
The Curse of Connectivity:
t-Total Vertex (Edge) Cover

Henning Fernau1, Fedor V. Fomin2, Geevarghese Philip3 and Saket Saurabh3

1 Universität Trier FB 4—Abteilung Informatik, 54286 Trier, Germany.
fernau@uni-trier.de

2 Department of Informatics, University of Bergen, 5020 Bergen, Norway.
fomin@ii.uib.no

3 The Institute of Mathematical Sciences, Taramani, Chennai 600 113, India.
{gphilip|saket}@imsc.res.in

Abstract. We investigate the effect of certain natural connectivity con-
straints on the parameterized complexity of two fundamental graph cov-
ering problems, namely k-Vertex Cover and k-Edge Cover. Specif-
ically, we impose the additional requirement that each connected com-
ponent of a solution have at least t vertices (resp. edges from the solu-
tion), and call the problem t-total vertex cover (resp. t-total edge
cover). We show that
– both problems remain fixed-parameter tractable with these restric-

tions, with running times of the form O∗
`

c
k

´

for some constant c > 0
in each case;

– for every t ≥ 2, t-total vertex cover has no polynomial kernel
unless the Polynomial Hierarchy collapses to the third level;

– for every t ≥ 2, t-total edge cover has a linear vertex kernel of
size t+1

t
k.

1 Introduction

k-Vertex Cover and k-Edge Cover are two related combinatorial problems
that exhibit contrasting behavior in terms of their solvability. In the k-Vertex
Cover problem, or k-vc for short, we are given as input a graph G and a
positive integer k, and are asked if there exists a set S of at most k vertices in
G such that every edge in G is adjacent to at least one of the vertices in S; such
an S is called a vertex cover of G. In k-Edge Cover, or k-ec for short, we are
again given as input a graph G and a positive integer k, and are asked if there
exists a set S of at most k edges in G such that for each vertex v in G, there is
at least one edge e = {u, v} ∈ S; such an S is called an edge cover of G.

k-vc is one of the first problems that Karp showed to be NP-complete [18],
and is one of the six basic NP-complete problems chosen for special mention by
Garey and Johnson as being at the “core” of known NP-complete problems [15,
Section 3.1]. k-vc and its variants have been extensively investigated from the
point of view of various algorithmic paradigms, including approximation and
parameterized algorithms. In particular, k-vc is considered to be the drosophila



of the field of parameterized complexity, where a large set of results of different
kinds have been obtained on the problem and its variants [2, 8, 12, 14, 16, 19, 20,
22]. In sharp contrast, k-ec has long been known to be solvable in polynomial
time [24].

In this paper we investigate the parameterized complexity of variants of these
problems where additional connectivity constraints are imposed on the solution
S. More specifically, for each integer t ≥ 1 we define variants of the two prob-
lems, named t-total vertex cover and t-total edge cover. In t-total
vertex cover, or t-tvc for short, (resp. t-total edge cover, or t-tec for
short), we ask whether there is a vertex cover (resp. edge cover) S of the in-
put graph such that each connected component of the subgraph induced on S
contains at least t vertices (resp. at least t edges from S). These problems were
introduced by Fernau and Manlove [12] who initiated the study of the parame-
terized complexity of these problems. We significantly improve their results and
obtain several new results: in particular, we complete the picture on how even
the slightest connectivity requirement dramatically changes the complexity of
these problems.

Our results. As noted above, k-ec has been known to be solvable in polynomial
time for over half a century. It was recently observed [12] that the least possible
connectivity requirement on S, namely that each connected component of the
graph induced on S have at least 2 edges, makes the problem NP-hard.

We show a similar result for t-tvc, not in the context of classical complex-
ity, but in the realm of parameterized complexity. It is a well-known result in
parameterized complexity that k-vc has a 2k-sized vertex kernel. We show that
adding a connectivity constraint results in a dramatic change in kernelizability:
for any fixed t ≥ 2, t-tvc has no polynomial-size kernel unless the Polynomial
Hierarchy (PH) collapses to the third level, which is deemed unlikely in com-
plexity theory. We complement the no-polynomial-kernel result with results on
the fixed-parameter tractability of t-tvc and t-tec when parameterized by the
solution size. More specifically, we show the following:

– t-tvc can be solved in O
(

16.1k+O(log2 k) × nO(1)
)

time. To obtain these re-

sults we combine the classical result of Otter [25] on the number of unlabeled
trees with a modification of the color-coding technique of Alon et al. [1].

