830618.

This paper focuses on theoretical aspects of computing
shortest paths via evolutionary methods. Computing short-
est paths, even though a classical problem, remains an active
area of research. The interested reader is referred to, e.g.,
[9, 11, 10] for papers dealing with bio-inspired methods, or
[1, 14, 12] for recent results from the classical algorithms
community.

1.1 Previous Works

The seminal paper by Scharnow, Tinnefeld and Wegener [15,
16] is considered to be the first paper where run-time bounds
for evolutionary algorithms for combinatorial optimization
problems have been proven rigorously. Besides results on
sorting, they give a simple (1+1) evolutionary algorithm
solving the single-source shortest path problem on arbitrary
graphs with positive edge weights in time O(n3), where n de-
notes the number of vertices of the graph and “time” refers
to the so-called optimization time, that is, the number of
fitness evaluations performed until the optimal solution is
found. This bound cannot be improved for certain graphs,
but still is too pessimistic for many graphs.

Let ` be the smallest integer such that there is a shortest
path from the source to any other vertex consisting of at
most ` edges. Then already the proof in [15, 16] shows an
upper bound of O(n2` log n) for the optimization time. This
was improved in [5] to the bound of O(n2 max{`, log n}),
which is asymptotically tight for all `.

Scharnow, Tinnefeld and Wegener propose a multi-criteria
formulation of the SSSP problem. That is, a new solu-
tion is only accepted if for each vertex different from the
source, the shortest path in the new solution is not longer
than in the present one. They also argue that the natural
single-criterion formulation, where, e.g., the sum of the path
lengths is the single optimization criterion, cannot be solved
with their approach.

This was partially refuted in Baswana et al. [2]. There
it was shown that the previous claim only holds if vertices
not yet connected to the source contribute an infinite length
to the objective function. This, in particular, results in that
the objective function cannot distinguish between how many
vertices are not yet connected to the source. These difficul-
ties disappear if vertices not connected to the source ‘only’
contribute to the objective function by an arbitrary large,
fixed number. Note that this is the common way to imple-
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ment the numerical value∞ anyway. In this setting, also the
single-criterion version of the EA given by Scharnow, Tin-
nefeld and Wegener solves the SSSP problem in polynomial
time. More precisely, a bound of O(n3(log(n) + log(wmax)))
was proven in [2]. It is not clear if the additional logarithmic
terms (compared to the multi-criteria version with ` = n−1)
are necessary or not.

1.2 Sparse and Dense Graphs

All previous work does not regard how many edges the graph
under consideration has. If the input graph was not com-
plete, it was argued that adding edges with artificial weight
∞ reverts the problem to the complete case.

This seems wasteful, since graphs occurring in applications
are often rather sparse, that is, have a linear (Θ(n)) or quasi-
linear (Θ(n log n)) number of edges.

A closer look at the proofs reveals that the data-structure
and mutation operator proposed by Scharnow, Tinnefeld
and Wegener is highly unfair to the edges if the graph has
vertices of different degrees (and we do not wastefully fill
up the graph to the complete graph). In fact, the algorithm
given in [15, 16] works also on non-complete graphs. It does,
however, treat the edges in an unbalanced manner. The
probability that a single mutation puts a certain edge (u, v)
in the solution (or removes it), is inversely proportional to
the in-degree of its end-vertex v.

As a simple example what difference this can make, con-
sider the following weighted graph G = (V,E), also de-
picted in Fig. 1. We denote the source vertex by s. There
is one other distinguished vertex v in V . The edge set is
E = {(s, u) | u ∈ V \ {s}} ∪ {(u, v) | u ∈ V \ {v}}. All
edges have weight 1. Now it is easy to see that the op-
timal solution consists of the one-edge paths (s, u) for all
u ∈ V \ {s}. However, the EA proposed by Scharnow, Tin-
nefeld and Wegener (even if we do not enlarge the graph
by replacing non-edges with high-weight edges as proposed
there) already needs Θ(n2) time to find the path (s, v). This
is because a single iteration has a change of only Θ(n−1) to
select the vertex x and then needs to make another Θ(n−1)
chance to change the current predecessor of v to s (one out
of n− 1 choices).

1.3 Our Contribution

In this work, we already detected a short-coming of the pre-
vious approach. We continue by proposing an alternative
representation. It achieves, in particular, that the natural
mutation operators treat the edges in a fair manner. For the
example given in the previous subsection, this reduces the
optimization time from Ω(n2) to O(n).

In general, we prove that our representation improves the
run-time results of the single-criterion and the multi-criteria
EA for the SSSP problem by a factor of Θ(n2/m). For sparse
graphs, this is noticeable.

Our analysis reveals that a crucial notion is the edge ex-
change probability, that is, the probability that in a certain
iteration the mutation operator replaces a certain existing
edge with a particular other edge having the same end-point.

Figure 1: An example for which the previous approaches
need longer by a factor of Θ(n) compared to our approach.
This is due to the fact that the vertex degrees are highly
non-uniform.

