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Abstract

A planar Nef polyhedron is any set that can be obtained from the open halfspaces
by a finite number of set complement and set intersection operations. The set of Nef
polyhedra is closed under the Boolean set operations. We describe a data structure
that realizes two-dimensional Nef polyhedra and offers a large set of binary and
unary set operations. The underlying set operations are realized by an efficient and
complete algorithm for the overlay of two Nef polyhedra. Thealgorithm is efficient
in the sense that its running time is bounded by the size of theinputs plus the size
of the output times a logarithmic factor. The algorithm is complete in the sense that
it can handle all inputs and requires no general position assumption. The second
part of the algorithmic interface considers point locationand ray shooting in planar
subdivisions.

The implementation follows the generic programming paradigm in C++ and
CGAL. Several concept interfaces are defined that allow the adaptation of the soft-
ware by the means of traits classes. The described project ispart of the CGAL
library version 2.3.

KeywordsNef polyhedron, Arrangement, Plane Sweep, Bounding Box



Introduction

This report collects all implementation documents concerning the packageNef polyhedron2 of
CGAL. It is a complete literate programming document consisting of specification and implemen-
tation descriptions. The chapter contain the major implementation modules used to realize the Nef
polyhedra in CGAL.

A planar Nef polyhedron is any set that can be obtained from the open halfspaces by a finite
number of set complement and set intersection operations. The set of Nef polyhedra is closed under
the Boolean set operations. We describe a data structure that realizes two-dimensional Nef polyhedra
and offers a large set of binary and unary set operations. Theunderlying set operations are realized by
an efficient and complete algorithm for the overlay of two Nefpolyhedra. The algorithm is efficient
in the sense that its running time is bounded by the size of theinputs plus the size of the output times
a logarithmic factor. The algorithm is complete in the sensethat it can handle all inputs and requires
no general position assumption. The second part of the algorithmic interface considers point location
and ray shooting in planar subdivisions.

The implementation follows the generic programming paradigm in C++ and CGAL. Several con-
cept interfaces are defined that allow the adaptation of the software by the means of traits classes. The
described project is part of the CGAL library version 2.3.

The framing module is that of chapter 1. It is based on three algorithmic parts the geometry
(presented in the chapters 7 and 8, where the former uses the polynomials of chapter 6), the binary
overlay of plane maps (based on the module of chapter 3 that inturn uses the module of chapter 2), and
the point location module (based on the module of chapter 5 that in turn uses the module of chapter
4). The generic sweep class of chapter 10 is just a standard interface for our sweep modules presented
in the chapters 2 and 4.
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1 Planar Nef Polyhedra

1.1 The Interface Specification

1.1.1 Nef Polyhedra in the Plane ( Nefpolyhedron 2 )

1. Definition

An instance of data typeNef polyhedron2<T> is a subset of the plane that is the result of forming complements
and intersections starting from a finite setH of halfspaces.Nef polyhedron2 is closed under all binary set
operationsintersection, union, difference, complementand under the topological operationsboundary, closure,
andinterior.

The template parameterT is specified via an extended kernel concept.T must be a model of the concept
ExtendedKernelTraits2.

2. Types

Nef polyhedron2<T> ::Line the oriented lines modeling halfplanes

Nef polyhedron2<T> ::Point the affine points of the plane.

Nef polyhedron2<T> ::Direction directions in our plane.

Nef polyhedron2<T> ::Aff transformation affine transformations of the plane.

Nef polyhedron2<T> ::Boundaryf EXCLUDED, INCLUDED g
construction selection.

Nef polyhedron2<T> ::Contentf EMPTY, COMPLETEg
construction selection

3. Creation

Nef polyhedron2<T> N(Content plane= EMPTY);

creates an instanceN of type Nef polyhedron2<T> and initializes it to the empty set if
plane==EMPTYand to the whole plane ifplane==COMPLETE.

Nef polyhedron2<T> N(Line l; Boundary line= INCLUDED);

creates a Nef polyhedronN containing the halfplane left ofl including l if line==
INCLUDED, excludingl if line==EXCLUDED.

template <class Forwarditerator>
1



1.1 The Interface Specification 2

Nef polyhedron2<T> N(Forward iterator it; Forward iterator end; Boundary b= INCLUDED);

creates a Nef polyhedronN from the simple polygonP spanned by the list of points in
the iterator range[it;end) and including its boundary ifb = INCLUDED and excluding
the boundary otherwise.Forward iterator has to be an iterator with value typePoint. This
construction expects thatP is simple. The degenerate cases whereP contains no point, one
point or spans just one segment (two points) are correctly handled. In all degenerate cases
there’s only one unbounded face adjacent to the degenerate polygon. Ifb== INCLUDED
thenN is just the boundary. Ifb==EXCLUDEDthenN is the whole plane without the
boundary.

4. Operations

void N:clear(Content plane= EMPTY)

makesN the empty set ifplane==EMPTYand the full plane
if plane==COMPLETE.

bool N:is empty( ) returns true ifN is empty, false otherwise.

bool N:is plane() returns true ifN is the whole plane, false otherwise.

Constructive Operations

Nef polyhedron2<T> N:complement( ) returns the complement ofN in the plane.

Nef polyhedron2<T> N:interior( ) returns the interior ofN.

Nef polyhedron2<T> N:closure( ) returns the closure ofN.

Nef polyhedron2<T> N:boundary( ) returns the boundary ofN.

Nef polyhedron2<T> N:regularization( ) returns the regularized polyhedron (closure of interior).

Nef polyhedron2<T> N:intersection(Nef polyhedron2<T> N1)

returnsN \ N1.
Nef polyhedron2<T> N:join(Nef polyhedron2<T> N1)

returnsN [ N1.
Nef polyhedron2<T> N:difference(Nef polyhedron2<T> N1)

returnsN � N1.

Nef polyhedron2<T> N:symmetricdifference(Nef polyhedron2<T> N1)

returns the symmectric differenceN�T [ T�N.

Nef polyhedron2<T> N:transform(Aff transformation t)

returnst(N).
Additionally there are operators�;+;�; ˆ; ! which implement the binary operationsintersection, union, differ-
ence, symmetric difference, and the unary operationcomplementrespectively. There are also the corresponding
modification operations�=;+=;�=; ˆ =.

There are also comparison operations like<;�;>;�;==; != which implement the relations subset, subset or
equal, superset, superset or equal, equality, inequality,respectively.

Exploration - Point location - Ray shooting

As Nef polyhedra are the result of forming complements and intersections starting from a setH of halfspaces
that are defined by oriented lines in the plane, they can be represented by an attributed plane mapM = (V;E;F).
For topological queries withinM the following types and operations allow exploration access to this structure.

5. Types

Nef polyhedron2<T> ::Explorer

a decorator to examine the underlying plane map. See the manual page ofExplorer.
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Nef polyhedron2<T> ::Objecthandle

a generic handle to an object of the underlying plane map. Thekind of object(vertex;
halfedge; face) can be determined and the object can be assigned to a corresponding han-
dle by the three functions:
bool assign(Vertexconsthandle& h; Objecthandle)
bool assign(Halfedgeconsthandle& h; Objecthandle)
bool assign(Faceconsthandle& h; Objecthandle)
where each function returnstrue iff the assignment toh was done.

Nef polyhedron2<T> ::Locationmodef DEFAULT, NAIVE, LMWT g
selection flag for the point location mode.

6. Operations

bool N:contains(Objecthandle h)

returns true iff the objecth is contained in the set represented byN.

bool N:containedin boundary(Objecthandle h)

returns true iff the objecth is contained in the 1-skeleton ofN.

Objecthandle N:locate(Point p; Locationmode m= DEFAULT)

returns a generic handleh to an object (face, halfedge, vertex) of the underlying
plane map that contains the pointp in its relative interior. The pointp is contained
in the set represented byN if N:contains(h) is true. The location mode flagm
allows one to choose between different point location strategies.

Objecthandle N:rayshoot(Point p; Direction d; Locationmode m= DEFAULT)

returns a handleh with N:contains(h) that can be converted to a
Vertex=Halfedge=Faceconsthandleas described above. The object returned is
intersected by the ray starting inp with directiond and has minimal distance to
p. The operation returns the null handleNULL if the ray shoot alongd does not
hit any objecth of N with N:contains(h). The location mode flagm allows one to
choose between different point location strategies.

Objecthandle N:rayshootto boundary(Point p; Direction d; Locationmode m= DEFAULT)

returns a handleh that can be converted to aVertex=Halfedgeconsthandleas de-
scribed above. The object returned is part of the 1-skeletonof N, intersected by
the ray starting inp with directiond and has minimal distance top. The operation
returns the null handleNULL if the ray shoot alongd does not hit any 1-skeleton
objecth of N. The location mode flagm allows one to choose between different
point location strategies.

Explorer N:explorer()

returns a decorator object which allows read-only access ofthe underlying plane
map. See the manual pageExplorer for its usage.

Input and Output

A Nef polyhedronN can be visualized in aWindowstream W. The output operator is defined in the file
CGAL=IO=Nef polyhedron2 Windowstream:h.

7. Implementation

Nef polyhedra are implemented on top of a halfedge data structure and use linear space in the number of vertices,
edges and facets. Operations likeemptytake constant time. The operationsclear, complement, interior, closure,
boundary, regularization, input and output take linear time. All binary set operations and comparison operations
take timeO(nlogn) wheren is the size of the output plus the size of the input.
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The point location and ray shooting operations are implemented in two flavors. TheNAIVEoperations run in
linear query time without any preprocessing, theDEFAULT operations (equalsLMWT) run in sub-linear query
time, but preprocessing is triggered with the first operation. Preprocessing takes timeO(N2), the sub-linear
point location time is either logarithmic when LEDA’s persistent dictionaries are present or if not then the point
location time is worst-case linear, but experiments show often sublinear runtimes. Ray shooting equals point
location plus a walk in the constrained triangulation overlayed on the plane map representation. The cost of the
walk is proportional to the number of triangles passed in directiond until an obstacle is met. In a minimum
weight triangulation of the obstacles (the plane map representing the polyhedron) the theory provides aO(pn)
bound for the number of steps. Our locally minimum weight triangulation approximates the minimum weight
triangulation only heuristically (the calculation of the minimum weight triangulation is conjectured to be NP
hard). Thus we have no runtime guarantee but a strong experimental motivation for its approximation.

8. Example

Nef polyhedra are parameterized by a so-called extended geometric kernel. There are three kernels, one based
on a homogeneous representation of extended points calledExtendedhomogeneous<RT> whereRT is a ring
type providing additionally agcd operation and one based on a cartesian representation of extended points
calledExtendedcartesian<NT> whereNT is a field type, and finallyFiltered extendedhomogeneous<RT> (an
optimized version of the first).

The member types ofNef polyhedron2< Extendedhomogeneous<NT> > map to corresponding types of the
CGAL geometry kernel (e.g.Nef polyhedron::Line equalsCGAL::Homogeneous<ledainteger> ::Line2 in the
example below).#in
lude <CGAL/basi
.h>#in
lude <CGAL/leda_integer.h>#in
lude <CGAL/Extended_homogeneous.h>#in
lude <CGAL/Nef_polyhedron_2.h>using namespa
e CGAL;typedef Extended_homogeneous<leda_integer> Extended_kernel;typedef Nef_polyhedron_2<Extended_kernel> Nef_polyhedron;typedef Nef_polyhedron::Line Line;int main(){ Nef_polyhedron N1(Line(1,0,0));Nef_polyhedron N2(Line(0,1,0), Nef_polyhedron::EXCLUDED);Nef_polyhedron N3 = N1 * N2; // line (*)return 0;}
After line (*) N3 is the intersection ofN1andN2.

1.1.2 Topological plane map exploration ( Topologicalexplorer )

1. Definition

An instanceD of the data typeTopologicalexploreris a decorator for interfacing the topological structure ofa
plane mapP (read-only).

A plane mapP consists of a triple(V;E;F) of vertices, edges, and faces. We collectively call them objects. An
edgee is a pair of vertices(v;w) with incidence operationsv = source(e), w = target(e). The list of all edges
with sourcev is called the adjacency listA(v).
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Edges are paired into twins. For each edgee = (v;w) there’s an edgetwin(e) = (w;v) andtwin(twin(e))==e1.

An edgee = (v;w) knows two adjacent edgesen = next(e) andep = previous(e) wheresource(en) = w,
previous(en) = e andtarget(ep) = v andnext(ep) = e. By this symmetricprevious�nextrelationship all
edges are partitioned into face cycles. Two edgeseande0 are in the same face cycle ife= next�(e0). All edgese
in the same face cycle have the same incident facef = face(e). The cyclic order on the adjacency list of a vertex
v = source(e) is given bycyclicadj succ(e) = twin(previous(e)) andcyclicadj pred(e) = next(twin(e)).
A vertexv is embedded via coordinatespoint(v). By the embedding of its source and target an edge corresponds
to a segment.P has the property that the embedding is alwaysorder-preserving. This means a ray fixed in
point(v) of a vertexv and swept around counterclockwise meets the embeddings oftarget(e) (e2 A(v)) in the
cyclic order defined by the list order ofA.

The embedded face cycles partition the plane into maximal connected subsets of points. Each such set corre-
sponds to a face. A face is bounded by its incident face cycles. For all the edges in the non-trivial face cycles
it holds that the face is left of the edges. There can also be trivial face cycles in form of isolated vertices in the
interior of a face. Each such vertexv knows its surrounding facef = face(v).
Plane maps are attributed by a Boolean value, for each objectu2V[E[F we attribute an informationmark(u)
of typebool.

2. Types

Topologicalexplorer::Planemap The underlying plane map type

Topologicalexplorer::Point The point type of vertices.

Topologicalexplorer::Mark All objects (vertices, edges, faces) are attributed by aMark object.

Topologicalexplorer::Sizetype The size type.

Local types are handles, iterators and circulators of the following kind: Vertexconsthandle,
Vertexconstiterator, Halfedgeconsthandle, Halfedgeconstiterator, Faceconsthandle, Faceconstiterator.
Additionally the following circulators are defined.

Topologicalexplorer::Halfedgearoundvertexconstcirculator

circulating the outgoing halfedges inA(v).
Topologicalexplorer::Halfedgearoundfaceconstcirculator

circulating the halfedges in the face cycle of a facef .

Topologicalexplorer::Holeconstiterator iterating all holes of a facef . The type is convertible to
Halfedgeconsthandle.

Topologicalexplorer::Isolatedvertexconstiterator

iterating all isolated vertices of a facef . The type generalizes
Vertexconsthandle.

3. Operations

Vertexconsthandle D:source(Halfedgeconsthandle e)

returns the source ofe.
Vertexconsthandle D:target(Halfedgeconsthandle e)

returns the target ofe.

Halfedgeconsthandle D:twin(Halfedgeconsthandle e)

returns the twin ofe.
bool D:is isolated(Vertexconsthandle v)

returnstrue iff A(v) = /0.
1The existence of the edge pairs makesP a bidirected graph, thetwin links makeP a map.
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Halfedgeconsthandle D:first outedge(Vertexconsthandle v)

returns one halfedge with sourcev. It’s the starting
point for the circular iteration over the halfedges with
sourcev. Precondition: !is isolated(v).

Halfedgeconsthandle D:lastoutedge(Vertexconsthandle v)

returns a the halfedge with sourcev that is the
last in the circular iteration before encountering
first outedge(v) again.Precondition: !is isolated(v).

Halfedgeconsthandle D:cyclic adjsucc(Halfedgeconsthandle e)

returns the edge aftere in the cyclic ordered adjacency
list of source(e).

Halfedgeconsthandle D:cyclic adjpred(Halfedgeconsthandle e)

returns the edge beforee in the cyclic ordered adja-
cency list ofsource(e).

Halfedgeconsthandle D:next(Halfedgeconsthandle e)

returns the next edge in the face cycle containinge.

Halfedgeconsthandle D:previous(Halfedgeconsthandle e)

returns the previous edge in the face cycle containing
e.

Faceconsthandle D:face(Halfedgeconsthandle e)

returns the face incident toe.
Faceconsthandle D:face(Vertexconsthandle v)

returns the face incident tov. Precondition:
is isolated(v).

Halfedgeconsthandle D:halfedge(Faceconsthandle f)

returns a halfedge in the bounding face cycle off
(Halfedgeconsthandle( ) if there is no bounding face
cycle).

Iteration

Halfedgearoundvertexconstcirculator D:outedges(Vertexconsthandle v)

returns a circulator for the cyclic adjacency list ofv.

Halfedgearoundfaceconstcirculator D:facecycle(Faceconsthandle f)

returns a circulator for the outer face cycle off .

Holeconstiterator D:holesbegin(Faceconsthandle f)

returns an iterator for all holes in the interior
of f . A Holeiterator can be assigned to a
Halfedgearoundfaceconstcirculator.

Holeconstiterator D:holesend(Faceconsthandle f)

returns the past-the-end iterator off .

Isolatedvertexconstiterator D:isolatedverticesbegin(Faceconsthandle f)

returns an iterator for all isolated vertices in the interior of
f .

Isolatedvertexconstiterator D:isolatedverticesend(Faceconsthandle f)

returns the past the end iterator off .
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Associated Information

The typeMark is the general attribute of an object. The typeGenPtris equal to typevoid�.

const Point& D:point(Vertexconsthandle v)

returns the embedding ofv.

const Mark& D:mark(Vertexconsthandle v)

returns the mark ofv.
const Mark& D:mark(Halfedgeconsthandle e)

returns the mark ofe.
const Mark& D:mark(Faceconsthandle f)

returns the mark off .

Statistics and Integrity

Sizetype D:numberof vertices( ) returns the number of vertices.

Sizetype D:numberof halfedges() returns the number of halfedges.

Sizetype D:numberof edges() returns the number of halfedge pairs.

Sizetype D:numberof faces() returns the number of faces.

Sizetype D:numberof facecycles( ) returns the number of face cycles.

Sizetype D:numberof connectedcomponents()

calculates the number of connected components ofP.

void D:print statistics(std::ostream& os = std::cout)

print the statistics ofP: the number of vertices, edges, and faces.

void D:checkintegrityandtopologicalplanarity(bool faces= true)

checks the link structure and the genus ofP.

1.1.3 Plane map exploration ( Explorer )

1. Definition

An instanceE of the data typeExplorer is a decorator to explore the structure of the plane map underlying the
Nef polyhedron. It inherits all topological adjacency exploration operations fromPMConstDecorator. Explorer
additionally allows one to explore the geometric embedding.

The position of each vertex is given by a so-called extended point, which is either a standard affine point or
the tip of a ray touching an infinimaximal square frame centered at the origin. A vertexv is called astandard
vertex if its embedding is astandardpoint andnon-standardif its embedding is anon-standardpoint. By the
straightline embedding of their source and target vertices, edges correspond to either affine segments, rays or
lines or are part of the bounding frame.

2. Generalization

PMConstDecorator /
Explorer

3. Types

Explorer::Topologicalexplorer

The base class.
Explorer::Point the point type of finite vertices.
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Figure 1.1:Extended geometry: standard vertices are marked by S, non-standard vertices are marked by N.
A: The possible embeddings of edges: an affine segment s1, an affine ray s2, an affine line s3.B: A plane
map embedded by extended geometry: note that the frame is arbitrarily large, the 6 vertices on the frame are at
infinity, the two faces represent a geometrically unboundedarea, however they are topologically closed by the
frame edges. No standard point can be placed outside the frame.

Explorer::Ray the ray type of vertices on the frame.

Iterators, handles, and circulators are inherited fromTopologicalexplorer.

4. Creation

Explorer is copy constructable and assignable. An object can be obtained via theNef polyhedron2::explorer( )
method ofNef polyhedron2.

5. Operations

bool E:is standard(Vertexconsthandle v)

returns true iffv’s position is a standard point.

Point E:point(Vertexconsthandle v)

returns the standard point that is the embedding ofv. Precondi-
tion: E:is standard(v).

Ray E:ray(Vertexconsthandle v)

returns the ray defining the non-standard point on the frame.Pre-
condition: !E:is standard(v).

bool E:is frameedge(Halfedgeconsthandle e)

returns true iffe is part of the infinimaximal frame.

1.2 Motivation

Nef polyhedra are the most general model for rectilinearly bounded subsets of affine space. Their
definition is surprisingly simple whereas the operations that are supported without leaving the model
are versatile. Nef’s model of polyhedra does not impose topological restrictions on the sets that can be
modeled like manifold or regularized models do. This implies of course that the abstract representation
of the underlying theory has to cope with general topological complexity. The main reason for us to
offer a data type Nef polyhedron is that many other models that are standard concepts in the field are
covered by Nef’s model:



1.3 Previous Work 9� A convex polytopeis defined as the convex hull of a nonempty finite set of points.Convex
polytopes are thus compact closed and manifold sets. [Grü67]� An elementary polyhedronis defined as the union of a finite number of convex polytopes.
[Grü67]� A polyhedral setis defined as the intersection of a finite number of closed half-spaces. Such
sets are closed and convex but need not to be compact. [Grü67]� The set of all points belonging to the simplices of asimplicial complexis normally called a
(rectilinear) polyhedron. [Lef71]

This list shows that a system modeling Nef polyhedra enablesa user to calculate in many interesting
domains.

1.3 Previous Work

We cite the main publications from the field and present its development. We will first give an outline,
then we deepen the notions that are interesting with respectto our research. Other notions are solely
linked to the literature.

The theory of Nef polyhedra was first published in W. Nef’s book “Beiträge zur Theorie der
Polyeder mit Anwendungen in der Computergraphik” [Nef78].The book presents a mathematically
sound theory of a general kind of polyhedra in arbitrary dimension and provides a great intuition about
the generality of the elaborated concepts. The algorithmicpart does not specialize in dimension. It
should be clear that by only realizing a fixed low-dimensional data type the corresponding algorithms
and data structures can be streamlined in runtime and space requirements.

In the following considerations we concentrate mainly on the presented data structure and the
realization of a binary set intersection operation which poses the most requirements2 on the underlying
data structures and algorithmic modules.

On the workshop on computational geometry in Würzburg [BN88] a refined elaboration of the
book concepts was given. The paper introduces the later so-calledWürzburg structurewhich is the set
of all low-dimensional3 faces of a polyhedron. Each such face is stored in form of its local pyramid.
Thus, the data structure is essentially a collection of pyramids. Each pyramid is realized by a selective
arrangement of hyperplanes. This representation of pyramids isnot leanin low dimensions and can
be improved. Moreover, no incidence relation is coded into the collection. The intersection operation
of two polyhedra is defined on top of this structure and is based on two techniques: recursion in di-
mension and superposition of two local pyramids. Neither space nor runtime bounds are given for the
algorithmic description which apart from that is clearly structured. The paper solves some subprob-
lems by introducing a symbolic parameter to obtain a symbolic hyperplane at infinity. However the
transfer from the affine to the symbolic objects is part of thealgorithmic flow and not encapsulated
into a geometric kernel as we proceed in the report [SM00].

H. Bieri’s introduction [Bie95] was a step to market Nef polyhedra to a wider audience. It
provides a summary of the book and introduces all notions in amore tutorial-style picture. It also
describes a small test system realizing binary set and simple topological operations written in PAS-
CAL based on the so-calledextended Ẅurzburg structure. The predicate “extended” stems from the

2The calculation of closure, interior, or complement is muchsimpler due to the fact that the faces of the input polyhedron
are part of the faces of the output polyhedron in these cases.

3not full-dimensional
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addition of incidence links to the Würzburg structure4.
The article [Bie94] describes the realization of simple topological and set operations on top of the

Würzburg structure. It has an introductory part and an algorithmic part. The key operation of interest,
the intersection of two Nef polyhedra, is defined in pseudo code in a dimension recursive manner
(up to dimension three but a possible generalization to higher dimensions is sketched). The main
phase of the operation is based on a spatial sweep approach but the presentation is rather condensed,
mainly mathematical, and lacks runtime and space bounds. Infact, the described procedure up to
dimension two is quadratic and we will improve this bound to the optimal plane sweep bound (of
segment intersection).

A follow up to the previous publication is the article [Bie96] that mainly closes open details of
algorithmic considerations of the previous articles. Its main impact is the introduction of thereduced
Würzburg structure. H. Bieri shows that it suffices to store the pyramids5 of faces that are minimal
elements of the incidence relation (a partial order defined via closure relation). As a consequence
this reduces the space requirements of the pyramid collection but requires additional algorithmic pro-
cessing when collecting all faces. The proposition has a strong impact on the representation of Nef
polyhedra when we consider dimension three or higher. In space the above result implies that the
pyramids of all vertices suffice to completely describe a compact polyhedron.

The paper [Bie98] embeds Nef polyhedra in the field of solid modeling by offering conversion
routines between previously defined data structures for Nefpolyhedra: the reduced Würzburg struc-
ture, selective cellular complexes based on hyperplane arrangements, CSG-trees based on half-spaces,
and binary space partitions. Again there are no time and space bounds.

J.R. Rossignac and M.A. O’Connor [RO90] have introducedSelective Geometric Complexes
(SGC). An SGC consists of a cellular complex (the topological structure) and the corresponding ge-
ometric support spaces. Geometrically SGCs are pretty general. They usereal algebraic varietiesas
the geometric elements that support cells. Such varieties can be decomposed into finite sets of con-
nected smooth manifolds (so-calledextents). An SGC is therefore a collection of mutually disjoint
cells such that (1) each cell is a relatively open subset of anextent, (2) for each cell of the complex its
boundary (a set of cells) is also part of the complex, and (3) each cell has a Boolean selection flag. The
dimension of a cell is determined by the dimension of its underlying extent. The point set modeled by
such a complex is the union of all selected cells.

One important concept is the incidence relation on cells. InSGCs it is defined in terms of a
boundaryand astar relation stemming from the corresponding concepts of simplicial complexes.
Moreover due to the possibly curved geometry of extents the notion of neighborhood(orientation) is
introduced to disambiguate degenerate boundary conditions.

The description of SGCs is still abstract and leaves room forrefinement concerning the realization
of the necessary data structure concepts6. The paper presents the central ideas and abstract definition
of SGCs and its notions. It sketches binary operations basedon the data type separated into phases.
(We use this approach later in our implementation). On the other hand the paper omits many concrete
considerations of the algorithmic subtasks (boundary evaluations, merging complexes, etc.) including
runtime and space complexity. The problem of unbounded structures is not an issue.

How do SGCs relate to Nef polyhedra? The support spaces of Nefpolyhedra are flats. Therefore,
varieties and extents are no separate concepts. Many geometric ambiguities do not occur. The theory
of Nef polyhedra as described by Nef and Bieri varies in the way how the exterior of Nef polyhedra

4However, the extension is only based on an untyped list.
5Pyramids represent faces.
6A promised follow-up paper never appeared.
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is modeled. In their later papers the exterior is anon-properface and thereby the ambient space is
completely partitioned. With SGCs the exterior is no cell. We want to stress the following similarity.
Assume we realize SGCs geometrically restricted to flats. Then, the simplification algorithm as part
of the algorithmic description of the binary operations on SGCs produces cells that are the connected
components of proper Nef faces.

K. Dobrindt, K. Mehlhorn, and M. Yvinec [DMY93] describe an efficient algorithm for the inter-
section of a convex polyhedron and a Nef polyhedron in three-dimensional space. The presentation
uses alocal graphdata structure modeling the local view that we introduce below. The local graph
data structure is used as a vehicle to project the three dimensional topological neighborhood (the local
pyramid) that defines Nef facets into the surface of a sphere centered at a point of interest. Their idea
greatly simplifies the representation of local pyramids in three dimensions and allows a space effi-
cient representation thereof (linear as opposed to the possible quadratic space of the original proposed
arrangements). The corresponding algorithm was not implemented.

K. Mehlhorn and S. Naeher have introduced the notion of planar generalizedpolygons and im-
plemented them in LEDA [MN99, Section 10.8]. A generalized polygon is a point set bounded by
possibly several (weakly) simple polygonal chains. This topological restriction implies that general-
ized polygons are the same as regularized compact Nef polyhedra.

V. Ferrucci [Fer95] presented two implementation efforts to realize a data type modeling Nef
polyhedra. His first approach is based on selective simplicial complexes and restricts the model to
bounded Nef polyhedra. All simplices are rectilinearly embedded into the affine subspace spanned
by their vertices and represent relatively open convex sets. All simplices (including subsimplices) of
the complex are selectable by a Boolean flag. The point set of such a simplicial complex is the union
of the embeddings of the selected simplices. In this approach Nef faces are only present implicitly
as a union of simplices. The simplicial complex is thus a conforming simplicial subdivision of the
bounded Nef polyhedron. In the second part of the paper Ferrucci proves that binary space partitions
can be used to realize general Nef polyhedra. Both representations do not provide runtime or space
qualification.

Several algorithmic descriptions from the above list either assume general position of their inputs
to avoid degeneracies or even require what is called regularintersection. In some cases, the generally
present robustness problems are tackled by transformations of the underlying coordinate system to
avoid degenerate inputs and minimize robustness problems.The possibility of that approach was
presented in [NS90].

Our approach differs from the previous work in several aspects. We elaborate on the planar case
which is of course easier than the higher-dimensional case but leaves room for optimization via spe-
cialization. We solve the problem of degeneracy and robustness. We use standard data structures of
our field to represent Nef polyhedra. We generalize an optimized plane sweep framework that can
handle all degenerate cases for the binary operations and meet the optimal time and space bounds.
One of our main contributions is the introduction of an extended geometric kernel that encapsulates
the necessary geometric predicates to run the operations ofthe data type. In the report [SM00] we
show the implementation of the kernel in two flavors, one which is simple to implement and one which
is tuned by filter methods and is both robust and fast.

Quite some effort is put into the user interface of the software. Our data type offers the user
to get her hand on faces by handles and explore the incidence of an object within the geometric
structure. Our data type is based on a space efficient implementation of plane maps. It incorporates
an intuitive exploration interface and allows further attribution of the objects. Our data type could be
considered a flavor of the extended Würzburg structure where we shift the incidence into the center
of our attention. Faces are not represented by their pyramids but the pyramids can be infered from
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the incidence relation and the extent of any face can be explored via incident lower-dimensional
faces at a cost linear in its size. It is our conviction that the original Würzburg design is reasonable
in higher-dimensions but means a loss of strength in the planar case. We also add functionality.
Exploration of a geometric complex needs point location andray shooting operations to link a user’s
geometric question into the geometric complex and its incidence. Finally our approach unifies the
handling of special cases. By the introduction of infimaximal frames (technical report [SM00]) and
their integration into the geometric complex we enclose thegeometric complex into a symbolic box.
Exploration and maintainance of the structures become mucheasier and more homogeneous as the
faces of minimal dimension are always vertices. The latter has interesting consequences as Bieri has
shown that the local pyramids of minimal faces describe the polyhedron completely.

In this project we realize a data typeNef polyhedron2. We present a software project clearly sep-
arated into different modules responsible for the different aspects of its realization. We will start with
the theory, derive an abstract representation, map it to an abstract data type and add the algorithmic
components.

In Section 1.4 we present the abstract knowledge about Nef polyhedra and introduce the notions
that we use. Afterwards, in Section 1.5 we present the necessary software components of our design.
We introduce the geometric and topological modules and their interaction. Then, in Section 1.6 we
present the concrete software design of our main interface data type and describe the interaction of
different modules to implement the geometric methods of that data type. To fill the details of the
representation we append the three additional implementation projects: the extended geometry in the
Chapters 7 and 8, the binary operations in Chapter 3, and the point location in Chapter 5.

1.4 The Theory

We start with the formal definition of Nef polyhedra.

Definition 1 (Nef Polyhedra [Nef78]): A setP� Rn is aNef polyhedronif P is the result of a recur-
sive application of set intersection and set complement starting from open half-spaces.

This definition supports the claim that they are the most general framework to handle polyhedral
sets. As set union, set difference, and symmetric set difference can be reduced to intersection and
complement all these set operations are closed in the model.

H. Bieri later gave alternative definitions for Nef polyhedra and proved their equivalence.

Fact 1 (Bieri [Bie95]): The original definition is equivalent to any of the followingconditions

1. P corresponds to the root of a CSG-tree with closed half-spaces as leaf primitives and intersec-
tion, union and difference as internal nodes.

2. There exist two finite familiesF = f f1; : : : ; fng andG= fg1; : : : ;gmg of relatively open subsets
of Rn such thatP=Si fi and
plP=S j g j .

3. There exists a set of hyperplanesH such thatP is the union of some cells of the arrangement
A(H).

(1) gives a link to constructive solid geometry. (2) links Nef polyhedra to cellular complexes and
(3) to hyperplane arrangements. When studying the originaltheory actually the third equivalence is
the key observation. Many propositions about the point setP can be reduced to an examination of the
minimal building blocks of the polyhedron: the cells of the arrangement built by the hyperplanes that
define the polyhedron.

The elegance of the definition is carried forward to the notion of faces.
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Definition 2 (Local pyramids and Faces): Let K � Rn;x 2 Rn. We call K a cone with apex0 if
K = R+K and cone with apexx if K = x+R+(K�x). A cone which is also a polyhedron is called a
pyramid.

Now letP�Rn be a polyhedron andx2Rn. There is a neighborhoodU0(x) such that the pyramid
Q := x+R+((P\U(x))� x) is the same for all neighborhoodsU(x) �U0(x). Q is called thelocal
pyramidof P in x and denotedPx.

A face sof P is then a maximal non-empty subset ofRn such that all of its points have the same
local pyramidQ, i.e.,s= fx2 Rn : Px = Qg. In this caseQ is also denotedPs. The dimensions of a
face is the dimension of its affine hulldim(s) := dim (a�s).

D

A

B

C

Figure 1.2: The polyhedronP consists of the colored face, the triangle boundary and the vertical segment
below the triangle. Some local views ofP are: (A) the full plane, (B) the empty set, (C) a radial cake ofsectors,
(D) a half-space including its boundary.

Note that this notion of a face partitionsRn into faces of different dimension. Faces as defined
by Nef do not have to be connected. There are only two full-dimensional faces possible whose local
pyramids are the space itself or the empty set. All lower-dimensional faces form theboundaryof the
polyhedron. As usual we call zero-dimensional facesverticesand one-dimensional facesedges. In
the plane we call the full-dimensional faces2-facesor just faceswhen the meaning is clear from the
context.

Definition 3 (Incidence): Two facessandt (in their general sense) areincident if s� 
los t.
We will treat incidence as a bidirectional relation. We say that s is downward-incidentto t and

conversely thatt is upward-incidentto s.
We now list some facts about faces. The proofs for these factscan be found in Nef’s book [Nef78].

We append the chapter and theorem numbers separated by a semicolon. All faces of a polyhedron are
polyhedra [6;1.1]. Faces are relatively open sets [6;2]. The linear subspace of all apices of the pyramid
associated with a face is the affine hull of the face [6;2].x 2 Px iff x 2 P [3;7]. Let s be a face of
the polyhedronP and lett be a face ofs. Then,t is the union of some faces ofP [6;12]. A face
of P is either a subset ofP or disjoint fromP [6;4]. For two facess andt of P eithers� 
los (t) or
s\ 
los(t) = /0 [6;9,10].

Remember that Nef edges and Nef 2-faces are not necessarily connected. Note also that some
connected components of edges are not necessarily bounded by a vertex. How do the local pyramids
of any pointx in the plane look like? We can represent them by the intersection of a small enough
neighborhood disc centered atx with its pyramidPx. The disc is partitioned into sectors by radial
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segments. We assign a mark to the center, to any radial segment, and to the sectors in between the
radial segments such that the corresponding point set is marked if it belongs to the local pyramid ofx.
We also call such a disc together with its marks thelocal viewof x (cf. Figure 1.2).

Lemma 1.4.1: The local view of a pointx has the following properties:

1. the mark of any radial segment is different from one of the two sectors incident to it.

2. x is contained in a 2-face ofP iff the local view is a disc that contains no radial segments and is
marked as the center.

3. x is contained in an edge ofP iff the local view contains exactly two radial segments thatare
part of a line through the center; the center and the two radial segments are marked equally but
their common mark is different from at least one sector of thedisc.

4. x is a vertex ofP iff the mark of the center is different from at least one radial segment or one
sector of the disc and the local view is not that of item 3.

Proof. (1) follows from the fact that radial segments are part of theboundary of an open or closed
half-plane and a point on this boundary has the local view of that half-plane. (2) refers to the two
trivial pyramids: the empty set and the full plane. (3) follows from the fact that edges are part of the
boundary of open and closed half-spaces. (4) if all marks areequal thenx would have a totally marked
or non-marked disk neighborhood. But that’s the neighborhood of a 2-face.

To determine the local view of a pointx with respect to a polyhedronP is called toqualify x with
respect toP.

1.5 The Data Structure

We want to store Nef polyhedra in an intuitive way and want to use generally known data structures.
Faces should be objects whose extent and topological neighborhood (incidence) can be explored.
We revert the role of pyramids and incidence of the extended Würzburg structure. In our approach
incidence is the key concept, pyramids can be derived from it.

Starting from the last item of Fact 1 we have to model (parts) of an arrangement of lines in the
plane. Moreover we want to model the Nef faces including their incidences. 2-faces of a polyhedron
are in general two dimensional sets of points bounded by chains of segments that do not have to be
simple, can be circularly closed, or open. The latter happens when 2-faces extend to infinity. Then the
chain of segments has rays as its first and last element. A simple line bounding a 2-face can be seen
as two oppositely oriented rays starting in the same point.

