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Abstract - -  Zusammenfassung 

Monotone Switching Circuits and Boolean Matrix Product. We explore the concept of local trans- 
formations of monotone switching circuits, i.e. what kind of local changes in a network leave the 
input/output behavior invariant. We obtain several general theorems in this direction. We apply 
these results to boolean matrix product and prove that the school-method for matrix multiplica- 
tion yields the unique monotone circuit**. 

Monotone Sehaltkreise und Multiplikation Booleseher Matrizen. Wir untersuchen den Effekt lokaler 
Anderungen auf das Eingabe/Ausgabe-Verhalten monotoner Netzwerke. Wir wenden die Ergeb- 
nisse auf die Multiplikation Boolescher Matrizen an und zeigen, dab die Schulmethode fiir die 
Matrizenmultiplikation den alleinigen optimalen Schaltkreis liefert. 

I. Introduction 

The complexity of monotone switching networks, i.e. circuits consisting of 
and- and or-gates only, received considerable attention recently (Lamagna and 
Savage, Mehlhorn, Paterson, Pratt, Schnorr). The concept of local transformations 
is basic to all of these papers, i.e all of these papers use the fact that certain 
local changes in a monotone network leave the input/output of the circuit 
invariant. In section III we prove several general theorems in this direction. 
All transformations used in the papers mentioned above are special cases of these 
theorems. 

In sections IV, V and VI we combine our results on local transformations 
with the concepts of stepwise simplification and necessary gates and obtain: 

Theorem: 
a) Every monotone circuit for  boolean matrix product o f  n x n matrices uses at 

least n 3 and-gates and n 3 -  n z or-gates. 

b) Only the "simple-minded" circuit yielded by the school method for  matrix 
multiplication - compute the n 3 products aikbkj and sum them up - actually 
achieves these lower bounds. 

* The second author was partially supported by ONR Grant N00014-67-A-0077-0021. 
** Related results were obtained independently by Mike Paterson. 
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II. Notation 

A (monotone) boolean circuit is a finite directed acyclic graph with the 
following properties: 

(1) The in-degree of every node is either 0 or 2, 

(2) the source nodes (nodes with in-degree 0) are labelled by some set V of 
variables, 

(3) the nodes of in-degree 2 are labelled by elements of the set {and, or}. 

Every circuit 8 associates boolean functions with its edges (wires) in an 
obvious way. We denote the function associated with wire v in circuit 8 by 
resa,,. A circuit 8 realizes the set F of boolean functions if for every f e F  
there is some wire v with f =  resp, ~. 

K = { 0 ,  1} is the set of truth values. We order K by 0_< 1, K n is ordered 
componentwise. A function f :  K" ~ K is monotone if it preserves this ordering. 
Monotone circuits realize monotone functions and vice versa. 

A monome is a product of variables (no negations). The prime implicants of 
monotone functions are monomes; we denote the set of prime implicants 
of a function f by prime (f). If tl and tz are monomes then tl c~ t2 denotes 
the monome consisting of the variables common to tl and t2. e denotes the 
empty monome, i.e. the monome consisting of no variables, t 1 _c t 2 if t~ = t 1 n tz. 

Let t be any monome. ~0 (t) is the function which is equal to 1 only if all variables 
in t are equal to 1. O (tl . . . .  , t,) is equal to O (h) v ... v O (t,). 

Let F be a set of boolean functions. Then CAND (F)(CoR (F)) is the minimal 
number of and-gates (or-gates). in any monotone circuit realizing F. 

HI. Local Transformations of Monotone Networks 

In this section we investigate the effect of local changes in a monotone 
network on the input/output behavior of the network. The theorems below 
formalize the idea that merging of information is an irreversible process in 
monotone computations. 