In the classical approach, this probability can be as low as
Θ(n−2), where as in ours it is Θ(m−1). As an illustration
how powerful this notion is, we also analyze in a few lines
the run-times of the algorithms if we use the standard bit
flip mutation operator (see Section 6).

Interesting from the view-point of methods to analyze evo-
lutionary algorithms are a Chernoff bound for partially de-
pendent random variables (Lemma 13) or an easy to use
drift theorem (Lemma 7). For both we are optimistic that
they will see further applications.

2 Problem Definition, Edge-based
Representation, and the
Corresponding Algorithms

In this section, we give a precise definition of the single-
source shortest path problem, describe the classical evolu-
tionary algorithm of Scharnow, Tinnefeld and Wegener for
this problem, and propose a new representation together
with a natural mutation operator, which will be the object
of analysis in the subsequent sections.

2.1 Single-Source Shortest Path Problems

A problem for which evolutionary algorithms have been ex-
tensively studied are shortest path problems. In particular,
much attention has been paid to the single-source shortest
path (SSSP) problem [15, 16, 5, 2].

Definition 1 (Single-source shortest paths). Let G = (V,E)
be a directed graph and let w : E → N>0 be a weight function
on E. Let s ∈ V . The single-source shortest path problem
is to find for every v ∈ V \{s} a directed path P from s to v
that minimizes w(P ) =

∑
e∈P w(e).

Notation: We avoid the term short in favor of minimum
weight to distinguish it from the length of a path, that is,
the number of its edges.
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It is well-known (and in fact a classical beginners’ exer-
cise) that a set of minimum weight paths from s to all other
vertices can always be chosen in a way that it forms a tree,
called a shortest path tree. More precisely, a shortest path
tree for s is a directed tree rooted at s such that all edges
are directed away from s and such that the (unique) directed
path from s to each other vertex in the tree is of minimum
weight in G.

Since such a tree is a very compact representation of the
set of shortest paths (note that exactly n−1 edges suffice to
encode n− 1 paths), the SSSP problem usually (and in the
remainder of the paper) means computing such a shortest
path tree. It clear that a solution to the SSSP problem
exists if and only if there is a path from s to any other
vertex. Also, it is obvious that a shortest path tree for s
can never contain an edge e = (v, s) with s as its end-point.
To avoid trivialities in the following, we make the following
assumption.

General notation and assumptions: In the following,
whenever not explicitly defined otherwise, let G = (V,E) be
a directed graph. We denote by n := |V | the number of its
vertices and by m := |E| the number of its edges. For a
vertex v, we denote by N−(v) := {u ∈ V | (u, v) ∈ E} the
set of its in-neighbors. Let s ∈ V . Assume that E contains
no edge with s as its end-point. Assume further that there
is a path (respecting the direction of the edges) from s to
any other vertex.

Let w : E → N>0 describe positive integral edge weights.
If P = (v0, e1, v1, e1, . . . , v`−1, e`, v`) is a path of length `
described by its vertex-edge sequence, then the weight of
this path is w(P ) =

∑`
i=1 w(ei).

We set wmax := max{w(e) | e ∈ E}. When working with
a single-criterion EA, if our current solution does not yet
contain a path from s to a vertex v, we shall often use a
number wpenalty := nwmax as artificial weight for the (non-
existent) path from s to v.

Finally, we denote by N the set of non-negative integers
including 0.

2.2 The Classical Set-up for Evolutionary
Algorithms Solving the SSSP Problem

There are different natural representations for shortest paths
trees (or candidates for them). Noting that each vertex v
except s has a unique predecessor pred(v, T ) in a shortest
path tree for s, we can represent T by the vector of prede-
cessors. These considerations led all previous works on the
single-source shortest path problem to use the search space
(V \ {s})V , that is, the set of all vectors x of vertices in V
indexed by V \ {s}. Note that not each such vector defines
a tree.

Each individual of this type for each vertex v ∈ V either
encodes a unique path from s to v (which can efficiently be
read from x by going ‘backwards’ from v along the predeces-
sor information stored in x), or it does not due to the fact
that the predecessor information yields a cycle. In the first
case, we denote by P (v, x) the unique path from s to v en-
coded in x. We denote by w(v, x) := w(P (v, x)) the weight

of this path. If x does not encode a path from s to v, there
are two ways to still define a number w(v, x). Scharnow,
Tinnefeld and Wegener [15, 16] decided to set w(v, x) :=∞
in this case. Baswana et al. [2] define w(v, x) := wpenalty,
where wpenalty is a sufficiently large number. What is suffi-
ciently large might depend on the particular algorithm used,
but taking wpenalty = nwmax, as we do in this paper, should
suffice in all reasonable cases. There is a subtle difference in
the two ways of encoding infinite distances, see below.