Therefore, concerning the geometry of edges we need to modelstraight line objects like segments,
rays and lines, which are the result of intersection operations of half-spaces. To simplify the treatment
of unbounded structures we use the concept of extended points and infimaximal frames which we
have formally introduce in the report [SM00] and which builds the geometric layer of our design.
Consider an axis-parallel squared box centered at the origin. Any ray is pruned by this box in a so-
called non-standard point (corresponding to the ray-tip).The assignment of ray-tips to box segments
becomes topologically constant when we grow the framing boxabove a certain size. The frame is
called infimaximal because it is always large enough to enclose all concrete geometric objects like
points and segments in its interior that appear in the execution of our algorithms. Extended points
are defined to be standard points and the non-standard pointscorresponding to ray-tips. They allow
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us to represent segments, rays and lines by a pair of such points and we get rid of the infinite extent
of the unbounded structures. Adding such a frame to bound theplane, all unbounded faces become
symbolically bounded structures, their boundary becomes acyclic structure.

To realize Nef faces including their incidence relations weneed a cellular subdivision of the plane.
We use a plane map data type (bidirected, embedded graphs). The incidence relations between the
objects of a plane map (vertices, edges, and faces) reflect the topology of the local pyramids of the
planar Nef polyhedron. Most newer textbook recommend the use of doubly connected edge lists
(DCEL) or equivalently half edge data structures (HDS) [PS85, dBvKOS97] when they discuss the
implementation of plane maps. There are already standard implementations ofplane mapslike the
CGAL HDS or embedded bidirected graphs in LEDA (similar design). We use an extended version
of the CGAL HDS structure as the topological bottom layer of our Nef polyhedra. See the paper of
L. Kettner [Ket99] for an excellent review of different plane map representation and for the descrip-
tion of the adaptability of the CGAL HDS. To be more flexible weinsert a decorator interface that
homogeneously defines the functionality offered by the HDS.Geometrically we embed the vertices
by means of extended points. Segments, rays, and lines are uniformly treated by the straight line
embedding of edges incident to such vertices. We additionally add one face cycle of edges whose
embedding corresponds to an infimaximal frame:

Construction 1: Consider a Nef polyhedronP and the connected components of the faces of di-
mension zero to two. Assign plane map objects of corresponding dimension to each component and
match the Nef incidence concept with the plane map incidenceconcept where possible. All objects
corresponding to unbounded connected components of Nef edges and unbounded components of Nef
2-faces have incomplete incidence structures: edges miss end vertices and faces miss closed face cy-
cles. To cure this, we add an infimaximal frame consisting of four uedges and four corner vertices.
For all plane map edgese that correspond to a Nef edge component extending to infinityalong a ray
r we do the following: ifr is pruned by one of the corner vertices on the frame structurelink e to that
vertex; otherwisee obtains an additional terminating vertex in the relative interior of a uedgee0 that
is part of the infimaximal frame wherer is meets the frame.e0 is split into two uedges by this vertex
insertion. (For Nef edges that represent lines we do this at both ends). After all such edges are linked
to the frame (respecting the embedding such that the adjacency list are order-preserving), all plane
map faces corresponding to an unbounded component of a Nef face are cyclically bounded and their
incidences structure can be completed. We call all edges andvertices that are part of the frame and the
face outside of the frame that completes the subdivision combinatorially infimaximal frame objects.

To mark set membership, all objects of the plane map areselectable. All objects (vertices, edges,
faces) obtain a marker labeling set inclusion or exclusion.The markers allow us to obtain the local
pyramids associated to the plane map objects. The local viewof a vertex is defined by its own marker,
the markers of the edges in its adjacency list and markers of the faces in between these edges repre-
senting the neighborhood disc as explained above. The localview of an edge is defined by its mark
and the two marks of its two incident faces. Finally the mark of a face maps to the trivial local view:
the whole plane or the empty set depending on its selection flag. The selection markers of infimaximal
frame objects have no geometric meaning and therefore thoseobjects are always kept unselected.

As plane maps are implemented by bidirected graphs the incidence relation between edges and
faces is encoded in an oriented fashion. Unoriented edges are implemented as pairs of oppositely
directed halfedges where each such halfedge is incident to exactly one face.

Definition 4 (Data type): A Nef polyhedronP is stored as a selective plane map(V;E;F) according
to Construction 1. The objects of the plane map (vertices, edges, and faces) correspond to the con-
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nected components of the Nef faces of corresponding dimension and additionally to the infimaximal
frame objects.

Each vertexv 2 V is embedded via an extended pointpoint(v). Each objecto 2 V [E [F is
contained inP iff the selection markmark(o)== true.

The feasibility of this definition can be seen as follows. InterpretP as a set valued functionφ
on (open) half-spacesH1; : : : ;Hr that are combined by the operations\ and 
pl . Let hi be the line
bounding the half-spaceHi. Now consider the arrangement build by the linesfhigi enclosed in a large
enough frame. Interpret the arrangementA(h1; : : : ;hr) inside the frame as a collection of relatively
open convex cells of dimension 0 to 2. Consider any cellc. Any point ofc is either inφ(H1; : : : ;Hr) or
not. Mark all cells correspondingly. It should be clear thatA(h1; : : : ;hr) can be represented by a plane
map as described above. Now start a simplification process. Consider all edgese (besides the ones on
the frame box). Ife and the two faces incident to it have the same mark remove the edge and unify
the faces (if not equal). Afterwards we iterate over all vertices and check if any vertex incident to two
edges that are supported by the same line has the same local view as the points in the relative interior
of the two incident edges. If this is the case, we unify the twoedges and remove the vertex. Finally,
we remove all vertices that are isolated and whose selectionmark equals the one of the surrounding
face. The final complex is just the data type described. When the simplification iteration terminates
all points on vertices and edges have a local view that makes them low-dimensional faces of the Nef
polyhedron.

The above algorithm is calledsimplificationand is described in more detail when considering
binary operations. There, we also give a runtime bound. Notethat the local view properties of the
vertices, edges, and faces of the plane map after the simplification process are a necessary condition
of Definition 4.

Lemma 1.5.1: The representation of Definition 4 is unique.

Proof. Assume that there are two different plane mapsM(V;E;F) andM0(V 0;E0;F 0) representing the
same Nef polyhedronP. If P is the complete plane or the empty set then the plane maps consist of
just one face inside the frame box andF andF 0 and their selection markers have to be equal. So
assume otherwise. Then neitherP nor 
plP are empty. The boundary ofP and
plP consists of vertices
and edges. Assume thatM andM0 have a vertex at a pointx but the local views differ. Then, the
represented point sets ofM andM0 differ and thusP cannot be represented by both. If there is a point
x whereM has a vertexv but M0 has not then obviously the local views are different too. Note that
edges are terminated by vertices, and thus edges that are inM but not inM0 already imply differences
in the local view of their end vertices. The same holds when the edges are equal but the selection
markers are not. Finally, note that due to the fact that the 1-skeleton ofM andM0 is equal, so are the
faces (they are defined that way). Different selection markers on faces imply different local views in
the vertices that are part of their closure. As a consequenceM andM0 have to be equal.

Selective plane maps are the basic structure used to store Nef polyhedra. Remember that the
edges and faces of a plane map are the connected components ofthe Nef edges and Nef 2-faces.
For performance reasons we do not maintain the relationshipbetween plane map objects and the
corresponding abstract Nef faces which are defined as collections of the plane map objects with the
same implicitly stored local pyramids. Thesizeof a Nef polyhedron is the size of its underlying plane
map (which is the number of vertices, edges, and faces).

For the binary operations we follow an approach as presentedby Rossignac et al. [RO90]. In our
case the approach is based on a generic plane sweep framework. A binary operation is basically split
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into three phases: subdivision – selection – simplification. The implementation is presented in the
modulePM overlayer. An unary (topological) operation can be subdivided into two phases: selection
– simplification.

We shortly present the abstract algorithmic ideas and the runtimes.

subdivision means for two plane mapsPi(i = 0;1) to create a plane mapP with a minimal number
of objects (vertices, edges, faces) such that each object ofP is supported by exactly one object
of Pi for i = 0;1. The subdivision is realized by a plane sweep of the objectsof the 1-skeleta of
Pi followed by face creation and support determination. The time is dominated by the time for
the sweep phase which isO(nlogn) wheren is the size of the resulting subdivision.

selection with respect to the binary set operations means selecting the cells of the subdivision ac-
cording to the logic of the underlying Boolean operation. With respect to unary topological set
operations selection happens according to the logic of the topological unary operation. Selec-
tion is in both cases linear inn.

simplification means unification of subsets of cells that have the same localview. This phase has a
quasi linear runtime due to the usage of a union-find data structure. Runtime isO(nα(kn;n))7

for some small constantk.

Theorem 1.5.1: The result of a binary set operation (intersection, union, difference, symmetric dif-
ference) of two Nef polyhedraP0 andP1 can be calculated in timeO(nlogn) where n is the size of the
overlay ofP0 andP1. The result of an unary set operation (complement, boundary, interior, closure,
regularization) can be constructed in timeO(nα(kn;n)) wheren is the size of the input structure.

The correctness and time bounds of our binary operations arebased on three parts:� The Sections 1.6.3 and 1.6.4 show the high-level composition of unary and binary set operations
decomposed into phases.� Chapter 3 provides the algorithmic modules for the subdivision, selection, and simplification
phase. The correctness and resource argumentation is purely based on affine concepts and
therefore our readers can trust their standard geometric intuition when verifying the correctness
of those modules.� The report [SM00] on the other hand shows that infimaximal frames allow us to use these
algorithmic modules together with our extended objects.

The latter two observations together imply the correctnessof the above theorem. The runtime lemmata
of Chapter 3 imply the time bounds.

Now for our additional functionality like point location and ray shooting queries we need more
than just the naked plane map structure described above. Looking at the literature for ray shooting
there is the notion of segment walks which can be done easiestin convex subdivisions of the plane of
bounded complexity [MMS94]. Our goal is to refine the basic plane map by such a structure. Note
that this structure implies again faces, edges, and vertices, but of a much simpler fashion. However we
do not want to lose the original character of the plane map. Wemight still be interested in the original
face cycles. We store the refinement separate from the plane map. One solution to the segment walk

7α(kn;n) is the extremly slow growing inverse of the Ackermann function used in the analysis of union-find data struc-
tures.



1.6 Top Level Implementation 18

problem is to use a constrained Delaunay triangulation of the edges and vertices of the HDS, and use
any efficient point location structure for the location of the ray shooting start point. Our approach is
presented in Section 5.1.2.

1.6 Top Level Implementation

Constrained_triang_traits

PMDEC
GEOM

Segment_overlay_traits

PMDEC
GEOM

«concept»
GenericSweepTraits

«concept»
PMConstDecorator

«concept»
PMDecorator

«concept»
ExtendedKernelTraits_2

PM_naive_point_locator

PMDEC
GEOM

PM_point_locator

PMDEC
GEOM

Nef_polyhedron_2
GEOM

Nef_polyhedron_2_rep
GEOM

PM_overlayer

PMDEC
GEOM

PM_decorator
HDS

Extended_homogeneous
RT

RPolynomial
RT

generic_sweep
T

 RT = Euclidean ring concept

HDS = Interface to 
CGAL::HalfedgeDS_Default
(extended by faces)

Figure 1.3: An UML diagram of the Nef polyhedron module. The main modulesare the geometry
Extendedhomogenous<RT>, the plane map decoratorPM decorator<HDS>, the two algorithmic modules
PM overlayer<PMDEC;GEOM> andPM point locator<PMDEC;GEOM>.

The whole implementation scheme is depicted in Figure 1.3. The main classes map to the abstract
layers described above: geometry, plane maps, binary overlay, and point location.

1.6.1 The Polyhedron Classhnef polyhedron definitioni�template <typename T> 
lass Nef_polyhedron_2;template <typename T> 
lass Nef_polyhedron_2_rep;template <typename T>



1.6 Top Level Implementation 19std::ostream& operator<<(std::ostream&, 
onst Nef_polyhedron_2<T>&);template <typename T>std::istream& operator>>(std::istream&, Nef_polyhedron_2<T>&);
Our data typeNef polyhedron2<T> is implemented as a smart pointer data type. Content

such as a plane map object and a pointer to an optional point location object is stored in the
class Nef polyhedron2 rep<T>. The traits template parameterT is specified by the concept
ExtendedKernelTraits2 as presented on page 328.

Handle_for
Ref_counted

Nef_polyhedron_2
T

Nef_polyhedron_2_rep
T

Ref_counted

1*

Figure 1.4:The smart pointer realization of data typeNef polyhedron2.

Within the scope ofNef polyhedron2 rep<T> all auxiliary classes are instantiated. The plane map
type is based on the CGAL HDS and uses two traits classesHDStraits andHDSitems. The former
carries attributes the latter carries the (fixed) models forvertices, edges, and faces.hnef rep typesi�stru
t HDS_traits {typedef typename T::Point_2 Point;typedef bool Mark;};typedef CGAL_HALFEDGEDS_DEFAULT<HDS_traits,HDS_items> Plane_map;typedef CGAL::PM_
onst_de
orator<Plane_map> Const_de
orator;typedef CGAL::PM_de
orator<Plane_map> De
orator;typedef CGAL::PM_naive_point_lo
ator<De
orator,T> Slo
ator;typedef CGAL::PM_point_lo
ator<De
orator,T> Lo
ator;typedef CGAL::PM_overlayer<De
orator,T> Overlayer;
For Microsoft we use a hardwired Halfedge data structure specially adapted to its weaknesses.hnef rep types msci�stru
t HDS_traits {typedef typename T::Point_2 Point;typedef bool Mark;};typedef CGAL::HalfedgeDS_default_MSC<HDS_traits> Plane_map;typedef CGAL::PM_
onst_de
orator<Plane_map> Const_de
orator;typedef CGAL::PM_de
orator<Plane_map> De
orator;typedef CGAL::PM_naive_point_lo
ator<De
orator,T> Slo
ator;typedef CGAL::PM_point_lo
ator<De
orator,T> Lo
ator;typedef CGAL::PM_overlayer<De
orator,T> Overlayer;hnef polyhedron definitioni+�template <typename T>
lass Nef_polyhedron_2_rep : publi
 Ref_
ounted
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lass Nef_polyhedron_2<T>;#ifndef CGAL_SIMPLE_HDShnef rep typesi#elsehnef rep types msci#endif//typedef CGAL::PM_transformer<De
orator,T> Transformer;Plane_map pm_; Lo
ator* pl_;void init_lo
ator(){ if ( !pl_ ) pl_ = new Lo
ator(pm_); }void 
lear_lo
ator(){ if ( pl_ ) delete pl_; pl_=0; }publi
:Nef_polyhedron_2_rep() : Ref_
ounted(), pm_(), pl_(0) {}Nef_polyhedron_2_rep(
onst Self& R) : Ref_
ounted(), pm_(), pl_(0) {}~Nef_polyhedron_2_rep() { pm_.
lear(); 
lear_lo
ator(); }};
The classNef polyhedron2<T> has a static member objectEK of typeT which allows us to interface
a kernel object.hnef polyhedron definitioni+�template <typename T>
lass Nef_polyhedron_2 : publi
 Handle_for< Nef_polyhedron_2_rep<T> >{publi
:typedef T Extended_kernel;stati
 T EK; // stati
 extended kernelhnef interface typesiprote
ted:hnef protected membersipubli
:hnef interface operationsi}; // end of Nef_polyhedron_2template <typename T>T Nef_polyhedron_2<T>::EK;

In the classNef polyhedron2<T> all geometric types are obtained from the geometric traits class
T. T contains affine types that are part of the interface but also the extended types that are used
in the infimaximal framework. TheStandard-prefixed types from withinT become the interface
types ofNef polyhedron2<T>. The non-prefixed8 types withinT become the extended types within
Nef polyhedron2<T>.

8T is used as a traits class in our generic geometry based modules likePM overlayer<T>. Therefore, the extended types
conform to a simpler naming scheme withinT.



1.6 Top Level Implementation 21hnef interface typesi�typedef Nef_polyhedron_2<T> Self;typedef Handle_for< Nef_polyhedron_2_rep<T> > Base;typedef typename T::Point_2 Extended_point;typedef typename T::Segment_2 Extended_segment;typedef typename T::Standard_line_2 Line;typedef typename T::Standard_point_2 Point;typedef typename T::Standard_dire
tion_2 Dire
tion;typedef typename T::Standard_aff_transformation_2 Aff_transformation;hnef interface typesi+�typedef bool Mark;enum Boundary { EXCLUDED=0, INCLUDED=1 };enum Content { EMPTY=0, COMPLETE=1 };
We import the typePlanemap and all decorator types likeDecorator, Overlayer, Locator,

Slocator from the representation typeNef polyhedron2 rep. Additionally, we import handles and
iterators fromDecorator.hnef protected membersi�hboolean classesitypedef Nef_polyhedron_2_rep<T> Nef_rep;typedef typename Nef_rep::Plane_map Plane_map;typedef typename Nef_rep::De
orator De
orator;typedef typename Nef_rep::Const_de
orator Const_de
orator;typedef typename Nef_rep::Overlayer Overlayer;//typedef typename Nef_rep::T Transformer;typedef typename Nef_rep::Slo
ator Slo
ator;typedef typename Nef_rep::Lo
ator Lo
ator;Plane_map& pm() { return ptr->pm_; }
onst Plane_map& pm() 
onst { return ptr->pm_; }friend std::ostream& operator<< CGAL_NULL_TMPL_ARGS(std::ostream& os, 
onst Nef_polyhedron_2<T>& NP);friend std::istream& operator>> CGAL_NULL_TMPL_ARGS(std::istream& is, Nef_polyhedron_2<T>& NP);typedef typename De
orator::Vertex_handle Vertex_handle;typedef typename De
orator::Halfedge_handle Halfedge_handle;typedef typename De
orator::Fa
e_handle Fa
e_handle;typedef typename De
orator::Vertex_
onst_handle Vertex_
onst_handle;typedef typename De
orator::Halfedge_
onst_handle Halfedge_
onst_handle;typedef typename De
orator::Fa
e_
onst_handle Fa
e_
onst_handle;typedef typename De
orator::Vertex_iterator Vertex_iterator;typedef typename De
orator::Halfedge_iterator Halfedge_iterator;typedef typename De
orator::Fa
e_iterator Fa
e_iterator;typedef typename Const_de
orator::Vertex_
onst_iteratorVertex_
onst_iterator;typedef typename Const_de
orator::Halfedge_
onst_iterator
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onst_iterator;typedef typename Const_de
orator::Fa
e_
onst_iteratorFa
e_
onst_iterator;stru
t Ex
ept_frame_box_edges {De
orator D_; Fa
e_handle f_;Ex
ept_frame_box_edges(Plane_map& P) : D_(P), f_(D_.fa
es_begin()) {}bool operator()(Halfedge_handle e) 
onst{ return D_.fa
e(e)==f_ || D_.fa
e(D_.twin(e))==f_; }};
1.6.2 Creating Polyhedra

We provide the construction methods for basic polyhedra. These are the empty set, the whole plane,
open and closed half-planes, and construction of simple polygonal chains (Jordan Curves) where the
modeled point set can be the bounded or unbounded part for theplane and the set can be open or
closed.

A B C D

E F G H

Figure 1.5:Elementary Nef polyhedra: (A) the empty set, (B) the whole plane, (C/D) a closed/open half-plane,
(E/F) a closed/open bounded polygon, (G/H) the plane with a closed/open polygonal hole.

The construction of simple Nef polyhedra is reduced to the overlay of a list of extended segments,
the creation of the 2-faces, followed by setting the attribute marks that code set inclusion. The first
task is implemented in our overlayer modulePM overlayer<> ::create(s;e;DA) whereS = tuple[s;e)
is the set of segments andDA is a data accessor that allows us to link plane map edges to thesegments
in S.

Finally, we only have to take care of the correct marks of the plane map objects with respect to
the construction information from our constructor interface. Note that by using the overlayer module
we obtain all output properties of the plane map created fromthat module.

All Nef polyhedra obtain an infimaximal frame embedded by four extended segments. We encap-
sulate this into the following operation. See the extended geometry module for the definition of this
frame.



1.6 Top Level Implementation 23hnef protected membersi+�typedef std::list<Extended_segment> ES_list;typedef typename ES_list::
onst_iterator ES_iterator;void fill_with_frame_segs(ES_list& L) 
onst{ L.push_ba
k(Extended_segment(EK.SW(),EK.NW()));L.push_ba
k(Extended_segment(EK.SW(),EK.SE()));L.push_ba
k(Extended_segment(EK.NW(),EK.NE()));L.push_ba
k(Extended_segment(EK.SE(),EK.NE()));}
We want to establish a link between a particular extended segment and its corresponding edge in the
plane map. Our overlay module allows us to get a grip on this relation by means of a data accessor
that is passed to the overlay algorithm. The classLink to iterator is a model for that data acces-
sor concept. An objectD of this type can store an iterator referencing a segment. Passed to the
PM overlayer<> ::create(:::) method it stores the corresponding edge after the executed overlay as its
memberD: e. Link to iterator also initializes all marks of the newly created skeleton objects.

We show more details. We allow also degenerate segments. We associate a halfedge or vertex to
an input segments = �it referenced by an iteratorit. If the segments is trivial it will be associated
to a vertex, else it is associated to a halfedge. The data accessor initializes the marks of the newly
created skeleton objects tom (defined in the construction). For the concept of the data accessor see
the manual page ofPM overlayer<> ::create(:::).hnef protected membersi+�stru
t Link_to_iterator {
onst De
orator& D;Halfedge_handle _e;Vertex_handle _v;ES_iterator _it;Mark _m;Link_to_iterator(
onst De
orator& d, ES_iterator it, Mark m) :D(d), _e(), _v(), _it(it), _m(m) {}void supporting_segment(Halfedge_handle e, ES_iterator it){ if ( it == _it ) _e = e; D.mark(e) = _m; }void trivial_segment(Vertex_handle v, ES_iterator it){ if ( it == _it ) _v = v; D.mark(v) = _m; }void starting_segment(Vertex_handle v, ES_iterator){ D.mark(v) = _m; }void passing_segment(Vertex_handle v, ES_iterator){ D.mark(v) = _m; }void ending_segment(Vertex_handle v, ES_iterator){ D.mark(v) = _m; }};

We add the box edges toL, overlay them and set the second face (inside the frame box) to theplane
mark. We know from the output properties ofOverlayerthat the first face object is always the one
surrounding the frame.



1.6 Top Level Implementation 24hnef interface operationsi�Nef_polyhedron_2(Content plane = EMPTY) : Base(Nef_rep()){ ES_list L;fill_with_frame_segs(L);Overlayer D(pm());Link_to_iterator I(D, --L.end(), false);D.
reate(L.begin(),L.end(),I);D.mark(++D.fa
es_begin()) = bool(plane);}
We come to the construction of a half-plane. A user describesan open or closed half-plane by

an oriented linel . To create a plane map representing it we overlay a frame box plus an extended
segment splitting the box into two faces alongl . The overlayer modulePM overlayer<> ::create(:::)
creates the plane map (including faces) out of the list of extended segments passed to it where no
object is selected (concerning membership). The data accessorLink to iterator I obtains the edgeI: e
of pm( ) corresponding to��L:end( ) (the iterator pointing to the extended segment which is the line)
during thecreatephase. We can use that edge to mark its adjacent face and the edge itself according
to theline flag.hnef interface operationsi+�Nef_polyhedron_2(
onst Line& l, Boundary line = INCLUDED) : Base(Nef_rep()){ ES_list L;fill_with_frame_segs(L);Extended_point ep1 = EK.
onstru
t_opposite_point(l);Extended_point ep2 = EK.
onstru
t_point(l);L.push_ba
k(EK.
onstru
t_segment(ep1,ep2));Overlayer D(pm());Link_to_iterator I(D, --L.end(), false);D.
reate(L.begin(),L.end(),I);Halfedge_handle el = I._e;if ( D.point(D.target(el)) != EK.target(L.ba
k()) )el = D.twin(el);D.mark(D.fa
e(el)) = true;D.mark(el) = bool(line);}
The construction of a simple polygon defined by an iterator range of standard affine points (the value
type ofForward iterator is Point) follows the same idea, however we also accept degenerate polygons.

The iterator range of points can confront us with the following cases: (1) the list is empty, (2)
the list has only one point, (3) the list contains at least twopoints spanning line segments where the
following cases and problems can occur: (a) the segment(s) has (have) affine dimension 1 (the hull is
a segment). (b) the segments enclose a simple polygon. (c) the segments enclose no simple polygon
(touching or intersecting inside). We cover one point, two points spanning a segment andn points
spanning a simple polygon (which we do not check). The construction of the plane map still succeeds
whenP is not simple as the overlayer module just constructs the planar subdivision implied by the
segments in the iterator range. However, the face marks willin general be incorrect.
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lass Forward_iterator>Nef_polyhedron_2(Forward_iterator it, Forward_iterator end,Boundary b = INCLUDED) : Base(Nef_rep()){ ES_list L;fill_with_frame_segs(L);bool empty = false;if (it != end)hfill segment list Lielse empty = true;Overlayer D(pm());Link_to_iterator I(D, --L.end(), true);D.
reate(L.begin(),L.end(),I);hmark face and boundaryi}
We fill L with the segments cyclically spanned by the points in the input iterator range.hfill segment list Li�{ Extended_point ef, ep = ef = EK.
onstru
t_point(*it);Forward_iterator itl=it; ++itl;if (itl == end) // 
ase only one pointL.push_ba
k(EK.
onstru
t_segment(ep,ep));else { // at least one segmentwhile( itl != end ) {Extended_point en = EK.
onstru
t_point(*itl);L.push_ba
k(EK.
onstru
t_segment(ep,en));ep = en; ++itl;}L.push_ba
k(EK.
onstru
t_segment(ep,ef));}}
We create the marks via the object stored in theLink to iterator object I . The object is determined
by the last segments in L. If that segment is trivial thenI: v stores the corresponding vertex. Ifs is
non-trivial thenI: e contains the edge supported by the segment. We only have to extract the correct
halfedge of the edge twins. Then, we can mark the face and the boundary accordingly.hmark face and boundaryi�if ( empty ) {D.mark(++D.fa
es_begin()) = !bool(b); return; }if ( EK.is_degenerate(L.ba
k()) ) {D.mark(D.fa
e(I._v)) = !bool(b); D.mark(I._v) = b;} else {Halfedge_handle el = I._e;if ( D.point(D.target(el)) != EK.target(L.ba
k()) )el = D.twin(el);D.set_marks_in_fa
e_
y
le(el,bool(b));if ( D.number_of_fa
es() > 2 ) D.mark(D.fa
e(el)) = true;
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e(el)) = !bool(b);}
lear_outer_fa
e_
y
le_marks();
Now the standard copy construction, assignment and destruction. The first two are delegated to the

Handletype.hnef interface operationsi+�Nef_polyhedron_2(
onst Nef_polyhedron_2<T>& N1) : Base(N1) {}Nef_polyhedron_2& operator=(
onst Nef_polyhedron_2<T>& N1){ Base::operator=(N1); return (*this); }~Nef_polyhedron_2() {}#ifndef _MSC_VERtemplate <
lass Forward_iterator>Nef_polyhedron_2(Forward_iterator first, Forward_iterator beyond,double p=0.5) : Base(Nef_rep()){ ES_list L; fill_with_frame_segs(L);while ( first != beyond ) {Extended_point ep1 = EK.
onstru
t_opposite_point(*first);Extended_point ep2 = EK.
onstru
t_point(*first);L.push_ba
k(EK.
onstru
t_segment(ep1,ep2)); ++first;}Overlayer D(pm());Link_to_iterator I(D, --L.end(), false);D.
reate(L.begin(),L.end(),I);Vertex_iterator v; Halfedge_iterator e; Fa
e_iterator f;for (v = D.verti
es_begin(); v != D.verti
es_end(); ++v)D.mark(v) = ( default_random.get_double() < p ? true : false );for (e = D.halfedges_begin(); e != D.halfedges_end(); ++(++e))D.mark(e) = ( default_random.get_double() < p ? true : false );for (f = D.fa
es_begin(); f != D.fa
es_end(); ++f)D.mark(f) = ( default_random.get_double() < p ? true : false );D.simplify(Ex
ept_frame_box_edges(pm()));
lear_outer_fa
e_
y
le_marks();}#endif
The construction from a plane mapH is a clone action. We create a representation object which has
the same topology, geometry and attributes asH.hnef interface operationsi+�prote
ted:Nef_polyhedron_2(
onst Plane_map& H, bool 
lone=true) : Base(Nef_rep()){ if (
lone) {De
orator D(pm()); // a de
orator working on the rep plane mapD.
lone(H); // 
loning H into pm()}}void 
lone_rep() { *this = Nef_polyhedron_2<T>(pm()); }
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And now for the standard operations. We expect that the underlying plane map structure is simplified
as described in thePM overlayer<> module. Then for the simple configurationsemptyandplanethe
plane map has to be just the frame of four vertices, four uedges and two faces.hnef interface operationsi+�publi
:void 
lear(Content plane = EMPTY){ *this = Nef_polyhedron_2(plane); }bool is_empty() 
onst{ Const_de
orator D(pm());Fa
e_
onst_iterator f = D.fa
es_begin();return (D.number_of_verti
es()==4 &&D.number_of_edges()==4 &&D.number_of_fa
es()==2 &&D.mark(++f) == false);}bool is_plane() 
onst{ Const_de
orator D(pm());Fa
e_
onst_iterator f = D.fa
es_begin();return (D.number_of_verti
es()==4 &&D.number_of_edges()==4 &&D.number_of_fa
es()==2 &&D.mark(++f) == true);}
1.6.3 Unary Operations

For the unary operations on Nef polyhedra we implement several class-modifying methods. They can
be chained together to larger units. We thereby save cloningoperations if the representation object
is only referenced by one handle. Note that the first line of any modifying operation has to check if
the representation object is shared by several handles. If the representation object is shared, the plane
map has to be cloned before modification. We first implement the three operations
pl , int , andbd .

As our planar Nef polyhedra completely partition the plane,the complement operation is easy to
implement by an inversion (Boolean flip) of the selection markers. Note that this conforms to the
result [Nef78, theorem 6;14] in which Nef showed that the low-dimensional faces ofP and 
plP
(in their common boundary) are the same and the full-dimensional faces that are part ofP or 
plP
obviously exchange their role (if non-empty). The local pyramid in any pointx of the plane is inverted
by the Boolean flips according to [Nef78, theorem 3;15](
plP)x = 
plPx. Due to the special role9

of the outer face and the edges and vertices that are part of the frame box we keep all objects of the
frame unmarked (operationclear outer facecyclemarks). Note that just by flipping we do not spoil
the local views properties as specified in Lemma 1.4.1. Thus,we do not have to simplify here.hnef interface operationsi+�void extra
t_
omplement(){ if ( ptr->is_shared() ) 
lone_rep();

9No affine object can be placed on or outside the infimaximal frame.



1.6 Top Level Implementation 28Overlayer D(pm());Vertex_iterator v, vend = D.verti
es_end();for(v = D.verti
es_begin(); v != vend; ++v) D.mark(v) = !D.mark(v);Halfedge_iterator e, eend = D.halfedges_end();for(e = D.halfedges_begin(); e != eend; ++(++e)) D.mark(e) = !D.mark(e);Fa
e_iterator f, fend = D.fa
es_end();for(f = D.fa
es_begin(); f != fend; ++f) D.mark(f) = !D.mark(f);
lear_outer_fa
e_
y
le_marks();}
The interior intP of a point setP is the set of all points where an open ball of infinitesimal radius
(a neighborhood) is contained in the point set. This is not the case for all low-dimensional faces of
the plane map. Accordingly (see also [Nef78, theorem 3;19]), we have to keep all selected full-
dimensional faces ofP and all objects of the 1-skeleton have to be deselected. Afterwards the sim-
plification operation minimizes the structure and makes it again consistent with Definition 4. For
example, marked isolated vertices within non-marked facesand marked edges within such faces are
first unmarked and then deleted in thesimplify( ) operation. The simplification operation has to ex-
empt edges of the infimaximal frame. An objectExceptframeboxedges(P) has a function operator
methodbool operator( )(Hal f edgehandle e)that returns true iff the edgeeof the plane mapP is part
of the frame box. Thereby withinsimplifya removal of edges is only executed on edges that partition
the interior of the frame box.hnef interface operationsi+�void extra
t_interior(){ if ( ptr->is_shared() ) 
lone_rep();Overlayer D(pm());Vertex_iterator v, vend = D.verti
es_end();for(v = D.verti
es_begin(); v != vend; ++v) D.mark(v) = false;Halfedge_iterator e, eend = D.halfedges_end();for(e = D.halfedges_begin(); e != eend; ++(++e)) D.mark(e) = false;D.simplify(Ex
ept_frame_box_edges(pm()));}
The boundary of a point setP is defined to be the intersection
losP\ 
los 
plP. This is the set of all
points that have a nonempty neighborhood withintP or extP. Any point x on the 1-skeleton of the
plane map has this property due to the properties of its localpyramidPx. The boundarybdP is thus
obtained by selecting all low-dimensional objects and thendeselecting all 2-faces. Finally we cope
with the frame and simplify the structure.hnef interface operationsi+�void extra
t_boundary(){ if ( ptr->is_shared() ) 
lone_rep();Overlayer D(pm());Vertex_iterator v, vend = D.verti
es_end();for(v = D.verti
es_begin(); v != vend; ++v) D.mark(v) = true;Halfedge_iterator e, eend = D.halfedges_end();for(e = D.halfedges_begin(); e != eend; ++(++e)) D.mark(e) = true;Fa
e_iterator f, fend = D.fa
es_end();
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es_begin(); f != fend; ++f) D.mark(f) = false;
lear_outer_fa
e_
y
le_marks();D.simplify(Ex
ept_frame_box_edges(pm()));}
Finally, we use the above operations forclosureandregularization. The closure ofP can be reduced
to the operationsinterior andcomplementas
losP= 
pl int 
plP. The regularization ofP is defined as
los intP.hnef interface operationsi+�void extra
t_
losure(){ extra
t_
omplement();extra
t_interior();extra
t_
omplement();}void extra
t_regularization(){ extra
t_interior();extra
t_
losure();}
The constructive interface methods are just mapped to the corresponding extract methods.hnef interface operationsi+�Nef_polyhedron_2<T> 
omplement() 
onst{ Nef_polyhedron_2<T> res = *this;res.extra
t_
omplement();return res;}
All other operations likeinterior( ), closure( ), boundary( ), andregularization( ) are implemented
accordingly.hnef interface operationsi+�Nef_polyhedron_2<T> interior() 
onst{ Nef_polyhedron_2<T> res = *this;res.extra
t_interior();return res;}Nef_polyhedron_2<T> 
losure() 
onst{ Nef_polyhedron_2<T> res = *this;res.extra
t_
losure();return res;}Nef_polyhedron_2<T> boundary() 
onst{ Nef_polyhedron_2<T> res = *this;res.extra
t_boundary();return res;}



1.6 Top Level Implementation 30Nef_polyhedron_2<T> regularization() 
onst{ Nef_polyhedron_2<T> res = *this;res.extra
t_regularization();return res;}
1.6.4 Binary Set Operations

We follow Rossignac and O’Connor [RO90] and split the binaryoperations into three phases sub-
division – selection – simplification. The subdivision phase creates the overlay of the two input
structures. This overlay has the property that each object (vertex, edge, face) has exactly one object
from each input structure that supports it. After the subdivison each object of the resulting plane
map knows its mark in each of the two input structures and can thereby be qualified with respect to
each input structure. The binary set operation is then reduced to a Boolean predicate on these marks.
The resulting structure can be a planar partition that is nota legal Nef polyhedron due to the fact that
plane map boundary objects can have local views that contradict Lemma 1.4.1. Violations are fixed
in the simplification phase without changing the represented point set. This simplification makes the
plane map representation minimal with respect to the numberof its objects and again consistent with
Definition 4.

The above scheme refers to the theory as presented by Nef who showed the following general
lemma.

Lemma 1.6.1: Let P0, P1 be polyhedra. Then every face ofP= P0\P1 is the union of intersections
of faces ofP0 andP1.

The proof follows [Nef78, Satz 6;16]. As a consequence the simplification just unions objects
within P to form the connected components of Nef faces.