– t-tec has a vertex kernel of size t+1
t

k,

– t-tec can be solved in O
(

2
t+1

t
k+O(

√
k) × nO(1)

)

time. To obtain this result,

we combine kernelization techniques with a classical result of Hardy and
Ramanujan [17] and the Fast Fourier Transform [21].

These results significantly improve earlier work on these problems.

Due to space constraints, proofs of results labeled with a [⋆] have been de-
ferred to a full version of the paper. Likewise, we omit the definitions of standard
notions from graph theory and parameterized complexity theory, and refer the
reader to the excellent expositions by Diestel [10] and Flum and Grohe [13],
respectively.



2 Total Vertex Covers

For each positive integer t, we defined the problem t-tvc above. For t = 1,
t-total vertex cover is the k-Vertex Cover problem, and for t = k it
becomes the k-Connected Vertex Cover problem, or k-cvc for short; these
are two classical NP-complete problems [15, Problem GT1]. For 2 ≤ t ≤ k, t-tvc
has been shown to be NP-hard by reduction from k-vc [12, Theorem 3]; we give
an alternate proof of NP-hardness in Claim 1 below.

Kernelizability. We first investigate the kernelizability of t-tvc. Recall that for
t = 1, t-tvc is just k-vc, and for t = k it becomes k-cvc. The former problem
has a vertex kernel of size at most 2k [7], and the latter problem does not have
a kernel of size kc for any constant c unless PH collapses to the third level [11].
It turns out that this change in polynomial kernelizability occurs at the smallest
value of t possible.

Theorem 1. For each fixed t ≥ 2, t-tvc has no kernel of size bounded by kc,
for any fixed constant c, unless PH collapses to the third level.

To prove this, we need a few notions and results from the recently developed
theory of kernel lower bounds [5, 6, 11]. We start off by defining a new problem:

Red-Blue Dominating Set (RBDS)
Input: An undirected bipartite graph G = (R ⊎ B,E), and a positive

integer k.
Parameter: k + |B|
Question: Does there exist a set D ⊆ R of at most k vertices of G such

that every v ∈ B is adjacent to some u ∈ D (i.e., D is a
dominating set of B)?

We will use RBDS as a source problem to show a kernel lower bound for t-tvc.
Towards this end we state the following fact.

Fact 1. [11, Theorem 2] RBDS parameterized by (k + |B|) does not admit a
polynomial kernel unless PH collapses to the third level.

Let Π ⊆ Σ∗ × N be a parameterized problem, and let 1 /∈ Σ be a new symbol.
The derived classical problem associated with Π is

{

x1k| (x, k) ∈ Π
}

. Let P and
Q be parameterized problems. We say that P is polynomial time and parameter
reducible to Q, written P ≤Ptp Q, if there exists a polynomial time computable
function f : Σ∗ × N → Σ∗ × N, and a polynomial p : N → N, and for all x ∈ Σ∗

and k ∈ N, if f ((x, k)) = (x′, k′), then (x, k) ∈ P if and only if (x′, k′) ∈ Q,
and k′ ≤ p (k). We call f a polynomial parameter transformation (or a PPT)
from P to Q. This notion of a reduction is useful in showing kernel lower bounds
because of the following theorem:



Fact 2. [6, Theorem 3] Let P and Q be parameterized problems whose derived
classical problems are P c, Qc, respectively. Let P c be NP-complete, and Qc ∈
NP. Suppose there exists a PPT from P to Q. Then, if Q has a polynomial
kernel, then P also has a polynomial kernel.

Theorem 1. For each fixed t ≥ 2, t-tvc has no kernel of size bounded by kc,
for any fixed constant c, unless PH collapses to the third level 4.

Proof. We begin by noting that by a simple reduction from the NP-complete
Set Cover problem [15], the derived classical problem corresponding to RBDS
is NP-complete. Also, the derived classical problem corresponding to t-tvc is
evidently in NP. Now suppose t-tvc has a polynomial kernel, and that there is
a PPT from RBDS to t-tvc. Then by Fact 2, RBDS has a polynomial kernel,
and hence by Fact 1 PH collapses to the third level. Thus t-tvc does not have
polynomial kernel unless PH collapses to the third level. Hence to prove the
theorem, it suffices to show that there is a PPT from RBDS to t-tvc. We now
give such a reduction.