Theorem h Let 8 be any monotone circuit, let v be any wire in 8, and let 
prime (res~.~)= {to, t 1 . . . .  , tk}. I f  there is no monomet with t .  t o ~ prime ( f )  for 
some output f of 8 then the following circuit 8' is equivalent to 8. 8' is obtained 
from 8 by connecting v to a circuit realizing ~ (tl, ..., tk). 

Proof'. Assume otherwise. Then there is some choice of inputs such that f~ = 1 
but f ~ ' = 0  for some output f (by monotonicity). Moreover 0 (tl, ..., tk)=0, 
but O (to) = 1. Hence turning off any variable in t o will send the output f from 
1 to 0. Thus t .  t o E prime ( f )  for some monome t. �9 

Suppose that the following circuit is part of a monotone network for boolean 
matrix product. 
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a~l bat b12 azl 

\, 2 
V a2~ 

~aatx b~ v a~ b~2 v a~ a21 

a l l a z l  is prime implicant of the output wire of the and-gate, alla2a is not 

part of any prime implicant a~k bki of any of the functions f~ = ~ a~k bkj. 
k = l  

Therefore we may replace the subcircuit shown above by the following circuit. 

all bll b12 

\ /  

~ a ~  b~ v a~ b~2 

b12 a21 \\// 
12 V a21 

Theorem 1I: Let  v be any wire in a monotone circuit fl and let t . t  1 and 
t . t 2 ~ prime (rest, v), I f  for all outputs f of  fl and monomes s, s . t is an implicant 
o f f  whenever s .  t .  t 1 and s .  t .  t 2 are implicants o f f  then the following circuit fl' 
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is equivalent to ft. fl' is obtained from fi by connecting v to a circuit realizing 
res~,~ v 0 (t). 

Proof: Assume otherwise. Then there is some choice of inputs such that 
f~  =0 ,  but f ~ ' =  1 for some output f (by monotonicity). Moreover  0 ( t )= 1, 
yet 0 (t- tl) = 0 and ~ (t.  t2) = 0. Since turning off any variable in t will send f~ '  
to 0 there is a prime implicant s .  t of H ' .  We infer from the structure of the 
network that s .  t .  tt as well as s .  t .  t 2 are implicants of f. Hence s .  t is an 
implicant of f~  and therefore f~  = 1. This contradicts f ~ =  0. �9 

Corollary I I I :  Let  fi be any monotone circuit, let v be any wire in fl, and let 
t .  t~, t .  t 2 ~ prime (rest, v). I f  there is no output f of fi such that there are prime 
implicants el, e 2 ~ prime ( f )  with e 1 c~ t 1 #: 5 and e 2 c~ t 2 ~= 5 then the following 
circuit fl' is equivalent to ft. fl' is obtained from fi by connecting v to a circuit 
realizing the function rest, ~ v ~ (t). 

Proof: Let s be any monome such that s .  t .  t I and s .  t .  t 2 are implicants of 
some output f o r  ft. Then there are prime implicants e~, e2 o f f  such that el _c s.  t .  tl 
and e 2 _ s.  t .  t 2. By assumption either e~ c~ t~ =5  or e2 c~ t 2 = 5. Thus either 
el - s. t or e 2 _ s.  t. Therefore s. t is implicant of f Apply theorem II. �9 

We apply corollary I I I  ( t = a ~ , t l = b l l ,  t2=bx2 ) to the output wire of the 
and-gate. It allows us to add aal as prime implicant of the output wire, ie. 
we may replace the output wire by the input aa 1 and eliminate the and-gate. 
We apply theorem II  to the output wire of the right or-gate (t = 5, tl = a2t, t 2 = b12 ). 
It allows to set the output wire to the constant 1. So we end up with the following 
circuit. 

all 

Our theorems on local transformations include as special cases all transforma- 
tions used in the papers by Lagmagna and Savage, Paterson, and Pratt. 