To implement the binary set operations we use functors10 that carry the underlying Boolean logic.hboolean classesi�stru
t AND { bool operator()(bool b1, bool b2) 
onst { return b1&&b2; } };stru
t OR { bool operator()(bool b1, bool b2) 
onst { return b1||b2; } };stru
t DIFF { bool operator()(bool b1, bool b2) 
onst { return b1&&!b2; } };stru
t XOR { bool operator()(bool b1, bool b2) 
onst{ return (b1&&!b2)||(!b1&&b2); } };hnef interface operationsi+�Nef_polyhedron_2<T> interse
tion(
onst Nef_polyhedron_2<T>& N1) 
onst{ Nef_polyhedron_2<T> res(pm(),false); // empty, no frameOverlayer D(res.pm());D.subdivide(pm(),N1.pm());AND _and; D.sele
t(_and);res.
lear_outer_fa
e_
y
le_marks();D.simplify(Ex
ept_frame_box_edges(res.pm()));return res;}
10a short form for function objects.
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Join, difference, and symmetric difference follow similarschemes based onOR, DIFF, andXOR.hnef interface operationsi+�Nef_polyhedron_2<T> join(
onst Nef_polyhedron_2<T>& N1) 
onst{ Nef_polyhedron_2<T> res(pm(),false); // empty, no frameOverlayer D(res.pm());D.subdivide(pm(),N1.pm());OR _or; D.sele
t(_or);res.
lear_outer_fa
e_
y
le_marks();D.simplify(Ex
ept_frame_box_edges(res.pm()));return res;}Nef_polyhedron_2<T> differen
e(
onst Nef_polyhedron_2<T>& N1) 
onst{ Nef_polyhedron_2<T> res(pm(),false); // empty, no frameOverlayer D(res.pm());D.subdivide(pm(),N1.pm());DIFF _diff; D.sele
t(_diff);res.
lear_outer_fa
e_
y
le_marks();D.simplify(Ex
ept_frame_box_edges(res.pm()));return res;}Nef_polyhedron_2<T> symmetri
_differen
e(
onst Nef_polyhedron_2<T>& N1) 
onst{ Nef_polyhedron_2<T> res(pm(),false); // empty, no frameOverlayer D(res.pm());D.subdivide(pm(),N1.pm());XOR _xor; D.sele
t(_xor);res.
lear_outer_fa
e_
y
le_marks();D.simplify(Ex
ept_frame_box_edges(res.pm()));return res;}#if 0Nef_polyhedron_2<T> transform(
onst Aff_transformation& t) 
onst{ Nef_polyhedron_2<T> res(pm()); // 
lonedTransformer PMT(res.pm());PMT.transform(t);return res;}#endif
The first face object is the one outside the bounding frame. Thus it’s only hole face cycle consists of
the edges of the frame.hnef protected membersi+�void 
lear_outer_fa
e_
y
le_marks(){ // unset all frame marksDe
orator D(pm());Fa
e_iterator f = D.fa
es_begin();D.mark(f) = false;



1.6 Top Level Implementation 32Halfedge_handle e = D.holes_begin(f);D.set_marks_in_fa
e_
y
le(e, false);}hnef interface operationsi+�Nef_polyhedron_2<T> operator*(
onst Nef_polyhedron_2<T>& N1) 
onst{ return interse
tion(N1); }Nef_polyhedron_2<T> operator+(
onst Nef_polyhedron_2<T>& N1) 
onst{ return join(N1); }Nef_polyhedron_2<T> operator-(
onst Nef_polyhedron_2<T>& N1) 
onst{ return differen
e(N1); }Nef_polyhedron_2<T> operator^(
onst Nef_polyhedron_2<T>& N1) 
onst{ return symmetri
_differen
e(N1); }Nef_polyhedron_2<T> operator!() 
onst{ return 
omplement(); }Nef_polyhedron_2<T>& operator*=(
onst Nef_polyhedron_2<T>& N1){ this = interse
tion(N1); return *this; }Nef_polyhedron_2<T>& operator+=(
onst Nef_polyhedron_2<T>& N1){ this = join(N1); return *this; }Nef_polyhedron_2<T>& operator-=(
onst Nef_polyhedron_2<T>& N1){ this = differen
e(N1); return *this; }Nef_polyhedron_2<T>& operator^=(
onst Nef_polyhedron_2<T>& N1){ this = symmetri
_differen
e(N1); return *this; }
1.6.5 Binary Comparison Operations

All set comparison operations are reduced to binary operations followed by an empty-set test. For two
Nef polyhedraP1, P2 it holds

P1 = P2 , symmetricdifference(P1;P2) = /0
P1� P2 , difference(P1;P2) = /0
P1 P2 , difference(P1;P2) = /0 ^ difference(P2;P1) 6= /0

In our specification� is operator�, and is operator<. The other operations are symmetric.hnef interface operationsi+�bool operator==(
onst Nef_polyhedron_2<T>& N1) 
onst{ return symmetri
_differen
e(N1).is_empty(); }bool operator!=(
onst Nef_polyhedron_2<T>& N1) 
onst{ return !operator==(N1); }bool operator<=(
onst Nef_polyhedron_2<T>& N1) 
onst{ return differen
e(N1).is_empty(); }bool operator<(
onst Nef_polyhedron_2<T>& N1) 
onst{ return differen
e(N1).is_empty() && !N1.differen
e(*this).is_empty(); }
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hnef interface operationsi+�bool operator>=(
onst Nef_polyhedron_2<T>& N1) 
onst{ return N1.differen
e(*this).is_empty(); }bool operator>(
onst Nef_polyhedron_2<T>& N1) 
onst{ return N1.differen
e(*this).is_empty() && !differen
e(N1).is_empty(); }
1.6.6 Point location and Ray shooting

Let P be the plane map underlying our Nef polyhedron stored in the�thisobject. The result of a point
location query with an affine pointp is the object ofP whose embedding containsp. Ray shooting
queries come in two flavors. One variant starts the ray shot ina point p and determines the closest
object ofP in directiond that is in the set (determined by the selection mark). The other variant deter-
mines the closest 1-skeleton object in directiond. The point location and ray shooting functionality
is taken from the two point location classesPM point locator<> andPM naivepoint locator<>. All
operations can choose between the two approaches by a mode flag m. The default is location as im-
plemented byPM point locator<>. That class uses a further subdivision ofP by a locally minimized
weight constrained triangulations (LMWT) to allow so-called segment walks. The LMWT is calcu-
lated on demand, when the first point location or ray shootingoperation is called. The naive point
location method is based on a global examination of all objects of P to find the one that containsp.hnef interface operationsi+�typedef Const_de
orator Topologi
al_explorer;typedef CGAL::PM_explorer<Const_de
orator,T> Explorer;typedef typename Lo
ator::Obje
t_handle Obje
t_handle;enum Lo
ation_mode { DEFAULT, NAIVE, LMWT };void init_lo
ator() 
onst { ptr->init_lo
ator(); }
onst Lo
ator& lo
ator() 
onst{ assert(ptr->pl_); return *(ptr->pl_); }
The typeObjecthandleis a polymorphic handle that can reference vertices, edges,and faces. Con-

version is done by an assign operation similarly to the polymorphic CGAL typeObject.hnef interface operationsi+�bool 
ontains(Obje
t_handle h) 
onst{ Slo
ator PL(pm()); return PL.mark(h); }bool 
ontained_in_boundary(Obje
t_handle h) 
onst{ Vertex_
onst_handle v;Halfedge_
onst_handle e;return ( CGAL::assign(v,h) || CGAL::assign(e,h) );}
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The chosen point location method depends onm. In the non-naive case the locator object is initialized
by a call to init locator( ). The corresponding locator object is stored in the representation object
for further usage in iterated queries and can be accessed by the locator( ) method. The naive locate
operation requires a segment as input that intersects the 1-skeleton of the plane map.hnef interface operationsi+�Obje
t_handle lo
ate(
onst Point& p, Lo
ation_mode m = DEFAULT) 
onst{ if (m == DEFAULT || m == LMWT) {ptr->init_lo
ator();Extended_point ep = EK.
onstru
t_point(p);return lo
ator().lo
ate(ep);} else if (m == NAIVE) {Slo
ator PL(pm(),EK);Extended_segment s(EK.
onstru
t_point(p),PL.point(PL.verti
es_begin()));return PL.lo
ate(s);}CGAL_assertion_msg(0,"lo
ation mode not implemented.");return Obje
t_handle();}
The ray shooting operation determines the closest object ofP that is marked and hit by a ray shot from
the pointp in directiond. The search is delegated to the corresponding member of the locator object.
The classINSET is the predicate class that stops the ray shot when a marked object is hit. See the
manual page of the locator classes for its concept.hnef interface operationsi+�stru
t INSET {
onst Const_de
orator& D;INSET(
onst Const_de
orator& Di) : D(Di) {}bool operator()(Vertex_
onst_handle v) 
onst { return D.mark(v); }bool operator()(Halfedge_
onst_handle e) 
onst { return D.mark(e); }bool operator()(Fa
e_
onst_handle f) 
onst { return D.mark(f); }};Obje
t_handle ray_shoot(
onst Point& p, 
onst Dire
tion& d,Lo
ation_mode m = DEFAULT) 
onst{ if (m == DEFAULT || m == LMWT) {ptr->init_lo
ator();Extended_point ep = EK.
onstru
t_point(p),eq = EK.
onstru
t_point(p,d);return lo
ator().ray_shoot(EK.
onstru
t_segment(ep,eq),INSET(lo
ator()));} else if (m == NAIVE) {Slo
ator PL(pm(),EK);Extended_point ep = EK.
onstru
t_point(p),eq = EK.
onstru
t_point(p,d);return PL.ray_shoot(EK.
onstru
t_segment(ep,eq),INSET(PL));}
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ation mode not implemented.");return Obje
t_handle();}
A similar implementation is used forray shootto boundary. Note that we only use a different predi-
cateINSKEL.hnef interface operationsi+�stru
t INSKEL {bool operator()(Vertex_
onst_handle) 
onst { return true; }bool operator()(Halfedge_
onst_handle) 
onst { return true; }bool operator()(Fa
e_
onst_handle) 
onst { return false; }};Obje
t_handle ray_shoot_to_boundary(
onst Point& p, 
onst Dire
tion& d,Lo
ation_mode m = DEFAULT) 
onst{ if (m == DEFAULT || m == LMWT) {ptr->init_lo
ator();Extended_point ep = EK.
onstru
t_point(p),eq = EK.
onstru
t_point(p,d);return lo
ator().ray_shoot(EK.
onstru
t_segment(ep,eq),INSKEL());} else if (m == NAIVE) {Slo
ator PL(pm(),EK);Extended_point ep = EK.
onstru
t_point(p),eq = EK.
onstru
t_point(p,d);return PL.ray_shoot(EK.
onstru
t_segment(ep,eq),INSKEL());}CGAL_assertion_msg(0,"lo
ation mode not implemented.");return Obje
t_handle();}
To examine the plane map underlying the Nef polyhedron the user can obtain a decorator object that
has read-only access topm( ). Thus, modifications can only take place via the interface operations of
Nef polydron2.hnef interface operationsi+�Explorer explorer() 
onst { return Explorer(pm(),EK); }
1.6.7 The file wrapperhNef polyhedron2.hi�hCGAL Header1i// file : in
lude/CGAL/Nef_polyhedron_2.hhCGAL Header2i#ifndef CGAL_NEF_POLYHEDRON_2_H#define CGAL_NEF_POLYHEDRON_2_H#if defined(_MSC_VER) || defined(__BORLANDC__)
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lude <CGAL/basi
.h>#in
lude <CGAL/Handle_for.h>#in
lude <CGAL/Random.h>#ifndef CGAL_SIMPLE_HDS#in
lude <CGAL/Nef_2/HDS_items.h>#in
lude <CGAL/HalfedgeDS_default.h>#else#in
lude <CGAL/Nef_2/HalfedgeDS_default_MSC.h>#endif#in
lude <CGAL/Nef_2/PM_explorer.h>#in
lude <CGAL/Nef_2/PM_de
orator.h>#in
lude <CGAL/Nef_2/PM_io_parser.h>#in
lude <CGAL/Nef_2/PM_overlayer.h>//#in
lude <CGAL/Nef_2/PM_transformer.h>#in
lude <CGAL/Nef_2/PM_point_lo
ator.h>#in
lude <ve
tor>#in
lude <list>#undef _DEBUG#define _DEBUG 11#in
lude <CGAL/Nef_2/debug.h>CGAL_BEGIN_NAMESPACEhnef polyhedron definitionihnef polyhedron input and outputiCGAL_END_NAMESPACE#undef CGAL_SIMPLE_HDS#endif //CGAL_NEF_POLYHEDRON_2_H
1.6.8 Visualization

At last we provide a drawing routine for Nef polyhedra in a LEDA window. We want to draw faces,
edges, vertices in this order, where faces are maximally connected point sets bounded by one outer
face cycle and maybe by several inner hole cycles. We draw objects which are in our point set black
and objects which are not in our pointset by a light color. Note that we face the following problem.
Our window represents a rectangular view to our square frame, which is large enough to make the
topology on this boundary constant. Imagine making our frame big enough and then shrinking it
slowly down to zero. For each ray with slope not equal to one and not containing the origin there
is a valueR when the ray tip on the frame leaves its correct frame segment. If we want to prevent
topological difficulties when drawing the polyhedron we have to keep our frame radius above the
minimumRm. Thus visualization determines thisRm and sets the internal evaluation parameter to this
value. Then all points on the frame and segments containing such points have fixed coordinates and
can be drawn. For the concrete technical details of drawing the objects see the classPM visualizor<>.



1.6 Top Level Implementation 37hwindow stream outputi�stati
 long frame_default = 100;stati
 bool show_triangulation = false;template <typename T>CGAL::Window_stream& operator<<(CGAL::Window_stream& ws,
onst Nef_polyhedron_2<T>& P){ typedef Nef_polyhedron_2<T> Polyhedron;typedef typename T::RT RT;typedef typename T::Standard_RT Standard_RT;typedef typename Polyhedron::Topologi
al_explorer TExplorer;typedef typename Polyhedron::Point Point;typedef typename Polyhedron::Line Line;typedef CGAL::PM_BooleColor<TExplorer> BooleColor;typedef CGAL::PM_visualizor<TExplorer,T,BooleColor> Visualizor;TExplorer D = P.explorer();
onst T& E = Nef_polyhedron_2<T>::EK;Standard_RT frame_radius = frame_default;E.determine_frame_radius(D.points_begin(),D.points_end(),frame_radius);RT::set_R(frame_radius);Visualizor PMV(ws,D); PMV.draw_map();hdraw the refining constrained triangulationireturn ws;}
Drawing of the constrained triangulation is done dependingon the static variableshowtriangulation.
Of course such animation requires the necessary preprocessing with the locator object.hdraw the refining constrained triangulationi�if (show_triangulation) {P.init_lo
ator();Visualizor V(ws,P.lo
ator().triangulation());V.draw_skeleton(CGAL::BLUE);}
The header just wraps the above operations.hNef polyhedron2 Windowstream.hi�hCGAL Header1i// file : in
lude/CGAL/IO/Nef_polyhedron_2_Window_stream.hhCGAL Header2i#ifndef NEF_POLYHEDRON_2_WINDOW_STREAM_H#define NEF_POLYHEDRON_2_WINDOW_STREAM_H#in
lude <CGAL/Nef_polyhedron_2.h>#in
lude <CGAL/Nef_2/PM_visualizor.h>CGAL_BEGIN_NAMESPACEhwindow stream outputiCGAL_END_NAMESPACE#endif // NEF_POLYHEDRON_2_WINDOW_STREAM_H
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1.6.9 Input and Output

Standard input and output is done by the plane map I/O classPM io parser. We tag the output with
an idendifier to be able to check correct coordinate representation when we read it as input.hnef polyhedron input and outputi�template <typename T>std::ostream& operator<<(std::ostream& os, 
onst Nef_polyhedron_2<T>& NP){ os << "Nef_polyhedron_2<" << NP.EK.output_identifier() << ">\n";typedef typename Nef_polyhedron_2<T>::De
orator De
orator;CGAL::PM_io_parser<De
orator> O(os, NP.pm()); O.print();return os;}template <typename T>std::istream& operator>>(std::istream& is, Nef_polyhedron_2<T>& NP){ typedef typename Nef_polyhedron_2<T>::De
orator De
orator;CGAL::PM_io_parser<De
orator> I(is, NP.pm());if (I.
he
k_sep("Nef_polyhedron_2<") &&I.
he
k_sep(NP.EK.output_identifier()) &&I.
he
k_sep(">")) I.read();else {std::
err << "Nef_polyhedron_2 input 
orrupted." << std::endl;NP = Nef_polyhedron_2<T>();}typename Nef_polyhedron_2<T>::Topologi
al_explorer D(NP.explorer());D.
he
k_integrity_and_topologi
al_planarity();return is;}
1.6.10 Hiding extended geometry

The plane map explorer provides an interface that masks the properties of our extended kernel by
reintroducing purely affine objects. We want to provide a simple interface for users who are not
interested in the detailed features of extended objects. The methods of the classPM explorer<> allow
queries to the category of vertices and edges such as “Is a vertex embedded in the affine space or on
the frame box?” or “Is an edge part of the affine structure or part of the frame box”.hPM explorer.hi�hCGAL Header1i// file : in
lude/CGAL/Nef_2/PM_explorer.hhCGAL Header2i#ifndef CGAL_PM_EXPLORER_H#define CGAL_PM_EXPLORER_H#in
lude <CGAL/basi
.h>#in
lude <CGAL/Nef_2/PM_
onst_de
orator.h>



1.6 Top Level Implementation 39CGAL_BEGIN_NAMESPACEhPM exploreriCGAL_END_NAMESPACE#endif // CGAL_PM_EXPLORER_HhPM exploreri�template <typename PMCDEC, typename GEOM>
lass PM_explorer : publi
 PMCDEC{ typedef PMCDEC Base;typedef PM_explorer<PMCDEC,GEOM> Self;
onst GEOM* pK;publi
:typedef PMCDEC Topologi
al_explorer;typedef typename PMCDEC::Plane_map Plane_map;typedef GEOM Geometry;typedef typename GEOM::Standard_point_2 Point;typedef typename GEOM::Standard_ray_2 Ray;hlocal typedefs of explorer handlesiPM_explorer(
onst Self& E) : Base(E), pK(E.pK) {}Self& operator=(
onst Self& E){ Base::operator=(E); pK=E.pK; return *this; }PM_explorer(
onst Plane_map& P, 
onst Geometry& k = Geometry()) :Base(P), pK(&k) {}bool is_standard(Vertex_
onst_handle v) 
onst{ return pK->is_standard(Base::point(v)); }Point point(Vertex_
onst_handle v) 
onst{ return pK->standard_point(Base::point(v)); }Ray ray(Vertex_
onst_handle v) 
onst{ return pK->standard_ray(Base::point(v)); }bool is_frame_edge(Halfedge_
onst_handle e) 
onst{ return ( fa
e(e) == fa
es_begin() ||fa
e(twin(e)) == fa
es_begin() ); }}; // PM_explorer<PMCDEC,GEOM>hlocal typedefs of explorer handlesi�typedef typename Base::Vertex_
onst_handle Vertex_
onst_handle;typedef typename Base::Halfedge_
onst_handle Halfedge_
onst_handle;typedef typename Base::Fa
e_
onst_handle Fa
e_
onst_handle;typedef typename Base::Vertex_
onst_iterator Vertex_
onst_iterator;typedef typename Base::Halfedge_
onst_iterator Halfedge_
onst_iterator;typedef typename Base::Fa
e_
onst_iterator Fa
e_
onst_iterator;typedef typename Base::Halfedge_around_fa
e_
onst_
ir
ulatorHalfedge_around_fa
e_
onst_
ir
ulator;typedef typename Base::Halfedge_around_vertex_
onst_
ir
ulatorHalfedge_around_vertex_
onst_
ir
ulator;typedef typename Base::Isolated_vertex_
onst_iterator



1.7 A Demo Program 40Isolated_vertex_
onst_iterator;typedef typename Base::Hole_
onst_iteratorHole_
onst_iterator;
1.7 A Demo Program

The basic idea of our demo is simple. Store some basic polyhedra in a history list and let the user
interactively extend this list by the binary and unary operations. The point location and ray shooting
capabilities of the structure can be triggered by mouse clicks into the drawing window.hNef polyhedron2-demo.Ci�#in
lude <CGAL/basi
.h>#ifdef CGAL_USE_LEDA#in
lude "xpms/nef.xpm"#in
lude <LEDA/pixmaps/button32/eye.xpm>#in
lude <LEDA/pixmaps/button32/draw.xpm>#in
lude <CGAL/leda_integer.h>#in
lude <CGAL/Extended_homogeneous.h>#in
lude <CGAL/Filtered_extended_homogeneous.h>#in
lude <CGAL/IO/Filtered_extended_homogeneous_Window_stream.h>#in
lude <CGAL/Nef_polyhedron_2.h>#in
lude <CGAL/IO/Nef_polyhedron_2_Window_stream.h>template <>stru
t ring_or_field<leda_integer> {typedef ring_with_g
d kind;typedef leda_integer RT;stati
 RT g
d(
onst RT& r1, 
onst RT& r2){ return ::g
d(r1,r2); }};#define FILTERED_KERNEL#ifndef FILTERED_KERNELtypedef CGAL::Extended_homogeneous<leda_integer> EKernel;#elsetypedef CGAL::Filtered_extended_homogeneous<leda_integer> EKernel;#endif#if defined(_MSC_VER) || defined(__BORLANDC__)#define WIN32CONFIG#endifhgetting types in global scopeiha small interactive polyhedron editoriint main(int arg
, 
har* argv[℄){ /* Enable debugging by introdu
ing prime into the produ
t:RP 3 EP 5/59 PM 7 NefTOP 11Overlayer 13 PointLo
 17 ConstrTriang 19SegSweep 23*/SETDTHREAD(113);CGAL::set_pretty_mode ( std::
err );



1.7 A Demo Program 41std::
err << "using " << CGAL::pointlo
ationversion << std::endl;std::
err << "using " << CGAL::sweepversion << std::endl;hinitializing the drawing windowihinitializing the historyihinitializing the two panelsihload bitmaps and add buttons to panelsileda_drawing_mode dm;Point p_down(0,0);main_panel.display();int x0,y0,x1,y1;W.frame_box(x0,y0,x1,y1);W.display_help_text("help/nef-demo");Obje
t_handle h;for(;;) {double x, y;int val;swit
h( W.read_event(val, x, y) ) {
ase button_press_event:p_down = Point(x,y);if (val == MOUSE_BUTTON(1)) {std::
err << "lo
ating " << p_down << std::endl;dm = W.set_mode(leda_xor_mode);W<<CGAL::GREEN<<p_down; W.set_mode(dm);h = N_display.lo
ate(p_down);draw(h);}if (val == MOUSE_BUTTON(2)) {std::
err << "shooting down from " << p_down << std::endl;dm = W.set_mode(leda_xor_mode);W<<CGAL::GREEN<<p_down; W.set_mode(dm);//h = N_display.ray_shoot(p_down,Dire
tion(0,-1),Nef_polyhedron::NAIVE);h = N_display.ray_shoot(p_down,Dire
tion(0,-1));draw(h);}if (val == MOUSE_BUTTON(3)) {CGAL::show_triangulation = !CGAL::show_triangulation;win_redraw_handler(&W);}break;
ase button_release_event:if (val == MOUSE_BUTTON(1))#ifndef WIN32CONFIG{ dm = W.set_mode(leda_xor_mode);W<<CGAL::GREEN<<p_down; W.set_mode(dm); draw(h); }#else { win_redraw_handler(&W); }#endifif (val == MOUSE_BUTTON(2))#ifndef WIN32CONFIG{ dm = W.set_mode(leda_xor_mode);W<<CGAL::GREEN<<p_down; W.set_mode(dm); draw(h); }#else



1.7 A Demo Program 42{ win_redraw_handler(&W); }#endifbreak;
ase key_press_event:if (val == KEY_UP) { // ZOOM INCGAL::frame_default*=2;Nef_polyhedron::Extended_kernel::RT::set_R(CGAL::frame_default);int r = CGAL::frame_default+10;W.init(-r,r,-r);win_redraw_handler(&W);}if (val == KEY_DOWN) { // ZOOM OUTCGAL::frame_default/=2;Nef_polyhedron::Extended_kernel::RT::set_R(CGAL::frame_default);int r = CGAL::frame_default+10;W.init(-r,r,-r);win_redraw_handler(&W);}default:break;}}#if !defined(__KCC) && !defined(__BORLANDC__)return 0; // never rea
hed#endif}#else // CGAL_USE_LEDAint main() { return 0; }#endif // CGAL_USE_LEDAhgetting types in global scopei�typedef CGAL::Nef_polyhedron_2<EKernel> Nef_polyhedron;typedef Nef_polyhedron::Point Point;typedef Nef_polyhedron::Line Line;typedef Nef_polyhedron::Dire
tion Dire
tion;typedef Nef_polyhedron::Obje
t_handle Obje
t_handle;typedef Nef_polyhedron::Explorer Explorer;typedef Nef_polyhedron::Topologi
al_explorer TExplorer;typedef Explorer::Vertex_
onst_handle Vertex_
onst_handle;typedef Explorer::Halfedge_
onst_handle Halfedge_
onst_handle;typedef Explorer::Fa
e_
onst_handle Fa
e_
onst_handle;
We create one drawing windowW, and two panels controlling the operationsmainpanel, oppanel.
We store a history of polyhedra:ML stores the names displayed,MH maps the names to the existing
objects.N displaystores the current object drawn inW.ha small interactive polyhedron editori�#in
lude <LEDA/panel.h>#in
lude <LEDA/list.h>#in
lude <LEDA/d_array.h>#in
lude <LEDA/file_panel.h>



1.7 A Demo Program 43#in
lude <LEDA/file.h>#in
lude <LEDA/stream.h>stati
 leda_panel main_panel;stati
 leda_panel op_panel;stati
 panel_item nef_menu_item;stati
 panel_item op_item;stati
 leda_string nef1;stati
 leda_string nef2;stati
 menu 
reate_menu;stati
 int num;#ifndef FILTERED_KERNELstati
 leda_string dname = "./homogeneous_data";#elsestati
 leda_string dname = "./filtered_homogeneous_data";#endifstati
 leda_string fname = "none";stati
 leda_string filter = "*.nef";CGAL::Window_stream* pW;Nef_polyhedron* pN;leda_list<leda_string>* pML;leda_d_array<leda_string,Nef_polyhedron>* pMH;stati
 leda_string stripped(leda_string s){ int i = s.pos(" = "); return s.head(i); }hinitializing the drawing windowi�CGAL::Window_stream W(600,600); pW = &W;Nef_polyhedron N_display; pN = &N_display;leda_list<leda_string> ML; pML = &ML;leda_d_array<leda_string,Nef_polyhedron> MH; pMH = &MH;
Redrawing the window is done viawin redrawhandler. Our exit handler iswin delhandler. Opening
a panel is done byopenpanel.ha small interactive polyhedron editori+�void win_redraw_handler(leda_window*){ pW->
lear(); (*pW) << (*pN); }void win_del_handler(leda_window*){ leda_panel P("a
knowledge");P.text_item("");P.text_item("\\bf\\blue Do you really want to quit~?");P.fbutton("no",0);P.button("yes",1);if (P.open(main_panel) == 1) exit(0);}stati
 int open_panel(leda_panel& p){ p.display(main_panel,0,0);int res = p.read_mouse();p.
lose();return res;}
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storenew stores a new polyhedronN with namet at the beginning of our history.updatehistory
triggers the visual history update.ha small interactive polyhedron editori+�stati
 void store_new(
onst Nef_polyhedron& N, leda_string t){ leda_string k = leda_string("N%i",++num) ;(*pMH)[k℄ = (*pN) = N;pML->push_front(k+" = "+t);win_redraw_handler(pW);}stati
 void update_history(){ nef1=pML->head();nef2=pML->head();main_panel.add_menu(nef_menu_item,(*pML));op_panel.add_menu(op_item,(*pML));}
create is linked to the creation menu (a bitmap button). The enums control the different creation
actions which are mapped to some input operation onW followed by a call to some constructor of
Nef polyhedron2.ha small interactive polyhedron editori+�enum { EMPTY=31, FULL, HOPEN, HCLOSED, POPEN, PCLOSED };enum { FILE_LOAD=111, FILE_SAVE };void 
reate(int i){ if (pML->ba
k()=="none") pML->pop_ba
k();Line l; Point p;std::list<Point> Lp;leda_point pd;leda_list<leda_point> Lpd;string_ostream sos; CGAL::set_pretty_mode(sos);pW->
lear();swit
h (i) {
ase HOPEN:pW->message("Insert Half-Spa
e by Line");(*pW) >> l; sos << '(' << l << ')' << '\0';if ( l.is_degenerate() ) {(*pW).a
knowledge("Please enter non-degenerate line.");win_redraw_handler(pW);} elsestore_new(Nef_polyhedron(l,Nef_polyhedron::EXCLUDED),sos.str());break;
ase HCLOSED:pW->message("Insert Half-Spa
e by Line");(*pW) >> l; sos << '[' << l << '℄' << '\0';if ( l.is_degenerate() ) {(*pW).a
knowledge("Please enter non-degenerate line.");win_redraw_handler(pW);} else



1.7 A Demo Program 45store_new(Nef_polyhedron(l,Nef_polyhedron::INCLUDED),sos.str());break;
ase POPEN:pW->message("Insert Polygon by Point Sequen
e");Lpd = pW->read_polygon();forall(pd,Lpd) Lp.push_ba
k(Point(pd.x
oord(),pd.y
oord()));sos << '[' << Lp.size() << "-gon"<< '℄' << '\0';store_new(Nef_polyhedron(Lp.begin(),Lp.end(),Nef_polyhedron::EXCLUDED),sos.str());break;
ase PCLOSED:pW->message("Insert Polygon by Point Sequen
e");Lpd = pW->read_polygon();forall(pd,Lpd) Lp.push_ba
k(Point(pd.x
oord(),pd.y
oord()));sos << '[' << Lp.size() << "-gon"<< '℄' << '\0';store_new(Nef_polyhedron(Lp.begin(),Lp.end(),Nef_polyhedron::INCLUDED),sos.str());break;default:std::
out << "
reated nothing\n";}sos.freeze(0);update_history();main_panel.redraw_panel();}
File input and output is done via the operationfile handler.ha small interactive polyhedron editori+�stati
 void read_file(leda_string fn){ std::ifstream in(fn);Nef_polyhedron N; in >> N;fn.repla
e_all(".nef","");store_new(N,fn);update_history();}stati
 bool 
onfirm_overwrite(
onst 
har* fname){#if defined(_MSC_VER) || defined(__BORLANDC__)return true;#elseleda_panel P;P.buttons_per_line(2);P.text_item("");P.text_item(leda_string("\\bf\\blue File\\bla
k %s\\blue exists.",fname));P.button("overwrite",0);P.button("
an
el",1);return (P.open() == 0);#endif}stati
 void write_file(leda_string fname){



1.7 A Demo Program 46if (is_file(fname) && !
onfirm_overwrite(fname)) return;// win_ptr->set_status_string(" Writing " + fname);leda_string nef = stripped(nef1);if (pMH->defined(nef)) {std::ofstream out(fname);out << (*pMH)[nef℄;} else error_handler(1,"Nef polyhedron "+nef+" not defined.");}stati
 void file_handler(int what){ file_panel FP(fname,dname);swit
h (what) {
ase FILE_LOAD: FP.set_load_handler(read_file);break;
ase FILE_SAVE: FP.set_save_handler(write_file);break;}if (filter != "") FP.set_pattern(filter,filter);FP.open();}
We have three more operations.view just draws the currently chosen polyhedron of our history.binop
allows a user to combine the currently chosen polyhedron with one which is chosen in the second panel
oppanel. The binary operation used is defined by the button which is pressed inmainpanel. unop
just triggers the unary operation chosen by the button selection on the currently selected polyhedron
of the history.ha small interactive polyhedron editori+�void view(int i){ leda_string nef = stripped(nef1);if (pMH->defined(nef)) {(*pN) = (*pMH)[nef℄; win_redraw_handler(pW);} else error_handler(1,"Nef polyhedron "+nef+" not defined.");}void binop(int i){ leda_string op1;swit
h (i) {
ase 30: op1="interse
tion"; break;
ase 31: op1="union"; break;
ase 32: op1="differen
e"; break;
ase 33: op1="symmdiff"; break;default: break;}op_panel.set_button_label(111,op1);open_panel(op_panel);op_panel.flush();leda_string arg1 = stripped(nef1), arg2 = stripped(nef2);Nef_polyhedron N1 = (*pMH)[arg1℄;Nef_polyhedron N2 = (*pMH)[arg2℄;



1.7 A Demo Program 47std::ofstream log("nef-demo.log");if ( !log ) CGAL_assertion_msg(0,"no output log nef-demo.log");log << 2 << std::endl << N1 << N2 << std::endl;log.
lose();swit
h (i) {
ase 30: *pN = N1*N2; break;
ase 31: *pN = N1+N2; break;
ase 32: *pN = N1-N2; break;
ase 33: *pN = N1^N2; break;default: return;}leda_string des
r = op1+"("+arg1+","+arg2+")";store_new(*pN,des
r);update_history();win_redraw_handler(pW);}void unop(int i){ leda_string op, arg = stripped(nef1);Nef_polyhedron N = (*pMH)[arg℄;std::ofstream log("nef-demo.log");if ( !log ) CGAL_assertion_msg(0,"no output log nef-demo.log");log << 1 << std::endl << N << std::endl;log.
lose();swit
h (i) {
ase 40: op="interior"; *pN = N.interior(); break;
ase 41: op="
omplement"; *pN = N.
omplement(); break;
ase 42: op="
losure"; *pN = N.
losure(); break;
ase 43: op="boundary"; *pN = N.boundary(); break;default: return;}leda_string des
r = op+"("+arg+")";store_new(*pN,des
r);update_history();win_redraw_handler(pW);}
Thedraw operation just marks visually the object of the plane map referenced byh.ha small interactive polyhedron editori+�void draw(Obje
t_handle h){ CGAL::PM_visualizor<TExplorer,EKernel>PMV(*pW,pN->explorer(),pN->EK,CGAL::PM_DefColor<TExplorer>(CGAL::RED,CGAL::RED,6,6) );leda_drawing_mode prev = pW->set_mode(leda_xor_mode);Vertex_
onst_handle vh; Halfedge_
onst_handle eh; Fa
e_
onst_handle fh;if ( CGAL::assign(vh,h) ) PMV.draw(vh);if ( CGAL::assign(eh,h) ) PMV.draw(eh);if ( CGAL::assign(fh,h) ) PMV.draw(fh);pW->set_mode(prev);}
We initialize the window to the default of the size of our frame and center it at the origin.