A natural mutation operators imitating classical proper-
ties of the standard bit mutation then is to choose a random
integer S according to a Poisson distribution with param-
eter λ = 1, to choose a sequence v1, . . . , vS+1 of vertices
different from s, each uniformly at random, and for each of
these vertices choose uniformly at random a new predecessor
u1, . . . , uS+1, respectively. The outcome of this mutation is
the vector resulting from, in the order i = 1, . . . , S + 1, re-
placing the predecessor of vi by ui (each such replacement is
called an elementary mutation). Note that to really imitate
standard bit mutations, one would only do S such elemen-
tary mutations. However, since this would lead to doing
nothing with probability Pr(S = 0) = 1/e, Scharnow, Tin-
nefeld and Wegener decided to perform S + 1 elementary
mutations. Recall that by definition of the Poisson distribu-
tion, Pr(S = k) = 1/(ek!) for all non-negative integers k.

There are two natural candidates for a fitness function
(that is to be minimized). The single-criterion fitness func-
tion fs assigns each individual as real-valued fitness value
the sum of the weights of all paths from s to other vertices:

fs(x) =
∑

v∈V \{s}

w(v, x) .

If we work in the setting where w(v, x) = ∞ is allowed,
then we assume that any sum involving a term equal to ∞
evaluates to ∞.

The multi-criteria fitness function fm maps individuals to
the (n− 1)-dimensional vector of these path weights:

fm(x) =
(
w(v, x)

)
v∈V \{s} .

This fitness is compared component-wise in this case, that
is, we write fm(x) ≤ fm(x′) if and only if w(v, x) ≤ w(v, x′)
for all v ∈ V \ {s}. Note that this defines (only) a par-
tial order on the set of individuals. The complete EA for
the SSSP using this vertex-based representation is given in
Fig. 2. Note that we did not specify a stopping criterion,
since we are only interested in an analysis of how many it-
erations are needed to find the optimal solution. For the
(1+1) EA in this setting, the results sketched in Section 1.1
were proven. In particular, the following results hold.

Theorem 2. Let ` be such that for any vertex different
from s there is a minimal weight path from s to that ver-
tex having at most ` edges. Then the vertex-based EA given
in Fig. 2 has an optimization time of O(n2 max{`, log n})
in the multi-criteria setting and one of O(n3 log n) in the
single-criterion setting.

As can be seen, both run-time bounds do not depend on
the number of edges. In other words, for sparse graphs hav-
ing relatively few edges, the bounds do not become better.
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Algorithm 3 (Vertex-based (1+1)-EA).

1. Initialization: For each v ∈ V \ {s} choose u ∈ N−(v)
uniformly at random and set x(v) := u

2. Mutation:

2.1. Pick S according to Pois(λ = 1)

2.2. y := x

2.3. For i = 1 to S + 1 do

Elementary mutation:

2.3.1. Choose v ∈ V \ {s} uniformly at random

2.3.2. Choose u ∈ N−(v) uniformly at random

2.3.3. Set y(v) := u

3. Selection: If f(y) ≤ f(x), then x := y

4. Repeat Steps 2 and 3 forever

Figure 2: The (1+1)-EA for the SSSP problem using the
vertex-based predecessor representation of Scharnow, Tin-
nefeld and Wegener, extended in the natural way to in-
clude also non-complete graphs. f can be either the single-
criterion or the multi-criteria fitness function. In the second
case, ≤ in the selection step is to be read component-wise.

In fact, not only the bounds do not become better, but also
the true optimization time does not, as the example in Sec-
tion 1.2 shows.

2.3 Our Representation

To overcome these difficulties, we propose a representation
that is rather edge-based than vertex-based (as in the pre-
vious set-up). Intuitively, this is motivated by the trivial
observation that it is mainly edges we have to select to build
the desired tree. When analyzing our new set-up, we shall
observe that our representation leads to a more symmetric
optimization behavior, namely the chance that an edge en-
ters the solutions is not anymore inversely proportional to
the degree of its end-vertex. This in turn leads to a signif-
icant speed-up of O(n2/m) in both the single-criterion and
the multi-criteria setting.

More precisely, we choose the following representation. An
individual is a set of edges F ⊆ E such that (i) each ver-
tex v ∈ V \ {s} is the end-point of exactly one edge in F ,
and (ii), s is the end-vertex of no edge in F . Conditions
(i) and (ii) encode the previous knowledge that a shortest
path tree for s can be encoded by giving for each vertex
different from s its predecessor in the tree. In fact, the rep-
resentation allows to encode precisely the same phenotypes
as the previous representation. Hence, in analogy to above,
we denote by P (v, F ) the (unique, if existent) path from s
to v using edges in F only, by w(v, F ) the weight of this
path (if it exists, otherwise w(v, F ) := wpenalty), and by
fs(F ) =

∑
v∈V \{s} w(v, F ) and fm(F ) = (w(v, F ))v∈V \{s}

the single-criterion and multi-criteria fitnesses of these in-
dividuals. Denote by F the set of all individuals as just

Algorithm 4 (Edge-based (1+1)-EA).