IV. The Number of And-Gates ht Monotone Realizations of Matrix Multiplication 

In this section we show that n 3 and-gates are used in every monotone 
realization of matrix multiplication. The "simple-minded" approach to matrix 
multiplication - compute the n 3 products aik bkj and sum them up - uses 
exactly this number  of and-gates. Thus it optimizes the number  of and-gates 
in monotone computations. 

Boolean matrix multiplication corresponds to computing the following system 
F of n 2 functions f~j, 1 < i ,j  <_ n, in the 2n 2 variables aij, bij, 1 < i,j < n: 

fij = ~ alk bkj. 
k = l  



Monotone Switching Circuits and Boolean Matrix Product 103 

We will also consider systems F s for J _~ {1, ..., n} 2 (this idea is due to Schnorr). 
The function f~ is obtained from f~j by setting aik = 1 for (i, k)e J, i.e. 

fiJ = ~, ~likbkj 
k = l  

where ghk = 1 for (i, k)e J and ~lik = aik otherwise. The system F s is the simpler 
the larger the set J is. F J is equal to F for J = 0, FS is trivial for J = {1 . . . .  , n} 2. 

Lemma 1: Let  J =  {1, ..., n} 2. Then CAND(FJ)=o. 

Proof: Let J = { 1  . . . . .  n) 2. Then f J  = ~ bkj and hence CAND(FJ)=o. �9 
k = l  

Consider now any sequence 

0 = J o  c J1 c ... c J ,2- i  c J ,2={1 . . . . .  n} z 

with [Jk+l- -Jk[  = 1 for k = 0 ,  1 . . . .  ,n 2 - 1 .  By lemma 1 

CANO (F) = CaNo (F s~ - CAND (F s"2) 
n 2 - 1  

= Z [Car -  ( r J * ) -  Card (vak+ 1)]. 
k = 0  

Lemma 2: Let  J ~_ {1, ..., n} 2 and (i, k) ~ J. Then 

CArD (F J) _ CAND (FJ~ ~(i,k)~) >_ n 

Suppose we proved lemma 2. Then CANo (F Jk) _ CArD (F sk + x) >_ n for k = 0,. . . ,  n 2 - 1 
and hence Car D (F) > n . n 2 = n 3. 

Proofof lemma 2: Let J c {1 . . . . .  n} 2 and (i, k) r J. The n products aik bkj, 1 <j<_ n, 
are prime implicants of the functions f J ,  but they are not prime implicants 
of the corresponding functions f j ,~(i ,k))  Remember, we set a~k=l. We will 
show that every monotone circuit fl for F s uses n and-gates to compute 
these products and that we can obtain a circuit for F s'~i 'k))  by eliminating 
these n and-gates. 

Let fl be a monotone circuit for F a such that: 

(1) the number of and-gates in fl is equal to CAr o (FJ), 

(2) among the circuits with property (1), fl also uses a minimal number of or- 
gates. 

We consider the computation of the products aik bkj in fl (this idea is due to 
Pratt). 

Lemma 3: For every j, 1 <_j <_ n, there exists an and-gate Gj in fl such that 

(1) a,:kbgj is a prime implicant of  (the function associated with) the output wire 
of Gi, 

(2) aik is prime implicant of some input wire of Gj and every other prime implicant 
of  this wire contains bljfor some l, 1 <_ 1 <_ n. 
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Proof: Assume otherwise, say gate G~ does not exist. We show: If aikbkj 
is prime implicant of resp,, for wire v then resp, v also has a prime implicant 
containing neither % nor any blj with I 5u k. Call this property (A). (A) con- 
tradicts the definition of f~. 

fl is a directed graph. We can order the wires of fl in the obvious way, the 
input wires being the minimal elements. We prove (A) by induction on this order- 
ing of the wires in ft. 

Let v be an input wire of fl starting at node v, say. Then v is the only prime 
implicant of resa,, and hence (A) holds for all input wires. 

Consider now output wires of or-gates. If a~k bkj is prime implicant of such a 
wire then it is also prime implicant of one of the input wires. (A) holds for 
this input wire and hence it also holds for the output wire. 

