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Abstract

We propose a new surface reconstruction algorithm based on an incrementally ex-
panding neural network known as Growing Cell Structure. The neural network
learns a probability space, which represents the surface for reconstruction, through
a competitive learning process. The topology is learned through statistics based op-
erations which create boundaries and merge them to create handles. We study the
algorithm theoretically, calculating its complexity, using probabilistic arguments to
find relationships between the parameters, and finally, running statistical experi-
ments to optimize the parameters.
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1 Introduction

The neural networks and the statistical learning methods were first introduced as the-
oretical concepts in the late 40’s. But it was the last 20 years, with the rapid increase
of computer’s speed, that we witnessed an explosion in the application side of these
powerful methods. A variety of problems, ranging from modeling gene sequences to
handwriting recognition, have been studied with statistical learning methods, some-
times with more sometimes with less success.

In a typical situation where statistical learning methods can be employed, we have
a set of observations, statistical data or results from experiments, and we want to fit
a mathematical model on them with criteria ranging from fairness to the ability to
predict some future observations. From this point of view, the problem of surface
reconstruction from a point cloud, usually obtained from a 3D scanner or a satellite, is
particularly well-suited to be studied with statistical learning methods. Nevertheless,
and despite some classic papers like [21] which has shown the potential of a signal-
theoretic approach, the majority of the proposed methods is still geometry oriented.
That means that the data are not interpreted as a set of signals from the surface to be
reconstructed, but rather as a part of the surface which has to be processed to give the
model describing the surface.

In this paper we propose a statistical learning algorithm for generating a triangle
mesh from a point set, which can either be a point cloud, or a surface described im-
plicitly or even another polygonal mesh. Instead of processing directly this point set
we start with an initial mesh, usually a tetrahedron, thought here as an initial guess for
the surface, and we process it according to signals obtained by randomly sampling our
point set. We call the triangle meshes we construct with this methodNeural Meshes,
although at first glance they only have a remote resemblance with the most well-known
types of neural networks. The reason is that our algorithm is inspired, and heavily in-
fluenced, from Fritzke’sGrowing Cell Structures[7] which are considered as a special
type ofNeural Networks.

In a typical response to a signal, the algorithm processes the neural mesh by find-
ing the vertex nearest to the signal and moving it towards the signal. Then it smoothes
the neighborhood of this best matching vertex. The fact that only the vertex nearest to
the signal moves towards it, traditionally, is interpreted as a kind of competition be-
tween the vertices of the neural mesh to adapt to the signal, and such a process is called
competitive learning. Except of this basic learning step, other operations like vertex
split, half edge collapse, triangle removal and boundary merging, based on the combi-
nation of an evaluation of the recent activity of each vertex and a statistical analysis of
the mesh, ensure that the mesh grows and adapts to the geometry and topology of the
target space.

1.1 Related Work

The Growing Cell Structures [7], are neural networks trained in a competitive learning
process to model an unknown probability spaceP. We start with an initial simplicial
complex with the vertices, thought as the nodes of the networkN , carrying geometric
information. Unlike some other types of neural networks, there are no weights attached
to the edges which carry connectivity information only. The training is competitive and
N grows incrementally by splits of the most active vertices. The activity of a vertex
is a measure reflecting how many times a particular vertex has been the one nearest to
the sample, with the most recent activity counting more.
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The main difference between the Growing Cell Structures and the previously pro-
posed and more popular Self-Organizing Maps (SOM’s) [17] is that they grow incre-
mentally, inserting one new vertex after the other. In many applications this is a cru-
cial difference [9], while in surface reconstruction in particular it offers the necessary
flexibility we need to learn concavities and other surface features. A more detailed
introduction to Growing Cell Structures can be found in [5], a classic introduction to
neural networks can be found in [4], while a comprehensive introduction in the more
general framework of statistical learning can be found in [12].

Earlier work with some similar techniques employed in Geometric Modeling and
Visualization related problems, include [11] where SOM’s are used for the visualiza-
tion of multi-dimensional data, [13] where SOM’s are used for Free-form surface re-
construction, [25] where Growing Cell Structures are used for the same purpose, [26]
where SOM’s are used in mesh generation, [3] where SOM’s are used for grid fitting,
and [15] where a technique similar to the one proposed here is used for the reconstruc-
tion of a closed surface of genus 0.