1.7 A Demo Program 48hinitializing the drawing windowi+�W.init(-CGAL::frame_default,CGAL::frame_default,-CGAL::frame_default);W.set_show_
oordinates(true);W.set_grid_mode(5);W.set_node_width(3);W.set_redraw(&win_redraw_handler);W.display(0,0);
We initialize the history with several simple nef polyhedralike an empty one, one representing the
plane, one left of they-axis, one above a diagonal and one defined by a simple quadratic polygon.hinitializing the historyi�std::list<Point> Lp;
onst int r=70;Lp.push_ba
k(Point(-r,-r));Lp.push_ba
k(Point(r,-r));Lp.push_ba
k(Point(r,r));Lp.push_ba
k(Point(-r,r));store_new(Nef_polyhedron(),"empty");store_new(Nef_polyhedron(Nef_polyhedron::COMPLETE),"plane");store_new(Nef_polyhedron(Line(Point(0,0),Point(0,1)),Nef_polyhedron::INCLUDED),"neg y-plane (
losed)");store_new(Nef_polyhedron(Line(Point(-2,-1),Point(2,1)),Nef_polyhedron::EXCLUDED),"above diagonal (open)");store_new(Nef_polyhedron(Lp.begin(),Lp.end(),Nef_polyhedron::INCLUDED),"square (
losed)");if ( arg
 == 2 ) {std::ifstream log( argv[1℄ );if ( !log )CGAL_assertion_msg(0,leda_string("no input log ")+argv[1℄);int n;log >> n;for (int i=0; i<n; ++i) {Nef_polyhedron Ni;log >> Ni;store_new(Ni,leda_string(argv[1℄)+leda_string("%d",i+1));}}
The head of our history list is displayed in the panels.hinitializing the two panelsi�nef1=ML.head();nef2=ML.head();nef_menu_item = main_panel.string_item("Polyhedra",nef1,ML);main_panel.set_window_delete_handler(win_del_handler);main_panel.buttons_per_line(10);main_panel.set_item_width(300);main_panel.set_frame_label("Operations on Nef Polyhedra");main_panel.set_i
on_label("Nef Polyhedra");op_item = op_panel.string_item("Polyhedra",nef2,ML);op_panel.fbutton(" ",111);



1.8 A Test program 49op_panel.set_frame_label("Choose se
ond argument");op_panel.set_item_width(300);hload bitmaps and add buttons to panelsi�
har* p_inter = main_panel.
reate_pixre
t(interse
tion_xpm);
har* p_union = main_panel.
reate_pixre
t(union_xpm);
har* p_diff = main_panel.
reate_pixre
t(differen
e_xpm);
har* p_exor = main_panel.
reate_pixre
t(exor_xpm);
har* p_int = main_panel.
reate_pixre
t(interior_xpm);
har* p_
ompl = main_panel.
reate_pixre
t(
omplement_xpm);
har* p_
los = main_panel.
reate_pixre
t(
losure_xpm);
har* p_bound = main_panel.
reate_pixre
t(boundary_xpm);
har* p_eye = main_panel.
reate_pixre
t(eye_xpm);
har* p_draw = main_panel.
reate_pixre
t(draw_xpm);main_panel.button(p_eye,p_eye,"show", 10, view);main_panel.button(p_draw,p_draw,"new polyhedron", 11, 
reate_menu);main_panel.button(p_inter,p_inter,"interse
tion", 30, binop);main_panel.button(p_union,p_union,"union", 31, binop);main_panel.button(p_diff,p_diff,"differen
e", 32, binop);main_panel.button(p_exor,p_exor,"symmetri
 differen
e", 33, binop);main_panel.button(p_int,p_int,"interior", 40,unop);main_panel.button(p_
ompl,p_
ompl,"
omplement", 41,unop);main_panel.button(p_
los,p_
los,"
losure", 42,unop);main_panel.button(p_bound,p_bound,"boundary", 43,unop);
reate_menu.button("half-plane (open)", HOPEN, 
reate);
reate_menu.button("half-plane (
losed)", HCLOSED, 
reate);
reate_menu.button("polygon (open)", POPEN, 
reate);
reate_menu.button("polygon (
losed)", PCLOSED, 
reate);
reate_menu.button("load from disk",FILE_LOAD, file_handler);
reate_menu.button("save to disk",FILE_SAVE, file_handler);
1.8 A Test programhNef polyhedron2-test.Ci�#in
lude <CGAL/basi
.h>#in
lude <CGAL/test_ma
ros.h>#in
lude <CGAL/Nef_2/redefine_MSC.h>#in
lude <CGAL/Extended_homogeneous.h>#in
lude <CGAL/Filtered_extended_homogeneous.h>#in
lude <CGAL/Nef_polyhedron_2.h>#ifdef CGAL_USE_LEDA#in
lude <CGAL/leda_integer.h>typedef leda_integer Integer;template <>stru
t ring_or_field<leda_integer> {typedef ring_with_g
d kind;typedef leda_integer RT;stati
 RT g
d(
onst RT& r1, 
onst RT& r2){ return ::g
d(r1,r2); }



1.8 A Test program 50};#else#ifdef CGAL_USE_GMP#in
lude <CGAL/Gmpz.h>typedef CGAL::Gmpz Integer;template <>stru
t ring_or_field<CGAL::Gmpz> {typedef ring_with_g
d kind;typedef CGAL::Gmpz RT;stati
 RT g
d(
onst RT& r1, 
onst RT& r2){ return CGAL::g
d(r1,r2); }};#elsetypedef long Integer;#endif#endifint main(){ SETDTHREAD(41);CGAL::set_pretty_mode ( std::
err );std::
err << "using " << CGAL::pointlo
ationversion << std::endl;std::
err << "using " << CGAL::sweepversion << std::endl;CGAL_TEST_START;{ hsimple extendedihnef test suitei}{ hfiltered extendedihnef test suiteiNef_polyhedron::EK.print_statisti
s();} CGAL_TEST_END;}hsimple extendedi�typedef CGAL::Extended_homogeneous<Integer> EKernel;typedef CGAL::Nef_polyhedron_2<EKernel> Nef_polyhedron;typedef Nef_polyhedron::Point Point;typedef Nef_polyhedron::Dire
tion Dire
tion;typedef Nef_polyhedron::Line Line;hfiltered extendedi�typedef CGAL::Filtered_extended_homogeneous<Integer> EKernel;typedef CGAL::Nef_polyhedron_2<EKernel> Nef_polyhedron;typedef Nef_polyhedron::Point Point;typedef Nef_polyhedron::Dire
tion Dire
tion;typedef Nef_polyhedron::Line Line;hnef test suitei�typedef Nef_polyhedron::Obje
t_handle Obje
t_handle;



1.8 A Test program 51typedef Nef_polyhedron::Explorer Explorer;typedef Explorer::Vertex_
onst_handle Vertex_
onst_handle;typedef Explorer::Halfedge_
onst_handle Halfedge_
onst_handle;typedef Explorer::Fa
e_
onst_handle Fa
e_
onst_handle;typedef Explorer::Vertex_
onst_iterator Vertex_
onst_iterator;typedef Explorer::Halfedge_
onst_iterator Halfedge_
onst_iterator;typedef Explorer::Fa
e_
onst_iterator Fa
e_
onst_iterator;typedef Explorer::Ray Ray;Point p1(0,0), p2(0,1), p3(1,0), p4(-1,-1), p5(0,-1), p6(-1,0), p7(1,1);Line l1(p2,p1); // neg y-axisLine l2(p1,p3); // pos x-axisNef_polyhedron N1(l1), N2(l2, Nef_polyhedron::EXCLUDED),EMPTY(Nef_polyhedron::EMPTY),PLANE(Nef_polyhedron::COMPLETE);CGAL_TEST((N1*N1) == N1);CGAL_TEST((N1*!N1) == EMPTY);CGAL_TEST((N1+!N1) == PLANE);CGAL_TEST((N1^N2) == ((N1-N2)+(N2-N1)));CGAL_TEST((!(N1*N2)) == (!N1+!N2));Nef_polyhedron N3 = N1.interse
tion(N2);/* N3 is the first quadrant in
luding the positive y-axisbut ex
luding the origin and the positive x-axis */CGAL_TEST(N3 < N1 && N3 < N2);CGAL_TEST(N3 <= N1 && N3 <= N2);CGAL_TEST(N1 > N3 && N2 > N3);CGAL_TEST(N1 >= N3 && N2 >= N3);Explorer E = N3.explorer();Vertex_
onst_iterator v = E.verti
es_begin();CGAL_TEST( !E.is_standard(v) && E.ray(v) == Ray(p1,p4) );Halfedge_
onst_handle e = E.first_out_edge(v);CGAL_TEST( E.is_frame_edge(e) );++(++v); // third vertexCGAL_TEST( E.is_standard(v) && E.point(v) == p1 );Vertex_
onst_handle v1,v2;Halfedge_
onst_handle e1,e2;Fa
e_
onst_handle f1,f2;Obje
t_handle h1,h2,h3;h1 = N3.lo
ate(p1);h2 = N3.lo
ate(p1,Nef_polyhedron::NAIVE);CGAL_TEST( CGAL::assign(v1,h1) && CGAL::assign(v2,h2) && v1 == v2 );CGAL_TEST( E.is_standard(v1) && E.point(v1) == p1 );h1 = N3.lo
ate(p2);h2 = N3.lo
ate(p2,Nef_polyhedron::NAIVE);CGAL_TEST( CGAL::assign(e1,h1) && CGAL::assign(e2,h2) );CGAL_TEST( (e1==e2 || e1==E.twin(e2)) && E.mark(e1) );h1 = N3.lo
ate(p4);h2 = N3.lo
ate(p4,Nef_polyhedron::NAIVE);CGAL_TEST( CGAL::assign(f1,h1) && CGAL::assign(f2,h2) &&f1 == f2 && !E.mark(f1) );// shooting along angular bise
tor:h1 = N3.ray_shoot(p4,Dire
tion(1,1));h2 = N3.ray_shoot(p4,Dire
tion(1,1),Nef_polyhedron::NAIVE);



1.8 A Test program 52CGAL_TEST( CGAL::assign(f1,h1) && CGAL::assign(f2,h2) &&f1 == f2 && E.mark(f1) );// shooting along x-axis:h1 = N3.ray_shoot(p6,Dire
tion(1,0));h2 = N3.ray_shoot(p6,Dire
tion(1,0),Nef_polyhedron::NAIVE);CGAL_TEST( h1 == NULL && h2 == NULL );// shooting along y-axis:h1 = N3.ray_shoot(p5,Dire
tion(0,1));h2 = N3.ray_shoot(p5,Dire
tion(0,1),Nef_polyhedron::NAIVE);e = e1;CGAL_TEST( CGAL::assign(e1,h1) && CGAL::assign(e2,h2) &&(e1==e2||e1==E.twin(e2)) && E.mark(e1) );h1 = N3.ray_shoot_to_boundary(p5,Dire
tion(0,1));h2 = N3.ray_shoot_to_boundary(p5,Dire
tion(0,1),Nef_polyhedron::NAIVE);CGAL_TEST( N3.
ontained_in_boundary(h1) && N3.
ontained_in_boundary(h2) );CGAL_TEST( CGAL::assign(v1,h1) && CGAL::assign(v2,h2) && v1 == v2 );h1 = N3.ray_shoot_to_boundary(p7,Dire
tion(0,-1));h2 = N3.ray_shoot_to_boundary(p7,Dire
tion(0,-1),Nef_polyhedron::NAIVE);CGAL_TEST( N3.
ontained_in_boundary(h1) && N3.
ontained_in_boundary(h2) );CGAL_TEST( CGAL::assign(e1,h1) && CGAL::assign(e2,h2) &&(e1==e2 || e1==E.twin(e2)) );std::list<Point> L;L.push_ba
k(p1);N3 = Nef_polyhedron(L.begin(), L.end(), Nef_polyhedron::INCLUDED);E = N3.explorer();h1 = N3.lo
ate(p1);h2 = N3.lo
ate(p2);CGAL_TEST( CGAL::assign(v1,h1) && E.point(v1)==p1 && E.mark(v1) );CGAL_TEST( CGAL::assign(f1,h2) && !E.mark(f1) );L.push_ba
k(p2);N3 = Nef_polyhedron(L.begin(), L.end(), Nef_polyhedron::INCLUDED);E = N3.explorer();h1 = N3.lo
ate(p1);h2 = N3.lo
ate(CGAL::midpoint(p1,p2));h3 = N3.lo
ate(p6);CGAL_TEST( CGAL::assign(v1,h1) && E.point(v1)==p1 && E.mark(v1) );CGAL_TEST( CGAL::assign(e1,h2) && E.mark(e1) );CGAL_TEST( CGAL::assign(f1,h3) && !E.mark(f1) );L.push_ba
k(p3);N3 = Nef_polyhedron(L.begin(), L.end(), Nef_polyhedron::INCLUDED);E = N3.explorer();h1 = N3.lo
ate(p1);h2 = N3.lo
ate(CGAL::midpoint(p1,p2));h3 = N3.lo
ate(p6);CGAL_TEST( CGAL::assign(v1,h1) && E.point(v1)==p1 && E.mark(v1) );CGAL_TEST( CGAL::assign(e1,h2) && E.mark(e1) );CGAL_TEST( CGAL::assign(f1,h3) && E.mark(f1) );h3 = N3.lo
ate(Point(1,1,3));CGAL_TEST( CGAL::assign(f1,h3) && !E.mark(f1) );CGAL_IO_TEST(N1,N2);
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1.9 A Runtime Test

For an evaluation of Nef polyhedra we do the following. We recursively create a random structure of
desired complexity. We start fromn half-spaces in an array. We interpret the entries as the leaves of
a balanced binary tree. Starting from the leaf level we combine two neighbored nodes in each level
into a new polyhedron by a symmetric difference operation. The root of the tree thereby contains
a structure of complexityO(n2) as the symmetric difference does not take away any structure. The
result is an arrangement of the lines in the boundary of the half-spaces, where each vertex, edge,
and face carries a random bit. We then evaluate the two binaryoperationsintersectionandunionon
the two such structures. To get an impression of how good the extended approach is we compare four
different geometric treatments of the problem. We measure the time for the naive implementation with
an explicit usage of a polynomial ring number type based on LEDA’s multiprecision integer arithmetic
(marked asnaive). We do the same test on a extended kernel that uses dynamic double filter techniques
(based on the CGAL double interval arithmeticInterval nt advanced). As our predicate expressions
are of bounded arithmetic depth, we can program these expressions explicitly in unrolled code blocks.
The corresponding expressions are instantiated for the interval data type and for the multiprecision
integer number type. The filter stage determines the result of our predicates in many cases by pure
double arithmetic as long as the controled error bound guarantees the correctness of the result. We
call this thefilteredapproach.

Finally we compare the two instantiations of our Nef polyhedron data type with the simpler scenar-
ios of generic polygons (LEDArat genpolygons). The type has a simpler geometric domain as it only
considers regularized polygons. This takes away some complications in the topology of the result of
binary operations. generic polygons are programmed aroundthe concept of simple polygonal chains
which store the boundary cycles of the faces of the planar subdivision. They also do not consider
boundary issues (the boundary is part of the face incident toit). The simpler topology should allow
faster binary operations. Thus we cannot expect to beat the data structure with respect to algorithmic
processing. Of course Nef polyhedra cover additionally theunbounded nature of half-spaces.

To allow any testing we fix a static boundary large enough to make the topology on the boundary
constant (the knowledge about the size is taken from the previously calculated nef polyhedron). Then
we convert the geometry to the affine bounded scenario and usegeneric polygons. This gives us some
kind of competitor that competes in a simpler domain and thatprofits from our knowledge. If we
just use the binary operations of generic polygons recursively they loose the competition due to the
accumulated mantissae in the multiprecision representation of the polygon vertex embedding. If we
normalize the embedding to its minimal representation thenthe expected runtime hierarchy pops up
again. In the followingrgp refers torat genpolygonand rgpn refers torat genpolygon including
normalization after each binary operations. The lines contain times concerning the binary overlay
of structures of a certain complexity. The first column determines the sizen of a set of half-spaces.
Such a set implies a planar arrangement ofn(n�1)=2+2n+4 vertices,n(n+1)+2n+4 edges and
n(n+1)=2+2 faces (in the non-degenerate case including the objects created by the framing box).

The line marked̂ presents the complexity and times for the tree-recursive synthesis of the struc-
ture. Thus we measureO(n) binary symmetric difference operations on operands of increasing com-
plexity. The three column entries #V, #E, and #F present the actual number of nodes, uedges and faces
of the resulting arrangement (deviation from the formulas above due to degeneries are possible). The
lines marked with\ and[ present the results of one corresponding binary operation where the result
has the complexity shown in the columns #V, #E, #F.

Note that the generic polygons are actually slower in the synthesis phase as the normalization takes
place for the whole structure and is therefore more expensive than our approach. The�1 entries tell
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you that we didn’t measure those times anymore as the non-normalized approach took just too long.
The times are measured in seconds on a SUN Ultra-Enterprise-10000 with an 333 MHz UltraSPARC
processors.

#lines op #V #E #F naive filtered rgpn rgp

10 ^ 67 121 56 0.64 0.065 0.075 0.125
10 \ 162 217 61 0.74 0.09 0.08 0.93
10 [ 160 213 60 0.75 0.09 0.07 0.92
15 ^ 139 259 122 1.13 0.125 0.14 0.33
15 \ 365 495 142 1.76 0.2 0.18 5.73
15 [ 348 458 134 1.72 0.19 0.16 6.04
20 ^ 230 437 209 2.31 0.26 0.285 2.3
20 \ 622 831 241 2.89 0.36 0.3 19.2
20 [ 577 744 205 2.93 0.36 0.3 19.6
25 ^ 353 678 326 3.19 0.36 0.44 -1
25 \ 965 1281 365 4.9 0.61 0.52 -1
25 [ 981 1314 370 4.78 0.61 0.51 -1
30 ^ 499 964 467 4.01 0.48 0.575 -1
30 \ 1375 1821 514 7 0.92 0.8 -1
30 [ 1410 1894 540 7.55 0.9 0.76 -1
40 ^ 862 1680 820 8.7 1.05 1.25 -1
40 \ 2395 3171 900 12.8 1.67 1.43 -1
40 [ 2509 3370 960 12.9 1.71 1.42 -1
50 ^ 1326 2600 1275 12.1 1.54 1.83 -1
50 \ 3828 5111 1470 21.1 2.88 2.41 -1
50 [ 3809 5073 1455 20.7 2.85 2.35 -1
100 ^ 5149 10195 5048 49.8 6.76 8.29 -1
100 \ 15188 20296 5826 92.6 13.5 13.1 -1
100 [ 15088 20073 5731 92.4 13.6 13.4 -1
150 ^ 11476 22799 11325 146 21.2 24.2 -1
150 \ 34223 45801 13214 217 33.7 39.8 -1
150 [ 33717 44785 12881 217 34.1 40.2 -1
200 ^ 20302 40401 20100 207 33.8 40 -1
200 \ 60043 79905 22909 415 66 101 -1
200 [ 60551 80886 23352 410 67.1 100 -1hNef polyhedron2-rt.Ci�#in
lude <CGAL/basi
.h>#in
lude <CGAL/Random.h>#in
lude <CGAL/Homogeneous.h>#in
lude <ve
tor>#in
lude <algorithm>#in
lude <iomanip>#in
lude <CGAL/leda_integer.h>#in
lude <CGAL/RPolynomial.h>#in
lude <CGAL/Extended_homogeneous.h>#in
lude <CGAL/Filtered_extended_homogeneous.h>#in
lude <CGAL/Nef_polyhedron_2.h>#in
lude <CGAL/basi
_
onstru
tions_2.h>
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lude <CGAL/Point_2.h>#in
lude <CGAL/point_generators_2.h>#in
lude <CGAL/
opy_n.h>#in
lude <CGAL/random_sele
tion.h>#in
lude <CGAL/IO/Window_stream.h>#in
lude <CGAL/IO/Nef_polyhedron_2_Window_stream.h>#in
lude <LEDA/mis
.h>#in
lude <LEDA/rat_gen_polygon.h>#in
lude <LEDA/rat_window.h>#in
lude <LEDA/param_handler.h>template <>stru
t ring_or_field<leda_integer> {typedef ring_with_g
d kind;stati
 leda_integer g
d(
onst leda_integer& i1, 
onst leda_integer& i2){ return ::g
d(i1,i2); }};typedef CGAL::Extended_homogeneous<leda_integer> EKernel;typedef CGAL::Nef_polyhedron_2<EKernel> Nef_polyhedron;typedef Nef_polyhedron::Point Point;typedef Nef_polyhedron::Dire
tion Dire
tion;typedef Nef_polyhedron::Line Line;typedef Nef_polyhedron::Explorer PMExplorer;typedef CGAL::Filtered_extended_homogeneous<leda_integer> FEKernel;typedef CGAL::Nef_polyhedron_2<FEKernel> Nef_polyhedronF;typedef CGAL::Creator_uniform_2<leda_integer,Point> Creator;enum { NAIVE=0, FILTERED, GENPOLY_NORMALIZED, GENPOLY };enum { EXOR1=0, EXOR2, INTER, UNION };stati
 int n, Vn[4℄,En[4℄,Fn[4℄;stati
 float tt_start, tt_exor, tt_inter, tt_union;stati
 float t_exor[4℄, t_inter[4℄, t_union[4℄;stati
 leda_integer R;stati
 leda_string input_file;stati
 bool verbose;htool operationsihcreating random linesihdetermining the frame sizeihcombination of lines into nef polyhedronihcombination of lines into gen polygoniint main(int arg
, 
har* argv[℄) {hextract command line parametersihverbose introductioniNef_polyhedron N1,N2,N3,N4;Nef_polyhedronF NF1,NF2,NF3,NF4;std::ve
tor<Line> lines1,lines2;hcreating random lines or reading them from fileihwrite lines to a log filei
ombine_and_time(lines1,lines2,N1,N2,N3,N4,"NAIVE:");save_times(NAIVE);
ombine_and_time(lines1,lines2,NF1,NF2,NF3,NF4,"FILTERED:");save_times(FILTERED);save_stru
ture(NF1,EXOR1); save_stru
ture(NF2,EXOR2);
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ture(NF3,INTER); save_stru
ture(NF4,UNION);std::ofstream poly1("nef1.log"), poly2("nef2.log");poly1 << NF1; poly2 << NF2;poly1.
lose(); poly2.
lose();std::ofstream poly3("nef3.log"), poly4("nef4.log");poly3 << NF3; poly4 << NF4;poly3.
lose(); poly4.
lose();R = min_frame_size(NF1);R = std::max(min_frame_size(NF2),R);R = std::max(min_frame_size(NF3),R);R = std::max(min_frame_size(NF4),R);leda_rat_gen_polygon G1,G2,G3,G4;
ombine_and_time_leda(lines1,lines2,G1,G2,G3,G4,true,"RGP normalized:");save_times(GENPOLY_NORMALIZED);if ( n <= 20 ) {
ombine_and_time_leda(lines1,lines2,G1,G2,G3,G4,false,"RGP:");save_times(GENPOLY);} else {tt_exor = -2.0; tt_inter = tt_union = -1.0;save_times(GENPOLY);}hprint runtimesiif (verbose) {hreport verbose resultsihvisualize resultsi}return 0;}hcreating random lines or reading them from filei�if ( input_file == "" ) {lines1 = std::ve
tor<Line>(n);lines2 = std::ve
tor<Line>(n);
reate_random_lines(n,lines1);
reate_random_lines(n,lines2);} else {std::ifstream input(input_file);CGAL_assertion_msg(input,"no input log.");input >> n;lines1 = std::ve
tor<Line>(n);lines2 = std::ve
tor<Line>(n);for (int j=0; j<n; ++j) input >> lines1[j℄;for (int j=0; j<n; ++j) input >> lines2[j℄;}
We determine a random line by a random pointp and a random directiond. We have to avoid that the
direction is trivial.



1.9 A Runtime Test 57hcreating random linesi�void 
reate_random_lines(int r, std::ve
tor<Line>& lines){ // n random lines that interse
t a square of radius rCGAL::Random_points_in_square_2<Point,Creator> points( r );for (unsigned int i=0; i<lines.size(); ++i) {int dx(0),dy(0);while ( dx==0 && dy==0 ) {dx = CGAL::default_random.get_int(-r,r);dy = CGAL::default_random.get_int(-r,r);}Point p = *points++;Dire
tion d(dx,dy);lines[i℄ = Line(p,d);}}
We create elemtary nef polyhedra in a vector and use tree constuction bottom-up with the vector
entries as the leafs of the tree. We use the symmetric difference operation for the construction of
internal nodes of the tree. We measure the time to construct the structure in the root of the tree, which
is in general an arrangement of lines where all faces are randomly marked (according to the random
selection of half-spaces). The size of the resulting polyhedron is quadratic with respect to the number
of lines.hcombination of lines into nef polyhedroni�template <typename L, typename K>void
ombine(
onst std::ve
tor<L>& lines, CGAL::Nef_polyhedron_2<K>& N){ std::ve
tor< CGAL::Nef_polyhedron_2<K> > V(lines.size());int s = lines.size(),n(s);for (int i=0; i<s; ++i) {V[i℄ = CGAL::Nef_polyhedron_2<K>(lines[i℄);}tt_start = used_time();while (s > 1) {for (int i = 0; i<s; i+=2) {if ( i+1 == s )V[i/2℄ = V[i℄;else {V[i/2℄ = V[i℄ ^ V[i+1℄;std::
err << ".";}}s = s/2 + s%2;}tt_exor = used_time(tt_start);N = V[0℄;std::
err << " " << n << " lines exor 
ombined in " << tt_exor<< std::endl;}
We use thecombineoperation to create one complex nef polyhedron from each setof lines. Then we
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measure the time used for the two binary operationsintersectionandunion.hcombination of lines into nef polyhedroni+�template <
lass Nef>void 
ombine_and_time(
onst std::ve
tor<Line>& lines1,
onst std::ve
tor<Line>& lines2,Nef& N1, Nef& N2, Nef& N3, Nef& N4,
onst 
har* title){ std::
err << "\n" << title << "\n";int n = lines1.size(); float t;
ombine(lines1,N1); t = tt_exor;
ombine(lines2,N2); tt_exor += t;tt_start = used_time();N3 = N1 * N2;tt_inter = used_time(tt_start);tt_start = used_time();N4 = N1 + N2;tt_union = used_time(tt_start);std::
err << n << " line arrangement inter " << tt_inter << std::endl;std::
err << n << " line arrangement union " << tt_union << std::endl;}
Concerning general polygons we use the construction of nef polyhedra to extract quadrangles realizing
half-spaces. We then use the bottom up tree combination as before.hcombination of lines into gen polygoni�void 
ombine_leda(
onst std::ve
tor<Line>& lines,leda_rat_gen_polygon& G, bool normalize=true){ int s = lines.size();std::ve
tor< Nef_polyhedronF > V(s);std::ve
tor< leda_rat_gen_polygon > P(s);for (int j=0; j<s; ++j ) {V[j℄ = Nef_polyhedronF(lines[j℄);}for (int i=0; i<s; ++i) {typedef Nef_polyhedronF::Explorer Explorer;typedef Explorer::Fa
e_
onst_iterator Fa
e_
onst_iterator;typedef Explorer::Halfedge_around_fa
e_
onst_
ir
ulatorHalfedge_around_fa
e_
onst_
ir
ulator;Explorer E = V[i℄.explorer();leda_list<leda_rat_point> L;for (Fa
e_
onst_iterator f = E.fa
es_begin(); f != E.fa
es_end();++f) {if ( !E.mark(f) ) 
ontinue;Halfedge_around_fa
e_
onst_
ir
ulator e(E.halfedge(f)), ee(e);CGAL_For_all(e,ee) {L.append(
gal_to_leda(e->vertex()->point()));}}P[i℄ = leda_rat_gen_polygon(L);if (normalize) P[i℄.normalize();



1.9 A Runtime Test 59}tt_start = used_time();while (s > 1) {for (int i = 0; i<s; i+=2) {if ( i+1 == s )P[i/2℄ = P[i℄;else {P[i/2℄ = P[i℄.sym_diff(P[i+1℄);if (normalize) P[i/2℄.normalize();std::
err << ".";}}s = s/2 + s%2;}G = P[0℄;tt_exor = used_time(tt_start);std::
err << " " << lines.size() << " gen_polygons exor 
ombined in "<< tt_exor << std::endl;}
The combination of generic polygons representing half-spaces into larger units follows the same
scheme as above. First create the symmetric difference structure of the input objects (elementary
polygons representing half-spaces). Then calculate the intersection and union of the two objects.hcombination of lines into gen polygoni+�void 
ombine_and_time_leda(
onst std::ve
tor<Line>& lines1, 
onst std::ve
tor<Line>& lines2,leda_rat_gen_polygon& G1, leda_rat_gen_polygon& G2,leda_rat_gen_polygon& G3, leda_rat_gen_polygon& G4,bool normalize, 
onst 
har* title){ std::
err << "\n" << title << "\n";int n = lines1.size(); float t;
ombine_leda(lines1,G1,normalize); t = tt_exor;
ombine_leda(lines2,G2,normalize); tt_exor += t;tt_start = used_time();G3 = G1.interse
tion(G2);tt_inter = used_time(tt_start);tt_start = used_time();G4 = G1.unite(G2);tt_union = used_time(tt_start);std::
err << n << " gen_polygon inter " << tt_inter << std::endl;std::
err << n << " gen_polygon union " << tt_union << std::endl;}
To determine the frame size is easy when we have a topologically correct nef polyhedron. For standard
points the coordinates are a lower bound for the frame radius. For non-standard points the intersection
of the underlying lines with the angular bisectors define a lower bound for the fram radius.



1.9 A Runtime Test 60hdetermining the frame sizei�leda_integer min_frame_size(
onst Nef_polyhedronF& N){ typedef Nef_polyhedronF::Extended_kernel EKernel;typedef EKernel::Standard_RT Standard_RT;typedef Nef_polyhedronF::Explorer Explorer;typedef Explorer::Topologi
al_explorer TExplorer;typedef Explorer::Vertex_
onst_iterator Vertex_
onst_iterator;TExplorer D = N.explorer();EKernel& E = Nef_polyhedronF::EK;Vertex_
onst_iterator vit = D.verti
es_begin(),vend = D.verti
es_end();leda_integer frame_radius(0);for (; vit != vend; ++vit) {if ( E.is_standard(D.point(vit)) ) {Point p = E.standard_point(D.point(vit));Standard_RT m = std::max(p.hx()/p.hw(), p.hy()/p.hw());frame_radius = std::max(frame_radius,m+1);} else { // non-standardLine l = E.standard_line(D.point(vit));if ( abs(l.a()) != abs(l.b()) ) {Standard_RT m = std::max( abs(l.
()/(l.a()+l.b())),abs(l.
()/(l.a()-l.b())) );frame_radius = std::max(frame_radius,m+1);} else {frame_radius = std::max(frame_radius,abs(l.
()/l.a()));}}}return frame_radius;}hverbose introductioni�SETDTHREAD(41);int nv = n*(n-1)/2 + 2*n + 4;std::
err << CGAL::pointlo
ationversion << std::endl;std::
err << CGAL::sweepversion << std::endl;std::
err << "
reating arrangement of " << nv << " verti
es\n";hextract command line parametersi�leda_param_handler H(arg
,argv,".rt",false);H.add_parameter("number_of_lines:-n:int:10");H.add_parameter("file_of_lines:-i:string:");H.add_parameter("verbose:-v:bool:false");leda_param_handler::init_all();H.get_parameter("-n",n);H.get_parameter("-i",input_file);H.get_parameter("-v",verbose);hprint runtimesi�std::
err << std::endl;std::
out << setpre
ision(3);
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out << n << " & \\EXOR & "<< (Vn[EXOR1℄+Vn[EXOR2℄)/2 << " & " << (En[EXOR1℄+En[EXOR2℄)/2 << " & "<< (Fn[EXOR1℄+Fn[EXOR2℄)/2 << " & "<< (t_exor[NAIVE℄/2) << " & " << (t_exor[FILTERED℄/2) << " & "<< (t_exor[GENPOLY_NORMALIZED℄/2) << " & " << (t_exor[GENPOLY℄/2)<< "\\\\\n";std::
out << n << " & \\INTER & "<< Vn[INTER℄ << " & " << En[INTER℄ << " & "<< Fn[INTER℄ << " & "<< t_inter[NAIVE℄ << " & " << t_inter[FILTERED℄ << " & "<< t_inter[GENPOLY_NORMALIZED℄ << " & " << t_inter[GENPOLY℄<< "\\\\\n";std::
out << n << " & \\UNION & "<< Vn[UNION℄ << " & " << En[UNION℄ << " & "<< Fn[UNION℄ << " & "<< t_union[NAIVE℄ << " & " << t_union[FILTERED℄ << " & "<< t_union[GENPOLY_NORMALIZED℄ << " & " << t_union[GENPOLY℄<< "\\\\ \\hline\n";hreport verbose resultsi�std::
err << std::endl << "frame size = " << R << std::endl;N1.explorer().print_statisti
s();N2.explorer().print_statisti
s();N3.explorer().print_statisti
s();N4.explorer().print_statisti
s();Nef_polyhedronF::EK.print_statisti
s();ISOTEST(N1,NF1)ISOTEST(N2,NF2)ISOTEST(N3,NF3)ISOTEST(N4,NF4)hwrite lines to a log filei�std::ofstream log("nef-rt.log");CGAL_assertion_msg(log,"no output log nef-rt.log");log << n << std::endl;for (int i=0; i<n; ++i) log << lines1[i℄ << " ";log << std::endl;for (int i=0; i<n; ++i) log << lines2[i℄ << " ";log << std::endl;log.
lose();hvisualize resultsi�CGAL::Window_stream W(600,600);W.init(-CGAL::frame_default,CGAL::frame_default,-CGAL::frame_default);W.set_show_
oordinates(true);W.set_grid_mode(5);W.set_node_width(3);W.display(0,0);W << N3;W.read_mouse();W << N4;W.read_mouse();
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lear();{ leda_rat_polygon p;forall_polygons(p,G3)W.draw_filled_polygon(p.to_polygon(),leda_bla
k);}W.read_mouse();htool operationsi�template <typename P>leda_rat_point 
gal_to_leda(
onst P& p){ return leda_rat_point(p.hx().eval_at(R),p.hy().eval_at(R),p.hw()); }void save_times(int i){ t_exor[i℄=tt_exor; t_inter[i℄=tt_inter; t_union[i℄=tt_union; }void save_stru
ture(
onst Nef_polyhedronF& N, int i){ Vn[i℄ = N.explorer().number_of_verti
es();En[i℄ = N.explorer().number_of_edges();Fn[i℄ = N.explorer().number_of_fa
es();}#define ISOTEST(n1,n2)\assert(n1.explorer().number_of_verti
es()==\n2.explorer().number_of_verti
es());\assert(n1.explorer().number_of_edges()==n2.explorer().number_of_edges());\assert(n1.explorer().number_of_fa
es()==n2.explorer().number_of_fa
es());
1.10 Printing Nef polyhedrahNef polyhedron2-ps.Ci�#in
lude <CGAL/basi
.h>#in
lude <CGAL/Homogeneous.h>#in
lude <CGAL/leda_integer.h>#in
lude <CGAL/Extended_homogeneous.h>#in
lude <CGAL/Filtered_extended_homogeneous.h>#in
lude <CGAL/Nef_polyhedron_2.h>#in
lude <CGAL/IO/Nef_polyhedron_2_PS_stream.h>#in
lude <LEDA/stream.h>template <>stru
t ring_or_field<leda_integer> {typedef ring_with_g
d kind;};//typedef CGAL::Extended_homogeneous<leda_integer> EKernel;typedef CGAL::Filtered_extended_homogeneous<leda_integer> EKernel;typedef CGAL::Nef_polyhedron_2<EKernel> Nef_polyhedron;using namespa
e CGAL;int main(int arg
, 
har* argv[℄) {// Create test point set. Prepare a ve
tor for 1000 points.
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 == 1 ) {std::
out << argv[0℄ << " input_file\n";return 1;}file_istream f(argv[1℄);if (f) {Nef_polyhedron N;f >> N;ps_file PS(10,10,"nef.ps");PS << N;}return 0;}
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[Nef78] W. Nef. Beiträge zur Theorie der Polyeder mit Anwendungen in der Computergraphik.
Herbert Lang & Cie AG, Bern, 1978.

[NS90] W. Nef and P.-M. Schmidt. Computing a sweeping-planein regular (“general”) po-
sition: a numerical and a symbolic solution.Journal of Symbolic Computation,
10(6):633–646, december 1990.

[PS85] F.P. Preparata and M.I. Shamos.Computational Geometry : An Introduction. Springer,
1985.

[RO90] J.R. Rossignac and M.A. O’Connor. SGC: A dimension-independent model for
pointsets with internal structures and incomplete boundaries. In M. J. Wozny, J. U.
Turner, and K. Preiss, editors,Geometric Modeling for Product Engineering, pages
145–180. Elsevier Science Publishers B.V., North Holland,1990.

[SM00] M. Seel and K. Mehlhorn. Infimaximal Frames: a framework to make lines look like
segments. Technical Report MPI-I-2000-1-005, Max-Planck-Institut für Informatik,
Saarbrücken, 2000.



2 Segment Intersection

2.1 Introduction

This document describes a generic sweep algorithm of line segments along the lines of the algorithm
which is part of the LEDA library. We basically transferred the segment sweep algorithm as described
in the LEDA book [MN99] into our generic sweep frameworkgenericsweep. We descibe special
adaptations and refer the user to the description in [MN99, chapter 10] for a deeper understanding.

«concept»
SegmentOverlayOutput

«concept»
SegmentOverlayGeometry_2

«concept»
GenericSweepTraits

Segment_overlay_traits

IT
PMDEC
GEOM

generic_sweep
T

leda_seg_overlay_traits

IT
PMDEC
GEOM

«concept»
STL Iterator

leda_graph_decorator
IT

leda_geometry

stl_seg_overlay_traits

IT
PMDEC
GEOM

Figure 2.1: The design of the segment overlay module.Segmentoverlaytraits implements the concept
GenericSweepTraits. There are actually two instancesledasegoverlaytraits andstl segoverlaytraits realiz-
ing Segmentoverlaytraits depending on the module configuration. The three template parameters allow an
adaptation depending on input, output, and geometry.

To use our generic sweep framework we implement a traits model Segmentoverlaytraits which
is plugged into the classgenericsweep<T> (the bottom layer). For the concept of the parameterT
please refer to classGenericSweepTraitsin the appendix on page 331. For the functionality of class
genericsweepsee the manual page on page 304.genericsweep< Segmentoverlaytraits<:::� is a
generic sweep framework for the calculation of the overlay of segments.

If you browse the original algorithmSWEEPSEGMENTSwith respect to code dependencies,
you find that it is hard-wired to several LEDA modules. The wires of the original algorithm are the
geometric kernelwhich is used, theinput interfacewhich is a list of segments, and theoutput interface
which is a LEDA embedded graph. We decouple the above from concrete data types by introducing
concepts for the three units: input, output, geometry.

The input conceptis easy. We use iterators defining an iterator range of segments (corresponding
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to the list of segments in the LEDA sweep).
The output conceptis a plane map data structure like LEDA plane maps (bidirected, embedded

graphs). For an introduction refer to [MN99, chapter 8]. Butof course there are several other standard
data structures in the literature like theHalfedge Data Structures(HDS), andDirected Cyclic Edge
Lists (DCEL). See for example the textbooks [dBvKOS97, PS85] and the CGAL HDS implementa-
tion in the manual [CGA]. Sometimes the output has to be enriched by some additional bookkeeping
data structures (e.g. maps) to associate additional information to the vertices and edges of the graph.

Thegeometric conceptcontains the geometry used for the algorithmic decisions ofthe sweep: ge-
ometric types like points and segments and the primitive operations on them. Our correctness consid-
erations are based on affine planar geometry. However this sweep framework works also instantiated
with other geometry models.

The genericity is achieved by encapsulating the three concepts into three template parameters of
Segmentoverlaytraits<> which allows a user to transport his geometry, geometric primitives and his
input and output structure into the segment sweep framework. We will describe the concept of the
geometric types, primitives and the concept of the output graph structure below. We first give an
abstract introduction of the output produced.

The ouput of the algorithm is the result of transformations of an output object triggered by method
calls of the traits class. There are some methods which can beused to manipulate a graph structure
G= (V;E). If the implementation of those graph manipulation methodsfollows the semantic descrip-
tion below then the output graph obtains a certain structure. Additionally there is also some kind of
message passing associated with the output structure. Thisallows a user to refine necessary additional
information from the sweep.

Assume the output contains a graph structureG= (V;E) which can represent an embedded plane
map (a bidirected graph where reversal edges are paired and where the nodes are embedded into the
plane by associating point coordinates). We state some properties of the output production:

O1. All end points and intersection points of segments are called events and trigger calls to create
new nodesv2V which obtain the knowledge about their embedding via a pointp. The creation
is done in the lexicographic order on points as specified by the user in the geometric traits class.

O2. The sweep explores the skeleton of the planar subdivision induced by the set of input segments
of the iterator range. Thus for each segments there are method calls which can be used to create
edges inG such that the straight line embedding of their union corresponds tos.

O3. Each halfedgee2E gets to know a list of input segments supporting its straightline embedding.

O4. Each nodev 2 V gets to know a halfedge below (vertical ray-shooting property) where de-
generacies are broken with a left-closed perturbation scheme (all edges include their left source
node during the ray shoot). Additionally each nodev2V gets to know the input segments which
start at, end at or contain its embeddingpoint(v). Finally each node gets to know explicitly if it
is supported by a trivial input segment.