1. Initialization: Set F := ∅. For each v ∈ V \ {s} choose
u ∈ N−(v) uniformly at random and add (u, v) to F

2. Mutation:

2.1. Pick S according to Pois(λ = 1)

2.2. H := F

2.3. For i = 1 to S + 1 do

Elementary mutation:

2.3.1. Choose e ∈ E uniformly at random

2.3.2. Choose h ∈ H such that e and h have the same
end-vertex

2.3.3. Set H = (H \ {h}) ∪ {e}

3. Selection: If f(H) ≤ f(F ), then F := H

4. Repeat Steps 2 and 3 forever

Figure 3: The (1+1)-EA for the SSSP problem using the
edge-based representation proposed in this work. The in-
put graph G can be arbitrary (subject to the general as-
sumptions made in Section 2.1). f can be either the single-
criterion or the multi-criteria fitness function. In the second
case, ≤ in the selection step is to be read component-wise.

defined.

The advantage of this representation is that is admits a
natural mutation. An elementary mutation consist of choos-
ing an edge e = (u, v) ∈ E uniformly at random, adding it
to F and deleting any other edge with end-vertex v in F . In
other words, the new edge e replaces the (unique) previously
existing edge with endpoint v in F . As in previous works,
a mutation step consists of choosing a number S according
to a Poisson distribution Pois(λ = 1) with parameter 1 and
then performing independently S+ 1 elementary mutations.

The representation introduced above has a particular nice
property, which will be the main reason for it to yield faster
optimization times, and this is the fact that it treats the
edges in a relatively fair manner. By this we mean that
the probability that a particular edge e not contained in the
current individual F becomes part of the individual within
one mutation step, does not depend much on e and F .

It is easy to see that when using the vertex-based repre-
sentation, then we cannot hope for anything like this. For
a given individual x and an edge e = (u, v) not part of the
graph encoded in x, the probability that an elementary mu-
tation puts e into x is exactly (n− 1)−1|N−(v)|−1. Hence it
greatly depends on the degree deg(v) of the end-vertex of e.
Similar bounds hold for a full mutation step instead of just
an elementary mutation.

For our purposes, it is not precisely the probability that
some e enters a given individual F , but rather the probabil-
ity that this happens and that F does not change else than
that e enters and the edge with same end-point leaves F . We
call such an event an edge exchange. Here again the vertex-
based representation is not at all fair, but the edge-based is,
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as shown by the following lemma.

Lemma 5 (uniform edge exchange probability). Consider
the EA for the SSSP problem with edge-based representa-
tion. Let F be an individual and e ∈ E \ F . Let f be the
unique edge in F having the same end-vertex as e. Let G be
the outcome of applying a single mutation step to F . Then
the probability that e replaces f in F , but no other changes
occur, satisfies

1

em
≤ Pr

(
G = (F \ {f}) ∪ {e}

)
≤ 2

m
.

The upper bound is also an upper bound for the probability
that e replaces f , that is, that e ∈ G.

Proof. Let F ⊆ E be an arbitrary individual and let e ∈
E \ F . Since the expected number of elementary mutations
performed is E(S + 1) = E(S) + 1 = 2 by elementary prop-
erties of the Poisson distribution, the expected number of
elementary mutations that add e to the individual is at most
2/m. Consequently, the probability that the mutation con-
tains an elementary mutation adding e to the individual, is
at most 2/m as well (by Markov’s inequality).

For the lower bound, note that Pr(S + 1 = 1) = 1/e and
that Pr(G = (F \ {f}) ∪ {e} | S + 1 = 1) = 1/m.

3 Runtime Analysis of the Single-
Criterion Algorithm

In this section, we analyze the single-criterion variant of the
EA with our edge-based representation. We prove that the
optimization time is faster by a factor of n2/m compared to
the vertex-based setting investigated in Baswana et al. [2].

Theorem 6. The expectation of the optimization time T
of the edge-based single-criterion EA for the SSSP problem
satisfies

E [T ] ≤ 2emn (ln(n) + ln(wmax)).

By using an elegant variation of the classical drift theo-
rem (Lemma 7 below), our proof of Theorem 6 is simpler
than the one of [2]. In particular, it avoids the technical
epoch argument. It also gives a useful bound for the leading
constant.

We start by stating a useful variation of the classical ap-
plication of drift analysis [7].

Lemma 7. Let {Zt}t∈N be random variables over a finite
state space S ⊆ N. Let T be the random variable that denotes
the earliest point in time t ∈ N such that Zt = 0.

Suppose that there exist constants δ > 0 such that

E [Zt − Zt+1 | Zt] ≥ δ Zt

for all Zt with t < T , then

E [T | Z0] ≤ 1

δ
ln (1 + Z0) . (1)

The following proposition uses many arguments of the
proof in [2].