The physical models is another example of techniques similar to ours. Like many
other Neural Networks applications which are also inspired from Physics based meth-
ods, the Neural Meshes are conceptually similar to the snakes and the active surfaces
[23], [24], [20]. Indeed, in the Basic Step of the algorithm the processes of geometry
learning and smoothing can be thought as an external and an internal force, respec-
tively, applied to the Neural Mesh.

On the other side, there are many, well-established, geometry oriented techniques,
proposing innovative solutions to the surface reconstruction problem. Mentioning only
papers nearest to a Computer Graphics approach: [14] calculates approximating tan-
gent planes and uses volumetric methods to construct a triangle mesh, [2] uses volu-
metric techniques onα-shapes to produce a piecewise polynomial surface, [18] fits a
B-Spline surface to the data and then calculates detail vector displacements, [1] uses 3D
Voronoi diagrams, [22] uses density scaledα-shapes, [16] simulates the wrapping of a
plastic membrane around the object, [6] interpolates points with normals with polyhar-
monic RBF’s, [10] solves a dynamical system over a distance function obtained from
the sample.

Compared to these methods Neural Meshes have a different philosophy, probably
better suited to a machine, as they are based on the repetition of a very simple pro-
cedure. At a more practical level, the main advantages of our algorithm is that it only
samples the data set and does not process it, and thus, its performance is independent of
the size of the data set, and secondly, that it reconstructs the surface Down to Top and a
coarse approximation of any data set can be obtained immediately. Another attractive
feature of the algorithm is the absence of topological noise, that is, tiny boundaries or
handles caused for example by misaligned range images. Notice the reconstruction of
the David model at the end of the paper which started from topologically noisy data.

1.2 Overview

The algorithm starts with a probability spaceP which is repeatedly sampled, and an
initial neural meshM which is processed according to the samples. For a sample
s from P we find the vertexvw of M which is nearest tos, traditionally called the
winner, and move it towardss. Then the 1-ring neighborhood ofvw is smoothed by
applying a Laplacian smoothing operator acting on the tangential direction. Similarly
to [7], the activity of each vertex is measured with a signal counter attached to it, and
the most active vertices are duplicated with a vertex split, while the least active vertices
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are removed with a half edge collapse. The idea behind it is that the activity of a vertex
is a measure of how important role it plays in the representation ofP by M and thus,
we duplicate the most important vertices while we remove the least important.

Then, we have two topology changing operations. The first is triangle removal,
where triangles with area larger than a threshold are removed creating a boundary. The
threshold is calculated using the mean average of the areas of the triangles ofM . The
justification of this step, as we will see later, is that the area of a triangle is inversely
analogous to the density ofP near this triangle, and therefore the very large triangles
represent parts ofP which should not be represented at all. The second topology
changing operation merges two boundaries with Hausdorff distance below a threshold
creating a handle.

The rest of the paper is organized as following: after a brief discussion of the differ-
ences between the present paper and [7] and [15], in Section 2 we present the algorithm
in more detail. In Section 3 we analyze the algorithm, explaining heuristically why it
works, and using probabilistic arguments and statistical experiments to find an opti-
mal set of parameters. In Section 4 we present some results and discuss some special
applications, and we conclude with a brief discussion of our future work.

1.3 Our Contribution

The original Growing Cell Structures were not designed for triangle meshes specif-
ically but for n-dimensional simplicial complices. Having some obvious advantages
this generality also imposes several restrictions. For example the networks grow with
edge splits, an operation which can easily be generalized to arbitrary dimension, while
the most inactive vertices are simply removed, changing sometimes topology. Here, as
we deal with triangle meshes only, we use vertex splits and half edge collapses respec-
tively, see [14], which, we have found, give better connectivities. Also, as there are
simple criteria checking if a half edge collapse changes the mesh topology we can use
such an operation more frequently, improving further the quality of the final mesh.