Given an instance (G = (R ⊎ B,E) , k) of RBDS, we construct an instance
of t-tvc as follows: If B contains isolated vertices then (G, k) is a NO instance,
and in this case we construct a trivial NO instance of t-tvc. Otherwise, we add
a distinct path of length (number of edges) t−1 starting from each vertex v ∈ B.
Thus, if t = 2, then we attach a new, distinct pendant vertex wi to each vi ∈ B; if
t = 3, then we add a path

(

vi, u
1
i , wi

)

to each vi ∈ B. In general, for t ≥ 2, we add

a path
(

vi, u
1
i , u

2
i , . . . u

t−2
i , wi

)

to each vi ∈ B, where the vertices uj
i and wi are

all new and distinct: see Fig. 1 for an illustration. We call the resulting graph H
and (H, k + (t − 1) |B|) is the constructed instance of t-tvc.The following claim
completes our proof:

Fig. 1. The reduced instance for t = 4.

4 We note in passing that it was wrongly claimed in [12] that the problem has a kernel
of size O (k (k + t)).



Claim 1. [⋆] Let (G = (R ⊎ B,E) , k) be an instance of RBDS, and t a fixed
positive integer. Let H be the graph constructed from G as described above.
Then (G, k) is a YES instance of RBDS if and only if (H, k + (t − 1) |B|) is a
YES instance of t-tvc. ⊓⊔

Fixed Parameter Tractability. We now investigate the fixed-parameter tractabil-
ity of t-tvc. Two special cases of the problem, for the two extreme values t = 1
(k-vc) and t = k (k-cvc), have been studied extensively from the perspective of
parameterized algorithms. The k-vc problem is perhaps the most well-studied
problem in parameterized algorithmics. After a long series of improvements, the
current fastest FPT algorithm for this problem runs in time O∗ (1.2738k

)

[8].
Similarly k-cvc also has a history of improvements, and the current fastest FPT
algorithm for this problem runs in time O∗ (2.7606k

)

[22]. We show in this sec-

tion that t-tvc is FPT parameterized by the solution size k, and give an O∗ (ck
)

time algorithm.
Let G = (V,E) be the input graph. If |V | ≤ k, then we can solve the problem

in polynomial time by checking if each component of G has at least t vertices.
Also, deleting isolated vertices does not affect the solution. Hence we assume
without loss of generality that |V | > k, and that G has no isolated vertices. We
start with a structural claim which is useful later.

Claim 2. [⋆] Let G = (V,E) , |V | > k be a graph without any isolated vertices.
Then G has a t-TVC of size at most k iff G has a t-TVC of size exactly k.

We use the following fact in the proof of the next lemma:

Fact 3. [4, 25] The number of unlabeled trees on k vertices is at most 2.96k.
Moreover, all non-isomorphic unlabeled trees on k vertices can be enumerated in
time O(2.96kkc) for some constant c independent of k.

Lemma 1. [⋆] All unlabeled forests on k vertices are enumerable in O∗ (2.96k
)

.

Now we are ready to prove the main result of this section.

Theorem 2. For every t ≥ 1, the t-total vertex cover problem is in FPT,

and can be solved in time O∗
(

16.1k+O(log2 k)
)

.

Proof. Observe that any t-TVC, say S, of G is also a vertex cover of G and
hence contains a minimal vertex cover S′ ⊆ S of G. The idea of our proof is
to enumerate all the minimal vertex covers of G of size at most k and then try
to expand each one to a t-TVC of G. We will use Fact 3 and the color-coding
technique of Alon et al. [1] to do the expansion phase of our algorithm. More
precisely, our algorithm is based on the following claim.

Claim 3. [⋆] A graph G = (V,E) has a t-TVC of size k if and only if there exists
a minimal vertex cover C of G of size at most k, and a subset T ⊆ V \C of size
k − |C|, such that there exists a forest F on k vertices which is isomorphic to a
spanning subgraph of G[C ∪ T ], and in which each connected component has at
least t vertices.



For the algorithm we essentially mimic the claim. First we enumerate all
inclusion-minimal vertex covers of G of size at most k. This can be done in time
O∗ (2k

)

by a simple 2-way branching on edges—for every edge at least one of
its endpoints should be in any vertex cover. For each such vertex cover C, we do
the following:

1. Color each v ∈ C with a distinct color from {1, 2, . . . , |C|}.
2. Let l = k−|C|. Color the vertices of the independent set G [V \ C] uniformly

at random with l new colors.