O5. If the edge creation operations follow the semantic description then each nodev has an adja-
cency list such that visiting all adjacent nodes while iterating the adjacency list corresponds to
a counterclockwise rotation aroundv (the straight line drawing ofG is counterclockwiseorder-
preserving). All adjacency lists additionally have the property of aforward-prefix. This means
that forward-oriented edges1 build a prefix in each adjacency list.

1an edgee is called forward-oriented whenpoint(source(e))<lex point(target(e)).
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«concept»
SegmentOverlayOutput

+: V, E, I, Point_2
+new_vertex(p:Point_2): V
+new_halfedge_pair_at_source(v:V): E  
+link_as_target_and_append(v:V,e:E): void     
+supporting_segment(e:E,it:I): void
+trivial_segment(v:V,it:I): void
+starting_segment(v:V,it:I): void
+passing_segment(v:V,it:I): void
+ending_segment(v:V,it:I): void
+halfedge_below(v:V,e:E): void

O2

O1

O3

«concept»
SegmentOverlayInput

«concept»
SegmentOverlayGeometry_2

+: Point_2, Segment_2
+source(s:Segment_2): Point_2
+target(s:Segment): Point_2
+is_degenerate(s:Segment): bool         
+construct_segment(p1:Point_2,p2:Point_2): Segment_2   
+orientation(s:Segment_2,p:Point_2): int
+compare_xy(p1:Point_2,p2:Point_2): int
+intersection(s1:Segment_2,s2:Segment_2): Point_2

Figure 2.2:The three concepts that allow adaptation of the generic segment sweep. In the output concept the
abbreviations areV for Vertexhandle, E for Halfedgehandle, andI for Iterator.

The interfaces of the three concepts are depicted in figure 2.2. For the actual semantics please
consult the manual pages forSegmentOverlayOutputon page 325 andSegmentOverlayGeometry2 on
page 325 in the appendix.

2.1.1 Formalizing the sweep — Invariants

We sweep the plane from left to right by a vertical lineSL. Whenever we encounter an event point
we have to take actions to produce the output structure. Bothendpoints of each segment and non-
degenerate intersection points of any two non-overlappingsegments define ourevents. To ensure the
correct actions we resort to a list of invariants on which we can rely just before we encounter an event
and which we ensure by certain actions for the status thereafter.

The sweep is determined by an interaction between two major data structures, an event queueXS
and a sweep status structureYS. The event queueXScontrols the stepping ofSL across the plane.
We store a point as the key of each event. The order of the events corresponds to the lexicographical
order on all points as defined in the geometry kernel.YSstores segments intersecting the sweep line
SLordered according to their intersection points from bottomto top. Note that for a segments in YS
source(s)<lex target(s) according to our lexicographic order on points.

The above description talks about vertical sweep lines and geometry which is left and right of the
sweep line. As soon as there are events with identicalx-coordinates and vertical segments we have to
be more accurate. Imagine a sweep line which is slanted by an infinitesimal angle counterclockwise
thus processing the points on the vertical line bottom-up. Amore accurate intuition is created by a
sweepline consisting of an infinitesimal small step down, where the vertical ray down is right of the
current sweep position and the vertical ray up is left of the current sweep position and the horizontal
step marks the current position while going from�∞ to+∞ along they-axis of the coordinate system.
For an extensive treatment please refer to [MN99, chapter 10].

We treat the degenerate cases of several segments ending, intersecting, and starting in one point
explicitly in our code. We also handle the possibility that several segments overlap. This implies
that just before an event the sweep line may intersect a wholebundle of segments containing the
event. Some extend through it, some end there. And just afterthe event the bundle of the segments
extending though the event may be enriched by several segments starting at the event. The segments
of both bundles can be ordered according to their points of intersection with the sweep line. In case
of overlapping segments their point of intersection with the sweep line is identical. To break the tie
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Figure 2.3:Sketching the sweepline intuition in the case of degeneracies. The left figure shows the sweepline
before the event atp. The right figure shows the figure just after the event atp.

we take the order on the identity of each input segment2. Note that due to the degeneracy events can
have multiple character.

Invariant 1: The event queueXS is a sorted sequence of items<p;x> called events, wherep is the
embedding point of the event andx is an associated information link.Startingandendingevents refer
to the endpoints of all segments.Intersectionevents are defined by the points of intersection of two
non-overlapping segments. At any sweep positionXScontains all starting and ending events and all
intersection events right ofSL that are the result of an intersection of segments that are neighbors in
YS. The order inXS is the lexicographic order on pointscomparexy( ) introduced by the geometry
concept.

Invariant 2: The sweep status structureYSis a sorted sequence of items<s;y> wheres is a segment
intersected by the sweep line. The order is defined by the points of intersection of the segments and
the sweep line from bottom to top.

Consider any bundle of segments ending at or extending through an event. We want to save on
geometric calculations. Therefore the information slot ofthe items inYS is used to identify such
bundles.

Invariant 3: Let <s;y> and<s’ ;y’> be two successing items inYS. The informationy is used as a
flag how the two segments are geometrically related. Ifs ands’ are overlapping at the current sweep
position theny points to its successor item<s’ ;y’> in YS. If s ands’ intersect right of the sweep line
theny points to the corresponding event inXS. Otherwise it is the null handle.

Additionally for all itemsit we know an edge in the output graph that is supported by the segment
via a mapEdgeof [it℄.
Invariant 4: For all intersection events and ending events<p;x> in XSthe informationx is a link to
an item<s;y> in YSsuch that the segments containsp. For ending events the invariant is established
as soon as the segmentsentersYS.

This construction allows us to shortcut from an event into the range of interest withinYSwithout
using the standard (logarithmic) search operations ofYS.

Lemma 2.1.1: Starting from any intersection or ending event we can identify the bundle of seg-
ments/items inYSending at or extending through the event in time proportional to the size of the
bundle.

2Internally we handle segments via pointers. Then their identity is just the memory address.
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Proof. Consider an event<p;x> that is not only starting event. Thenx is a link to an item<s;y> in
YSsuch thats containsp due to Invariant 4. Iterating locally up and down starting from x allows
us to identify the range of items inYSwhose segments containp by the marking links according to
Invariant 3.

At last, at each event we ensure partial output correctness that leads to global output correctness
after the last event.

Invariant 5: Assume the output model’s operations are defined according to our specification. Then
the overlay of all segments that are fully left of our sweep line is correctly calculated.

The following hashing idea saves again on geometric calculations and search.

Invariant 6: For each pair of segments(s1;s2) in YSand intersecting right ofSL which have been
neighbors inYSonce (and might have been separated afterwards) there’s a hash table short-cut to the
corresponding intersection eventit = IEvent(s1;s2).

Note that the algorithmic correctness of this framework hastwo aspects. There are global con-
siderations and local considerations. The global considerations concern issues like why the algorithm
terminates and why it does calculate the output we ask for. The local considerations concern the
aspects of the event handling. Namely, why our event handling and the intialization phase of our
framework ensures the invariants stated above. Taking bothissues together we obtain the certainty
that our code module actually calculates the overlay correctly.

For the global correctness we will see that all starting and ending events are handled in our code
and inflated into the machinery in the initialization phase.One exception that we have to incorporate
into our code is the occurance of trivial segments. The final question is if we catch all intersection
events? There’s a trivial observation why we cannot miss anysuch event.

Lemma 2.1.2: If we ensure that all our invariants hold at all events then wecannot miss any intersec-
tion event.

Proof. Assume we miss an intersection eventev. If we miss several take the lexicographically smallest
one. Then the event just beforeev was correctly treated and the two segments that implyev are
neighbors inYS. But Invariant 1 tells us thatev is in XSwhich leads to a contradiction.

Note that global termination is not a big issue in sweep frameworks. As soon as all events have
gone we stop the iteration. Note finally that if we locally keep Invariant 5 just after each event then
we also know that our result is correctly calculated. We now will link the above insights to the code.

2.1.2 Two generic sweep traits models

We use our generic plane sweep paradigm to execute the sweep.We offer two models to plug into
the genericsweepframework. For the concept seeGenericSweepTraitsin the appendix. One based
on LEDA [MN99] and including several runtime optimizations, the other one based purely on STL
data structures [MS96]. This design was necessary to allow using the sweep module when CGAL is
installed without the presence of LEDA. The sweep traits class wraps it all.hSegmentoverlay traits.hi�hCGAL Headeri#ifndef CGAL_SEGMENT_OVERLAY_TRAITS_H#define CGAL_SEGMENT_OVERLAY_TRAITS_H
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lude <assert.h>#undef _DEBUG#define _DEBUG 23#in
lude <CGAL/Nef_2/debug.h>//#define INCLUDEBOTH#if defined(CGAL_USE_LEDA) || defined(INCLUDEBOTH)hleda segment overlay modeli#endif // defined(CGAL_USE_LEDA) || defined(INCLUDEBOTH)#if !defined(CGAL_USE_LEDA) || defined(INCLUDEBOTH)hstl segment overlay modeli#endif // !defined(CGAL_USE_LEDA) || defined(INCLUDEBOTH)namespa
e CGAL {#ifdef CGAL_USE_LEDA#define Segment_overlay_traits leda_seg_overlay_traitsstati
 
onst 
har* sweepversion = "LEDA segment overlay sweep";#else#define Segment_overlay_traits stl_seg_overlay_traitsstati
 
onst 
har* sweepversion = "STL segment overlay sweep";#endif} // namespa
e CGAL#in
lude <CGAL/generi
_sweep.h>#endif // CGAL_SEGMENT_OVERLAY_TRAITS_Hhleda segment overlay modeli�#in
lude <LEDA/tuple.h>#in
lude <LEDA/slist.h>#in
lude <LEDA/list.h>#in
lude <LEDA/map.h>#in
lude <LEDA/map2.h>#in
lude <LEDA/sortseq.h>#in
lude <LEDA/p_queue.h>#in
lude <utility>#in
lude <strstream>namespa
e CGAL {hleda debugging routinesihleda segment overlay traits classi} // namespa
e CGAL
2.1.3 The LEDA traits model

Our class obtains three template types which have to be models for the corresponding concepts de-
scribed below.hleda segment overlay traits classi�template <typename IT, typename PMDEC, typename GEOM>
lass leda_seg_overlay_traits {publi
:hleda introducing the types from the traitsihleda internal segment typei// types interfa
ing the generi
 sweep frame:



2.1 Introduction 72ITERATOR its, ite;OUTPUT& GO;
onst GEOMETRY& K;hleda order types for segments and pointsihleda sweep data structuresihleda helping operationsihleda operation for keeping the intersection invariantihleda initialization of the sweepihleda iteration controlihleda handling the eventihleda postprocessing of the sweepi}; // leda_seg_overlay_traits
The following types are introduced by the traits classes. See the the concept descriptions
SegmentOverlayOutputfor PMDEC andSegmentOverlayGeometry2 for GEOM. The iterator con-
cept required is that of an STL input iterator.hleda introducing the types from the traitsi�typedef IT ITERATOR;typedef std::pair<IT,IT> INPUT;typedef PMDEC OUTPUT;typedef typename PMDEC::Vertex_handle Vertex_handle;typedef typename PMDEC::Halfedge_handle Halfedge_handle;typedef GEOM GEOMETRY;typedef typename GEOMETRY::Point_2 Point_2;typedef typename GEOMETRY::Segment_2 Segment_2;
We define an internal segment typeISegmentbased on a pointer to allow two constructions. At first
we want to be able to couple the internal segment to the input object. We achieve this by maintaining
both as a pairtwotuple<Segment; ITERATOR> in a list. Secondly our internal segment type is just a
pointer to such a pair. We can thus not only compare internal segments geometrically by the pair’s
first component, but also check identity by the pointer address.hleda internal segment typei�typedef leda_two_tuple<Segment_2,ITERATOR> seg_pair;typedef seg_pair* ISegment;typedef leda_list<seg_pair> IList;typedef typename IList::iterator ilist_iterator;
The predicates below are solely based on a few geometric kernel predicates. The clever observation is
the fact, that the comparison predicatecmpsegsat sweeplineis only called with one segment contain-
ing the sweep point. We know that assertion from the specification of LEDA sortseqs. Compared to
the LEDA sweep algorithm we add non-geometric sentinel segments to avoid checking of boundary
cases.hleda order types for segments and pointsi�
lass 
mp_segs_at_sweepline : publi
 leda_
mp_base<ISegment>{ 
onst Point_2& p;ISegment s_bottom, s_top; // sentinel segments
onst GEOMETRY& K;
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:
mp_segs_at_sweepline(
onst Point_2& pi,ISegment s1, ISegment s2, 
onst GEOMETRY& k) :p(pi), s_bottom(s1), s_top(s2), K(k) {}int operator()(
onst ISegment& is1, 
onst ISegment& is2) 
onst{ // Pre
ondition: p is identi
al to the left endpoint of s1 or s2.if ( is2 == s_top || is1 == s_bottom ) return -1;if ( is1 == s_top || is2 == s_bottom ) return 1;if ( is1 == is2 ) return 0;
onst Segment_2& s1 = is1->first();
onst Segment_2& s2 = is2->first();int s = 0;if ( p == K.sour
e(s1) ) s = K.orientation(s2,p);else if ( p == K.sour
e(s2) ) s = - K.orientation(s1,p);else ASSERT(0,"
ompare error in sweep.");if ( s || K.is_degenerate(s1) || K.is_degenerate(s2) )return s;s = K.orientation(s2,K.target(s1));if (s==0) return ( is1 - is2 );// overlapping segments are not equalreturn s;}};
The lexicographic order on points is just transferred from the geometric kernel.hleda order types for segments and pointsi+�stru
t 
mp_pnts_xy : publi
 leda_
mp_base<Point_2>{ 
onst GEOMETRY& K;publi
:
mp_pnts_xy(
onst GEOMETRY& k) : K(k) {}int operator()(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ return K.
ompare_xy(p1,p2); }};
We use several LEDA data structures. The x-structureXSis an ordered sequence of items based on the
key typePoint 2. For the item concept of LEDA refer to the manual [MNSU99] or the LEDA book.
We associate a link into the y-structure for intersection and ending events to save on unnecessary
search operations withinYS. When we reach an event atp sweepwe can thus shortcut to find an
item in YSwhich contains a segment (as its key) containingp sweep. The y-structureYSis a sorted
sequence ofISegments. The associatedseqitem link serves two purposes: (1) it bundles segments in
YStogether by pointing to the (lexicographic) next event which they contain. (2) it bundles segments
which overlap. See the LEDA book for a more elaborate description.

During the sweep we associate edges from the constructed output graph to the items in YS. We
use a hash mapmap<seqitem;Halfedgehandle>Edgeof for this purpose. Finally for each event point
there is a possible sequence of input segments starting at the event. To maintain this sequence we use
a priority queuep queue<Point2; ISegment> SQ.

When two segmentss1;s2become neighbors inYSwe check if they intersect right of the sweep
line. If they do we calculate the intersection pointp and insert a corresponding event intoXS. Now it
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can happen thats1ands2get again separated by a new segment beforep is reached. We have several
possibilities in this case. We could remove the event atp again to keep the space bound implied by
the Invariant 1. However the size of the output structure anyway comprises the space for keeping the
event inXS. We can even do better with respect to runtime. Instead of recalculating the geometric
intersection information whens1ands2become neighbors again we can try to recover the previously
calculated event from the two dimensional hashmap2<ISegment; ISegment;seqitem> IEvent.

The additional members are used as a central place for data storage.eventprovides a handle on
the current event queue item.p sweepis the position of the current event which is also used from the
segment comparison objectSLcmp.hleda sweep data structuresi�typedef leda_sortseq<Point_2,seq_item> EventQueue;typedef leda_sortseq<ISegment,seq_item> SweepStatus;typedef leda_p_queue<Point_2,ISegment> SegQueue;typedef leda_map<seq_item,Halfedge_handle> Asso
EdgeMap;typedef leda_slist<ITERATOR> IsoList;typedef leda_map<seq_item, IsoList* > Asso
IsoMap;typedef leda_map2<ISegment,ISegment,seq_item> EventHash;seq_item event;Point_2 p_sweep;
mp_pnts_xy 
mp;EventQueue XS;seg_pair sl,sh;
mp_segs_at_sweepline SL
mp;SweepStatus YS;SegQueue SQ;EventHash IEvent;IList Internal;Asso
EdgeMap Edge_of;Asso
IsoMap Isos_of;leda_seg_overlay_traits(
onst INPUT& in, OUTPUT& G,
onst GEOMETRY& k) :its(in.first), ite(in.se
ond), GO(G), K(k),
mp(K), XS(
mp), SL
mp(p_sweep,&sl,&sh,K), YS(SL
mp), SQ(
mp),IEvent(0), Edge_of(0), Isos_of(0) {}
We define some code short cuts.hleda helping operationsi�leda_string dump_stru
tures() 
onst{ std::ostrstream out;out << "SQ= ";pq_item pqit;forall_items(pqit,SQ) {if (SQ.prio(pqit)==XS.key(XS.su

(XS.min_item()))){ out << SQ.inf(pqit)->first(); }pqit = SQ.next_item(pqit);}seq_item sit;



2.1 Introduction 75out << "\nXS=\n";forall_items(sit,XS)out << " " << XS.key(sit) << " " << XS.inf(sit)<<std::endl;out << "YS=\n";for( sit = YS.max_item(); sit; sit=YS.pred(sit) )out << " "<<YS.key(sit)->first()<<" "<<YS.inf(sit)<<std::endl;out << '\0';leda_string res(out.str()); out.freeze(0); return res;}hleda helping operationsi+�Point_2 sour
e(ISegment is) 
onst{ return K.sour
e(is->first()); }Point_2 target(ISegment is) 
onst{ return K.target(is->first()); }ITERATOR original(ISegment s) 
onst{ return s->se
ond(); }int orientation(seq_item sit, 
onst Point_2& p) 
onst{ return K.orientation(YS.key(sit)->first(),p); }bool 
ollinear(seq_item sit1, seq_item sit2) 
onst{ Point_2 ps = sour
e(YS.key(sit2)), pt = target(YS.key(sit2));return ( orientation(sit1,ps)==0 &&orientation(sit1,pt)==0 );}
Most events trigger changes in the segment sequence along the sweep line. We have to reflect such
changes in a test for new intersection events right of the sweep line as soon as two segments become
neighbors. The following code ensures the Invariants 2, 3, 4and uses the hash tuning of Invariant 6.
s1 is the successor ofs0 in YS, hence,s0ands1 intersect right or above of the event ifftarget(s1) is
not left of the line supportings0, andtarget(s0) is not right of the line supportings1. In this case we
intersect the underlying lines.hleda operation for keeping the intersection invarianti�void 
ompute_interse
tion(seq_item sit0){ seq_item sit1 = YS.su

(sit0);if ( sit0 == YS.min_item() || sit1 == YS.max_item() ) return;ISegment s0 = YS.key(sit0);ISegment s1 = YS.key(sit1);int or0 = K.orientation(s0->first(),target(s1));int or1 = K.orientation(s1->first(),target(s0));if ( or0 <= 0 && or1 >= 0 ) {seq_item it = IEvent(YS.key(sit0),YS.key(sit1));if ( it==0 ) {Point_2 q = K.interse
tion(s0->first(),s1->first());it = XS.insert(q,sit0);}
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hange_inf(sit0, it);}}
Event Handling

We start with the knowledge that our invariants from Section2.1.1 hold. First we create a new vertexv
in the ouput structure. Then we work in four phases: (1) We handle the ingoing bundle which ends at
v. (2) We communicate all the knowledge about the new vertex (3) We have to deal with the segments
starting atp sweep. (4) We clean up to reestablish missing invariants.hleda handling the eventi�void pro
ess_event(){ Vertex_handle v = GO.new_vertex(p_sweep);seq_item sit = XS.inf(event);hleda handling ending and passing segmentsihleda completing additional information of the new vertexihleda inserting new segments starting at nodesihleda enforcing the invariants for YSi}
We first have to locate the bundle going throughp sweep. We deviate from the implementation of the
LEDA algorithm SWEEPSEGMENTSin one respect. For each segment inYSwe store a bidirected
edge pair extending along the segment. When we reach an eventpoint we connect these edges to
the newly created node. Note that this change is necessary ifyou use halfedge data structures for
the output. The original approach used temporarily incomplete edge pairs (only forward directed
halfedges) and coupled and embedded them in a postprocessing phase. But space minimally main-
tained halfedges like those of the CGAL HDS can only exist in pairs.

If there is a non-nil itemsit = XS:inf (event) associated withevent, key(sit) is either an ending
or passing segment. We usesit as an entry point to compute the bundle of segments ending at or
passing throughp sweep. In particular, we compute the first (sit first) and the successor (sit succ)) and
predecessor (sit pred) items.hleda handling ending and passing segmentsi�seq_item sit_su

(0), sit_pred(0), sit_pred_su

(0), sit_first(0);if (sit == nil)hleda check psweep in YSi/* If no segment 
ontains p_sweep then sit_pred and sit_su

 are
orre
tly set after the above lo
ate operation, if a segment
ontains p_sweep sit_pred and sit_su

 are set below whendetermining the bundle.*/if (sit != nil) { // key(sit) is an ending or passing segmenthleda determine upper bundle item sitsuccihleda hash upper intersection eventihleda walk ingoing bundle and trigger graph updatesihleda reverse continuing bundle edgesi} // if (sit != nil)
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As sit==nil we do not know if a segment stored inYSdoes containp sweep. We have to query
YSwith a trivial segment(p sweep;p sweep) to find out. Two results are possible. Either a segment
referenced hereafter bysit constains the event point or we determine the two segments above and
belowp sweepin sit predandsit succ.hleda check psweep in YSi�{ Segment_2 s_sweep = K.
onstru
t_segment(p_sweep,p_sweep);seg_pair sp(s_sweep,ITERATOR());sit_su

 = YS.lo
ate( &sp );if ( sit_su

 != YS.max_item() &&orientation(sit_su

,p_sweep) == 0 )sit = sit_su

;else {sit_pred = YS.pred(sit_su

);sit_pred_su

 = sit_su

;}}
We first walk up as long as the event is contained in the segmentreferenced viasit.hleda determine upper bundle item sitsucci�while ( YS.inf(sit) == event ||YS.inf(sit) == YS.su

(sit) ) // overlappingsit = YS.su

(sit);sit_su

 = YS.su

(sit);seq_item sit_last = sit;
We hash the upper event according to Invariant 6.hleda hash upper intersection eventi�seq_item xit = YS.inf(sit_last);if (xit) {ISegment s1 = YS.key(sit_last);ISegment s2 = YS.key(sit_su

);IEvent(s1,s2) = xit;}
We walk the ingoing bundle down again and trigger the edge closing calls for all items in the bundle
(except overlapping segments). Note that after this code chunk we have: (i) the bundle is empty if
succ(sit pred)==sit first==sit succ, or (ii) the bundle is not empty ifsit first != sit succ.

The actions on the bundle are easy to specify. We have to glue one edge per segment to the newly
created node except when two segments overlap. Note that thewalk top-down over the bundle implies
the order-preserving embedding of the graph. Note also how we pass the messages about the segments
supporting the event via the corresponding methods of the output object.hleda walk ingoing bundle and trigger graph updatesi�bool overlapping;do {ISegment s = YS.key(sit);



2.1 Introduction 78seq_item sit_next = YS.pred(sit);overlapping = (YS.inf(sit_next) == sit);Halfedge_handle e = Edge_of[sit℄;if ( !overlapping ) {GO.link_as_target_and_append(v,e);}GO.supporting_segment(e,original(s));if ( target(s) == p_sweep ) { // ending segmentif ( overlapping ) YS.
hange_inf(sit_next,YS.inf(sit));YS.del_item(sit);GO.ending_segment(v,original(s));} else { // passing segmentif ( YS.inf(sit) != YS.su

(sit) )YS.
hange_inf(sit, seq_item(0));GO.passing_segment(v,original(s));}sit = sit_next;}while ( YS.inf(sit) == event || overlapping ||YS.inf(sit) == YS.su

(sit) );sit_pred = sit;sit_first = sit_pred_su

 = YS.su

(sit_pred); // first item of bundle
We have to ensure that segments that continue through the event point have a reversed order withinYS
whenp sweephas been passed. This ensures the correct order ofYSwith respect to Invariant 2. Some
complication stems from overlapping segments. Their orderbased on identity may not be changed.hleda reverse continuing bundle edgesi�while ( sit != sit_su

 ) {seq_item sub_first = sit;seq_item sub_last = sub_first;while (YS.inf(sub_last) == YS.su

(sub_last))sub_last = YS.su

(sub_last);if (sub_last != sub_first)YS.reverse_items(sub_first, sub_last);sit = YS.su

(sub_first);}// reverse the entire bundleif (sit_first != sit_su

)YS.reverse_items(YS.su

(sit_pred),YS.pred(sit_su

));
For the new nodev we pass some information to the output structure. We post thehalfedge below, we
post all trivial input segments supporting the node. We obtain that information from the hash structure
Isosof filled during the initialization phase.hleda completing additional information of the new vertexi�assert(sit_pred);GO.halfedge_below(v,Edge_of[sit_pred℄);if ( Isos_of[event℄ != 0 ) {
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onst IsoList& IL = *(Isos_of[event℄);slist_item iso_it;for (iso_it = IL.first(); iso_it; iso_it=IL.su

(iso_it) )GO.trivial_segment(v,IL[iso_it℄ );delete (Isos_of[event℄); // 
lean up the list}
We insert all segments starting atp sweepinto YSand create the links withinYSto mark items with
overlapping segments.hleda inserting new segments starting at nodesi�ISegment next_seg;pq_item next_it = SQ.find_min();while ( next_it &&(next_seg = SQ.inf(next_it), p_sweep == sour
e(next_seg)) ) {seq_item s_sit = YS.lo
ate_su

(next_seg);seq_item p_sit = YS.pred(s_sit);if ( YS.max_item() != s_sit &&orientation(s_sit, sour
e(next_seg) ) == 0 &&orientation(s_sit, target(next_seg) ) == 0 )sit = YS.insert_at(s_sit, next_seg, s_sit);elsesit = YS.insert_at(s_sit, next_seg, seq_item(nil));assert(YS.su

(sit)==s_sit);if ( YS.min_item() != p_sit &&orientation(p_sit, sour
e(next_seg) ) == 0 &&orientation(p_sit, target(next_seg) ) == 0 )YS.
hange_inf(p_sit, sit);assert(YS.su

(p_sit)==sit);XS.insert(target(next_seg), sit);GO.starting_segment(v,original(next_seg));// delete minimum and assign new minimum to next_segSQ.del_min();next_it = SQ.find_min();}
In contrast to the original LEDA segment intersection algorithm SWEEPSEGMENTSwe create
“semi-open” edges starting at theeventnode and supported by the input segment. The iteration again
ensures the correct order-preserving embedding at the currently handled nodev.hleda inserting new segments starting at nodesi+�for( seq_item sitl = YS.pred(sit_su

); sitl != sit_pred;sitl = YS.pred(sitl) ) {if ( YS.inf(sitl) != YS.su

(sitl) ) { // non-overlappingEdge_of[sitl℄ = GO.new_halfedge_pair_at_sour
e(v);} else {Edge_of[sitl℄ = Edge_of[ YS.su

(sitl) ℄;}}sit_first = YS.su

(sit_pred);
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Depending on the outgoing bundle we determine possible intersections between new neighbors; if
sit pred is no longer adjacent to its former successor we change its intersection event to 0. Note that
the following chunk finishes Invariant 1 with the help of the methodcomputeintersection( ).hleda enforcing the invariants for YSi�assert(sit_pred); assert(sit_pred_su

);seq_item xit = YS.inf(sit_pred);if ( xit ) {ISegment s1 = YS.key(sit_pred);ISegment s2 = YS.key(sit_pred_su

);IEvent(s1,s2) = xit;YS.
hange_inf(sit_pred, seq_item(0));}
ompute_interse
tion(sit_pred);sit = YS.pred(sit_su

);if (sit != sit_pred)
ompute_interse
tion(sit);
Initialization

We realize the propositions of the invariants at the beginning in our sweep initialization phase. We
insert all segment endpoints intoXS, insert sentinels intoYS, and exploit the fact that insert operations
into the X-structure leave previously inserted points unchanged to achieve that any pair of endpoints
p andq with p==q are identical (if the geometric point type supports this). Degenerate segments
are stored in a list associated to their events. The knowledge about their existence is transferred to the
corresponding output object as soon as it is constructed.hleda initialization of the sweepi�void initialize_stru
tures(){ ITERATOR it_s;for ( it_s=its; it_s != ite; ++it_s ) {Segment_2 s = *it_s;seq_item it1 = XS.insert( K.sour
e(s), seq_item(nil));seq_item it2 = XS.insert( K.target(s), seq_item(nil));if (it1 == it2) {if ( Isos_of[it1℄ == 0 ) Isos_of[it1℄ = new IsoList;Isos_of[it1℄->push(it_s);
ontinue; // ignore zero-length segments in SQ/YS}Point_2 p = XS.key(it1);Point_2 q = XS.key(it2);Segment_2 s1;if ( K.
ompare_xy(p,q) < 0 )s1 = K.
onstru
t_segment(p,q);elses1 = K.
onstru
t_segment(q,p);Internal.append(seg_pair(s1,it_s));
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e(s1),&Internal[Internal.last()℄);}// insert a lower and an upper sentinel segmentYS.insert(&sl,seq_item(nil));YS.insert(&sh,seq_item(nil));}
Note the invariants of the sweep loop. Theeventhas to be set before the event action.hleda iteration controli�bool event_exists(){ if (!XS.empty()) {// event is set at end of loop and in initevent = XS.min();p_sweep = XS.key(event);return true;}return false;}void pro
ede_to_next_event(){ XS.del_item(event); }
The structure is finished as soon as all events have been treated. As we always created edges in pairs
and respected the adjacency list order we have no completionphase as in [MN99, chapter 10].hleda postprocessing of the sweepi�void 
omplete_stru
tures() {}void 
he
k_invariants() {}void 
he
k_final() {}hleda debugging routinesi�#ifdef _DEBUG#define PIS(s) (s->first())#endif
Runtime Analysis

We shortly give a runtime analysis of the above implementation. AssumeU(S) to be the embedded
(undirected) graph created by a proper3 instantiation of our sweep framework. Letn be the number of
input segments of the input setS, nv be the number of nodes ofU(S), ne be the number of (undirected)
edges ofU(S). In the presence of overlapping segments let ¯ne := ∑eedge ofU(S)se wherese is the
number of segments inS supporting edgee of U(S). Note that during the sweep the whole graph
is constructed and explored. Then obviously all graph related operations like creation, and support
messaging take timeO(nv+ n̄e).

3The output methods have to be constant time operations of thecorrect semantics.
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The sweep initialization takes timeO(nlogn). There arenv events and at each event the sweep
status structures are manipulated a constant number of times. Pass again through the event handling
routine. All segments are inserted intoYSand deleted fromYSonce (during the whole sweep) and
therefore that cost adds up toO(nlogjYSj). The removal fromSQadds upO(nlogn). Finally all
events are inserted and deleted once and this takesO(jXSj logjXSj). When subsequences ofYSare
explored and swapped, this cost can again be dedicated to theexploration of the graph and is therefore
subsumed in theO(nv+ n̄e) from above.

We have to bound the size ofXSandYS. Natural bounds arejXSj= O(nv) (the number of nodes)
andjYSj=O(n) (the number of segments). Therefore accumulating all of theabove we obtainO(nv+
n̄e+nlogn+nv log(n+nv)) = O(nv+ n̄e+(n+nv) log(n+nv)). Note that ¯ne andnv can be quadratic
in n.

Lemma 2.1.3: Assume thatn, nv, n̄e are defined as above then the runtime of the sweep algorithm is

O(nv+ n̄e+(n+nv) log(n+nv)):
2.1.4 The STL traits model

We present an alternative module purely based on STL data structures. As the STL has no hashing
support we omit all the optimization used in the LEDA approach. Additionally we cannot use any
links from events into the y-structure. As STL maps have no order manipulating operations like
reverseitemsof LEDA sortseqs we have to delete and reinsert ranges of segments at events.Therefore
no shortcuts can be stored to minimize search operations within YS.hstl segment overlay modeli�#in
lude <list>#in
lude <map>#in
lude <string>#in
lude <strstream>namespa
e CGAL {template <typename IT, typename PMDEC, typename GEOM>
lass stl_seg_overlay_traits {publi
:hstl introducing the types from the traitsihstl internal segment typei// types interfa
ing the generi
 sweep frameITERATOR its, ite;OUTPUT& GO;
onst GEOMETRY& K;hstl order types for segments and pointsihstl sweep data structuresihstl helping operationsihstl operation for keeping the intersection invariantihstl initialization of the sweepihstl iteration controlihstl handling the eventihstl postprocessing of the sweepi}; // stl_seg_overlay_traits} // namespa
e CGAL
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The following types are introduced by the traits classes.hstl introducing the types from the traitsi�typedef IT ITERATOR;typedef std::pair<IT,IT> INPUT;typedef PMDEC OUTPUT;typedef typename PMDEC::Vertex_handle Vertex_handle;typedef typename PMDEC::Halfedge_handle Halfedge_handle;typedef GEOM GEOMETRY;typedef typename GEOMETRY::Point_2 Point_2;typedef typename GEOMETRY::Segment_2 Segment_2;
Similar to the LEDA implementation we obtain internal segments by pointers to
pair<Segment; ITERATOR>.hstl internal segment typei�typedef std::pair<Segment_2,ITERATOR> seg_pair;typedef seg_pair* ISegment;typedef std::list<seg_pair> IList;typedef typename IList::
onst_iterator ilist_iterator;
The STL uses strict order type objects. The predicate is implemented in analogy to
cmpsegsat sweepline.hstl order types for segments and pointsi�
lass lt_segs_at_sweepline{ 
onst Point_2& p;ISegment s_bottom, s_top; // sentinel segments
onst GEOMETRY& K;publi
:lt_segs_at_sweepline(
onst Point_2& pi,ISegment s1, ISegment s2, 
onst GEOMETRY& k) :p(pi), s_bottom(s1), s_top(s2), K(k) {}lt_segs_at_sweepline(
onst lt_segs_at_sweepline& lt) :p(lt.p), s_bottom(lt.s_bottom), s_top(lt.s_top), K(lt.K) {}bool operator()(
onst ISegment& is1, 
onst ISegment& is2) 
onst{ if ( is2 == s_top || is1 == s_bottom ) return true;if ( is1 == s_top || is2 == s_bottom ) return false;if ( is1 == is2 ) return false;// Pre
ondition: p is 
ontained in s1 or s2.
onst Segment_2& s1 = is1->first;
onst Segment_2& s2 = is2->first;int s = 0;if ( K.orientation(s1,p) == 0 )s = K.orientation(s2,p);else if ( K.orientation(s2,p) == 0 )s = - K.orientation(s1,p);else ASSERT(0,"
ompare error in sweep.");if ( s || K.is_degenerate(s1) || K.is_degenerate(s2) )return ( s < 0 );



2.1 Introduction 84s = K.orientation(s2,K.target(s1));if (s==0) return ( is1 - is2 ) < 0;// overlapping segments are not equalreturn ( s < 0 );}};stru
t lt_pnts_xy{ 
onst GEOMETRY& K;publi
:lt_pnts_xy(
onst GEOMETRY& k) : K(k) {}lt_pnts_xy(
onst lt_pnts_xy& lt) : K(lt.K) {}int operator()(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ return K.
ompare_xy(p1,p2) < 0; }};
We need three main STL data structures. The x-structureXSis an ordered set based on the key type
Point2. The y-structure is a sorted sequence ofISegments. During the sweep we associate edges
from the constructed output graph to these segments. Finally for each event point there is a possible
sequence of input segments starting at the event. To maintain this sequence we use a STL multimap.hstl sweep data structuresi�typedef std::map<ISegment, Halfedge_handle, lt_segs_at_sweepline>SweepStatus;typedef typename SweepStatus::iterator ss_iterator;typedef typename SweepStatus::value_type ss_pair;typedef std::list<ITERATOR> IsoList;typedef std::map<Point_2, IsoList*, lt_pnts_xy> EventQueue;typedef typename EventQueue::iterator event_iterator;typedef typename EventQueue::value_type event_pair;typedef std::multimap<Point_2, ISegment, lt_pnts_xy> SegQueue;typedef typename SegQueue::iterator seg_iterator;typedef typename SegQueue::value_type ps_pair;event_iterator event;Point_2 p_sweep;EventQueue XS;seg_pair sl,sh;SweepStatus YS;SegQueue SQ;IList Internal;stl_seg_overlay_traits(
onst INPUT& in, OUTPUT& G,
onst GEOMETRY& k) :its(in.first), ite(in.se
ond), GO(G), K(k),XS(lt_pnts_xy(K)), YS(lt_segs_at_sweepline(p_sweep,&sl,&sh,K)),SQ(lt_pnts_xy(K)) {}
We have similar helperssource(s), target(s), original(s), orientation( ), collinear( ) as in the LEDA
framework. We don’t list them again.