The other main difference with [7] is in the way the neighbors of the winner adapt
to the signal. The Growing Cell Structures and many other competitive learning meth-
ods follow the general idea that not only the winner should respond to a signal, but,
for stability reasons and faster convergence of the network, the neighbors of the winner
should also learn from the signal although at a smaller rate. Here, as we have a 2D
structure embedded in the 3D space, we can use instead smoothing operators in the
tangential direction which do not interfere with the learning process. That is, the gen-
eral philosophy of the learning step of our algorithm can be described as: The winner
learns from the signal and then its neighborhood is smoothed.

Going to the main differences with [15], the first is that now the neural network
learns the topology. That learning involves procedures to remove triangles and create
boundaries, merge boundaries and create handles, as well as the handling of boundary
vertices as special cases in the vertex split and half edge collapse operations. The main
difference from other topology learning algorithms, as for example [19], [8], is that
now the main primitives of the process are the boundaries rather than the vertices and
the edges. In practice this reduces the topological noise considerably.

The second main difference is in the analysis of the algorithm which now is more
mathematical. The description of the algorithm involves many parameters and their
evaluation in [15] was empirical. That is, we were experimenting with different values
and then we visually inspected the resulting model to check for convergence, conver-
gence to local minima, or fold-overs. Here we quantify the mesh quality, using the
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simplest possible criterion, that is, the ratio of the valence 6 vertices in the mesh, and
then we run statistical experiments to optimize the parameters. Notice that this is an
intrinsic metric of the mesh quality. It measures the Neural Mesh itself without compar-
ing it against any target space. Using instead an external geometric measure it would
be out of the spirit of the paper as the target is considered unknown.

2 Neural Meshes

The basic input of the algorithm is a probability spaceP which is sampled, return-
ing one point at the time, and an initial meshM which at each step is processed by
the algorithm according to the sample. The probability spaceP is thought here as
representing the surface we want to reconstruct.

The algorithm can be described in the following steps:

1. Basic Step

• Sample the target spaceP and return one points.

• Find the vertexvw of M which is nearest tos.

• Update the position ofvw by

v′w = (1−αw)vw + αws (1)

whereαw is a constant.

• Apply CL iterations of Laplacian smoothing, in the tangential direction,
on the 1-ring neighborhood ofvw, with parameterαL, whereCL,αL are
constants.

2. Vertex Split: After a constant numberCvs of iterations of the Basic Step, cal-
culate the signal counter of each vertex, and split the vertex with the highest
signal counter. The signal counter is a real number measuring the activity of
each vertex.

3. Half Edge Collapse: After a number of iterations of the Basic Step, find the
least active vertices from the history list of recent activity and remove them with
a half edge collapse.

4. Triangle Removal: After a number of iterations of the Basic Step remove the
triangles with area larger than

αrE(Area) (2)

where E(Area) is the mean area of the triangles ofM , andαr is a constant.

5. Boundary Merging: After a number of iterations of the Basic Step merge the
boundaries with Hausdorff distance less than

αm

√
E(Area) (3)

whereαm is a constant.

6. The algorithm terminates when some criteria are satisfied, e.g. a certain number
of vertices has been reached.

Next, we discuss each step of the algorithm in more detail.
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2.1 Basic Step: Geometry Learning

With the Basic Step of the algorithm the vertices of the Neural Mesh converge towards
P. It consists of four simpler steps. First, the target spaceP is sampled and a single
point signals is returned. The underlying setΩ of P is usually a point cloud and the
probability distribution is usually the discrete uniform. Nevertheless, we also deal with
non-uniform distributions, while in some examples the underlying setΩ is a surface
described implicitly. Notice that this is the only step in the whole algorithm that the
target space is involved, making the speed of the algorithm practically independent
from the size of the target space.

Then the neural meshM is processed adapting to the signals. We find the vertex
vw of M which is nearest tos. The search is done using an octree updated every time
the position of a vertex changes. The vertexvw is called the winner and adapts its
position moving towardss, as shown by Eq. 1, learning this way the geometry ofP.
The fact that only the winner is learning classifies our algorithm into the category of
competitive learning algorithms.