Let S be a fixed t-TVC of G of size at most k, if there exists one. Define a “good”
coloring of V to be a coloring in which the vertices in S \ C are all distinctly
colored. The above procedure will yield a good coloring of V with probability
l!/ll ≥ e−l.

Next, we iterate through all unlabeled forests on k vertices, and check if at
least one of these forests is isomorphic to a spanning forest F of G [S], where
each connected component of F has at least t vertices. By Lemma 1, we can
iterate through all such forests in O∗ (2.96k

)

time. To check if a given forest F
on k vertices is isomorphic to a witness for G [S], we do the following:

1. We check if there is at least one tree in F that has less than t vertices. If
yes, then we reject F .

2. Next we check if there is a colorful subgraph (one in which each vertex
has a distinct color) isomorphic to F in the colored graph obtained above.
Since F is of treewidth at most 1, this can be done in O

(

2k · k · n2
)

time [3,
Corollary 12]. If such a subgraph is present, then F satisfies the requirements
of Claim 3, and so we return YES. Otherwise we reject F .

The expected running time of the algorithm is

O∗
(

k
∑

l=0

2k−l × el × 2.96k × 2k

)

= O∗
(

(2 × 2.96 × 2)
k
×

k
∑

l=0

(

(e

2

)l
)

)

= O∗ (16.1k
)

.

To obtain a deterministic algorithm we have to replace the randomized step
of the algorithm, that is, where we color the vertices of G[V \ C] uniformly at
random by l colors, with a deterministic procedure. This is done by making use
of (n, l, l)-perfect hash families. An (n, l, l)-perfect hash family, H, is a set of
functions from {1, . . . , n} to {1, . . . , l} such that for every subset S ⊆ {1, . . . , n}
of size l there exists a function f ∈ H such that f is injective on S. That is,
for all i, j ∈ S, f(i) 6= f(j). There exists a construction of (n, l, l)-perfect hash
family of size O(el · lO(log l) · log n) and one can produce this family in time linear
in the output size [23]. Using this instead of a random coloring, we obtain the
desired deterministic algorithm. The run time of the derandomized algorithm is

O∗
(

16.1k+O(log2 k)
)

. ⊓⊔



3 Total Edge Covers

For each positive integer t, the parameterized t-total edge cover problem
was defined in the Introduction. For t = 1, t-tec is the k-ec problem, which is
solvable in polynomial time [24] while for t ≥ 2, the problem is NP-complete [12,
Theorem 3]. We use the following fact to obtain an equivalent formulation of the
problem.

Fact 4. (From the proof of [12, Theorem 16]) In any connected graph G with n
vertices, and for any t < n, there exists a minimal t-TEC, say S, of G such that
the graph G(S) induced by the edge set S is acyclic.

Lemma 2. [⋆] Given a graph G = (V,E), the t-total edge cover problem
is equivalent to the following problem: does there exist a partition of the vertex
set V into q parts V1, . . . , Vq, for some q, such that (i) G[Vi] is connected, (ii)
|Vi| ≥ t + 1 for each 1 ≤ i ≤ q, and (iii)

∑q

i=1(|Vi| − 1) ≤ k?

Kernelizability. We use this reformulation to improve on a known simple vertex
kernel of size at most 2k for t-total edge cover [12].

Theorem 3. t-tec admits a vertex kernel of size t+1
t

k.

Proof. Let (G = (V,E) , k) be a YES instance of t-tec. Hence, by Lemma 2
there exists a partition of V into q parts of the kind stated in Lemma 2. Now
|Vi| ≥ t + 1 =⇒ |Vi| − 1 ≥ t =⇒

∑q

i=1 (|Vi| − 1) ≥ qt. By Lemma 2,
∑q

i=1 (|Vi| − 1) ≤ k, and so qt ≤ k, and q ≤ k
t
.
∑q

i=1 (|Vi| − 1) ≤ k =⇒
∑q

i=1 |Vi| ≤ k + q ≤ k + k
t

= t+1
t

k, and so G has at most t+1
t

k vertices. ⊓⊔

Corollary 1. If t-tec has an exact exponential time algorithm that runs in
O∗ (cf(|V |)) time on an input instance (G = (V,E) , k) for some function f (),

then the problem has an FPT algorithm that runs in O∗
(

cf( t+1

t
k)
)

time.