It remains to consider the output wires of and-gates. If a~k bkj is prime im- 
plicant of the output wire then either 

(1) % is prime implicant of the "left" input wire and bkj is prime implicant 
of the "right" input wire or 

(2) a~k is prime implicant of the left input wire and aik bkj is prime implicant 
of the right input wire or 

(3) bkj is prime implicant of the left input wire and a~k bkj is prime implicant 
of the right input wire or 

(4) aik bkj is prime implicant of both input wires. 

We discuss only the cases (2) and (3), the others being similar. 

Case 2: Since aik is prime implicant of the left input wire there is a prime 
implicant t 1 of this wire containing neither a~k nor any bzj with 1 < l <  n. 
Since % bk~ is prime implicant of the right input wire and (A) holds for 
this wire there is a prime implicant t2 of this wire containing neither % 
nor any b,j with l ~ k. t 1 �9 t2 is implicant of the output wire and contains neither 
a~k nor any b,j with l~k .  A monome t c t l .  t 2 is prime implicant of the 
output wire. Hence (A) holds for the output wire of the and-gate under 
consideration. 

Case 3: Since aik bk~ is the prime implicant of the right input wire and (A) 
holds for this wire, there is a prime implicant tl of this wire which does not 
contain either a~k or bij with l+  k. A t c__ bkj. t 1 is prime implicant of the 
output wire. Hence (A) holds for the output wire. �9 

For every j, 1 <<_j <_ n, let Gj be the and-gate whose existence is ensured by 
lemma 3. 

Lemma 4: The gates Gi, 1 <_j <_ n, are pairwise distinct. 

Proof: Assume otherwise, say G= G j l= Gj2 for Jl ~eJ2. The products aikbkj , 
and alk bkj~ are prime implicants of the output wire og G, hence a~k is prime 
implicant of just one input wire. Say, aik is prime implicant of the right input 
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wire. Let t be any other prime implicant of the right input wire of G. By 
property (2) of the gates Gjl and Gj2 t contains b~jl as well as bt2j2 for some 
11, 12. Theorem I implies that we can obtain a circuit fl' which is equivalent 
to /3 if we simply feed % into the right input wire of G. This transformation 
does not increase the number of either type of gate. Therefore we may assume 
w.l.o.g, that aik is the sole prime implicant of the right input wire. We apply now 
theorem II to the output wire of G. Let t-=aik , t 1 =bk j l ,  and t 2 = b k j  2. No 
output f J  of fi depends on bkh as well as bkh. Hence we may add % as 
prime implicant of the output wire of G. Since a~k is the sole prime implicant 
of the right input wire of G, a~k is contained in every prime implicant of the 
output wire of G. Thus the following circuit fl' is equivalent to ft. Simply feed 
a~k into the output wire of G and drop G. This contradicts the optimality of 
ft. Thus we derived a contradiction to G h = Gj~ for j l  ~=J2" �9 

If we set aik = 1 the right input wire of the and-gates Gj, 1 _<jN n, becomes 
constant. We can eliminate these and-gates by directly connecting their left 
input wire with their output wire. This transformation produces a circuit for 
F J~{(i'k)} which has n and-gates less than ft. Thus 

CaND (F s ~ {(i,k)}) ~ (number of and-gates in fl) - n = CAN D (F s) -- n. 

This ends the proof of lemma 2 and theorem II. �9 �9 

Theorem IV: Every monotone circuit for  matrix multiplication contains at least 
n 3 and-gates. 

Corollary V : n  3 and-gates are necessary and sufficient to realize matrix mul- 
tiplication using only and- and or-gates. 

V. The Number of Or-Gates in Monotone Realizations of Matrix Multiplication 

In this section we determine the number of or-gates used in monotone 
realizations of matrix multiplication: n 3 - n  2 or-gates are necessary and 
sufficient. Combined with the result of the preceding section this shows the 
optimality of the "simple=minded" approach to matrix multiplication. 