The Basic Step continues withCL consecutive iterations of local Laplacian smooth-
ing, in the tangential direction, with parameterαL. In all our applicationsCL = 5. The
Laplacian smoothing is essential to prevent and resolve unwanted foldovers. In the
original Growing Cell Structures, this step is much simpler with the 1-ring neighbor
of vw also moving towards the sample but at a lesser rate thanvw itself. The natu-
ral interpretation is that for stability and faster convergence the neighborhood ofvw is
also learning froms. Here the philosophy is different and only the winner learns from
s, while its neighborhood is smoothed. Our experiments have shown the Laplacian
smoothing in the tangential direction to be neutral regarding the geometry learning,
and that allows us to chooseαL from a very large range of possible values. Indeed, the
αL can be even 10 times larger than theαw without affecting the rate of convergence to
the right geometry.

However, the balance betweenαw andαL is still crucial for the optimal performance
of the algorithm and will be studied more systematically in Subsection 3.4.

2.2 Connectivity Changes: Steps 2-3

The Basic Step does not change the connectivity of the neural mesh. This is done in
Steps 2 and 3.

The Step 2 is called everyCvs iterations of the Basic Step, whereCvs is an integer
constant. A typical value forCvs can range between 50 and 1000. It increments the
number of vertices of the neural mesh, by splitting the vertex with the highest activity
as it is measured by the signal counter. Following [7], in order to calculate the signal
counter we use a constantαsc, and at each iteration of the Basic Step we add 1 to the
signal counterci of the winner and then multiply the signal counter of all the vertices
with αsc. A typical value forαsc is 0.95. Notice that the recent activity of a vertex
weights more on the signal counter.

To speed up the algorithm the evaluation of the signal counter is done only when
it is needed, that is, every time the Step 2 is called. Between two calls we store the
indices of the winners and then multiply the signal counter of each vertexvi by

α
Cvs
sc (1+ α

−x1
sc + α

−x2
sc + · · ·+ α

−x j
sc ) (4)

wherexi , . . . ,x j ∈ [1...Cvs] are the iterations between two calls of Step 2 for whichvi
was the winner. Notice that at mostCvs signal counters are multiplied with a number
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Figure 1: Vertex split. Figure 2: Half edge collapse.

different thanα
Cvs
sc .

After the vertexvi with the highest signal counter is calculated we find the longest
edgee with one end atvi and traverse both directions frome equally to find two edges
e1,e2, neighboringvi , such thate1,e2 split the star ofvi approximately at half. We split
alonge1,e2 distributing this way the valences as regularly as possible. The new vertex
is placed in the middle ofe, see Fig. 1.

The signal counter of the split vertex is divided between the two new vertices in a
ratio corresponding to the area of theirrestricted Voronoi cells, that is, the intersection
of their Voronoi cells with the surface that has to be learned. The reason for this choice
will be apparent after the discussion in Subsection 3.1. In our implementation we
replace the area of the restricted Voronoi cell of a vertexv with the areaFv of a square,
given by

Fv = (lv)2 (5)

where

lv =
1

valence(v) ∑
vi∈1-ring(v)

‖vi−v‖ (6)

as in [7].
For the Step 3 we have to identify the least active vertices and remove them with a

half edge collapse. In theory we could use again the signal counter but we would soon
run into numerical instabilities. Indeed, letσ be the sum of all the signal counters.
After one iteration we have

σ
′ = αsc(σ +1) (7)

and this number tends to

1
1−αsc

(8)

Also, if cM is the largest number such that

1
1−αsc

α
cM > 0 (9)

in machine accuracy, then any vertex which has not been the winner for the lastcM
iterations has signal counter equal to 0. In particular there can be up tocM vertices
with counter greater than 0. In our systemcM ' 2000 and that means that we have to
increase the machine accuracy considerably to find the most inactive vertices of a large
neural mesh with the use of the signal counter.
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Figure 3: Left: The half edge collapse is inactivated(Cec = ∞). Middle: Cec = 50.
Right: Cec = 5.