Fixed Parameter Tractability. We now present an exact exponential-time algo-

rithm for the problem, with running time O∗
(

2n+O(
√

n)
)

where n is the number

of vertices in the input graph. By Corollary 1, this yields an FPT algorithm for
the problem with running time O∗ (ck

)

for some fixed constant c. This is a

significant improvement over the O∗
(

(2k)
2k
)

bound obtained earlier [12].

Let (G = (V,E), k) be an input instance of t-total edge cover. First, we
enumerate all unordered partitions of n. By the Hardy-Ramanujan asymptotic

formula, n has at most 2O(
√

n) unordered partitions [17]. The partitions of n
can be generated with constant average delay [26], and so we can enumerate all

unordered partitions of n in 2O(
√

n) time.
For each partition of n as n = n1 + n2 + · · · + nq; 1 ≤ q ≤ n, we check if

there exists a partition of V into q parts V1, . . . , Vq such that (i) |Vi| = ni for
1 ≤ i ≤ q, and (ii) the partition satisfies the conditions of Lemma 2.



To do these checks, we construct the q lists

Li = {V ′ ⊆ V | |V ′| = ni and G [V ′] is connected}

for 1 ≤ i ≤ q. For 1 ≤ i ≤ q we compute the polynomial

Pi =
∑

V ′∈Li

xχ(V ′)

where x is a formal variable and χ (V ′) is the (binary number represented by the)
characteristic vector of V ′ ⊆ V . That is, let V = {v1, v2, . . . , vn}. Then χ (V ′) is
a bit vector with |V | bits where, for 1 ≤ j ≤ |V |, the jth bit of χ (V ′) is 1 if and
only if vj ∈ V ′. We treat χ (V ′) as a binary number in all computations. The lists
Li and the polynomials Pi can be computed in O∗ (2n) time, by enumerating all
subsets of V . We now compute the product Q = P1 ×P2 × · · · ×Pq in the given
order, with a small modification: given the partial product Qi of the first i terms,
we first compute Qi × Pi+1. Then we delete all those terms αxβ in Qi × Pi+1

where (the binary representation of) β does not contain exactly
∑i+1

j=1 nj 1s, and
set Qi+1 to be the resulting polynomial. This pruning operation ensures that the
partial product Qi, for 1 ≤ i ≤ q, represents exactly those sets of size

∑i

j=1 nj

that can be obtained by taking the union of one set each from L1, L2, . . . , Li. It
is easy to see that the product Qq = Q is non-zero if and only if there exists a
partition of V into q parts satisfying the required conditions.

The degree of each polynomial involved in the multiplications is at most
2|V |−1 = 2n −1, and so, using the Fast Fourier Transform, we can multiply two
of these polynomials in O (2n log 2n) = O (n2n) time [9, Chapter 30]. We have
to perform at most q ≤ n such multiplications to compute Q, and so given the
Pis we can compute Q in O

(

n22n
)

= O∗ (2n) time. The running time of this

algorithm is thus 2O(
√

n) × (O∗ (2n) + O∗ (2n)) = O∗
(

2n+O(
√

n)
)

, and so we

have:

Theorem 4. t-total edge cover can be solved in O∗
(

2n+O(
√

n)
)

time,

where n is the number of vertices in the input graph.

From this theorem and Corollary 1 we get:

Theorem 5. t-tec can be solved in O∗(2
t+1

t
k+O(

√
k)) time.

The above algorithm uses exponential space (e.g., for constructing the lists Li).
An approach similar to the one used in Section 2 results in an FPT algorithm
that runs in polynomial space:

Theorem 6. [⋆] t-tec can be solved in time O∗ (2O(k)
)

time in polynomial
space.

4 Conclusion

We investigated the parameterized complexity of two problems, namely t-total
vertex cover and t-total edge cover, obtained by imposing certain con-
nectivity constraints on two classical problems, namely k-Vertex Cover and



k-Edge Cover, respectively. We showed that for any t ≥ 2 the t-total ver-
tex cover problem has no polynomial-size kernel unless PH collapses. We also
showed that both these problems have FPT algorithms that run in time O∗ (ck

)

for different constants c.

One direction of future research would be to examine the effect of such con-
nectivity constraints on other parameterized graph problems. Another would
be to try to improve the base c of the exponent of the running times that we
obtained for t-total vertex cover and t-total edge cover.
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