2.1 Introduction 85hstl helping operationsi�std::string dump_stru
tures() 
onst{ std::ostrstream out;out << "EventQueue:\n";typename EventQueue::
onst_iterator sit1;for(sit1 = XS.begin(); sit1 != XS.end(); ++sit1)out << " " << sit1->first << std::endl;out << "SegQueue:\n";typename SegQueue::
onst_iterator sit2;for(sit2 = SQ.begin(); sit2 != SQ.end(); ++sit2)out << " " << sit2->first << " " << sit2->se
ond<< " " << sit2->first << std::endl;out << "SweepStatus:\n";typename SweepStatus::
onst_iterator sit3;for( sit3 = YS.begin(); sit3 != YS.end(); ++sit3 )out << sit3->first << " " << &*(sit3->se
ond) << std::endl;std::string res(out.str()); out.freeze(0); return res;}Point_2 sour
e(ISegment is) 
onst{ return K.sour
e(is->first); }Point_2 target(ISegment is) 
onst{ return K.target(is->first); }ITERATOR original(ISegment s) 
onst{ return s->se
ond; }int orientation(ss_iterator sit, 
onst Point_2& p) 
onst{ return K.orientation(sit->first->first,p); }bool 
ollinear(ss_iterator sit1, ss_iterator sit2) 
onst{ Point_2 ps = sour
e(sit2->first), pt = target(sit2->first);return ( orientation(sit1,ps)==0 &&orientation(sit1,pt)==0 );}
Again there’s acomputeintersectionoperations. Only the hash optimization is left out.hstl operation for keeping the intersection invarianti�void 
ompute_interse
tion(ss_iterator sit0){ // Given an item |sit0| in the Y-stru
ture 
ompute the point of// interse
tion with its su

essor and (if existing) insert it into// the event queue and do all ne
essary updates.ss_iterator sit1 = sit0; ++sit1;if ( sit0 == YS.begin() || sit1 == --YS.end() ) return;
onst Segment_2& s0 = sit0->first->first;
onst Segment_2& s1 = sit1->first->first;int or0 = K.orientation(s0,K.target(s1));int or1 = K.orientation(s1,K.target(s0));if ( or0 <= 0 && or1 >= 0 ) {Point_2 q = K.interse
tion(s0,s1);
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Event handling in this version is similar to the LEDA implementation, only that most algorithmic
decisions are now based on geometric predicate evaluation.hstl handling the eventi�void pro
ess_event(){ Vertex_handle v = GO.new_vertex(p_sweep);ss_iterator sit_su

, sit_pred, sit_first, sit;Segment_2 s_sweep = K.
onstru
t_segment(p_sweep,p_sweep);seg_pair sp(s_sweep,ITERATOR());sit_su

 = YS.upper_bound(&sp);sit = sit_su

; --sit;hstl handling ending and passing segmentsihstl completing additional information of the new vertexihstl inserting new segments starting at nodesihstl enforcing the invariants for YSi}
We cannot reverse the bundle passingp sweep, but have to delete all and reinsert them.hstl handling ending and passing segmentsi�/* |sit| is determined by upper bounding the sear
h for thesegment (p_sweep,p_sweep) and taking its prede
essor.if the segment asso
iated to |sit| 
ontains |p_sweep| thenthere's a bundle of segments 
ontaining |p_sweep|.We 
ompute the su

essor (|sit_su

)|) andprede
essor (|sit_pred|) items. */if ( sit == YS.begin() || orientation(sit,p_sweep) != 0 ) {sit_pred = sit;sit = YS.end();}/* If no segments 
ontain p_sweep then sit_pred and sit_su

 are
orre
tly set after the above lo
ate operation, if a segment
ontains p_sweep sit_pred and sit_su

 are set below whendetermining the bundle.*/if ( sit != YS.end() ) { // sit->first is ending or passing segment// Determine upper bundle item:/* Walk down until |sit_pred|, 
lose edges for all segmentsin the bundle, delete all segments in the bundle, butreinsert the 
ontinuing ones */std::list<ISegment> L_tmp;bool overlapping;do {ISegment s = sit->first;ss_iterator sit_next(sit); --sit_next;
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ollinear(sit,sit_next);Halfedge_handle e = sit->se
ond;if ( overlapping ) {} else {GO.link_as_target_and_append(v,e);/* in this 
ase we 
lose the output edge |e| asso
iated to|sit| by linking |v| as its target and by appending thetwin edge to |v|'s adja
en
y list. */}GO.supporting_segment(e,original(s));if ( target(s) == p_sweep ) {GO.ending_segment(v,original(s));} else { // passing segment, take 
are of the node here!L_tmp.push_ba
k(s);GO.passing_segment(v,original(s));}sit = sit_next;}while ( sit != YS.begin() && orientation(sit,p_sweep) == 0 );sit_pred = sit_first = sit;++sit_first; // first item of the bundle/* Interfa
eproposition for next 
hunk:- su

(sit_pred) == sit_first == sit_su

- bundle not empty: sit_first != sit_su

*/// delete and reinsert the 
ontinuing bundleYS.erase(sit_first,sit_su

);typename std::list<ISegment>::
onst_iterator lit;for ( lit = L_tmp.begin(); lit != L_tmp.end(); ++lit ) {YS.insert(sit_pred,ss_pair(*lit,Halfedge_handle()));}} // if (sit != ss_iterator() )
Node data association is similar again.hstl completing additional information of the new vertexi�assert( sit_pred != YS.end() );GO.halfedge_below(v,sit_pred->se
ond);if ( event->se
ond != 0 ) {
onst IsoList& IL = *(event->se
ond);typename IsoList::
onst_iterator iso_it;for (iso_it = IL.begin(); iso_it != IL.end(); ++iso_it)GO.trivial_segment(v,*iso_it);delete (event->se
ond);}
The insertion phase is even simpler.



2.1 Introduction 88hstl inserting new segments starting at nodesi�ISegment next_seg;seg_iterator next_it = SQ.begin();while ( next_it != SQ.end() &&( next_seg = next_it->se
ond, p_sweep == sour
e(next_seg)) ) {YS.insert(ss_pair(next_seg,Halfedge_handle()));GO.starting_segment(v,original(next_seg));// delete minimum and assign new minimum to next_segSQ.erase(SQ.begin());next_it = SQ.begin();}// we insert new edge stubs, non-linked at targetss_iterator sit_
urr = sit_su

, sit_prev = sit_su

;for( --sit_
urr; sit_
urr != sit_pred;sit_prev = sit_
urr, --sit_
urr ) {if ( sit_
urr != YS.begin() && sit_prev != --YS.end() &&
ollinear(sit_
urr,sit_prev) ) // overlappingsit_
urr->se
ond = sit_prev->se
ond;else {sit_
urr->se
ond = GO.new_halfedge_pair_at_sour
e(v);}}sit_first = sit_prev;
For the intersection invariant we always calculate.hstl enforcing the invariants for YSi�// 
ompute possible interse
tions between |sit_pred| and its// su

essor and |sit_su

| and its prede
essor
ompute_interse
tion(sit_pred);sit = sit_su

; --sit;if (sit != sit_pred)
ompute_interse
tion(sit);
We realize the propositions of the invariants at the beginning in our sweep initialization phase. We
insert the endpoints of the segments intoXSand store an internal segment for each non trivial segment.
We store a geometric object and the input interator in ourInternal list. Then we store the internal
segment associated to its starting event in our segment queue SQ. A trivial segment is associated to
the corresponding event in the x-structure. To finish the initialization we have to insert two sentinel
segments into the y-structure which avoids boundary checksin any YSsearch. AlsoSQobtains a
trailing sentinel which is never reached during our iteration overXS.hstl initialization of the sweepi�void initialize_stru
tures(){ /* INITIALIZATION- insert all verti
es into the x-stru
ture- insert sentinels into y-stru
ture- exploit the fa
t that insert operations into the x-stru
tureleave previously inserted points un
hanged to a
hieve that



2.1 Introduction 89any pair of endpoints $p$ and $q$ with |p == q| are identi
al*/ITERATOR it_s;for ( it_s=its; it_s != ite; ++it_s ) {
onst Segment_2& s = *it_s;event_iterator it1 = (XS.insert(event_pair(K.sour
e(s),0))).first;event_iterator it2 = (XS.insert(event_pair(K.target(s),0))).first;// note that the STL only inserts if key is not yet in XSif (it1 == it2) {if ( it1->se
ond == 0 ) it1->se
ond = new IsoList;it1->se
ond->push_front(it_s);
ontinue; // ignore zero-length segments regarding YS}Point_2 p = it1->first;Point_2 q = it2->first;Segment_2 s1;if ( K.
ompare_xy(p,q) < 0 )s1 = K.
onstru
t_segment(p,q);elses1 = K.
onstru
t_segment(q,p);Internal.push_ba
k(seg_pair(s1,it_s));SQ.insert(ps_pair(K.sour
e(s1),&Internal.ba
k()));}// insert a lower and an upper sentinel segment to avoid spe
ial// 
ases when traversing the Y-stru
tureYS.insert(ss_pair(&sl,Halfedge_handle()));YS.insert(ss_pair(&sh,Halfedge_handle()));}
Note the invariants of the sweep loop. Theeventhas to be set before the event action.hstl iteration controli�bool event_exists(){ if (!XS.empty()) {// event is set at end of loop and in initevent = XS.begin();p_sweep = event->first;return true;}return false;}void pro
ede_to_next_event(){ XS.erase(event); }hstl postprocessing of the sweepi�void 
omplete_stru
tures() {}void 
he
k_invariants() {}void 
he
k_final() {}
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2.2 Test Cases - Models for Geometry Kernels and Output

The following models fulfill the requirements of the traits class concept used in the above segment
overlay framework (LEDAor STL). See the appendix for the conceptSegmentOverlayOutput.

2.2.1 The LEDA segment sweep traits model

As the algorithm originally was hardwired to the LEDA types the adaptation is not too hard. Note
however that we have to integrate some information storage into the OUTPUT structure. The OUT-
PUT is thus a pair: a parameterized graph plus a node map associating edges to nodes.hleda overlay traits.hi�#ifndef LEDA_OVERLAY_TRAITS_H#define LEDA_OVERLAY_TRAITS_H#in
lude <LEDA/rat_kernel.h>#in
lude <LEDA/graph.h>#in
lude <LEDA/slist.h>template <typename T>ostream& operator<<(ostream& os, 
onst leda_slist<T>& s){ return os; }template <typename T>istream& operator>>(istream& is, leda_slist<T>& s){ return is; }hLEDA OUTPUT modelihLEDA GEOMETRY modeli#endif // LEDA_OVERLAY_TRAITS_HhLEDA OUTPUT modeli�template <typename ITERATOR>
lass leda_graph_de
orator {publi
:typedef leda_node Vertex_handle;typedef leda_edge Halfedge_handle;typedef leda_rat_point Point_2;typedef GRAPH< Point_2, leda_slist<ITERATOR> > Graph;typedef leda_node_map<Halfedge_handle> Below_map;Graph& G;Below_map& M;leda_graph_de
orator(Graph& Gi, Below_map& Mi) : G(Gi), M(Mi) {}Vertex_handle new_vertex(
onst Point_2& p){ return G.new_node(p); }void link_as_target_and_append(Vertex_handle v, Halfedge_handle e){ Halfedge_handle erev = G.reversal(e);G.move_edge(e,G.
y
li
_adj_pred(e,G.sour
e(e)),v);G.move_edge(erev,v,G.target(erev));}Halfedge_handle new_halfedge_pair_at_sour
e(Vertex_handle v){ Halfedge_handle e_res,e_rev, e_first = G.first_adj_edge(v);



2.2 Test Cases - Models for Geometry Kernels and Output 91if ( e_first == nil ) {e_res = G.new_edge(v,v);e_rev = G.new_edge(v,v);} else {e_res = G.new_edge(e_first,v,LEDA::before);e_rev = G.new_edge(e_first,v,LEDA::before);}G.set_reversal(e_res,e_rev);return e_res;}void supporting_segment(Halfedge_handle e, ITERATOR it){ G[e℄.append(it); }void trivial_segment(Vertex_handle v, ITERATOR it){ }void halfedge_below(Vertex_handle v, Halfedge_handle e){ M[v℄ = e; }void starting_segment(Vertex_handle v, ITERATOR it){}void passing_segment(Vertex_handle v, ITERATOR it){}void ending_segment(Vertex_handle v, ITERATOR it){}}; // leda_graph_de
oratorhLEDA GEOMETRY modeli�
lass leda_geometry {publi
:typedef leda_rat_point Point_2;typedef leda_rat_segment Segment_2;leda_geometry() {}Point_2 sour
e(
onst Segment_2& s) 
onst{ return s.sour
e(); }Point_2 target(
onst Segment_2& s) 
onst{ return s.target(); }Segment_2 
onstru
t_segment(
onst Point_2& p, 
onst Point_2& q) 
onst{ return Segment_2(p,q); }int orientation(
onst Segment_2& s, 
onst Point_2& p) 
onst{ return ::orientation(s,p); }bool is_degenerate(
onst Segment_2& s) 
onst{ return s.is_trivial(); }int 
ompare_xy(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ return Point_2::
mp_xy(p1,p2); }Point_2 interse
tion(
onst Segment_2& s1, 
onst Segment_2& s2) 
onst{ Point_2 p;s1.interse
tion_of_lines(s2,p);return p;}}; // leda_geometry
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2.2.2 The visualization model

We visualize the sweep by means of our generic sweep observer, which obtains messages at four
events: after initialization, just before a sweep event, just after a sweep event, and after completion.
We visualize in a LEDA window. After the intialization we draw all input segments. Before the event
we place the sweep line at the event point. After the event we draw all created edges ending at the
event. The following classledavisualizationcan be plugged into the sweep observer class. For the
model seeGenericSweepVisualizationin the appendix (Section 11.1.7).hleda overlayvisualization.hi�#ifndef LEDA_OVERLAY_VISUALIZATION_H#define LEDA_OVERLAY_VISUALIZATION_H#in
lude <LEDA/rat_window.h>template <
lass GENSWEEPTRAITS>
lass leda_visualization {leda_window W;publi
:typedef leda_window VDEVICE;typedef typename GENSWEEPTRAITS::Halfedge_handle Halfedge_handle;typedef typename GENSWEEPTRAITS::Vertex_handle Vertex_handle;typedef typename GENSWEEPTRAITS::OUTPUT Graph;typedef typename GENSWEEPTRAITS::Segment_2 Segment_2;typedef typename GENSWEEPTRAITS::Point_2 Point_2;typedef typename GENSWEEPTRAITS::ISegment ISegment;leda_visualization() : W(){ W.set_show_
oordinates(true);W.init(-50,50,-50,1);W.set_node_width(3);W.set_line_width(2);W.display();}void draw(
onst Point_2& p, leda_
olor 
){ W.draw_filled_node(p.x
oordD(),p.y
oordD(),
); }void draw(
onst Segment_2& s, leda_
olor 
){ W.draw_segment(s.x
oord1D(),s.y
oord1D(),s.x
oord2D(),s.y
oord2D(),
);}void post_init_animation(GENSWEEPTRAITS& gpst){ typename GENSWEEPTRAITS::ITERATOR it;for (it = gpst.its; it != gpst.ite; ++it )if ( (*it).is_trivial() )draw((*it).sour
e(),leda_blue);elsedraw(*it,leda_blue);W.read_mouse();}void draw_sl(
onst leda_point& p){ leda_drawing_mode mold = W.set_mode(leda_xor_mode);W.draw_filled_node(p,leda_red);W.draw_vline(p.x
oord(),leda_red);W.set_mode(mold);



2.2 Test Cases - Models for Geometry Kernels and Output 93}void pre_event_animation(GENSWEEPTRAITS& gpst){ draw_sl(gpst.p_sweep.to_point()); }void post_event_animation(GENSWEEPTRAITS& gpst){ typename GENSWEEPTRAITS::OUTPUT::Graph& G(gpst.GO.G);Halfedge_handle e;Vertex_handle v = G.last_node();forall_out_edges(e, v) {if ( sour
e(e)!=target(e) ) {draw(leda_rat_segment(G[sour
e(e)℄,G[target(e)℄),leda_bla
k);}}draw(gpst.p_sweep,leda_bla
k);W.read_mouse();draw_sl(gpst.p_sweep.to_point());}void post_
ompletion_animation(GENSWEEPTRAITS& gpst){ typename GENSWEEPTRAITS::OUTPUT::Graph& G(gpst.GO.G);Halfedge_handle e;forall_edges(e,G) {draw(leda_rat_segment(G[sour
e(e)℄,G[target(e)℄),leda_bla
k);}Vertex_handle v;forall_nodes(v,G) {draw(G[v℄,leda_bla
k);}}VDEVICE& devi
e() { return W; }};#endif //LEDA_OVERLAY_VISUALIZATION_H
2.2.3 Testing the generic LEDA sweephleda segmentoverlay-test.ci�#in
lude <LEDA/rat_window.h>#in
lude "Segment_overlay_traits.h"#in
lude "leda_overlay_traits.h"#in
lude "leda_overlay_visualization.h"#in
lude <LEDA/stream.h>#in
lude <LEDA/param_handler.h>using namespa
e CGAL;typedef leda_list<leda_rat_segment>::iterator Seg_iterator;typedef CGAL::Segment_overlay_traits< Seg_iterator,leda_graph_de
orator<Seg_iterator>, leda_geometry>leda_seg_sweep_traits;typedef leda_visualization<leda_seg_sweep_traits> leda_seg_vis;typedef CGAL::generi
_sweep<leda_seg_sweep_traits> leda_seg_sweep;typedef CGAL::sweep_observer<leda_seg_sweep,leda_seg_vis> leda_seg_sweep_obs;int main(int arg
, 
har** argv)
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,argv,".overlay");P.add_parameter("inputfile1:-i:string:e1");leda_param_handler::init_all();leda_string f1;P.get_parameter("-i",f1);leda_seg_sweep_obs Obs;leda_list<leda_rat_segment> L;leda_rat_segment s;ifstream if1(f1);if (if1) {if1 >> L;forall (s,L)if ( s.is_trivial() ) Obs.devi
e() << s.sour
e().to_point();else Obs.devi
e() << s.to_segment();}while (Obs.devi
e()>>s) {L.append(s);}ofstream of("input.log");forall(s,L) of << s;of.
lose();
out << "Starting " << CGAL::sweepversion << endl;leda_seg_sweep_traits::OUTPUT::Graph G;leda_seg_sweep_traits::OUTPUT::Below_map E_below(G);leda_seg_sweep_traits::OUTPUT O(G,E_below);leda_seg_sweep SI(leda_seg_sweep_traits::INPUT(L.begin(),L.end()),O);Obs.atta
h(SI);SI.sweep();
out << "Edges and Segments:\n";leda_edge e;forall_edges(e,G) {
out <<" ("<<G[sour
e(e)℄.to_point()<<G[target(e)℄.to_point()<< ") ";leda_slist< leda_list<leda_rat_segment>::iterator >& SL(G[e℄);slist_item it;for ( it = SL.first(); it; it=SL.su

(it) )
out << *(SL[it℄) << " ";
out << endl;}
out << "\nNodes and Edges below\n";leda_node v;forall_nodes(v,G) {
out <<" "<<G[v℄<<" ";if ( E_below[v℄ ) {leda_edge e = E_below[v℄;
out << "("<<G[sour
e(e)℄<<G[target(e)℄<< ")\n";} else
out << "nil\n";}
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e().read_mouse();return 0;}
We want to compare the runtimes of the two instantiations of our generic segment overlay and ad-
ditionally the original LEDA 4.1 codeSWEEPSEGMENTS. The inputs are randomly distributed
segments in a square. The runtimes are in seconds on an Ultra 2200 MHz.

#segs LEDA classic LEDA generic STL generic
100 0.14 0.19 0.29
200 0.67 0.94 1.53
400 2.59 3.37 5.54
800 12.3 15.68 24.95
1600 55.42 70.9 103.1hleda segmentoverlay-rt.ci�#define INCLUDEBOTH // to allow 
omparison#in
lude "Segment_overlay_traits.h"#in
lude "leda_overlay_traits.h"#in
lude <LEDA/param_handler.h>#in
lude <LEDA/random_rat_point.h>#in
lude <LEDA/plane_alg.h>typedef leda_list<leda_rat_segment>::iterator Seg_iterator;typedef CGAL::leda_seg_overlay_traits< Seg_iterator,leda_graph_de
orator<Seg_iterator>,leda_geometry>leda_seg_sweep_traits;typedef CGAL::generi
_sweep<leda_seg_sweep_traits> leda_seg_sweep;typedef CGAL::stl_seg_overlay_traits< Seg_iterator,leda_graph_de
orator<Seg_iterator>,leda_geometry>stl_seg_sweep_traits;typedef CGAL::generi
_sweep<stl_seg_sweep_traits> stl_seg_sweep;template <typename T>bool equal(
onst leda_list<T>& L1, 
onst leda_list<T>& L2){ leda_list<T>::
onst_iterator it1,it2;for (it1 = L1.begin(), it2 = L2.begin();it1 != L1.end() && it2 != L2.end();++it1, ++it2 )if ( *it1 != *it2 ) return false;return (it1 == L1.end()) && (it2 == L2.end());}#define OUTPUT(t) \if ( !t ) 
err <<" "<<#t<<" = "<<(t)<< endl;int main(int arg
, 
har** argv){ //SETDTHREAD(23);int n = 100;if ( arg
 > 2 ) {
out << "usage: " << argv[0℄ << " #segments\n";return 1;}
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 == 2 ) {n = atoi(argv[1℄);}
out << "\\begin{tabular}[t℄{llll}\n";
out << "\\#segs & LEDA 
lassi
 & LEDA generi
 & STL generi
 \\\\ \\hline\n";for (int i = 1; i < 6; n*=2,++i ) {leda_list<leda_rat_point> LP;leda_list<leda_rat_segment> L;leda_rat_segment s;random_points_in_square(2*n,100,LP);list_item pit1 = LP.first(),pit2 = (pit1 ? LP.su

(pit1) : 0);while ( pit1&&pit2 ) {L.append(leda_rat_segment(LP[pit1℄,LP[pit2℄));pit1 = LP.su

(pit2);pit2 = (pit1 ? LP.su

(pit1) : 0);}ofstream of("input.log");of << L;of.
lose();leda_seg_sweep_traits::OUTPUT::Graph G1,G2;leda_seg_sweep_traits::OUTPUT::Below_map E1(G1),E2(G2);leda_seg_sweep_traits::OUTPUT O1(G1,E1),O2(G2,E2);GRAPH<leda_rat_point,leda_rat_segment> G0;float t0 = used_time();SWEEP_SEGMENTS(L,G0,true);t0 = used_time(t0);leda_seg_sweep SSW1(leda_seg_sweep_traits::INPUT(L.begin(),L.end()),O1);float t1 = used_time();SSW1.sweep();t1 = used_time(t1);stl_seg_sweep SSW2(leda_seg_sweep_traits::INPUT(L.begin(),L.end()),O2);float t2 = used_time();SSW2.sweep();t2 = used_time(t2);
out << n << " & " << t0 << " & " << t1 << " & " << t2 << "\\\\\n";leda_list<leda_rat_point> EP1,EP2;leda_node v;forall_nodes(v,G1) EP1.append(G1[v℄);forall_nodes(v,G2) EP2.append(G2[v℄);leda_list<leda_rat_segment> ES1,ES2;leda_edge e;forall_edges(e,G1)ES1.append(leda_rat_segment(G1[sour
e(e)℄,G1[target(e)℄));forall_edges(e,G2)ES2.append(leda_rat_segment(G2[sour
e(e)℄,G2[target(e)℄));OUTPUT(equal(EP1,EP2));OUTPUT(equal(ES1,ES2));} // end of for
out << "\\end{tabular}\n";return 0;}
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2.2.4 A CGAL segment sweep traits model

We define a traits model for the segment overlay sweep which calculates the overlay of CGAL 2-
dimensional kernel segments. We have� input is an iterator range of CGAL segments� output is a halfedge data structure decorator creating the overlay of the segments in the deco-

rated HDS.hHDS decorator.hi�#ifndef CGAL_HDS_DECORATOR_H#define CGAL_HDS_DECORATOR_H#in
lude <CGAL/basi
.h>#in
lude <CGAL/PM_de
orator_simple.h>template <typename HDS, typename I>
lass HDS_de
orator : publi
 CGAL::PM_de
orator_simple<HDS> {publi
:typedef CGAL::PM_de
orator_simple<HDS> Base;typedef HDS Plane_map;typedef typename Base::Point_2 Point_2;typedef typename Base::Vertex_handle Vertex_handle;typedef typename Base::Halfedge_handle Halfedge_handle;typedef I ITERATOR;HDS_de
orator(HDS& H) : Base(H) {}Vertex_handle new_vertex(
onst Point_2& p) 
onst{ Vertex_handle v = Base::new_vertex();v->point() = p; return v; }void link_as_target_and_append(Vertex_handle v, Halfedge_handle e) 
onst{ Base::link_as_target_and_append(v,e); }Halfedge_handle new_halfedge_pair_at_sour
e(Vertex_handle v) 
onst{ return Base::new_halfedge_pair_at_sour
e(v,Base::BEFORE); }void supporting_segment(Halfedge_handle e, ITERATOR it) 
onst {}void trivial_segment(Vertex_handle v, ITERATOR it) 
onst {}void halfedge_below(Vertex_handle v, Halfedge_handle e) 
onst {}void starting_segment(Vertex_handle v, ITERATOR it) 
onst {}void passing_segment(Vertex_handle v, ITERATOR it) 
onst {}void ending_segment(Vertex_handle v, ITERATOR it) 
onst {}}; // HDS_de
orator#endif // CGAL_HDS_DECORATOR_H
2.2.5 Affine geometry wrapperhAffinegeometry.hi�#ifndef CGAL_AFFINE_GEOMETRY_H#define CGAL_AFFINE_GEOMETRY_H#in
lude <CGAL/basi
.h>#in
lude <CGAL/Point_2.h>#in
lude <CGAL/interse
tions.h>
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lude <CGAL/squared_distan
e_2.h>CGAL_BEGIN_NAMESPACEtemplate <typename R>stru
t Affine_geometry : publi
 R {typedef typename R::Point_2 Point_2;typedef typename R::Segment_2 Segment_2;typedef typename R::Dire
tion_2 Dire
tion_2;typedef typename R::Line_2 Line_2;typedef typename R::RT RT;typedef typename R::FT FT;Affine_geometry() : R() {}Affine_geometry(
onst Affine_geometry& Gi) : R(GI) {}Point_2 sour
e(
onst Segment_2& s) 
onst{ typename R::Constru
t_sour
e_point_2 _sour
e =
onstru
t_sour
e_point_2_obje
t();return _sour
e(s); }Point_2 target(
onst Segment_2& s) 
onst{ typename R::Constru
t_target_point_2 _target =
onstru
t_target_point_2_obje
t();return _target(s); }int orientation(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3) 
onst{ typename R::Orientation_2 _orientation =orientation_2_obje
t();return stati
_
ast<int> ( _orientation(p1,p2,p3) );}bool leftturn(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3) 
onst{ return (orientation(p1,p2,p3) > 0); }bool is_degenerate(
onst Segment_2& s) 
onst{ typename R::Is_degenerate_2 _is_degenerate =is_degenerate_2_obje
t();return _is_degenerate(s); }int 
ompare_xy(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename R::Compare_xy_2 _
ompare_xy =
ompare_xy_2_obje
t();return stati
_
ast<int>( _
ompare_xy(p1,p2) );}int 
ompare_x(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename R::Compare_x_2 _
ompare_x =
ompare_x_2_obje
t();return stati
_
ast<int>( _
ompare_x(p1,p2) );}int 
ompare_y(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename R::Compare_y_2 _
ompare_y =
ompare_y_2_obje
t();return stati
_
ast<int>( _
ompare_y(p1,p2) );}bool first_pair_
loser_than_se
ond(
onst Point_2& p1,
onst Point_2& p2, 
onst Point_2& p3, 
onst Point_2& p4) 
onst
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e(p1,p2) < squared_distan
e(p3,p4) ); }bool stri
tly_ordered_along_line(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3) 
onst{ typename R::Are_stri
tly_ordered_along_line_2 _ordered =are_stri
tly_ordered_along_line_2_obje
t();return _ordered(p1,p2,p3);}Segment_2 
onstru
t_segment(
onst Point_2& p, 
onst Point_2& q) 
onst{ typename R::Constru
t_segment_2 _segment =
onstru
t_segment_2_obje
t();return _segment(p,q); }int orientation(
onst Segment_2& s, 
onst Point_2& p) 
onst{ typename R::Orientation_2 _orientation =orientation_2_obje
t();return stati
_
ast<int> ( _orientation(sour
e(s),target(s),p) );}bool 
ontains(
onst Segment_2& s, 
onst Point_2& p) 
onst{ typename R::Has_on_2 _
ontains = has_on_2_obje
t();return _
ontains(s,p);}Point_2 interse
tion(
onst Segment_2& s1, 
onst Segment_2& s2) 
onst{ typename R::Interse
t_2 _interse
t =interse
t_2_obje
t();typename R::Constru
t_line_2 _line =
onstru
t_line_2_obje
t();Point_2 p;CGAL::Obje
t result =_interse
t(_line(s1),_line(s2));if ( !CGAL::assign(p, result) )CGAL_assertion_msg(false,"interse
tion: no interse
tion.");return p;}// additional interfa
e for 
onstr triang:Dire
tion_2 
onstru
t_dire
tion(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename R::Constru
t_dire
tion_of_line_2 _dire
tion =
onstru
t_dire
tion_of_line_2_obje
t();typename R::Constru
t_line_2 _line =
onstru
t_line_2_obje
t();return _dire
tion(_line(p1,p2)); }bool stri
tly_ordered_

w(
onst Dire
tion_2& d1,
onst Dire
tion_2& d2, 
onst Dire
tion_2& d3) 
onst{ return d2.
ounter
lo
kwise_in_between (d1, d3); }// additional interfa
e for point lo
ation:}; // Affine_geometry<R>CGAL_END_NAMESPACE#endif //CGAL_AFFINE_GEOMETRY_H



2.2 Test Cases - Models for Geometry Kernels and Output 100

2.2.6 Testing the CGAL sweephcgal segmentoverlay-test.Ci�#in
lude <CGAL/basi
.h>#in
lude <fstream>#in
lude <list>#in
lude <algorithm>#in
lude <CGAL/Cartesian.h>#in
lude <CGAL/Homogeneous.h>#in
lude <CGAL/leda_integer.h>#in
lude <CGAL/point_generators_2.h>#in
lude <CGAL/fun
tion_obje
ts.h>#in
lude <CGAL/Join_input_iterator.h>#in
lude <CGAL/
opy_n.h>#in
lude <CGAL/Halfedge_data_stru
ture_default.h>#in
lude "Segment_overlay_traits.h"#in
lude "HDS_de
orator.h"#in
lude "Affine_geometry.h"// GEOMETRY:typedef CGAL::Homogeneous<leda_integer> Kernel;//typedef CGAL::Cartesian<double> Kernel;typedef CGAL::Affine_geometry<Kernel> Aff_kernel;typedef Kernel::Point_2 Point_2;typedef Kernel::Segment_2 Segment_2;// INPUT:typedef std::list<Segment_2>::
onst_iterator SIterator;// OUTPUT:typedef CGAL::Halfedge_data_stru
ture_default<Point_2> HDS;typedef HDS_de
orator<HDS,SIterator> HDS_de
;// SWEEP INSTANTIATION:typedef CGAL::Segment_overlay_traits<SIterator,HDS_de
,Aff_kernel>CGAL_seg_sweep_traits;typedef CGAL::generi
_sweep<CGAL_seg_sweep_traits> CGAL_seg_sweep;typedef CGAL::Creator_uniform_2<int,Point_2> Pnt_
reator;typedef CGAL::Creator_uniform_2<Point_2, Segment_2> Seg_
reator;typedef CGAL::Random_points_in_square_2<Point_2,Pnt_
reator> Pnt_iterator;typedef CGAL::Join_input_iterator_2< Pnt_iterator,Pnt_iterator,Seg_
reator>Seg_iterator;using std::
out;using std::endl;int main(int arg
, 
har** argv){ SETDTHREAD(23);CGAL::set_pretty_mode ( 
out );std::list<Segment_2> L;std::list<Segment_2>::iterator lit;Segment_2 s;if (arg
 != 1) {std::ifstream if1( argv[1℄);std::
out << "INPUT:\n";if ( if1)while (if1 >> s) {
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k(s);
out << s << ", ";}
out << endl;}Pnt_iterator p1(100),p2(100);Seg_iterator sit(p1,p2);for (int i = 0; i < 100; ++i,++sit)L.push_ba
k(*sit);// CGAL::
opy_n(sit,100, std::ba
k_inserter(L));std::ofstream of("input.log");for (lit = L.begin(); lit!= L.end(); ++lit)of << *lit;of.
lose();
out << "Starting " << CGAL::sweepversion << endl;HDS G;CGAL_seg_sweep_traits::OUTPUT P(G);CGAL_seg_sweep SI(CGAL_seg_sweep::INPUT(L.begin(),L.end()),P);SI.sweep();
out << "\nVerti
es\n";HDS::Halfedge_iterator eit;HDS::Vertex_iterator vit;for( vit=G.verti
es_begin(); vit != G.verti
es_end();++vit ) {
out <<" "<<vit->point() << endl;}
out << "Edges:\n";for( eit=G.halfedges_begin(); eit != G.halfedges_end();++(++eit) ) {
out <<" "<< eit->opposite()->vertex()->point() << "," <<eit->vertex()->point() << endl;}return 0;}hrandomoverlay-test.ci�#define CGAL_USE_LEDA#in
lude "Segment_overlay_traits.h"#in
lude "leda_overlay_traits.h"#in
lude "leda_overlay_visualization.h"#in
lude <LEDA/stream.h>#in
lude <LEDA/rat_window.h>#in
lude <LEDA/param_handler.h>#in
lude <LEDA/random_rat_point.h>typedef leda_list<leda_rat_segment>::iterator Seg_iterator;typedef CGAL::Segment_overlay_traits< Seg_iterator,leda_graph_de
orator<Seg_iterator>, leda_geometry>leda_seg_sweep_traits;typedef leda_visualization<leda_seg_sweep_traits> leda_seg_vis;typedef CGAL::generi
_sweep<leda_seg_sweep_traits> leda_seg_sweep;typedef CGAL::sweep_observer<leda_seg_sweep,leda_seg_vis> leda_seg_sweep_obs;
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, 
har** argv){ // SETDTHREAD(23);leda_param_handler P(arg
,argv,".overlay");P.add_parameter("inputfile:-i:string:");P.add_parameter("segs:-n:int:100");leda_param_handler::init_all();leda_string f1;int n;P.get_parameter("-i",f1);P.get_parameter("-n",n);leda_window W;W.init(-500,500,-500);W.set_show_
oordinates(true);W.display();leda_list<leda_rat_segment> L;leda_list<leda_rat_point> LP;leda_rat_segment s;leda_rat_point p,po;ifstream if1(f1);if (if1) {if1 >> L;forall (s,L)if ( s.is_trivial() ) W << s.sour
e().to_point();else W << s.to_segment();} else {random_points_in_square(n, n, LP);bool first = true;forall(p,LP) {if (first) { po = p; first = false; }else {L.append(leda_rat_segment(p,po)); first=true;W << leda_rat_segment(p,po);}}}ofstream of("input.log");of << L;of.
lose();
out << "Starting " << CGAL::sweepversion << endl;leda_seg_sweep_traits::OUTPUT::Graph G;leda_seg_sweep_traits::OUTPUT::Below_map E_below(G);leda_seg_sweep_traits::OUTPUT O(G,E_below);leda_seg_sweep SI(leda_seg_sweep_traits::INPUT(L.begin(),L.end()),O);//Obs.atta
h(SI);SI.sweep();
out << "\nNodes and Edges below\n";leda_node v;forall_nodes(v,G) {
out <<" "<<G[v℄<<" ";if ( E_below[v℄ ) {leda_edge e = E_below[v℄;
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out << "("<<G[sour
e(e)℄<<G[target(e)℄<< ")\n";} else
out << "nil\n";}W.read_mouse();return 0;}
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3 Plane Map Overlay

3.1 The manual page

Plane Map Overlay ( PM overlayer )

1. Definition

An instanceO of data typePM overlayer<PMD;GEO> is a decorator object offering plane map overlay calcu-
lation. Overlay is either calculated from two plane maps or from a set of segments. The result is stored in a
plane mapP that carries the geometry and the topology of the overlay.

The two template parameters allow to adapt the overlay calculation to different scenarios. The template pa-
rameterPMD has to be a model conforming to our plane map decorator concept PMDecorator. The concept
describes the interface how the topological information stored inP can be extracted. The geometryGEOhas to
be a model conforming to the conceptOverlayerGEO2.

The overlay of a set of segmentsS is stored in a plane mapP= (V;E;F). Vertices are either the endpoints of
segments (trivial segments are allowed) or the result of a non-degenerate internal intersection of two segments.
Between two vertices there’s an edge if there’s a segment that supports the straight line embedding ofe and if
there’s no vertex in the relative interior of the embedding of e.

The faces refer to the maximal connected open point sets of the planar subdivision implied by the embedding
of the vertices and edges. Faces are bounded by possibly several face cycles1 including isolated vertices. The
overlay process in the methodcreatecreates the objects, the topology of the result and allows tolink the plane
map objects to input segments by means of a data accessor. Themethod starts from zero- and one-dimensional
geometric objects inSand produces a plane mapP where each point of the plane can be assigned to an object
(vertex, edge, or face) ofP.