Again we consider systems F s l .  The Function f J  is obtained from f~j by 
setting aik = 0 for (i, k) ~ J, i.e. 

j__ ~ A 
fij - alk bkj, 

k=l 

where gtik----0 for (i, k)~ J and fiik = aik otherwise. 

We prove a lemma similar to lemma 2. 

Lemma 5: Let  J c {1 . . . . .  n} 2, (i, k) ~ J and (i, k') d~ J. Then 

Co R (F J) _ Co R ( f J ~  {(i,k)}) ~ n. 

1 F s and Gj below are not those of Section IV, but they have the same role. 
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Suppose we proved lemma 5. Let 

0 = J o  c J1 ~ .-- c J ,2={1 . . . .  ,n} 2 

be a sequence with [ J k + l - - J k [ = l  for k = 0 ,1 , . . . , n 2 - - 1 .  By lemma 5 

Cog (F Jr) _ Co R (FJk+ 1) ;> n for n 2 - -  n k's with 0 < k _< n 2 - 1. Hence 
Cog (F) >_ n (n e - n) = n 3 - n 2. 

Proof of  lemma 5: Let J c {1 . . . .  , n} 2, (i, k)~ J and (i, k')~ J with k • k'. There- 
fore f J  has at least two prime implicants, namely a~k bkj and a~k, bk, j. We will 
exhibit an or-gate which computes their disjunction. 

Let fl be a monotone circuit for F s such that: 

(1) the number of or-gates in fl is equal to COR (FJ), 

(2) among the circuits with property (1), fl also uses a minimal number of 
and-gates. 

Lemma 6: For every j, l <j<_n, there exists an or-gate Gj such that 

either 

(1) aik is sole prime implicant of one input wire, 

(2) every prime implicant of the other input wire contains either a~k or some btj 
with l ~- k, 

(3) there is a prime implicant of the other input wire which does not contain aik , 

or 

(1') aik bki is sole prime implicant of  one input wire, 

(2') every prime implicant of the other input wire contains either aik bkj or aik aop 
with (o, p) ~ (i, k) or some btj with 1 :~ k, 

(3') there is some prime implicant of  the other input wire which does not contain 

aik bkj. 

Proof'. Assume otherwise. Say, Gj does not exist. We show: If alk or aik bkj 
is prime implicant of rest, ~ for some wire v and it is not sole prime implicant 
of that wire then res~,~ also has a prime implicant containing neither aik nor 
any b~j with l +  k. Call this property (A). (A) contradicts the definition of f~s. 

We prove (A) by induction on the ordering of the wires which was defined in 
the proof of lemma 3. Let v be any wire of ft. If v is an input wire then (A) holds 
trivially. 

Assume now that v is the output wire of an or-gate, that alk or ask bkj is prime 
implicant of this wire and that v has other prime implicants, aik (aik bkj) is 
prime implicant of at least one of the input wires. 

Suppose it is sole prime implicant. Since there does not exist an or-gate Gj 
(by assumption) either (2) [(2')] or (3) [(3')] is not satisfied. If (3) [-(3')] is 
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not fulfilled then aik (aikbkj) is subterm of every prime implicant of the other 
input wire and hence % (aik bk~) is sole prime implicant of the output wire. 
Thus we can eliminate this or-gate. This contradicts the minimality of ft. 
Assume now that (3) [(3')] is satisfied, but (2) [(2')] is not. 
Case 1: aik is sole prime implicant of the left input wire. Since (2) is not 
satisfied there is a prime implicant t of the right input wire containing neither 
aik nor any btj with l + k. t is prime implicant of the output wire. 