Proposition 8. Consider an arbitrary mutation operator
for the edge-based representation. Assume that there is a
uniform lower bound of p for the probability of any edge ex-
change. Let F be any individual and G the random individ-
ual obtained from applying a single mutation. Let F ′ be the
outcome of the subsequent selection step, that is, F ′ = G, if
fs(G) ≤ fs(F ), and F ′ = F otherwise. Denote by fopt the
minimum weight fs of an individual (that is, the weight of
an optimal solution).

Then

E [fs(F )− fs(F ′)] ≥ p
fs(F )− fopt

n− 1
.

Proof. If fs(F ) = fopt the statement follows trivially. Thus,
suppose fs(F ) > fopt. Let F ∗ be an optimal solution, that
is, fs(F

∗) = fopt. Then,

fs(F )− fs(F ∗) =
∑

v∈V \{s}

(
w(v, F )− w(v, F ∗)

)
.

Thus, by the pigeonhole principle, there exists a v ∈ V \ {s}
such that

w(v, F )− w(v, F ∗) ≥ fs(F )− fs(F ∗)
n− 1

.

Let P = (u0, e1, u1, . . . , uk−1, ek, uk) with k ∈ N be the path
from s = u0 to v = uk in the tree F ∗. To each edge e of P , we
assign its contribution c(e) to the term w(v, F )− w(v, F ∗).
For all j ∈ {1, . . . , k} we let

c(ej) = (w(uj , F )−w(uj , F
∗))−(w(uj−1, F )−w(uj−1, F

∗)).

Then
k∑

j=1

c(ej) = w(v, F )− w(v, F ∗) .

Note that since ej ∈ P , it holds for all j ∈ {1, . . . , k} that

c(ej) = w(uj , F )− w(uj−1, F )− w(ej) . (2)

Among the edges of P , we are particularly interested in
those with positive contribution. We call their index set J ,
that is,

J = {j ∈ {1, . . . , k} | c(ej) > 0}.

Let j ∈ J . Then it follows from equation (2) that the
edge ej is not in F and the vertex uj is not in the directed
subtree of F with root uj−1. Moreover, there exists a unique
edge ẽj = (ũj−1, uj) with end-point uj in F . Note that ẽj
is the last edge of the path from s to uj in F .

Let Fj = F ∪ {ej} \ {ẽj} be the directed spanning tree
with root s that is obtained by detaching the subtree of F
rooted at uj from ũj−1 and reattaching it at uj−1.

Then, w(uj , Fj) = w(uj−1, F ) + w(ej) and thus again by
equation (2),

c(ej) = w(uj , F )− w(uj , Fj) .

Since w(u, F ) is at least w(u, Fj) for all u ∈ V \ {s}, we
actually obtain

fs(F )− fs(Fj) ≥ c(e) .
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Now, for j ∈ J , let

Ij =

{
1 if F ′ = Fj ,

0 otherwise,

Then Pr (Ij = 1) = p,

fs(F
′)− fs(F ) ≥

∑
j∈J

c(ej) Ij ,

and

E [fs(F
′)− fs(F )] ≥

∑
j∈J

c(ej) p ≥ p
fs(F )− fs(F ∗)

n− 1
.

The proof of Theorem 6 now is an immediate corollary
from the following proposition and the fact that all edge
exchange probabilities are at least p ≥ 1/(em).

Proposition 9. The optimization time T of the single-
criterion EA with edge-based representation, arbitrary mu-
tation operator with edge exchange probability at least p and
arbitrary initial search point, satisfies

E [T ] ≤ 2np−1
(

ln(n) + ln(wmax)
)
.

Proof. Consider a run of the EA started in an arbitrary
solution F0. Denote by F1, F2, . . . the sequence of individuals
created and accepted by the EA. Denote by fopt the weight
of an optimal solution. For all t ∈ N, let Zt = fs(Xt)− fopt.
The previous proposition tells us that we may use Lemma 7
with δ = p/(n − 1), cmin = 1 and cmax = (n − 1)wpenalty.
This leads to an optimization time T for which

E [T ] ≤ (n− 1)p−1 ln(n2wmax) ≤ 2np−1(ln(n) + ln(wmax))

holds.

For edge weights polynomially bounded in n, Theorem 6
yields an expected optimization time of O(mn ln(n)). In
comparison, the runtime of the problem-specific algorithm
Dijkstra [3] is in O(m+ n ln(n)).

4 Runtime Analysis of the Multi-
Criterion Algorithm

In this section, we regard how the EA with our edge-based
representation solves the SSSP problem in the multi-criteria
setting. As with the previous representation, the multi-
criteria setting strongly simplifies the analysis. We can build
on the fact that once a shortest path from the source to
a vertex is found, the objective functions ensure that it is
never replaced by a longer path (this was not true in the
single-criterion setting). Again, this results in slightly bet-
ter bounds for the optimization time.

Compared to the current best result [5] for the vertex-
based representation, we again gain a factor of n2/m. As
in [5], our results can be phrased in terms of the length of
shortest paths to be found, more precisely, the edge radius.