The overlay of two plane mapsPi = (Vi ;Ei ;Fi) has the additional aspect that we already start from two planar
subdivisions. We use the indexi = 0;1 defining the reference toPi, unindexed variables refer to the resulting
plane mapP. The 1-skeleta of the two maps subdivide the edges and faces of the complementary structure into
smaller units. This means vertices and edges ofPi can split edges ofP1�i and face cycles ofPi subdivide faces
of P1�i . The 1-skeletonP0 of P is defined by the overlay of the embedding of the 1-skeleta ofP0 andP1 (Take a
trivial segment for each vertex and a segment for each edge and use the overlay definition of a set of segments
above). The faces ofP refer to the maximal connected open point sets of the planar subdivision implied by the
embedding ofP0. Each object from the output tuple(V;E;F) has asupportingobjectui in each of the two input
structures. Imagine the two maps to be transparencies, which we stack. Then each point of the plane is covered
by an object from each of the input structures. This support relation from the input structures to the output
structure defines an information flow. Each supporting object ui of u (i = 0;1) carries an attributemark(ui).
After the subdivision operation this attribute is associated to the output objectu by mark(u; i).

1For the definition of plane maps and their concepts see the manual page ofPMConstDecorator.
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2. Generalization

PMD /
PM overlayer<PMD;GEO>

3. Types

PM overlayer<PMD;GEO> ::Decorator the plane map decoratorPMD.

PM overlayer<PMD;GEO> ::Planemap the plane map type decorated byPMD.

PM overlayer<PMD;GEO> ::Geometry the geometry kernelGEO.

PM overlayer<PMD;GEO> ::Point the point type of the geometric kernel,Precondition:
Point equalsPlanemap::Point.

PM overlayer<PMD;GEO> ::Segment the segment type of the geometric kernel.

PM overlayer<PMD;GEO> ::Mark the attribute type of plane map objects.

4. Creation

PM overlayer<PMD;GEO> O(Planemap& P; Geometry g= Geometry( ));
O is a decorator object manipulatingP.

5. Operations

template <typename Forwarditerator; typename Objectdataaccessor>
void O:create(Forward iterator start; Forward iterator end; Objectdataaccessor& A)

produces inP the plane map consistent with the overlay of the segments from the iterator range[start;end). The data accessorA allows to initialize created vertices and edges with respect to
the segments in the iterator range.A requires the following methods:void supporting segment(Halfedge handle e, Forward iterator it)void trivial segment(Vertex handle v, Forward iterator it)void starting segment(Vertex handle v, Forward iterator it)void passing segment(Vertex handle v, Forward iterator it)void ending segment(Vertex handle v, Forward iterator it)
wheresupportingsegmentis called for each non-trivial segment�it supporting a newly created
edgee, trivial segmentis called for each trivial segment�it supporting a newly created vertex
v, and the three last operations are called for each non-trivial segment�it starting at/passing
through/ending at the embedding of a newly created vertexv. Precondition: Forward iterator
has value typeSegment.

void O:subdivide(Planemap P0; Planemap P1)

constructs the overlay of the plane mapsP0 andP1 in P, where all objects (vertices, halfedges,
faces) ofP areenrichedby the marks of the supporting objects of the two input structures: e.g. let
v be a vertex supported by a nodev0 in P0and by a facef1 in P1andD0, D1 be decorators of type
PM decoratoronP0,P1. ThenO:mark(v;0) = D0:mark(v0) andO:mark(v;1) = D1:mark(f1).

template <typename Selection>
void O:select(Selection& predicate)

sets the marks of all objects according to the selection predicatepredicate. Selectionhas to be a
function object type with a function operatorMark operator()(Mark m0, Mark m1)
For each objectu of P enriched by the marks of the supporting objects according tothe previous
proceduresubdivide, after this operationO:mark(u) = predicate( O:mark(u;0);O:mark(u;1) ).
The additional marks are invalidated afterwards.
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template <typename Keepedge>
void O:simplify(Keepedge keep)

simplifies the structure ofP according to the marks of its objects. An edgee separating two
facesf1 and f2 and equal marksmark(e)==mark(f1) ==mark(f2) is removed and the faces
are unified. An isolated vertexv in a face f with mark(v)==mark( f ) is removed. A vertexv
with outdegree two, two collinear out-edgese1,e2and equal marksmark(v)==mark(e1)==
mark(e2) is removed and the edges are unified. The data accessorkeeprequires the function call
operatorbool operator()(Halfedge handle e)
that allows to avoid the simplification for edge pairs referenced bye.
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3.2 Implementation

In this section we present a software module for the overlay of segments and plane maps. We first
give a formal introduction to the notions and difficulties concerning overlay and support. We then
present the overlay calculation of a set of segments. We showhow we use a generic sweep module
to produce the 1-skeleton of the output plane map. In a different section we show how to add face
objects to the 1-skeleton to complete the output structure.The second operation concerns the overlay
of two plane maps. We use the same generic sweep module with slightly more elaborate adaptation
to obtain again the 1-skeleton of the overlay. The face production phase will be the same as before. In
case of the second overlay operation our sweep adds a transfer of information assigned to the objects
of the two input plane maps to corresponding objects in the output structure. This allows us to use the
module for binary set operations on plane map structures. Such set operations use a selection phase
on the transferred information items. The selection phase is descibed below in an additional section.
The last section in this document concerns structural simplification of the output plane map. We will
see that there can be substructures in the output plane map that can be simplified without losing any
information when the plane map is interpreted as a point set.

3.2.1 Notions and definitions

v1

v2

v3

v4

f

Figure 3.1:The overlay of a set of segments and of two plane maps. The leftfigure shows a set of dashed
segments.v1 is an isolated vertex,v2 is an endpoint in the interior of another segment,v3 is a vertex supported
by two endpoints,v4 is the intersection of the relative interior of two segments. The edges are drawn with solid
line segments. One bounded face is greyed. The right figure shows the 1-skeleta of two plane maps. Degenerate
situations are identical vertices, vertices in the interior of edges, and overlapping edges.

If we consider our overlay process as a transformation of input objects to output objects then we
can define the support relation as follows.

Definition 5 (support): Consider an algorithmT that transforms a set of input objectsA to a set of
output objectsB where eacha2 A andb2 B represents a subset ofR2. We say thata supports bif b
is a subset ofa with respect to the represented point sets.

We will anchor this notion in the following.
Overlay of a set of segments For a segments= (p;q), p = source(s), q = target(s) and p,

q are called the endpoints ofs. Let us considers as a disjoint union of its endpoints and its relative
interior relints. A set of segmentsS partitions the plane into cells of different dimensions. For each
point r 2 R2 it can happen that
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(i) r is equal to some endpointp of some segments, or

(ii) r is part of the relative interior of some segments, or

(iii) r is not part of any segment at all.

Note that (i) and (ii) do not exclude each other. Now considerthe geometric structure built by all
segments. Theoverlayof all segments is the subdivision of all points inR2 with respect to the three
criteria (i) to (iii) above including their topological neighborhood and the knowledge how parts of the
segments inSsupport the cells of the subdivision.

We store the overlay ofS in a plane mapP = (V;E;F) in the standard way. For each pointr in
(i) there is a vertexv in V where the endpoint of the segment supports the vertex. Ifr is additionally
in the relative interior of some other segment according to (ii) then this segment also supportsv. For
each point in (ii) that is the unique intersection point of the relative interior of two segments (that do
not overlap) there is a vertex inV and the relative interior of each of the two segments supports that
vertex. Between any two vertices inV there is a uedgee in E if there is a segments that supports the
straight line embedding ofe according to (ii) and there is no further vertex in the relative interior of
e. The latter can happen for several segments that overlap. Any point of (iii) belongs to one of the
maximal connected sets2 of R2�S that form the faces ofP and is thus not supported by any segment
at all.

Overlay of two plane maps Let Pi = (Vi ;Ei ;Fi); i = 0;1 be two plane map structures. The over-
lay of two plane mapsP0, P1 is the plane mapP representing the subdivision of the plane obtained by
interpreting the skeleton objects ofPi according to their embedding as trivial and non-trivial segments,
constructing the overlay of these segments and adding the faces. To make this structure really helpful
we explore the support relation between object ofPi andP.

In general, each pointp in the plane is supported by that object of a plane map whose correspond-
ing point set containsp. The support relation betweenPi andP comes in two steps. Each 1-skeleton
object ofPi relates to the endpoint or relative interior of a segment that supports a skeleton object in
P. Reversely, each object ofP (vertex, edge, or face) is supported by a unique supporting object in
each of the two structuresPi (i = 0;1). We show that this relation is well-defined.

Lemma 3.2.1: Any object ofP has exactly one supporting object in each of thePi.

Proof. Obviously, each point of the plane is supported by an object of Pi. Therefore, we only have to
argue why no two objects ofPi can support one object ofP. For vertices this is trivial. For a uedge
e in P there can be only one uedge or one face ofPi that supportse: assume that the embedding ofe
covers points from more than one object ofPi. Then,e either contains a vertex or crosses an edge in
its interior. But then, the corresponding subdivision would have prevented the creation ofe in P in the
first place.

For a facef of P there can be only one facef 0 of Pi that supportsf : assume otherwise, thatf
contains points from different objects ofPi. As f is an open connected point set it has to cover points
of at least one boundary object from the 1-skeleton ofPi . But this object is part of the 1-skeleton ofP
and can therefore never be part off .

In our implementation we determine the support relation in two phases. Any vertexv in V can
be supported by a vertexvi , a uedgeei , or a facefi of Pi . If v is supported byvi or ei we obtain this
information in a plane sweep process. Assume thatv is supported by a facefi (thenv is supported by a
vertexv1�i). During the sweep process the determination of a support offi is hard, as the face objects

2path connected in the strong topological sense.
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are not in reach. We determinefi in a postprocessing phase by a simple iteration over all vertices.
Any edgee in E can be supported by a uedgeei or a facefi of Pi. A possible support byei is handled
during the sweep process. In casee is part of a facefi (againe is then supported by an edgee1�i) we
also determinefi in the postprocessing phase.

The support for a facef in F can be determined as follows. Assume that each directed edgee in
E knows the facesfi supporting points in a small neighborhood on its left side (i = 0;1). Then,f can
determine its two supporting facesfi via any edge in its boundary cycle. We will enrich the edges of
E by such support information and use it afterwards to transfer attributes fromfi to f .

3.2.2 The class design

We start with the design of the class object. Our generic overlay class can be adapted via two interface
concepts. We interface the underlying plane map via a plane map decoratorPMDEC, we interface the
underlying geometry via a geometry kernelGEOM. We inherit fromPMDEC to obtain its interface
methods.hPM overlayeri�template <typename PM_de
orator_, typename Geometry_>
lass PM_overlayer : publi
 PM_de
orator_ {typedef PM_de
orator_ Base;typedef PM_overlayer<PM_de
orator_,Geometry_> Self;
onst Geometry_& K; // geometry referen
epubli
:typedef PM_de
orator_ De
orator;typedef typename De
orator::Plane_map Plane_map;typedef Geometry_ Geometry;typedef typename Geometry::Point_2 Point;typedef typename Geometry::Segment_2 Segment;typedef typename De
orator::Mark Mark;hhandles, iterators, and circulators from Decoratorihinfo type to link edges and segmentsiPM_overlayer(Plane_map& P, 
onst Geometry& g = Geometry()) :Base(P), K(g) {}hsubdivisionihselectionihsimplificationihhelping operationsi}; // PM_overlayer<PM_de
orator_,Geometry_>hhandles, iterators, and circulators from Decoratori�#define USING(t) typedef typename De
orator::t ttypedef typename De
orator::Base Const_de
orator;USING(Halfedge_handle);USING(Vertex_handle);USING(Fa
e_handle);USING(Vertex_iterator);USING(Halfedge_iterator);
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e_iterator);USING(Halfedge_
onst_handle);USING(Vertex_
onst_handle);USING(Fa
e_
onst_handle);USING(Halfedge_
onst_iterator);USING(Vertex_
onst_iterator);USING(Fa
e_
onst_iterator);USING(Halfedge_around_vertex_
ir
ulator);USING(Halfedge_around_fa
e_
ir
ulator);USING(Hole_iterator);USING(Isolated_vertex_iterator);#undef USING// C++ is really friendly:#define USECMARK(t) 
onst Mark& mark(t h) 
onst { return Base::mark(h); }#define USEMARK(t) Mark& mark(t h) 
onst { return Base::mark(h); }USEMARK(Vertex_handle)USEMARK(Halfedge_handle)USEMARK(Fa
e_handle)USECMARK(Vertex_
onst_handle)USECMARK(Halfedge_
onst_handle)USECMARK(Fa
e_
onst_handle)#undef USEMARK#undef USECMARK
3.2.3 Overlay calculation of a list of segments

We want to calculate the plane mapP representing the overlay of a setSof segments, some of which
may be trivial. This task is basically split intwo phases:

overlay of segments— the calculation of the 1-skeletonP0 = (V;E) of a plane map via the overlay
of the segments inSplus the calculation of a maphalfedgebelow: V ! E

face creation — the completion of the 1-skeletonP0 to a full plane mapP= (V;E;F) by creating all
faces while using the information of the maphalfedgebelow.

For the overlay process we use the generic segment sweep module as presented in the technical re-
port [MS01]. There we presented a generic classSegmentoverlaytraits realizing a generic sweep
framework. To instantiate it we have to provide three components (input, output, geometry). In this
instance the input is an iterator pair, the geometry is forwarded from the current class scope. Only for
the output type we have to work a little more. We define a classPMOfromsegsthat fits the output
concept ofSegmentoverlaytraits and at the same time is a model for theBelowinfo concept required
for the facet creation in Section 3.2.5. (See Figure 3.2.)

On creation an object of typePMOfromsegsreferences a plane map via a decoratorG and obtains
a data accessor objectD of typeDA. PMOfromsegsas a model ofSegmentOverlayOutputtriggers the
correct update operations on the output plane map during thesweep. See the output concept in Figure
3.2. The method part O1 ofSegmentOverlayOutputtakes care of the plane map extension by new
vertices and edges. The part O2 allows to obtain informationhow the creation of the objects is linked
to the input interators. In the implementation ofPMOfromsegswe forward this interface to methods
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«concept»
SegmentOverlayOutput

+: V, E, I, Point_2
+new_vertex(p:Point_2): V
+new_halfedge_pair_at_source(v:V): E  
+link_as_target_and_append(v:V,e:E): void             
+supporting_segment(e:E,it:I): void
+trivial_segment(v:V,it:I): void
+starting_segment(v:V,it:I): void
+passing_segment(v:V,it:I): void
+ending_segment(v:V,it:I): void
+halfedge_below(v:V,e:E): void

«concept»
Below_info

+: V, E
+halfedge_below(v:V): E                               

PMO_from_segs
+PMO_from_segs(G:PMD,D:DA)

PMD, I, DA

O2

O1

O3

Figure 3.2:PMOfromsegsrealizes theOutputconcept of the generic sweep module and theBelowinfo con-
cept for the facet creation phase. In the figureVertexhandle, Halfedgehandle, andIterator have been replaced
by the short symbolsV, E, andI .

of the data accessor of type DA. Finally, part O3 can be used tocollect the additional information
required for the facet creation. An edgee that is immediately below a vertexv is stored in the vertex
object in a temporarily assigned data slot and can be retrieved after the sweep.PMOfromsegsas a
Belowinfo model can thus afterwards deliver the halfedgehalfedgebelow(v) for any vertexv of the
plane map.

At this point our readers should take the modulegeneri
 sweep< Segment overlay traits<PMO from segs<... >... >>
as a black box producing the 1-skeleton ofP with the properties required in Section 3.2.5. The
specification ofSegmentoverlaytraits guarantees these properties ofP becausePMOfromsegsfits
the requirements of the output concept ofSegmentoverlaytraits.hPM traits classes for segment overlayi�template <typename PMD, typename I, typename DA>stru
t PMO_from_segs {typedef PMD De
orator;typedef typename De
orator::Vertex_handle Vertex_handle;typedef typename De
orator::Halfedge_handle Halfedge_handle;typedef typename De
orator::Point Point;
onst De
orator& G;DA& D;PMO_from_segs(
onst De
orator& Gi, DA& Di) :G(Gi),D(Di) {}hPMO from segs segment overlay model interfaceihPMO from segs face creation model interfaceihPMO from segs additional interfacei}; // PMO_from_segs
The creation of new objects is forwarded to theDecoratorobjectG. The methods ofG are members
as described in thePM decoratorconcept. The following methods are called during the sweep at its
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event points. The first three methods trigger object creation in P. We associate aHalfedgehandle
to each vertexv via its generic storage slotGenPtr& info(v). We use a scheme in analogy to LEDA
[MN99, chapter 13], where information (in form of a built-inor class type) is stored directly in the
pointer if it has size not larger than the size of a standard word. If it does not fit, the pointer is used to
reference a newly allocated information object on the heap.The scheme is bundled in a class called
geninfo<T>. For more information see that manual page in the appendix.hPMO from segs segment overlay model interfacei�Vertex_handle new_vertex(
onst Point& p){ Vertex_handle v = G.new_vertex(p);geninfo<Halfedge_handle>::
reate(G.info(v));return v;}void link_as_target_and_append(Vertex_handle v, Halfedge_handle e){ G.link_as_target_and_append(v,e); }Halfedge_handle new_halfedge_pair_at_sour
e(Vertex_handle v){ Halfedge_handle e =G.new_halfedge_pair_at_sour
e(v,De
orator::BEFORE);return e;}
The treatment of the new objects is forwarded to theDA objectD. Only the below link is stored via
G. The following methods allow us to hook methods ofD into the plane sweep process.hPMO from segs segment overlay model interfacei+�void supporting_segment(Halfedge_handle e, I it) 
onst{ D.supporting_segment(e,it); }void trivial_segment(Vertex_handle v, I it) 
onst{ D.trivial_segment(v,it); }void starting_segment(Vertex_handle v, I it) 
onst{ D.starting_segment(v,it); }void passing_segment(Vertex_handle v, I it) 
onst{ D.passing_segment(v,it); }void ending_segment(Vertex_handle v, I it) 
onst{ D.ending_segment(v,it); }void halfedge_below(Vertex_handle v, Halfedge_handle e) 
onst{ geninfo<Halfedge_handle>::a

ess(G.info(v)) = e; }
PMOfromsegsfits also the conceptBelowinfo for the face creation defined in Section 3.2.5.hPMO from segs face creation model interfacei�Halfedge_handle halfedge_below(Vertex_handle v) 
onst{ return geninfo<Halfedge_handle>::a

ess(G.info(v)); }
We finally add a clean up operation discarding the temporary storage.
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lear_temporary_vertex_info() 
onst{ Vertex_handle v;for(v = G.verti
es_begin(); v!= G.verti
es_end(); ++v)geninfo<Halfedge_handle>::
lear(G.info(v));}
Now, the overlay creation is trivial. Just create an output decorator objectOut working on

the plane map maintained byPM overlayerand plug it into the segment sweep overlay framework
Segmentoverlaytraits. The used geometry is just forwarded fromPM overlayer. Thecreatemethod
of PM overlayer is parameterized by the iterator typeForward iterator and the data accessor class
Objectdataaccessor.

Note that thehalfedgebelow information collected during the sweep is associated with the ver-
tices of the output map. The corresponding objectOut triggers the output creation during the
sweep and provides the halfedge-below information for the face creation increatefaceobjects( ).
Out:clear temporaryvertexinfo( ) just discards the temporarily allocated information slots(internally
assigned to the vertices) on the heap.hsubdivisioni�template <typename Forward_iterator, typename Obje
t_data_a

essor>void 
reate(Forward_iterator start, Forward_iterator end,Obje
t_data_a

essor& A) 
onst{ typedef PMO_from_segs<Self,Forward_iterator,Obje
t_data_a

essor>Output_from_segments;typedef Segment_overlay_traits<Forward_iterator, Output_from_segments, Geometry> seg_overlay;typedef generi
_sweep< seg_overlay > seg_overlay_sweep;typedef typename seg_overlay::INPUT input_range;Output_from_segments Out(*this, A);seg_overlay_sweep SOS( input_range(start, end), Out, K);SOS.sweep();
reate_fa
e_obje
ts(Out);Out.
lear_temporary_vertex_info();}
We summarize the calculated overlay properties and anticipate the costs of face creation in Section
3.2.5 and of the plane sweep description. (see Lemma 2.1.3).

Lemma 3.2.2: Assume thatS = set [start;end) is a set of segments andA is a data accessor with
the required methods (of constant cost). Then,create(start;end;A) constructs inP = (V;E;F) the
overlay plane map ofS. Let n be the number of segments inS, nv = jVj, ne = jEj, andn̄e the sum
of the support multiplicity of each edge over all edges. Thenthe runtime of the overlay process is
dominated by the plane sweep and is thereforeO(nv+ n̄e+(n+nv) log(n+nv)).
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3.2.4 Overlay calculation of two plane maps

We calculate the overlayP of two plane mapsP0 and P1. Both input structures are two correctly
defined plane maps including incidence, geometric embedding, and markers. In the following we use
the indexi = 0;1 showing a reference toPi = (Vi ;Ei;Fi); non-indexed variables refer toP.

The 1-skeleta of the two mapsP0 and P1 subdivide the edges and faces of the complementary
structures into smaller units. This means vertices and edges of Pi can split edges ofP1�i and face
cycles ofPi subdivide faces ofP1�i. The 1-skeletonP0 = (V;E) of P is defined by the overlay of the
embedding of the 1-skeleta ofP0 andP1 (Take a trivial segment for each vertex and a segment for each
edge and use the overlay definition of a set of segments above). Additionally, we require thatP0 has
the correct order in each adjacency list such that it is order-preserving regarding the embedding of the
vertices.

Finally, the faces ofP refer to the maximal connected open point sets of the planar subdivision
implied by the embedding ofP0. The construction of the facesF from P0 is described in Section 3.2.5.
Each objectu from the output tuple(V;E;F) has asupportingobjectui ; i = 0;1 in each of the two
input structures. Imagine the two maps to be transparencies, stacked one on top of the other. Then
each point of the plane is covered by an object from each of theinput structures. We analyse the
support relation from input to output in order to transfer the attributes fromui to u.

According to our specification each objectui of Pi carries an attribute3 mark(ui) (mark: (Vi [Ei[
Fi)! Mark). We associate this information with the output objectu by mark(u; i) (an overloaded
functionmark : (V [E[F)�f0;1g !Mark). This two-tuple of information per object can then be
processed by some combining operation to a single valuemark(u) lateron.

We fix the followinginput properties for our structuresPi. Both plane maps(Vi ;Ei;Fi) consist of
vertices, edges, and faces whose topology is accessible by our plane map interface and additionally
each objectui carries an attributemark(ui). The plane maps have anorder-preservingembedding and
their adjacency lists have aforward prefix. Actually we do not use this property of the input plane
maps at this point but it is a general invariant of our plane map structures that makes some intermediate
actions more efficient. The overlay process consists ofthree phases: The 1-skeletonP0 is produced
by segment overlay. Afterwards we create the face objects. Finally, we analyse the support relation
and transfer the marks of the input objects to the output objects.

overlay of segments— We use our generic segment overlay framework to calculate the overlay of
a set of segmentsS. The setS consists of all segments that are the embedding of edges inEi

and additionally trivial segments representing all isolated vertices inVi . The output structure
P0 = (V;E) of the sweep phase is just the 1-skeleton of the output plane mapP, but of course in-
cluding an order-preserving embedding and a forward-prefixin the adjacency lists. The objects
of the 1-skeleton carry additional structural information:

I1. Each vertexv in V knows a halfedgee2 E : e= halfedgebelow(v) which is determined
by the property that a vertical ray shot fromv along the negativey-axis hitsefirst. Degen-
eracies are broken with a perturbation scheme: during the ray shooting all edges include
their source vertex.

I2. For each objectu2V [E there is a mapping to the supporting 1-skeleton objects of the
input structures. The support information is incomplete with respect to face support.

3we use a general attribute set, though with respect to Nef polyhedraMark := ftrue; falseg.



3.2 Implementation 116

face creation — The next phase after the sweep has to complete the plane mapP. We basically have
to create the face objects and construct their incidence structure. The face creation is done as
presented in Section 3.2.5 and uses only I1.

attribute transfer — The final transfer of marks uses the embedding of the vertex list of P and the
additional information I1 and I2 to definemark(u; i) for all objectsu in P.hsubdivisioni+�void subdivide(
onst Plane_map& P0, 
onst Plane_map& P1) 
onst{ Const_de
orator PI[2℄;PI[0℄ = Const_de
orator(P0); PI[1℄ = Const_de
orator(P1);hfilling the input segment listihsweeping the segments and creating the facesihtransfering the marks of supporting objectsi}

Temporary information associated with objects

We have to associate temporary information with the objectsof the output plane map. In this section
we abstractly use sets in a pseudo code notation to underlinethe origin of plane map objects. The
objects from these sets are realized by the corresponding handle types (and therefore their type does
not allow to mark their origin). Undefined objects are detectible via default handles.

At first we interpret the input 1-skeleta geometrically. We collect a set of trivial and non-trivial
segmentsS. For each edge inEi we add a non-trivial segment toSand for each isolated vertex ofVi

we add a trivial segment toS. We store the origin of the objects inSvia a function

From : S! (V0;1[E0;1)�f0;1g
From(s) = ((vi ; i) if s is a trivial segment refering to an isolated vertexvi from Pi;(ei ; i) if s is a non-trivial segment refering to an edgeei from Pi.

From is implemented as a hash mapFrom whose domain are iterators (with value type segment) and
whose value is a structureSeginfo with membersv, e, i storing the above pairs.hinfo type to link edges and segmentsi�stru
t Seg_info { // to transport information from input to outputHalfedge_
onst_handle e;Vertex_
onst_handle v;int i;Seg_info() : i(-1) {}Seg_info(Halfedge_
onst_handle e_, int i_){ e=e_; i=i_; }Seg_info(Vertex_
onst_handle v_, int i_){ v=v_; i=i_; }Seg_info(
onst Seg_info& si){ e=si.e; v=si.v; i=si.i; }Seg_info& operator=(
onst Seg_info& si)



3.2 Implementation 117{ e=si.e; v=si.v; i=si.i; return *this; }LEDA_MEMORY(Seg_info)};hinfo type to link edges and segmentsi+�typedef std::list<Segment> Seg_list;typedef typename Seg_list::
onst_iterator Seg_iterator;typedef std::pair<Seg_iterator,Seg_iterator> Seg_it_pair;
In the first phase we fill the segment input list with a non-trivial segment underlying each edge and
with a trivial segment for each isolated vertex of the two input structures. Additionally, we store
hashed links from the iterators to the edges/vertices to store their origin.hfilling the input segment listi�Seg_list Segments; int i;CGAL::Unique_hash_map<Seg_iterator,Seg_info> From;for (i=0; i<2; ++i) {Vertex_
onst_iterator v;for(v = PI[i℄.verti
es_begin(); v != PI[i℄.verti
es_end(); ++v)if ( PI[i℄.is_isolated(v) ) {Segments.push_ba
k(segment(PI[i℄,v));From[--Segments.end()℄ = Seg_info(v,i);}Halfedge_
onst_iterator e;for(e = PI[i℄.halfedges_begin(); e != PI[i℄.halfedges_end(); ++e)if ( is_forward_edge(PI[i℄,e) ) {Segments.push_ba
k(segment(PI[i℄,e));From[--Segments.end()℄ = Seg_info(e,i);}}
During the sweep phase we collect additional information intemporary information containers asso-
ciated with the objectsu2V [E[F of P.

associnfo(u) creates the temporary object on the heap
discardinfo(u) discards the object and frees the memory

Within these objects we store the following pair of mark attributes (indexed byi):

Mark mark(u; i) for i = 0;1 andu2V [E[F

For each vertexv we collectskeleton supportinformation.

Vi suppvertex(Vv; inti) the vertex fromVi supportingv if it exists, else undefined.
Ei supphalfedge(Vv; inti) the edge fromEi supportinge if it exists, else undefined.

And for each edgeewe want to know

Ei supphalfedge(E e; int i) the edge fromEi supportinge if it exists, else undefined.
Mark incidentmark(E e; int i) the mark of the face fromPi supporting a small neighborhood left ofe.
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The information is collected during the sweep phase by a corresponding model of the output concept
used in our generic sweep framework. We show more details of the information association. We use
a trick via generic pointersGenPtr(equalsvoid�). Each objectu of P has such a slot accessible via
GenPtr& info(u). We use the pointer to reference an object storing the temporary information until
the postprocessing does not need it anymore. We have to ensure that we do not mess around with
the memory. The temporary information is collected during the sweep operation. After the selection
operation the temporary information is discarded. To avoidsuperflous indirection for the temporary
information we use a scheme in analogy to LEDA [MN99, chapter13], where information (in form
of a built-in or class type) is stored directly in the pointerif it has size not larger than the size of a
standard word. If it does not fit, the pointer is used to reference a newly allocated information object
on the heap. This scheme leaves the vertex, halfedge, and face objects minimal in the sense that we
only have one additional pointer in each of them. The scheme is bundled in a class calledgeninfo<T>.
For more information see that manual page in the appendix.

We associate the following class to a vertexv. The methods below are added to the interface
of PM overlayer. vertexinfo can store the possible supporting skeleton objectsv supp, esuppof the
input plane maps, marksmcorresponding to the two supporting objects and a halfedgeebelowof the
output structure that is vertically belowv.hhelping operationsi�stru
t vertex_info {Mark m[2℄;Vertex_
onst_handle v_supp[2℄;Halfedge_
onst_handle e_supp[2℄;Halfedge_handle e_below;vertex_info(){ v_supp[0℄=v_supp[1℄=Vertex_
onst_handle();e_supp[0℄=e_supp[1℄=Halfedge_
onst_handle(); }LEDA_MEMORY(vertex_info)};void asso
_info(Vertex_handle v) 
onst{ geninfo<vertex_info>::
reate(info(v)); }void dis
ard_info(Vertex_handle v) 
onst{ geninfo<vertex_info>::
lear(info(v)); }vertex_info& ginfo(Vertex_handle v) 
onst{ return geninfo<vertex_info>::a

ess(info(v)); }Mark& mark(Vertex_handle v, int i) 
onst{ return ginfo(v).m[i℄; }Vertex_
onst_handle& supp_vertex(Vertex_handle v, int i) 
onst{ return ginfo(v).v_supp[i℄; }Halfedge_
onst_handle& supp_halfedge(Vertex_handle v, int i) 
onst{ return ginfo(v).e_supp[i℄; }Halfedge_handle& halfedge_below(Vertex_handle v) 
onst{ return ginfo(v).e_below; }
For each halfedge we store the following class. Again we provide an interface inPM overlayer. The
halfedgeinfo objects store information common to both halfedge twins (information for the uedge)
and information only concerning one halfedge. In the first case we store the information only in the
halfedge determined by the smaller memory address which makes access unique. We provide storage
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esuppfor the possible two input edges supporting an output edge, the marksmof the two input objects
supporting an output edge, and temporary storagemf for the marks of the two input faces supporting
points in a small neighborhood of the edge. The boolean flagforw just caches the geometric property
if an edge is forward oriented (the source is lexicographically smaller than the target).hhelping operationsi+�stru
t halfedge_info {Mark m[2℄;Mark mf[2℄;Halfedge_
onst_handle e_supp[2℄;bool forw;halfedge_info(){ m[0℄=m[1℄=mf[0℄=mf[1℄=Mark();e_supp[0℄=e_supp[1℄=Halfedge_
onst_handle();forw=false; }LEDA_MEMORY(halfedge_info)};void asso
_info(Halfedge_handle e) 
onst{ geninfo<halfedge_info>::
reate(info(e));geninfo<halfedge_info>::
reate(info(twin(e))); }void dis
ard_info(Halfedge_handle e) 
onst{ geninfo<halfedge_info>::
lear(info(e));geninfo<halfedge_info>::
lear(info(twin(e))); }halfedge_info& ginfo(Halfedge_handle e) 
onst{ return geninfo<halfedge_info>::a

ess(info(e)); }Mark& mark(Halfedge_handle e, int i) 
onst// uedge information we store in the smaller one{ if (&*e < &*(twin(e))) return ginfo(e).m[i℄;else return ginfo(twin(e)).m[i℄; }Halfedge_
onst_handle& supp_halfedge(Halfedge_handle e, int i) 
onst// uedge information we store in the smaller one{ if (&*e < &*(twin(e))) return ginfo(e).e_supp[i℄;else return ginfo(twin(e)).e_supp[i℄; }Mark& in
ident_mark(Halfedge_handle e, int i) 
onst// biedge information we store in the halfedge{ return ginfo(e).mf[i℄; }bool& is_forward(Halfedge_handle e) 
onst// biedge information we store in the halfedge{ return ginfo(e).forw; }
A face just obtains two mark slotsm.hhelping operationsi+�stru
t fa
e_info {Mark m[2℄;fa
e_info() { m[0℄=m[1℄=Mark(); }LEDA_MEMORY(fa
e_info)};void asso
_info(Fa
e_handle f) 
onst{ geninfo<fa
e_info>::
reate(info(f)); }
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ard_info(Fa
e_handle f) 
onst{ geninfo<fa
e_info>::
lear(info(f)); }fa
e_info& ginfo(Fa
e_handle f) 
onst{ return geninfo<fa
e_info>::a

ess(info(f)); }Mark& mark(Fa
e_handle f, int i) 
onst{ return ginfo(f).m[i℄; }
Finally we provide an operation cleaning up the temporary attributes allocated above.hhelping operationsi+�void 
lear_asso
iated_info_of_all_obje
ts() 
onst{ Vertex_iterator vit;for (vit = verti
es_begin(); vit != verti
es_end(); ++vit)dis
ard_info(vit);Halfedge_iterator hit;for (hit = halfedges_begin(); hit != halfedges_end(); ++hit)dis
ard_info(hit);Fa
e_iterator fit;for (fit = fa
es_begin(); fit != fa
es_end(); ++fit)dis
ard_info(fit);}
The sweep instantiation

We have to provide the three components (input, output, geometry) necessary to instantiate the traits
modelSegmentoverlaytraits for our generic plane sweep framework. The input is an iterator pair,
the geometry is forwarded from the current class scope. Onlyfor the output type we have to work a
little more. We define a classPMOfrompmbelow which allows us to track the support relationship
from input objects (segments handled via iterators) to the output objects (vertices and halfedges) via
the call-back methods triggered during the sweep. Please refer to the description ofSegmentoverlay-
traits.

The methods ofPMOfrompmfit the output concept requirements ofSegmentoverlaytraits. The
functionality is such that the skeleton is created and the support information is associated with the
newly created objects.PMOfrompm is a class template on the global implementation scope as the
usage of local class types (within the scope ofPM overlayer) is not allowed by some current C++
compilers.