Case 2: a~k bkj is sole prime implicant of the left input wire and there is 
some prime implicant t of the right input wire containing neither a~k bkj nor 
any a~k aov with (i, k)~= (o, p) mor any b~j with l+  k. t is also prime implicant 
of the output wire. If (A) does not hold for the output wire then t contains 
either alk or some b~j with l@ k. Thus either t =  aik or t=aikbolpl ... bomp," with 
Pl+-J, ...,Pm~=J . In either case we obtain a simpler yet equivalent (by 
theorem II) circuit if we simply feed aik into the left input wire of the orgate 
under consideration. 

It remains to consider the case that aik (aik bkj ) is not sole prime implicant 
of either input wire. The reader can verify that in this case the claim is an 
immediate consequence of the induction hypothesis. 

Finally assume that v is the output wire of an and-gate, that aik or aik bkj is 
prime implicant of that wire and that v has other prime implicants. If aik 
is prime implicant of the output wire then alk is prime implicant of both 
input wires. Moreover, it is not sole prime implicant of either input wire 
(otherwise aik would be sole prime implicant of the output wire). Since (A) 
holds for both input wires there are prime implicants t x and t 2 of the left 
and right input wire respectively which do not contain either aik or some bzj 
with l + k. A subterm of t~ t 2 is prime implicant of the output wire. 

If aik bkj is prime implicant of the output wire then we have to consider four 
cases (see proof of lemma 3). 

Case 1: aik is prime implicant of the left input wire, bkj is prime implicant 
of the right input wire. If a~k is not sole prime implicant of the left input 
wire then the left input wire has a prime implicant t containing neither alk 
nor any btj with l~= k. A subterm of bkj t is prime implicant of the output 
wire. On the other hand, suppose that aik is sole prime implicant of the left 
input wire. Then the right input wire has prime implicants t~ .. . . .  t~ different 
from bkj (otherwise a~k bkj would be sole prime implicant of the output wire). 
There is some t~ such that a~k tl is subterm of some prime implicant of some 
output function f~pJ of ft. Otherwise we could obtain a simpler, yet equivalent 
(by theorem I) circuit by simply feeding bkj into the right input wire. Hence 
ta=alkbkp or t l=bkv  with p~=j. Note that t 1 and bkj are distinct prime 
implicants of the right input wire. Theorem II allows us to add aik as prime 
implicant of the output wire. Therefore we can delete the and-gate. Contra- 
diction ! 

Case 2: a~k is prime implicant of the left input wire and aik bkj is prime implicant 
of the right input wire. 
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If aikbkj is sole prime implicant of the right input wire then aik bkj is sole 
prime implicant of the output wire and we have nothing to show. Otherwise there 
is a prime implicant t 2 of the right input wire containing neither a~k nor any 
b~i with 1 + k. 

If a~k is not sole prime implicant of the left input wire then there is a prime 
implicant t 1 of the left input wire containing neither aik nor any b~j with 
l:~ k. A subterm of tl t2 is prime implicant of the output wire. 

Suppose now that aik is sole prime implicant of the left input wire. Let 
% bk~, t2 . . . . .  tm be the prime implicants of the right input wire (pairwise distinct). 
If directly feeding bkj into the right input wire of the and-gate under consideration 
does not result in an equivalent circuit then (by theorem I) there has to be 
some t, (2 _< r _< m) such that aik t r is subterm of a prime implicant of some fip s. 
Hence tr = aik or t~ = bkv or t~ = aikbkp. If t~ = aik or t~ = bkp or tr = aik bkp and 
p = j  then either % b~j is not prime implicant of the right input wire or 
a~k bkj, t2 . . . . .  tm are not pairwise distinct. In either case we derived a contra- 
diction. Hence p ~j .  Then theorem II allows us to add a~k as prime implicant 
of the output wire and thus to eliminate the and-gate under consideration. 
This contradicts the minimality of fi. 

Case 3: bkj is prime implicant of the left input wire and ark bkj is prime im- 
plicant of the right input wire. If a~k bkj is sole prime implicant of the right 
input wire then aik bkj is sole prime implicant of the output wire and we have 
nothing to show. Otherwise there is a prime implicant t 2 of the right input 
wire containing neither % nor any b~ with l :~ k. A subterm of bkj t2 is prime 
implicant of the output wire. 