Definition 10. The edge radius `G(s) is the minimal
value ` ∈ N such that for every vertex v ∈ V \ {s} there
exists a path of minimal weight from s to v in G with at
most ` edges.

We prove the following result.

Theorem 11. Let T be the optimization time of the multi-
criteria version of the EA solving the SSSP problem with
edge-based representation. Then for all ε > 0,

Pr
(
T ≤ (1+ε) (2+

√
3) em max{`G(s) , ln(n)}

)
≥ 1−n−ε .

The proof of this theorem is a simple consequence of the
following proposition, which again shows that the edge ex-
change probability is a crucial notion. It also shows that we
can start the optimization process with an arbitrary indi-
vidual instead of a random one.

Proposition 12. Consider the multi-criteria (1+1)-EA for
the SSSP problem with edge-based representation. Assume
that the mutation step is defined arbitrarily, but such that
we have a uniform lower bound for the edge exchange prob-
ability of p. Assume further that we start with an arbitrary
individual F0 instead of a random one.

Then for all ε > 0,

Pr
(
T ≤ (1 + ε)(2 +

√
3) p−1 max{`G(s) , ln(n)}

)
≥ 1−n−ε .

For the proof of the proposition we need the following
Chernoff bound for not completely independent random
variables.

Lemma 13 (CB for partially dependent RVs). Let n ∈ N.
Let X1, . . . , Xn be arbitrary integral random variables. Let
X∗1 , . . . , X

∗
n be mutually independent random variables such

that for all i, X∗i is independent of X1, . . . , Xi−1. Assume
that for all i and all x1, . . . , xi−1 ∈ Z, we have

Pr
(
Xi ≥ m|X1 = x1, . . . , Xi−1 = xi−1

)
≤ Pr(X∗i ≥ m)

for all m ∈ Z, that is, X∗i dominates the conditional random
variable (Xi|X1 = x1, . . . , Xi−1 = xi−1). Then for all k ∈ Z,
we have

Pr
( n∑

i=1

Xi ≥ k
)
≤ Pr

( n∑
i=1

X∗i ≥ k
)
.

In consequence, if Y1, . . . , Yn arbitrary binary random vari-
ables such that for all i and all y1, . . . , yi−1 ∈ {0, 1}, we
have Pr(Yi = 1 | Y1 = y1, . . . , Yi−1 = yi−1) ≥ p, then for all
ε > 0,

Pr
( n∑

i=1

Yi < (1− ε)pn
)
≥ exp(−ε2pn/2).

Proof. Define Pj := Pr(
∑j

i=1Xi +
∑n

i=j+1X
∗
i ≥ k) for j ∈

{0, . . . , n} and Xn
k := {(x1, . . . , xn) ∈ Zn|

∑n
i=1 xi = k}.
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Then

Pj+1 = Pr
( j+1∑

i=1

Xi +

n∑
i=j+2

X∗i ≥ k
)

=
∑
m∈Z

Pr
( j∑

i=1

Xi +

n∑
i=j+2

X∗i = k −m ∧Xj+1 ≥ m
)

=
∑
m∈Z

∑
(x1,...,xj ,xj+2,...,xn)∈Xn−1

k−m

Pr
(
X1 = x1, . . . , Xj = xj

)
·

Pr
(
Xj+1 ≥ m|X1 = x1, . . . , Xj = xj

) n∏
i=j+2

Pr
(
X∗i = xi

)
≤
∑
m∈Z

Pr
( j∑

i=1

Xi +

n∑
i=j+2

X∗i = k −m
)

Pr
(
X∗j+1 ≥ m

)
= Pr

( j∑
i=1

Xi +

n∑
i=j+1

X∗i ≥ k
)

= Pj .

Thus, we have Pn ≤ Pn−1 · · · ≤ P0 and therefore
Pr
(∑n

i=1Xi ≥ k
)
≤ Pr

(∑n
i=1X

∗
i ≥ k

)
.

To prove the second claim, let Y ∗1 , . . . , Y
∗
n be independent

identically distributed independent binary random variables
that are one with probability exactly p. For all i = 1, . . . , n,
define Xi = 1 = Yi and X∗i = 1 − Y ∗i . Now these ran-
dom variable satisfy the assumptions of the first part. In
consequence,

Pr
( n∑

i=1

Yi < (1− ε)pn
)

= Pr
( n∑

i=1

Xi ≥ n− (1− ε)pn
)

≤ Pr
( n∑

i=1

X∗i ≥ n− (1− ε)pn
)

= Pr
( n∑

i=1

Y ∗i < (1− ε)pn
)

< exp(−ε2pn/2),

where the last estimate is the classical Chernoff inequality
for independent random variables.

of Proposition 12. Let `∗ = max{`G(s), ln(n)} and let ε >
0. Let {Ft}t∈N be the sequence generated by the EA. For all
v ∈ V \ {s}, let wopt(v) denote the minimum weight among
all paths from s to v.