Instead, at every call of the Step 3 we find the vertices that have not been the
winners since the last call of the same Step 3 and remove them with a half edge collapse.
This simple solution works as long as the frequency of the Step 3 takes into account
the current number of vertices of the neural mesh. Thus, we call Step 3 everyCecv
iterations of the Basic Step wherev is the number of vertices of the neural mesh at the
previous call andCec a constant.

When a vertex is selected to be removed we collapse it towards one of its neighbors
chosen in a way that minimizes the connectivity irregularity measure given by

1
3

√
(a+b−10)2 +(c−7)2 +(d−7)2 (10)

for inner vertices, and

1
2

√
(a+b−7)2 +(c−7)2 (11)

for boundary vertices, see Fig. 2. By checking the legality of every half edge collapse
before performing it, we make sure that the Neural Mesh remains a manifold through-
out the learning process. An additional requirement we impose is that we do not split a
boundary vertex with valence less or equal to 4 to avoid a proliferation of vertices with
negative irregularities on the boundary.

The Step 3 is instrumental for the quality of the neural mesh and it functions in
a many-fold way. First, it removes the misplaced vertices of the neural mesh because
such vertices will never be the winners and at some stage will be removed. In particular,
Step 3 resolves the situations where the neural mesh converges to a local minimum, a
common problem with the neural network convergence. Also, from Fig. 3 we can see
that Step 3 plays a role in the learning of the concavities ofP.

Another reason for a vertex to be inactive for long time is because it is located in a
part of the neural mesh which over-representsP or in other words, it is located in an
area where the competition for learning from a sample is very high. By removing such
vertices the representation ofP by the neural mesh becomes fairer.

2.3 Topology changes: Steps 4-5

The Steps 4,5 change the mesh topology using some simple statistical criteria which,
in principle, can be checked as often as we wish. But, as they are time consuming, it
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Figure 4: Triangle removal. Figure 5: The movement of the winner
tends to make triangles with equal proba-
bility measure.

is better to call these steps rarely and with decreasing frequency. The simplest solution
that will also simplify the algorithm is to call them successively, immediately after each
call of Step 3.

The justification of Step 4 is that, as we will see in Section 3, the triangles of a
neural mesh tend to have area inversely analogous to the density of the probability at
the part ofP they represent. As a consequence, very large triangles represent parts of
P with very low probability density. When this density is below a certain threshold
we can consider it insignificant and remove the corresponding triangles. Fig. 4 (Right)
shows the large triangles on the great disk of the hemisphere that will be removed
by Step 4, creating a boundary. It also gives a more intuitive idea on why the large
triangles can be considered as misplaced and should be removed. Similarly to the
half edge collapse of Step 3, we first check the legality of a triangle removal before
performing it, making sure that the Neural Mesh remains a manifold throughout the
learning process.

Finally the Step 5 merges two boundaries when they are relatively near to each
other, creating this way handles. In our implementation the Hausdorff distance between
the boundaries is approximated by the Hausdorff distance of the vertex sets of these
boundaries.

Since the two merging boundaries are very close to each other, we can use a simple
tiling method to merge them. We start with the two closest vertices, one from each
boundary, and traverse both boundaries in the same orientation checking all the possible
triangles we can construct with the next vertices. Among them, we choose the best
triangle and add it to the neural mesh, repeating the procedure until the boundaries are
completely connected with a set of triangles. In our implementation the criterion of
how good is a triangle depends on how close it is to be equilateral.

Notice that even though we assume that the two boundaries are close enough, still,
sometimes we might create foldovers as we connect them. Indeed, while a real bound-
ary will always slightly underestimateP, because otherwise there will be no signals
outside it and will shrink, nevertheless, two boundaries that are about to merge will
have signals from both sides and may overlap. We let these foldovers to be resolved
later in the process with the Laplacian smoothing of the Basic Step.