Case 4: aik bkj is prime implicant of both input wires. Argue as in case 3. 

This ends the proof of lemma 6. �9 

For every j, 1 <j<__ n, let Gj be the or-gate whose existence is guaranteed by 
lemma 6. 

Lemma 7: The gates Gj are pairwise distinct. 

Proof: Assume otherwise, say G = G jl = Gj~ with Jl +J2- Call Gj a type 1 or-gate 
if a~k is sole prime implicant of either input wire and call it a type 2 or-gate 
if ale bkj is sole prime implicant of either input wire. 

Case 1 : G jl and G j2 are both type 1 gates. If aik is sole prime implicant of both 
input wires then aik is sole prime implicant of the output wire and we can 
eliminate the or-gate G. Thus a~k is prime implicant of just one input wire, say 
the left one. Let t~ . . . .  ,tm be the prime implicants of the right input wire which 
do not contain a~k. By property (2) each of them contains b,lj~ as well as 
bz2j~ for some 11, 12. Theorem I allows us to drop these prime implicants 
and thus to eliminate G. This contradicts the minimality of ft. 

Case 2: Gj, is a type 1 gate and Gj~ is a type 2 gate. Property (1) implies that 
aik is sole prime implicant of the left input wire and that aik bk~ is sole prime 
implicant of the right input wire. This contradicts (3). 
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Case 3: G jl and G j2  are  both type 2 gates. Argue as in case 2. �9 

If we set aik = 0 one input wire of the n distinct or-gates Gj, 1 < j  _< n, becomes 
constant. Thus we can eliminate these gates. This shows 

Co R (F J ~ ~(i,k)}) <_ Co  R (F s) _ n. 

This ends the proof of lemma 5 and theorem. �9 �9 

Theorem VI: Every monotone realization of matrix multiplication uses at least 
n 3 - -  n 2 or-gates. 

Theorem VII: n 3 -  n 2 or-gates are necessary and sufficient to realize boolean 
matrix multiplication using only or- and and-gates. 

Theorem VIII: The "simple-minded" approach to matrix multiplication is optimal. 

VI. Uniqueness of the Optimal Circuit 

In this section we will show that the simple-minded circuit for boolean matrix 
product is the unique optimal circuit (up to associa~ivity and commutativity 
of disjunction). 

Let fl be any optimal circuit, i.e. fl consists of n 3 and-gates and n 3 - n 2 or-gates. 
Reconsider section IV. There we eliminated and-gates by successively turning on 
variables. Since the order in which the variables were selected was inessential 
we may assume w.l.o.g, that aik was chosen first, i.e. J1 = {(i, k)}, for any 
pair (i, k). Lemma 3 ensures the existence of n distinct and-gates G j, 1 _<j_< n, 
in fl such that aik is prime implicant of one of the input wires of Gj and a~k bkj 
is prime implicant of the output wire of Gj. 

Lemma 8: Gj satisfies the following conditions: 

(1) a ik  bkj is prime implicant of the output wire of Gj, 

(2) aik is prime implicant of the left input wire of G j, every other prime implicant 
of this wire contains some b~i, and if blj or ai, 1 blj, is prime implicant of that 
wire then l ~= k, 

(3) bkj is prime implicant of the right input wire of G j, every other prime 
implicant of this wire contains some aw and if ai~ or au bgj, is prime implicant 
of this wire then I:t = k. 

Proof: It is easy to see that for every triple (i, k, j) there has to be an and-gate 
that aik is prime implicant of the left input wire and bkj is prime implicant 
of the right input wire. Setting a~k to 1 eliminates all and-gates such that aik 
is prime implicant of one of the input wires. There can be no more than n 
of these, otherwise fl would contain more than n 3 and-gates by the proof 
of theorem IV. Since the n and-gates Gj, 1 _j___ n, are pairwise distinct, setting 
aik to 1 eliminates exactly the gates Gj. Thus, the gate described above has to 
be some G~,. 