We first analyze the time needed to find an optimal path
for a fixed vertex. Let v ∈ V \ {s}. Let Tv be the first point
in time such that w(v, Ft) is minimal. We show that

Pr
(
Tv > (1 + ε) (2 +

√
3) p−1 `∗

)
≤ n−(1+ε).

Let P = (u0, u1, . . . , uk−1, uk) be a directed path in G
from u0 = s to uk = v that has weight w(P ) = wopt(v) and
length k ≤ `G(s).

Consider a point in time t ≤ Tv and let j ∈ {1, . . . , k}
be minimal such that w(uj , Ft−1) 6= wopt(uj). Like in the
single-criterion case, the edge ej = (uj−1, uj) is not in Ft−1.
Let ẽj = (ũj−1, uj) ∈ Ft−1 be the unique edge with end-

point uj in Ft−1 and F̃t−1 := (Ft−1 \ {ẽj}) ∪ {ej} ∈ F .

Note that w(uj , F̃t−1) = wopt(uj). Therefore, we call Ft is

a pessimistic improvement if Ft = F̃t−1.
Whenever Ft is a pessimistic improvement, then it holds

that w(uj , Ft) = wopt(uj). Thus, for every j ∈ {1, . . . , k},
there is at most one pessimistic improvement and after the k-
th pessimistic improvement w(v, Ft) = wopt(v) holds with
certainty (note that in general the converse is not true and
the sequence {Ft}t∈N does not have to represent P at any
time to assert this implication).

Now we make use of the fact that for t ≤ Tv, the events
whether Ft is a pessimistic improvement, all have a prob-
ability of at least p. More precisely, at any time t ≤ Tv
the probability that Ft and Ft−1 differ only in the edges ej
and ẽj is at least p, and this hold conditional on all possible
outcomes of F0, . . . , Ft−1.

For t ≤ Tv, let It ∈ {0, 1} be the indicator vari-
able for Ft to be a pessimistic improvement. Then for
all possible outcomes f1, . . . , ft−1 of F1, . . . , Ft−1, we have
Pr (It = 1 | F1 = f1, . . . , Ft−1 = ft−1) ≥ p.

For t > Tv, we let It be auxiliary random variables in {0, 1}
which are mutually independent and have value one with
probability exactly p.

Recall the observation that if there have been k pes-
simistic improvements at time r = (1 + ε) (2 +

√
3) p−1 `∗

then w(v, Fr) = wopt(v). This means that for Z =
∑r

t=1 It,
the event “Z ≥ k” implies the event “Tv ≤ r”. In terms of
probabilities,

Pr (Z ≥ k) ≤ Pr (Tv ≤ r) .

Thus, since `∗ = max{`G(v) , ln(n)},

Pr (Tv > r) ≤ Pr (Z < `∗) .

Now, E [Z] ≥ r p = (1 + ε) (2 +
√

3) `∗. Hence,

Pr (Tv > r) ≤ Pr
(
Z < (1 + ε)−1 (2 +

√
3)−1 E [Z]

)
.

We can now apply the Chernoff bound for moderately
independent random variables proven in Lemma 13 to the
right-handside of the previous inequality and obtain

Pr (Tv > r) ≤ e−(1+ε) `∗ ≤ n−(1+ε) .

Finally, since the previous inequality holds for all ver-
tices v ∈ V , the statement follows by the union bound ar-
gument Pr (T > r) = Pr

[⋃
v∈V Tv > r

]
≤ n−ε .

of Theorem 11. Apply Proposition 12 by choosing p =
1/(em).

5 Lower Bounds

In this section, we argue that the bounds proven in this pa-
per are asymptotically optimal in the multi-criteria setting
and sharp apart from the logarithmic term in the single-
criteria setting. This is clear for m = Θ(n2), since our algo-
rithms do the same as the previous algorithms in the case
of complete graphs.
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Figure 4: A graph showing that the analysis for the multi-
criteria EA is asymptotically sharp. Solid line edges have
weight one, dotted edges have weight n. Arbitrary addi-
tional edges with weight n can be present.

For the multi-criteria setting, consider the following graph
Gnm` = (V,E) for n ∈ N, ` ∈ N and m ≥ n + ` − 2. We
have V = {1, . . . , n} and take s = 1 as source. The shortest
path tree consists of a path P = (1, 2, . . . , ` + 1) of length
` and the edges (1, i) for i ≥ ` + 2. All these edges have
weight one. Vertices i = 3, . . . , `+ 1 can also be reached via
a direct edge (1, i) from the source, which has weight n. If
m is larger than the number of these n + ` − 2 edges, then
we add m − n − ` + 2 arbitrary other edges to the graph,
each having weight n as well. This graph, without these
additional edges, is depicted in Fig. 4.

We argue that the optimization time of the multi-criteria
EA with edges-based representation is Ω(m`). We shall not
give a formal proof here—it would be quite lengthy, but not
give much additional insight to the sketch that follows.