For some examples see the reconstruction of the Eight and the David model in the
last page.
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3 Analysis

3.1 Heuristics

The geometry ofP is learned by the neural meshM with repeated iterations of the
Basic Step. After many iterations of it, and for a large enough neural mesh we may as-
sume thatM is close enough toP and therefore, that the probability spaceP induces
an approximatingprobability measureon M . In the core of the algorithm lies the ar-
gument that the density of the vertices ofM reflects this probability measure. That is,
we have a larger concentration of vertices near the parts ofP where the distribution is
denser.

To see this we assume the neural meshM at a state of convergence. That means
that the restricted Voronoi cells corresponding to the vertices ofM tend to have equal
measures. Indeed, as the probability for a vertex to be the winner is equal to the prob-
ability measure of its restricted Voronoi cell, the vertices with restricted Voronoi cells
of large measure are more likely to split, while these with restricted Voronoi cells of
small measure are more likely to collapse. By this process the restricted Voronoi cells
tend towards equal probability measure bringingM nearer to the state of convergence.

Notice that the above is a global argument. At a local level we may assume that
the distribution ofP is uniform, which means that the probability measure is equal to
the area measure of the neural mesh. In this case we can argue that the trianglesM
tend to have equal probability measure and area. Notice that being at a local level now,
the heuristics should take into account the movement of the vertices at the Basic Step
rather than vertex splits and half edge collapses.

Indeed, the move of the winner towards the sample tends to create triangles with
equal probability measure, which locally means triangles of equal area. Indeed, let the
winner be a vertexvi of a triangleT. If the probability measure ofT is large then the
vi will be, with high probability, in the interior ofT which as a result will shrink, while
if the probability measure ofT is small thenvi will be, with high probability, outside
T which as a result will expand, see Fig. 5. Moreover, the Laplacian smoothing also
tends to create triangles of equal area and thus of equal probability measure.

The above observation has also implications on the quality of the connectivity of
M . For a given arbitrary state ofM , the vertices of high valence usually have larger
restricted Voronoi cells. That means that they are more likely to split during the pro-
cess, improving this way the connectivity. Another consequence is that, as we have
already mentioned, the triangles with very large area represent parts ofP with very
thin probability distribution, and when this density passes below a threshold it justifies
the removal of the corresponding triangles.

The above heuristics can also be verified experimentally. See for example Fig. 8
(Right) where two implicit models where sampled non-uniformly.

3.2 The expansion rate of a neural mesh

As the algorithm both inserts new vertices inM (Step 2) and removes existing ones
(Step 3), a naturally arising question is the relative ratere of vertex insertion and re-
moval. In other words, how fast does the mesh expand or shrink.

In a state of convergence the probability measures of the restricted Voronoi cells
tend to be equal. The probability of a vertex to be the winner is equal to the probability
measure of its restricted Voronoi cell, therefore also tends towards the Discrete Uniform
distribution. Hence, the probability of a vertex to be the winner exactlyk times forCecv
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iterations of the Basic Step (that is, between two calls of Step 3) follows the Poisson
distributionp(k; µ), where

P(k; µ) = e−µ
µ

k

k!
with µ =

vCec

v
= Cec (12)

The probability that a vertex was never the winner and has to be removed is

p(0;Cec) = e−Cec. (13)

Therefore, because of the linearity of the Expected Values Functions we expect

ve−Cec (14)

vertices to be removed, while at the same timevCec/Cvs new vertices are introduced
with vertex splits. The expansion ratio of the neural mesh is given by

re =
vCec/Cvs

ve−Cec
=

Cec

Cvse−Cec
(15)

and a necessary condition for the neural mesh to expand rather than shrink is thatre> 1,
giving

Cec> e−CecCvs (16)

Eq. 16 gives a lower bound necessary for the expansion of the neural mesh but does
not guarantee expansion because it assumes the neural mesh at a stage of convergence.
However, in practice we have found that a value ofCec greater than the bound of Eq. 16
by 1 or 2 will give an expanding neural mesh. Also, notice that the above problem,
essentially, is a reformulation of the classic ”Bins and Balls” problem in stochastic
analysis, wheren balls are randomly distributed intok bins.

3.3 Theoretical Complexity and time Performance

Here we calculate the theoretical complexity of each part of the algorithm under some
reasonable assumptions. We will only outline the arguments because in practice, for
meshes up to few tens of thousands triangles, the performance of the algorithm is still
dominated by some constant multiplicative factors.