Suppose j@j'. Then bky or aik bkj, and bkj are prime implicants of the right 
input wire. Theorem II (t = e, tl = bkj, or a~k bkj,, t2 = bkj) allows us to add e as 
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prime implicant of the right input wire, i.e. to eliminate the gate. This con- 
tradicts the minimality of ft. 

Assume now that (2) is violated, i.e. either bkj or a~,kbkj is prime implicant of 
the left input wire. Then theorem II ( t=  e, tl = aik, ~2 =bkj or ai'kbkj) allows 
us to add e as prime implicant of the left input wire. Hence we may eliminate 
the and-gate. 

The remaining assertions follow from the fact that matrix multiplication is 
completely symmetric in the a's and the b's. �9 

Consider now the structure of the prime implicants of the output wire of Gj. 
We infer from properties (2) and (3) of Gj that aik bkj is the only prime im- 
plicant containing either a~k or bk~ which can not be deleted by means of 
theorem I. 

Suppose now that either input wire of G i has more than one prime implicant. 
We may assume w.l.o.g, that it is the left one. Consider the "history" of the 
left input wire. At some point there has to be an or-gate such that ai, is 
sole prime implicant of one of the input wires of this or-gate and every prime 
implicant of the other input wire contains some b~j (note that there can be no 
and-gate having a,k as prime implicant of both input wires). The output 
wire of this or-gate is connected with only one and-gate, namely Gj. Assume other- 
wise, say it is also connected to Gj, with j+ j ' .  Then every prime implicant 
of the output wire of the or-gate must contain some b~ as well as some brj,. 
Theorem I allows us to replace the output wire of the or-gate by ,the input 
a~k. This contradicts the minimality of ft. Thus the or-gate is connected with 
exactly one and-gate, namely G~. We call this or-gate the left superfluous 
or-gate. 

If bkj is sole prime implicant of the right input wire of Gj then we delete 
the left superfluous or-gate and feed only a~k into the left input of Gj. 

If bkj is not sole prime implicant of the right input wire of Gj then we deter- 
mine analogously the right superfluous or-gate. We eliminate both super- 
fluous or-gates by deleting the singleton inputs a~k and bkj respectively, we add 
a new and-gate computing the product a~k bki and we or the product a~kbkj 
with the output of gate G i. This transformation reduces the number of or- 
gates by 1. 

In either case, the remark following the proof of lemma 8 shows that the 
transformed circuit is equivalent to the original one, yet is contains one less 
or-gate. This contradicts the minimality of ft. 

Thus a~k is sole prime implicant of the left input wire and bkj is sole prime 
implicant of the right input wire of gate Gj. Since (i, k) was arbitrary we 
conclude that then n a and-gates have argument pairs (aik, bkj) for 1 <_ i, k , j<  n. 

It is now easy to see that the n 3 - n  2 or-gates are used to sum up the products 

aik bkj to form ~ aik bkj for 1 < i, j _< n. 
k = l  
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Theorem IX:  The simple-minded approach to matrix multiplication yields the 
unique optimal circuit. 

VII. Conclusion 

W e  prove  the unique  op t ima l i t y  of the s imple -minded  a p p r o a c h  to boo l e a n  
ma t r i x  mul t ip l i ca t ion  in the r ea lm of  m o n o t o n e  computa t ions .  This  result  
was ob t a ined  independen t ly  by  M i k e  Pa terson .  F u r t h e r m o r e  we es tabl ish  several  
genera l  theorems  a b o u t  local  t r ans fo rma t ions  in m o n o t o n e  networks .  They  m a y  
be a first s tep t owards  a theory  of m o n o t o n e  compu ta t ions .  
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