Starting with a random individual, we first observe (by
induction over time) the following property:

For i ∈ {3, . . . , ` + 1}, we have that while vertex i − 1 is
not yet connected from s via an optimal path, the edge (1, i)
has a probability of at least 1/2 of being in the individual
(because i is cheaper reached via this edge than via i− 1).

Hence when i − 1 first becomes connected from s via the
optimal path, we expect that in this iteration at most a con-
stant number of other vertices in {i, . . . , `+ 1} become con-
nected optimally, either because they are already connected
to i− 1 or because the current mutation step also connects
them with their desired predecessor. In consequence, dur-
ing the optimization process we end up Θ(`) times in the
situation that a vertex i ∈ {3, . . . , ` + 1} has s as its direct
predecessor and not i − 1. In each of these situations, the
relatively uniform edge inclusion probability upper bounded
by 2/m (cf. Lemma 5) ensures that we need to wait at least
m/2 iterations (in expectation) to replace (1, i) by (i− 1, i)
in the individual.

This shows a lower bound of Ω(m`) for the optimization
time in the instance Gnm`. A lower bound of Ω(m log n) is
easily shown by simulating a coupon collector behavior. In
fact, any graph such that Ω(n) vertices have an in-degree
of at least 2 and such that the shortest path tree is unique
displays such an optimization time. The reason is as follows.
Denote by V0 the vertices of in-degree at least 2. With
high probability, at least a quarter of them do not have the
edge coming from the (unique) desired predecessor in the
random initial individual (which is necessary for the optimal

solutions). Now since in expectation we touch at most two
edges in one mutation step, we need time Ω(m log n) to have
touched all the desired edges (coupon collector effect). This
proves the lower bound.

For the single-criterion EA, we are optimistic that a lower
bound of order O(mn) can be proven as well. This leaves a
logarithmic gap to the upper bound, as in the previous work
of Baswana et al. [2]. Since it is not clear what is the true
order of magnitude, we omit the details on how to prove the,
possibly too weak, lower bound.

6 Standard Bit Mutation

To demonstrate the strength of the notion of a relatively uni-
form edge exchange probability, but also out of independent
interest, we now briefly analyze the optimization behavior if
we use standard bit mutation as mutation operator.

For bit-strings, standard bit mutation means that each
bit independently is flipped with probability 1/n, if n is the
length of the bit-sting. Clearly, there is a natural one-one
correspondence between bit-strings and sets, so that the nat-
ural analogue in our edge-based representation is to change
with probability 1/m the state “e ∈ F” to “e /∈ F” or vice-
versa for each edge e. This mutation operator was, e.g., used
in [13]. Clearly, we shall not accept (or punish in the fitness
sufficiently high) an individual containing two or more edges
with same end-point. In this setting, we easily observe that
all edge exchanges always occur with probability Θ(m2).

Lemma 14. When using standard bit mutation, for each
individual F and each edge e /∈ F , the probability that one
mutation step makes e enter F , takes out the correspond-
ing other edge with same end-point and does not change F
otherwise, equals (1− 1/m)m−2m−2 ≥ (em2)−1.

Proof. Let f ∈ F be such that e and f have the same end-
point. With probability m−2, the states of both e and f
change. Independent of this, with probability (1−1/m)m−2,
all other edges remain unchanged.

Now Propositions 9 and 12 immediately yield the follow-
ing.

Theorem 15. Consider the edge-based (1+1) EA for the
SSSP problem with standard bit flip mutation. In the single-
criterion version, the expected optimization time is at most
4em2(ln(n) + wmax). In the multi-criteria version, it is at
most (1 + ε)(2 +

√
3)em2 max{`G(s), ln(n)}) with probability

at least 1− n−ε.

7 Conclusion

In this paper, we proposed an edge-based representation of
individuals for the SSSP problem together with a natural
mutation operator. Analyzing their optimization behavior,
we showed that this set-up treats edges (which are the back-
bone of the shortest path tree we are looking for) in a more
fair manner. In particular, within each mutation step, each
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edge not yet in the solution has the same probability of en-
tering the existing solution without further changes to the
solution. This seems to be a highly useful property. Based
on this, we analyze the optimization time of both the single-
criterion and the multi-criteria (1+1) EA for this problem.
In both cases, we gain a factor of n2/m in the optimiza-
tion time. The same method without greater effort yields
bounds also for other mutation operators provided the edge
exchange probabilities can be bounded reasonably.

Putting this work in the broader context of solving graph
optimization problems via evolutionary methods, our results
suggest that representations and variation operators should
possibly focus more on edges than on vertices. A first natu-
ral continuation of this work would be to analyze the recent
works on the all-pairs shortest path problem (e.g. [6, 8]) in
this direction.

8 Note added in proof

Recently, Doerr and Goldberg [4] have shown that in
Lemma 7, the stopping time T is with high probability at
most of the same order as the upper bound on its expecta-
tion given in inequality (1), if Z0 is at least Ω(n). Thus, the
bound given in Theorem 6 also holds with high probability,
if we allow a larger leading constant.
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