The Basic Step is repeatedO(v) times, the search in the octree for the winner and
the updating of the octree areO(logv) while the Laplacian smoothing is constant in
time. Therefore the total complexity of the Basic Step isO(vlogv).

The Step 2 is repeatedO(v) times and while the vertex split is constant in time,
the calculation of the signal counter isO(v) making the total complexity of Step 2
quadratic. The Steps 3,4,5 are repeatedO(logv) times. By Eq. 14 Step 3 isO(v),
while Step 4, involving the calculation of the mean area of the mesh triangles, is also
O(v). Finally, assuming that a boundary, being 1-dimensional, hasO(

√
v) vertices, the

complexity of Step 5 is alsoO(v), giving a total complexity for the Steps 3,4,5 equal to
O(vlogv).

Table 1 shows the times achieved on a 1.7GHz PC for neural meshes of different
size andCvs = 100, Cec = 10. An overlap in the Octree and Smooth loops makes the
total less than the sum of the components. Although it is clear that the performance is
dominated by the constant multiplicative factors we can also verify the above theoreti-
cal analysis.
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Table 1: Timings.

#v Octree Counter Smooth Steps 3-4-5 Total

1K 15s 4s 77s 0s 86s
2K 34s 17s 159s 1s 190s
5K 96s 117s 430s 3s 10min
10K 213s 456s 884s 10s 25min
20K 446s 1884s 1832s 36s 74min

We notice that the rather trivial calculation of the signal counter makes the com-
plexity of the algorithm quadratic, and indeed for large meshes decreases considerably
the performance. One remedy is to keep and update the list of the non-zero (in machine
accuracy) signal counters and calculate the new signal counters only for them. Then,
Step 2 will becomeO(v) and the whole algorithm will beO(vlogv).

But the above solution does not address the whole problem of unnecessary calcu-
lations. Indeed, for very large neural meshes the majority of the calculations becomes
unnecessary as the mesh reaches a state of convergence. A simple solution is to split
more than one vertex at each call of Step 2, and this will improve the time performance
with only negligible deterioration of the mesh quality.

3.4 Statistical Analysis

Next we outline a methodology for finding optimal values for the main parametersαw,
αL, andCvs, Cec. As we saw in 3.2 the parameterCec is closely related toCvs, and
both affect the speed of the algorithm. Therefore, for simplicity, and given that time is
always a prime consideration which can impose strict limits, we study the relation of
αw, αL separately, and then we see how the choice ofCvs the affects the mesh quality.

For the choice of the parametersαw, αL our first consideration is the geometric
convergence. Notice that it is always possible to find a pair of values that will guarantee
geometric convergence, given that forαL = 0 the neural mesh will converge, and the
question is on the range of the acceptable values forαL. The second consideration is
to avoid foldovers and other unwanted behavior as convergence to the wrong topology.

In [15] the methodology was to experiment with various pairs ofαw,αL, each time
inspecting visually the final neural mesh for any deficiencies, and thus, finding em-
pirically an acceptable range for the parameters. Here, we outline a more systematic
method, based on the quantification of the mesh quality by the ratio of the valence 6
vertices.

To set up the experiment we first selected a representative set of target spaces. It
contains some well known models which we use here as point clouds. For the fine-
tuning of the parameters it is important to include some less smooth models, here the
Hand, because the algorithm behaves exceptionally well with the usual smooth models.
We setCvs = 100,Cec = 10 and we run the algorithm 20 times to obtain a statistically
significant number of observations, recording each time the average percentage of va-
lence 6 vertices.

The first two diagrams in Fig. 6 show the behavior of the method as the rate of
Laplacian smoothing increases, forαw = 0.06 and 0.12, respectively. It is clear that the
quality of the mesh first increases withαL but at some point starts to decrease for the
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Figure 6: Up: The percentage of regular vertices forαw = 0.6 (Left), andαw = 0.12
(Right), as a function ofαL. Down: The percentage of regular vertices forαw = 0.06
as a function ofαL (Left), and forαw = 0.06,αL = 0.06 as a function ofCvs (Right).
Each node represents the mean average of 20 experiments.

non-smooth models. The third diagram setsαw = 0.06 and shows this effect in finer
detail. We notice that for values ofαL around 0.06 the shape ofP and the size of the
neural mesh are less significant for the quality of the connectivity. The final diagram
setsαw = 0.06, αL = 0.06 and shows that mesh quality increases withCvs.

4 Results

At the end of the paper we show some reconstructed neural meshes. We setαw =
0.06, αL = 0.06 andCvs = 100, Cec = 10, which is a reasonable trade-off between
quality and speed. The other two parameters were set atar = 7, am = 5. For the David
model in particular, up to the 10k vertex we usedCvs = 500, Cec = 8. This way the
neural mesh learned faster the concavities of the model and we were able to recover
the correct topology at an early stage.

Fig. 8 shows some typical wireframe views of neural meshes. A characteristic
semi-regular pattern is detectable and it was repeated throughout all our experiments.
Table 2 shows the frequency of each valence for some reconstructed models. Notice
that the distribution of the valences is independent from the shape of the surface and
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Figure 7: Forαw = 0.06. Left: αL = 0. Middle and Right:αL = 0.5.

the size of the neural mesh.

Table 2: Valence distribution for some typical meshes.

ValenceModel
4 5 6 7 8 9 other

Bunny 1k 1.2 28.4 47.3 17.5 5.0 0.7 0.0
Bunny 5k 1.0 28.1 46.4 19.9 3.7 0.6 0.2
Bunny 20k 1.1 28.4 46.0 19.7 4.0 0.6 0.3

Dino 2k 1.6 28.3 44.8 20.6 4.0 0.5 0.2
Dino 20k 0.8 29.7 44.6 19.4 4.6 0.8 0.1
Dino 75k 0.5 29.1 46.1 19.4 4.2 0.6 0.1

4.1 Applications

In this section we present some special applications of the Neural Meshes. The first,
of course, is the surface reconstruction from very large point clouds. At the last page
we show the reconstruction of the David model from 28 million points in an off-core
implementation.

Other possible applications can come by assigning non-uniform probability distri-
butions on a point cloud, obtaining this way an adaptive meshing of it. That means that
neural meshes are particularly suitable for reconstructions from point clouds coming
from range images, where each point is assigned a confidence value.

If the underlying setΩ of P is a triangle mesh instead of a point cloud, we can sam-
ple it in two steps by first choosing a triangle and then a point on the chosen triangle.
There are many ways to sample the discrete set of triangles, each one giving a different
remeshing of the initial mesh. For example, if we sample it uniformly, the probability
distribution on the mesh surface is inversely analogous to the triangle’s area, and we
get a uniform area remeshing. If the probability of each triangle depends on a local
estimation of the curvature, then we get a curvature adaptive remeshing. Fig. 8 shows
some examples with non-uniform sampling of implicit surfaces.
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Figure 8: Wireframe views of Neural Meshes.

5 Conclusion and Future Work

We presented and analyzed a new method for surface reconstruction based on the prin-
ciples of statistical learning. The main difference between our method and the majority
of the existing methods is that we do not process directly the given data set. Instead we
start with a simple mesh which is processed, adapting its geometry and connectivity to
the random samples from the data set.

In the future we plan to apply statistical learning methods and develop algorithms
for other Computer Graphics related problems. We also plan a more detailed study of
the algorithm presented here, because, as we saw above, a deeper theoretical under-
standing of the algorithm will greatly facilitate its further development.

We think that neural networks and statistical learning methods have a great potential
in almost all the Geometric Modeling and Visualization problems and we believe that
the present paper offers only a glimpse of that potential.
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Figure 9: The Bunny, Eight, Hand, Dino and David reconstructed from 35k,
49k, 136k, 225k, 28m points, at resolution [100,500,1k,5k,20k], [1k,3k,5k,10k,15k],
[500,2k,5k,20k,75k], [500,2k,5k,20k,75k], [1k,10k,17k,25k,100k], respectively.
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