Note that we forward a reference to our hash mapFrom to the output decorator object. Thus we
can update the support linkage from output skeleton objectsvia iterators to input objects on the fly
when the sweep frameworks calls the corresponding methods of PMOfrompm.hPM traits classes for segment overlayi+�template <typename PMD, typename IT, typename INFO>stru
t PMO_from_pm {himporting decorators, handles, and point type from PMDi
onst De
orator& G;
onst Const_de
orator* pGI[2℄;
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«concept»
SegmentOverlayOutput

+: V, E, I, Point_2
+new_vertex(p:Point_2): V
+new_halfedge_pair_at_source(v:V): E  
+link_as_target_and_append(v:V,e:E): void             
+supporting_segment(e:E,it:I): void
+trivial_segment(v:V,it:I): void
+starting_segment(v:V,it:I): void
+passing_segment(v:V,it:I): void
+ending_segment(v:V,it:I): void
+halfedge_below(v:V,e:E): void

«concept»
Below_info

+: V, E
+halfedge_below(v:V): E                               

PMO_from_pm
+PMO_from_pm(G:PMD,G0:PMD*,G1:PMD*,from:FROM)

PMD, I, FROM

O2

O1

O3

Figure 3.3:PMOfrompmrealizes theOutputconcept of the generic sweep module and theBelowinfo concept
for the facet creation phase. In the figureVertexhandle, Halfedgehandle, andIterator have been replaced by
the short symbolsV, E, andI .CGAL::Unique_hash_map<IT,INFO>& M;PMO_from_pm(
onst De
orator& Gi,
onst Const_de
orator* pG0,
onst Const_de
orator* pG1,CGAL::Unique_hash_map<IT,INFO>& Mi) : G(Gi),M(Mi){ pGI[0℄=pG0; pGI[1℄=pG1; }hPMO from pm topological updatesihPMO from pm vertical ray shoot knowledgeihPMO from pm support knowledgeihPMO from pm face creation data accessi}; // PMO_from_pmhimporting decorators, handles, and point type from PMDi�typedef PMD De
orator;typedef typename PMD::Const_de
orator Const_de
orator;typedef typename De
orator::Vertex_handle Vertex_handle;typedef typename De
orator::Halfedge_handle Halfedge_handle;typedef typename De
orator::Vertex_
onst_handle Vertex_
onst_handle;typedef typename De
orator::Halfedge_
onst_handle Halfedge_
onst_handle;typedef typename De
orator::Point Point;
New vertices and halfedges are created in the plane map via a call to corresponding creation methods
of the decorator. Note that we initialize a temporary storage slot in the objects by a call toassocinfo.hPMO from pm topological updatesi�Vertex_handle new_vertex(
onst Point& p) 
onst{ Vertex_handle v = G.new_vertex(p);G.asso
_info(v);return v;}void link_as_target_and_append(Vertex_handle v, Halfedge_handle e) 
onst



3.2 Implementation 122{ G.link_as_target_and_append(v,e); }Halfedge_handle new_halfedge_pair_at_sour
e(Vertex_handle v) 
onst{ Halfedge_handle e =G.new_halfedge_pair_at_sour
e(v,De
orator::BEFORE);G.asso
_info(e);return e;}
The halfedge vertically below a vertex is stored in a slot of the temporarily associated information
container of typevertexinfo. Access is done via thePM overlayeroperationhalfedgebelow( ).hPMO from pm vertical ray shoot knowledgei�void halfedge_below(Vertex_handle v, Halfedge_handle e) 
onst{ G.halfedge_below(v) = e; }
For a new halfedgeewe get to know all segments�it that support it. We store the information via the
decorator. There can be at most two input segments supporting an edge.hPMO from pm support knowledgei�void supporting_segment(Halfedge_handle e, IT it) 
onst{ INFO& si = M[it℄;assert( si.e != Halfedge_
onst_handle() );G.supp_halfedge(e,si.i) = si.e;G.is_forward(e) = true;}
For a vertexv we get to know support information. There are three basic cases: v is supported by an
isolated vertex,v is supported by a vertex from one input structure which has incident edges (starting
or ending) during the sweep, orv comes to lie in the relative interior of an input edge. In either case
one of the following operations attributes the correct support information.hPMO from pm support knowledgei+�void trivial_segment(Vertex_handle v, IT it) 
onst{ INFO& si = M[it℄;assert( si.v != Vertex_
onst_handle() );G.supp_vertex(v,si.i) = si.v;}void starting_segment(Vertex_handle v, IT it) 
onst{ INFO& si = M[it℄;G.supp_vertex(v,si.i) = pGI[si.i℄->sour
e(si.e);}void ending_segment(Vertex_handle v, IT it) 
onst{ INFO& si = M[it℄;G.supp_vertex(v,si.i) = pGI[si.i℄->target(si.e);}void passing_segment(Vertex_handle v, IT it) 
onst{ INFO& si = M[it℄;G.supp_halfedge(v,si.i) = si.e;}



3.2 Implementation 123

PMOfrompm also provides data access in the face creation phase. Therefore this operation that
redirects the access toPM overlayerobjectG.hPMO from pm face creation data accessi�Halfedge_handle halfedge_below(Vertex_handle v) 
onst{ return G.halfedge_below(v); }

Now, creating the overlay is a trivial plugging of types intothe generic plane sweep framework, a
creation of the sweep object with input, output and geometryreferences, and a final execution of the
sweep. Afterwards, the faces are created.hsweeping the segments and creating the facesi�typedef PMO_from_pm<Self,Seg_iterator,Seg_info> Output_from_plane_maps;typedef Segment_overlay_traits<Seg_iterator, Output_from_plane_maps, Geometry> pm_overlay;typedef generi
_sweep< pm_overlay > pm_overlay_sweep;Output_from_plane_maps Out(*this,&PI[0℄,&PI[1℄,From);pm_overlay_sweep SOS(Seg_it_pair(Segments.begin(),Segments.end()),Out,K);SOS.sweep();
reate_fa
e_obje
ts(Out);
Transfering the marks

After the sweep and the face creation the input for this phaseis a plane mapP= (V;E;F) enriched
by additional information attributed to the 1-skeleton objects ofP. The output vertices inV are linked
to their supporting skeleton input objects (vertices and edges). The output edges inE are linked to
their supporting input edges. The support knowledge with respect to input faces is still missing. In
the following we analyse this support but do not store it explicitly. Instead we only transfer the marks.
There are several properties of the constructed subdivision P which help us to do this.� the vertices are constructed in the order of the sweep. By iterating them in their construction

order we can rely on the fact that we iterate according to the lexicographic order of their em-
bedding.� the halfedges out of a vertexv are ordered aroundv counterclockwise (with respect to the em-
bedding of their target). We can therefore use a forward iteration to propagate face information
from bottom to top (on forward oriented edges).� the first facefacesbegin( ) in the list of all faces is the unbounded face. This holds forP, P0,
andP1.htransfering the marks of supporting objectsi�hinitialize the outer face objectiVertex_iterator v, vend = verti
es_end();for (v = verti
es_begin(); v != vend; ++v) {hdetermine mark of face below vihcomplete marks of vertex vi
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The transfer of face support marks is based on the following fact.

v1

p

v2

q

e

Figure 3.4:The face support iteration unrolled. We examine a positionp within the plane mapP and try to find
the support by a facefi in the plane mapPi . We have two verticesv1 andv2 fromV with their forward-oriented
edge bundle. The face that supportsp with respect toPi can be determined by following the dotted path until
the outer unbounded face ofPi is reached.

Fact 2: Let p be a point of the plane not part of the 1-skeleton ofPi, q be a point within the unbounded
face ofPi , andρ be any curve fromp to q not containing any vertex ofPi. Assumeρ intersects an
edgee of the 1-skeleton ofPi and lete be the first such edge when followingρ from p to q. Then,p
is part of the face incident toe. If ρ does not intersect the 1-skeleton, thenp is part of the unbounded
face ofPi.

The above fact is a consequence of the connectedness property of the faces ofPi. We now consider
point p as part ofP. For p we consider a special pathρ as depicted in Figure 3.4. We walk down
along a vertical ray (in direction of the negativey-axis). If we cross a bundle of edges incident to a
vertexv the path turns just below the lowest edge and follows the lowest edge in parallel until it is
just belowv. We iterate this construction until it ends in a pointq in the unbounded face ofP. Each
edgee that is crossed byρ is supported by an edge either fromPi or from P1�i. In the former case
the first such edge determines the facefi supportingp. If there is no such edge thenp is supported
by the unbounded face ofPi . We want to determine face support for many vertices and edges, thus
we do not want to pay such a walk for each query pointp. Instead we associate with each edgee
face support knowledge in the two slotsmark(e; i) andincidentmark(e; i). The idea is that these slots
store the knowledge obtained from a reversal walk fromq to p. Whenever our pathρ crosses an edge
e in P that is supported by an edgeei in Pi , then we associate the mark knowledge plus the mark of
the supporting faces fromPi (of a small neighborhood left and right ofe) with e. If the information
is already constructed for all edges below a query pointp, we can obtain the support information in
constant time.

We now come to the coding. We want to complete the support marks for a vertexv and the edgese
of the adjacency list ofv that are forward oriented4. Consider to followρ reversely with a pen starting
in q. Thenmbelow[2℄ always stores the marks of the faces ofPi that support the position of the pen.

4Backward oriented edges have forward oriented twins.
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In the beginningmbelow[i℄ stores the mark of the facefi belowv. Note that we obtain both marks for
i = 0;1 either from the outer input faces surrounding the plane maps Pi or from the halfedge belowv.
If ebelowexists then it was already treated as a forward oriented edgeof a vertex already handled in
the vertex iteration.hinitialize the outer face objecti�Fa
e_iterator f = fa
es_begin(); asso
_info(f);for (i=0; i<2; ++i) mark(f,i) = PI[i℄.mark(PI[i℄.fa
es_begin());
Note that the iteration over all verticesv has the invariant that eitherv has no halfedge below, or
if it has a halfedgeebelow then ebelow has all marks correctly assigned (mark(ebelow; i) and
incidentmark(ebelow; i) are set for bothi = 0;1). Note that each vertexv of P knows the halfedge
below it, thus the face support marks can be initialized in constant time.hdetermine mark of face below vi�Halfedge_handle e_below = halfedge_below(v);Mark m_below[2℄;if ( e_below != Halfedge_handle() ) {for (int i=0; i<2; ++i) {m_below[i℄ = in
ident_mark(e_below,i);}} else { // e_below does not existfor (int i=0; i<2; ++i)m_below[i℄ = PI[i℄.mark(PI[i℄.fa
es_begin());}
If the vertexv is not supported by a skeleton object ofPi then it is supported by a face. We obtain the
mark of the face frommbelowin this case.hcomplete marks of vertex vi�for (i=0; i<2; ++i)if ( supp_halfedge(v,i) != Halfedge_
onst_handle() ) {mark(v,i) = PI[i℄.mark(supp_halfedge(v,i));} else if ( supp_vertex(v,i) != Vertex_
onst_handle() ) {mark(v,i) = PI[i℄.mark(supp_vertex(v,i));} else {mark(v,i) = m_below[i℄;}
We have to complete the mark information for all edges ofP. We do the job for all forward oriented
edges in the adjacency list of each vertexv. How does a halfedgee of P obtain mark information
with respect to the two input structuresPi? We just have to determine the supporting objects (edge or
face) from each of both. It is either supported by two overlapping edgese0;e1 or only supported by
one edgeei and one facef1�i. Note that a supporting edgeei allows access to its mark and to the two
faces incident to it and its twin. The supporting edgeei of e can be obtained viasupphalfedge(e; i).
If e is not supported by an edge inPi then the mark of the input face can be obtained frommbelow[i℄.
Each supporting input edgeei of echangesmbelow[i℄ for the next output edge in the bundle iteration.
If e is not supported by an edge inPi then the supporting face determines the mark ofe and the two
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incidentmark entries. The invariant for all edgese in the iteration below is: ife is not supported by
an edgeei of Pi thenmbelow[i℄ contains the mark of the face supportinge in Pi.hhandle all forward oriented edges starting in vi�if ( is_isolated(v) ) 
ontinue;Halfedge_around_vertex_
ir
ulatore(first_out_edge(v)), hend(e);CGAL_For_all(e,hend) {if ( is_forward(e) ) {Halfedge_
onst_handle ei;bool supported;for (int i=0; i<2; ++i) {supported = ( supp_halfedge(e,i) != Halfedge_
onst_handle() );if ( supported ) {ei = supp_halfedge(e,i);in
ident_mark(twin(e),i) =PI[i℄.mark(PI[i℄.fa
e(PI[i℄.twin(ei)));mark(e,i) = PI[i℄.mark(ei);in
ident_mark(e,i) = m_below[i℄ =PI[i℄.mark(PI[i℄.fa
e(ei));} else { // no support from input PI[i℄in
ident_mark(twin(e),i) = mark(e,i) = in
ident_mark(e,i) =m_below[i℄;}}} else break;}
The last chunk of this section transfers the support marks tothe face object. For all bounded faces
f we just transfer the marks from the bounding face cycle to theface. As all edgese carry the
incidentmark(e; i) attribute this completes the structure.htransfer the marks to face objectsi�for (f = ++fa
es_begin(); f != fa
es_end(); ++f) { // skip first fa
easso
_info(f);for (i=0; i<2; ++i) mark(f,i) = in
ident_mark(halfedge(f),i);}
We can now summarize the calculated overlay properties, we anticipate the costs of face creation as
described in the next section and the analysis of the sweep description in Lemma 2.1.3.

Lemma 3.2.3: Assume thatP0 andP1 are plane maps whose embedding is order-preserving and the
adjacency lists have a forward prefix, thensubdivide(P0;P1) constructs inP = (V;E;F) the overlay
plane map ofP0 andP1 and each objectu2V [E[F carries the mark informationmark(u; i) from
the corresponding supporting object of the input plane map.

Let ni be the size ofPi andn be the size ofP. Then the runtime of the overlay process is dominated
by the plane sweep of the skeleton objects ofP0 andP1 and is thereforeO((n0+n1+n) log(n0+n1+
n)).
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3.2.5 Creating face objects

Input to this section is the 1-skeleton of a plane mapP0 = (V;E) whose embedding isorder-preserving
and whose adjacency lists have aforward-prefix. The objective of this section is tocreate the face
objectsthat completeP0. The correct output structureP = (V;E;F) of this section is a plane map
with the property that there are face objectsf in F corresponding to maximal connected point sets
which are a result of the partitioning of the plane by the 1-skeletonP0. All faces are defined via their
bounding face cycles. Each face object has one halfedge linkinto the one unique outer face cycle (if
existing), a list of halfedges each of which represents interior hole face cycles and a list of isolated
vertices that represent trivial face cycles. To assign facecycles to face objects we need to know two
properties of the plane map skeleton:� for each face cycle we need to know if it is an outer face cycle or a hole face cycle.� for two face cyclesfc1 andfc2 we need to know if we can connect them by a path in the plane

which does not cross any other face cycle.

We adapt an idea from [dBvKOS97]. The path connectivity making disjoint face cycles bounding
the same face, can be modeled by a vertical visibility graph of the minimal vertices5 of each face
cycle. We create faces and assign face cycles based on this property and transferP0 to P thereby.

Let C be a set of face cycles of the plane map skeleton. For each facecycle c let
MinimalHalfedge[c℄ be the halfedgee whose target vertex has minimal coordinates (lexicographi-
cally). LetFaceCycle[e℄ be the face cycle containinge. We examine the following implicitly defined
graphG. Each face cycle ofP0 is a node ofG. Let us link two face cyclesc1 andc2 by an undirected
edge ofG if target(MinimalHalfedge[c1℄) has a vertical view down to an edge ofc2 (in P). Note
that face cycles consist of halfedges and thus we have to refer to the correct one of the two paired
halfedges respecting the embedding when looking at face cycles (our faces are left of the directed
halfedges, thus consider the bidirected twins to be separated by an infinitesimal distance, then the
visibility is uniquely defined). Note that the embedding of aface cyclec at its minimal halfedge
gives us the criterion to separate outer face cycles and holeface cycles. Whenever the underlying line
segments ofe= MinimalHalfedge[c℄ andnext(e) form a left turnc is an outer face cycle. When they
form a right turn the vertextarget(e) has a free view down and thusebelongs to a hole.

Note that we do not explicitly model the visibility graph. Instead the recursive behavior of the
operationdetermineface( ) used below imitates a DFS walk on the visibility graph. In thefollowing
method we have the vertical visibility coded via a data accessorD providing for all verticesv2V the
knowledge about the halfedge belowv. D:halfedgebelow(v) either provides the halfedge ofE that is
hit first by a vertical ray downwards or an uninitialized halfedge if there is none.

The following template type parameterBelowinfo has to fit the conceptBelowinfo of the Figures
3.2 and 3.3.hhelping operationsi+�template <typename Below_info>void 
reate_fa
e_obje
ts(
onst Below_info& D) 
onst{ CGAL::Unique_hash_map<Halfedge_handle,int> Fa
eCy
le(-1);std::ve
tor<Halfedge_handle> MinimalHalfedge;hlink halfedges to face cycles and determine minimal halfedgesi

5minimal with respect to the lexicographic order of the pointcoordinates of their embedding



3.2 Implementation 128

right turnc3

c4
c5

c1

c2

left turn

Figure 3.5:Face cycles bounding a face. c1 is the outer face cycle, c2, c3, and c4 are hole cycles, c5 is an
isolated vertex. The minimal vertices of each face cycle arethe origins of the dashed vertical arrows down.hcreate face objects for outer face cycles and create linksihlink holes and isolated vertices to face objectsi}
We iterate all halfedges and assign a number for each face cycle. After the iteration for a halfedgee
the number of its face cycle isFaceCycle[e℄ and for a face cyclec we knowMinimalHalfedge[c℄.hlink halfedges to face cycles and determine minimal halfedgesi�int i=0;Halfedge_iterator e, eend = halfedges_end();for (e=halfedges_begin(); e != eend; ++e) {if ( Fa
eCy
le[e℄ >= 0 ) 
ontinue; // already assignedHalfedge_around_fa
e_
ir
ulator hf
(e),hend(hf
);Halfedge_handle e_min = e;CGAL_For_all(hf
,hend) {Fa
eCy
le[hf
℄=i; // assign fa
e 
y
le numberif ( K.
ompare_xy(point(target(hf
)), point(target(e_min))) < 0 )e_min = hf
;}MinimalHalfedge.push_ba
k(e_min); ++i;}
We now know the number of face cyclesi and we have a minimal halfedgee for each face cycle. We
just check the geometric embedding ofe andnext(e) to characterize the face cycle (outer or hole).
Note that the two edges cannot be collinear due to the minimality of e (the lexicographic minimality
of the embedding of its target vertex). Outer face cycles obtain face objects right away. Hole cycles
whosehalfedgebelow information is undefined are associated with the unique outer face. After this
chunk f outer is the first face objectfacesbegin( ) in the list of all face objects, and all outer face
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cycles have face objects with temporary mark information slots expanded.hcreate face objects for outer face cycles and create linksi�Fa
e_handle f_outer = new_fa
e();for (int j=0; j<i; ++j) {Halfedge_handle e = MinimalHalfedge[j℄;Point p1 = point(sour
e(e)),p2 = point(target(e)),p3 = point(target(next(e)));if ( K.leftturn(p1,p2,p3) ) { // leftturn => outer fa
e 
y
leFa
e_handle f = new_fa
e();link_as_outer_fa
e_
y
le(f,e);}}
Now, the only halfedges not linked are those on hole face cycles. We use a recursive scheme to find
the bounding cycle providing the face object and finally iterate over all isolated vertices to link them
accordingly to their containing face object. Note that in this final iteration all halfedges already have
face links. This ensures termination. The recursive operation determineface(e; : : : ) returns the face
containing the hole cycle ofe (see the specification in the next section). As a postcondition of this
chunk we have all edges and isolated vertices linked to face objects, and all face objects know their
bounding face cycles.hlink holes and isolated vertices to face objectsi�for (e = halfedges_begin(); e != eend; ++e) {if ( fa
e(e) != Fa
e_handle() ) 
ontinue;Fa
e_handle f = determine_fa
e(e,MinimalHalfedge,Fa
eCy
le,D);link_as_hole(f,e);}Vertex_iterator v, v_end = verti
es_end();for (v = verti
es_begin(); v != v_end; ++v) {if ( !is_isolated(v) ) 
ontinue;Halfedge_handle e_below = D.halfedge_below(v);if ( e_below == Halfedge_handle() )link_as_isolated_vertex(f_outer,v);elselink_as_isolated_vertex(fa
e(e_below),v);}
When we calldetermineface(e; : : : ) we know that the halfedgee is not yet linked to a face object and
thus, no halfedge in its face cycle is linked. Thus we jump to the minimal halfedge and look down. If
we see nirvana then we have to link the unlimited facef outer. If we see a halfedge we ask for its face.
If it does not have one we recurse. Note that the target vertexof the minimal halfedge actually has a
view downwards as we examine a hole face cycle. The methodlink asholedoes the linkage between
the face object and all edges of the face cycle. Its cost is linear in the size of the face cycle. Note also
that we do the linking bottom up along the recursion stack forall visited hole cycles. Thus, we visit
each hole face cycle only once as afterwards each edge of the face cycle is incident to a face.

Look at our example in Figure 3.5. Whendeterminefaceis called for an edgee of face cycle c3,
then the procedure first finds an edge of c4. If c4 was not visited yet by an earlier call, then the method
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recurses to c4 before it finds the correct face object via the outer face cycle c1.hhelping operationsi+�template <typename Below_info>Fa
e_handle determine_fa
e(Halfedge_handle e,
onst std::ve
tor<Halfedge_handle>& MinimalHalfedge,
onst CGAL::Unique_hash_map<Halfedge_handle,int>& Fa
eCy
le,
onst Below_info& D) 
onst{ Halfedge_handle e_min = MinimalHalfedge[Fa
eCy
le[e℄℄;Halfedge_handle e_below = D.halfedge_below(target(e_min));if ( e_below == Halfedge_handle() ) // below is nirwanareturn fa
es_begin();Fa
e_handle f = fa
e(e_below);if (f != Fa
e_handle()) return f; // has fa
e alreadyf = determine_fa
e(e_below, MinimalHalfedge, Fa
eCy
le,D);link_as_hole(f,e_below);return f;}
The explanations of the recursion condition ofdeterminefaceshould convince you that:

Lemma 3.2.4: Assume thatP0 is the 1-skeleton of a plane map whose embedding is order-preserving
and the adjacency lists have a forward prefix. Let additionally all vertices know the halfedge visible
along a vertical ray shot down, thencreatefaceobjects( ) completesP as a plane map with runtime
linear in the size of the 1-skeletonP’.

3.2.6 Selecting marks

For the selection we just iterate over all objects, read the marks refering to the two input structures,
apply our selection operation, and store the mark back into the object. At this place, we discard the
additional information which was accumulated during the subdivision. The flexibility of the opera-
tion is achieved by a template type parameterSelection. An objectpredicateof typeSelectionmust
provide a binary function operator returning a new mark object. The runtime of the selection phase is
obviously linear in the size of the plane mapP. The methoddiscardinfo just discards the temporarily
allocated information containers associated to the objects.hselectioni�template <typename Sele
tion>void sele
t(Sele
tion& predi
ate) 
onst{ Vertex_iterator vit = verti
es_begin(),vend = verti
es_end();for( ; vit != vend; ++vit) {mark(vit) = predi
ate(mark(vit,0),mark(vit,1));dis
ard_info(vit);}Halfedge_iterator hit = halfedges_begin(),hend = halfedges_end();for(; hit != hend; ++(++hit)) {
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ate(mark(hit,0),mark(hit,1));dis
ard_info(hit);}Fa
e_iterator fit = fa
es_begin(),fend = fa
es_end();for(; fit != fend; ++fit) {mark(fit) = predi
ate(mark(fit,0),mark(fit,1));dis
ard_info(fit);}}
Note that after this phase the plane map output has again the input properties of the overlay calculation
operation from Section 3.2.4.

Lemma 3.2.5: The selection phase has runtime linear in the size of the plane map.

3.2.7 Simplification of attributed plane maps

v

e2
f1

DC

e1

f2

e
v v

f

A B

Figure 3.6:The possible configurations for simplification.

In this section we examine the task to simplify a given plane map to reach a minimimal represen-
tation (minimimal number of objects of the plane map structure, while the underlying attributed point
set stays the same). There are three situations where one canimagine to simplify the structure (see
Figure 3.6):

1. A vertexv which is incident to two edgese1, e2 both supported by the same line where all three
objects have the same mark can be unified into one edge withoutchanging the stored point set.
(Figure 3.6,A)

2. A uedgeewhich has the same mark as the two facesf1 and f2 incident to it does not contribute
any structural information and thus can be removed (Figure 3.6,B).

3. A vertexv where all the edges of its adjacency list and also all incident faces have the same
mark as the vertex also carries no structural information (Figure 3.6,C,D).

If we first remove edges of the second case then the vertices ofcase three have no incident edges
at all and thus can be easily identified as isolated vertices whose surounding face has the same mark.
The first case does only play a role if one of the faces incidentto the edge carries a different mark than
the edge.

We can thus easily formulate the simplification routine. However, there are some problems with
the update operations of the plane map structure. How can we maintain the face objects and incidence
links to halfedges and vertices if we are unifying faces by deleting edges? The trivial way does not



3.2 Implementation 132

work within our time bound. We cannot afford to maintain the face objects in a correct status in each
step of the simplification, as this would mean to repeatedly iterate total face cycles.

Note that we cannot just discard all faces and recreate them using a similar scheme as the one
based on thehalfedgebelowinformation due to the fact that referenced edges might be deleted in the
simplification process. Thereby, face creation as described in Section 3.2.5 is not possible without
a new sweep. We take a different approach. We use a unificationhistory stored in a partition data
structure instead of the geometrically definedhalfedgebelow information as a criterium for linking
face cycles to face objects.

All face cycles (edges and isolated vertices) reference face objects. When we have to unify two
different faces due to the deletion of an edge separating them, we store this fact by a union operation
in a partition data structure. The face that is finally assigned to all the face cycles of the faces in one
block is the one associated with the canonical item of the block (obtained by the find operation).hsimplificationi�template <typename Keep_edge>void simplify(
onst Keep_edge& keep) 
onst{ typedef typename CGAL::Partition<Fa
e_handle>::item partition_item;CGAL::Unique_hash_map<Fa
e_iterator,partition_item> Pitem;CGAL::Partition<Fa
e_handle> FP;hinitialize blocks corresponding to facesihsimplify via non-separating halfedgesihrecollect face cycles per blocksihsimplify via verticesihremove superflous face objectsi}
We assign one partition item to each face object and make the item accessible to the face via a hash
map. During the assignment of face cycles to face objects we will only use links from skeleton objects
like vertices and edges to faces. We therefore can discard all face cycle entries in the faces (the links
from face objects to skeleton objects).hinitialize blocks corresponding to facesi�Fa
e_iterator f, fend = fa
es_end();for (f = fa
es_begin(); f!= fend; ++f) {Pitem[f℄ = FP.make_blo
k(f);
lear_fa
e_
y
le_entries(f);}
Now we take care of the simplification critereon (2.) of page 131. We only iterate halfedge pairs
(uedges). When the marks of the incident faces agree with themark of the uedge, we union the items
of the faces if they are different. Special treatment is required for incident vertices if they become
isolated when their last icident uedge is deleted.hsimplify via non-separating halfedgesi�Halfedge_iterator e = halfedges_begin(), en,eend = halfedges_end();for(; en=e, ++(++en), e != eend; e=en) {
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ontinue;if ( mark(e) == mark(fa
e(e)) &&mark(e) == mark(fa
e(twin(e))) ) {if ( !FP.same_blo
k(Pitem[fa
e(e)℄,Pitem[fa
e(twin(e))℄) ) {FP.union_blo
ks( Pitem[fa
e(e)℄,Pitem[fa
e(twin(e))℄ );}if ( is_
losed_at_sour
e(e) ) set_fa
e(sour
e(e),fa
e(e));if ( is_
losed_at_sour
e(twin(e)) ) set_fa
e(target(e),fa
e(e));delete_halfedge_pair(e);}}
Now we recollect all face cycles and assign them to the face object f that refers to the partition item
obtained by a find operation. In each face cycle we determine the halfedgeemin whose target has a
minimal embedding (with respect to the lexicographic orderon points). Ifeminandnext(emin) form
a left turn they are part of an outer face cycle, otherwise of ahole face cycle. We associate all edges
in the face cycle withf .hrecollect face cycles per blocksi�CGAL::Unique_hash_map<Halfedge_handle,bool> linked(false);for (e = halfedges_begin(); e != eend; ++e) {if ( linked[e℄ ) 
ontinue;Halfedge_around_fa
e_
ir
ulator hf
(e),hend(hf
);Halfedge_handle e_min = e;Fa
e_handle f = FP.inf(FP.find(Pitem[fa
e(e)℄));CGAL_For_all(hf
,hend) {set_fa
e(hf
,f);if ( K.
ompare_xy(point(target(hf
)), point(target(e_min))) < 0 )e_min = hf
;linked[hf
℄=true;}Point p1 = point(sour
e(e_min)),p2 = point(target(e_min)),p3 = point(target(next(e_min)));if ( K.orientation(p1,p2,p3) > 0 ) set_halfedge(f,e_min); // outerelse set_hole(f,e_min); // store as inner}
After the previous simplification we still have to take care of the vertex related simplifications (1.) and
(3.). In case that a vertex has outdegree two, that the two incident edges are embedded collinearly,
and that all three objects have the same mark, we remove the vertex by joining the two uedges into
one. In case that a vertex is isolated and its mark agrees withthe incident face we remove the vertex.
Otherwise, we anchor the vertex in the face by adding it to theisolated vertex list. Note that the face
link of each isolated vertex was either already set in the face creation phase, or in the chunkhsimplify
via non-separating halfedgesi when the last incident edge was deleted.
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es_end();for(v = verti
es_begin(); v != vend; v=vn) {vn=v; ++vn;if ( is_isolated(v) ) {if ( mark(v) == mark(fa
e(v)) ) delete_vertex_only(v);else set_isolated_vertex(fa
e(v),v);} else { // v not isolatedHalfedge_handle e2 = first_out_edge(v), e1 = previous(e2);Point p1 = point(sour
e(e1)), p2 = point(v),p3 = point(target(e2));if ( has_outdeg_two(v) &&mark(v) == mark(e1) && mark(v) == mark(e2) &&(K.orientation(p1,p2,p3) == 0) )merge_halfedge_pairs_at_target(e1);}}
Finally we discard all face objects that have been victims ofunification but do not represent the unified
face.hremove superflous face objectsi�Fa
e_iterator fn;for (f = fa
es_begin(); f != fend; f=fn) {fn=f; ++fn;partition_item pit = Pitem[f℄;if ( FP.find(pit) != pit ) delete_fa
e(f);}
The following operations just wrap some basic primitives which make our code more readable.hhelping operationsi+�Segment segment(
onst Const_de
orator& N,Halfedge_
onst_handle e) 
onst{ return K.
onstru
t_segment(N.point(N.sour
e(e)),N.point(N.target(e))); }Segment segment(
onst Const_de
orator& N,Vertex_
onst_handle v) 
onst{ Point p = N.point(v);return K.
onstru
t_segment(p,p); }bool is_forward_edge(
onst Const_de
orator& N,Halfedge_
onst_iterator hit) 
onst{ Point p1 = N.point(N.sour
e(hit));Point p2 = N.point(N.target(hit));return (K.
ompare_xy(p1,p2) < 0); }
The following analysis of the partition data structure is due to Tarjan [Tar83].

Fact 3: A sequence ofm union and find operations starting fromn singleton blocks can be done in
timeO(mα(m;n)) with a partition data structure that is based on union by rankand path compression.
In this time boundα is the very slowly growing inverse of a suitably defined Ackermann function.
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We can therefore summarize the runtime of the simplificationaction.

Lemma 3.2.6: Assume thatP is a plane map with the properties cited in the introduction of this
section. Then the methodsimplify( ) runs in timeO(n α(kn;n)) wheren is the size ofP, kn is a bound
for the number of face unifications and find operations, andα is the function mentioned above.

Proof. The number of edges and faces ofP is linear inn. The number of union operations is bounded
by the number of faces, and the number of find operations is bounded by three times6 the number of
edges plus the number of faces.

Note that after the simplification the plane map output has again the input properties of the overlay
calculation operation from Section 3.2.4.hhelping operationsi+�void assert_type_pre
ondition() 
onst{ typename PM_de
orator_::Point p1; Point p2;assert_equal_types(p1,p2); }hPM overlayer.hi�hCGAL Headeri#ifndef CGAL_PM_OVERLAYER_H#define CGAL_PM_OVERLAYER_H#in
lude <CGAL/basi
.h>#in
lude <CGAL/Unique_hash_map.h>#in
lude <CGAL/Partition.h>#in
lude <CGAL/Nef_2/Segment_overlay_traits.h>#in
lude <CGAL/Nef_2/geninfo.h>#undef _DEBUG#define _DEBUG 13#in
lude <CGAL/Nef_2/debug.h>#ifndef CGAL_USE_LEDA#define LEDA_MEMORY(t)#endifCGAL_BEGIN_NAMESPACEhPM traits classes for segment overlayihPM overlayeriCGAL_END_NAMESPACE#endif // CGAL_PM_OVERLAYER_H
3.3 Test snippets

3.3.1 A Demo of the overlayerhPM overlayer-demo.Ci�#in
lude <CGAL/basi
.h>#in
lude <CGAL/leda_integer.h>#in
lude <CGAL/Homogeneous.h>
6look for thefind( ) andsameblock( ) operations above. The latter uses two find operations.
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lude <CGAL/IO/Window_stream.h>#in
lude <CGAL/Nef_2/HalfedgeDS_default.h>#in
lude <CGAL/Nef_2/HDS_items.h>#in
lude <CGAL/Nef_2/PM_de
orator.h>#in
lude <CGAL/Nef_2/PM_io_parser.h>#in
lude <CGAL/Nef_2/PM_overlayer.h>#in
lude <CGAL/Nef_2/PM_visualizor.h>#in
lude <CGAL/test_ma
ros.h>#in
lude "Affine_geometry.h"// GEOMETRY:typedef CGAL::Homogeneous<leda_integer> Hom_kernel;typedef CGAL::Affine_geometry<Hom_kernel> Aff_kernel;typedef Aff_kernel::Segment_2 Segment;// PLANE MAP:stru
t HDS_traits {typedef Aff_kernel::Point_2 Point;typedef bool Mark;};typedef HalfedgeDS_default<HDS_traits,HDS_items> HDS;typedef CGAL::PM_de
orator< HDS > PM_de
;typedef CGAL::PM_overlayer< PM_de
, Aff_kernel > PM_aff_overlayer;typedef PM_de
::Halfedge_handle Halfedge_handle;typedef PM_de
::Vertex_handle Vertex_handle;// INPUT:typedef std::list<Segment>::
onst_iterator Iterator;stru
t Obje
t_DA {
onst PM_de
& D;Obje
t_DA(
onst PM_de
& Di) : D(Di) {}void supporting_segment(Halfedge_handle e, Iterator it) 
onst{ D.mark(e) = true; }void trivial_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }void starting_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }void passing_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }void ending_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }};stru
t BOP {bool operator()(
onst bool& b1, 
onst bool& b2) 
onst{ return b1||b2; }};int main(int arg
, 
har* argv[℄){ SETDTHREAD(331);CGAL::set_pretty_mode(
err);CGAL::Window_stream W;W.init(-50,50,-50,1);W.set_show_
oordinates(true);W.display();
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har C[2℄ = { '0','1' };for (int i=0; i<2; ++i ) {W.message("insert segments to 
onstru
t a map.");PM_aff_overlayer PMOV(H[i℄,Aff_kernel());CGAL::PM_visualizor<PM_aff_overlayer,Aff_kernel> V(W,PMOV);std::list<Segment> L;Segment s;std::string fname;if ( arg
 == 2 ) {fname = std::string(argv[1℄);fname += C[i℄;std::ifstream log(fname.
_str());while ( log >> s ) { L.push_ba
k(s); W << s; }}while ( W >> s ) L.push_ba
k(s);fname = std::string(argv[0℄);fname += ".log";fname += C[i℄;std::ofstream log(fname.
_str());for (Iterator sit = L.begin(); sit != L.end(); ++sit)log << *sit << " ";log.
lose();Obje
t_DA ODA(PMOV);PMOV.
reate(L.begin(),L.end(),ODA);CGAL::PM_io_parser<PM_aff_overlayer>::dump(PMOV);V.draw_skeleton();W.read_mouse();W.
lear();}PM_aff_overlayer PMOV(HO,Aff_kernel());CGAL::PM_visualizor<PM_aff_overlayer,Aff_kernel> V(W,PMOV);PMOV.subdivide(H[0℄,H[1℄);BOP bop;PMOV.sele
t(bop);PMOV.simplify();V.draw_skeleton();CGAL::PM_io_parser<PM_aff_overlayer>::dump(PMOV);W.read_mouse();return 0;}
3.3.2 A Test of the overlayerhPM overlayer-test.Ci�#in
lude <CGAL/basi
.h>#in
lude <CGAL/leda_integer.h>#in
lude <CGAL/Homogeneous.h>#in
lude <CGAL/IO/Window_stream.h>#in
lude <CGAL/Nef_2/HalfedgeDS_default.h>#in
lude <CGAL/Nef_2/HDS_items.h>
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lude <CGAL/Nef_2/PM_de
orator.h>#in
lude <CGAL/Nef_2/PM_io_parser.h>#in
lude <CGAL/Nef_2/PM_overlayer.h>#in
lude <CGAL/Nef_2/PM_visualizor.h>#in
lude <CGAL/test_ma
ros.h>#in
lude "Affine_geometry.h"// GEOMETRY:typedef CGAL::Homogeneous<leda_integer> Hom_kernel;typedef CGAL::Affine_geometry<Hom_kernel> Aff_kernel;typedef Aff_kernel::Point_2 Point;typedef Aff_kernel::Segment_2 Segment;// PLANE MAP:stru
t HDS_traits {typedef Aff_kernel::Point_2 Point;typedef bool Mark;};typedef CGAL::HalfedgeDS_default<HDS_traits,HDS_items> HDS;typedef CGAL::PM_de
orator< HDS > PM_de
;typedef CGAL::PM_overlayer< PM_de
, Aff_kernel > PM_aff_overlayer;typedef PM_de
::Halfedge_handle Halfedge_handle;typedef PM_de
::Vertex_handle Vertex_handle;// INPUT:typedef std::list<Segment>::
onst_iterator Iterator;stru
t Obje
t_DA {
onst PM_de
& D;Obje
t_DA(
onst PM_de
& Di) : D(Di) {}void supporting_segment(Halfedge_handle e, Iterator it) 
onst{ D.mark(e) = true; }void trivial_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }void starting_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }void passing_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }void ending_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }};stru
t BOP {bool operator()(
onst bool& b1, 
onst bool& b2) 
onst{ return b1||b2; }};int main(int arg
, 
har* argv[℄){ SETDTHREAD(131); // 13 = PM overlayer debug onCGAL::set_pretty_mode(
err);CGAL_TEST_START;//#define PMOVISUAL#ifdef PMOVISUALCGAL::Window_stream W;W.init(-50,50,-50,1);W.set_show_
oordinates(true);



3.3 Test snippets 139W.display();#endifHDS H[2℄, HO, HOC;std::list<Segment> L0,L1,L2;L0.push_ba
k(Segment(Point(-5,-5),Point(5,-5)));L0.push_ba
k(Segment(Point(5,-5),Point(5,5)));L0.push_ba
k(Segment(Point(5,5),Point(-5,5)));L0.push_ba
k(Segment(Point(-5,5),Point(-5,-5)));L0.push_ba
k(Segment(Point(0,0),Point(0,0)));PM_aff_overlayer PMOV0(H[0℄,Aff_kernel());Obje
t_DA ODA0(PMOV0);PMOV0.
reate(L0.begin(),L0.end(),ODA0);//CGAL::PM_io_parser<PM_aff_overlayer>::dump(PMOV0);L1.push_ba
k(Segment(Point(-5,-5),Point(0,-5)));L1.push_ba
k(Segment(Point(0,-5),Point(0,0)));L1.push_ba
k(Segment(Point(0,0),Point(-5,0)));L1.push_ba
k(Segment(Point(-5,0),Point(-5,-5)));L1.push_ba
k(Segment(Point(-2,-2),Point(-2,-2)));PM_aff_overlayer PMOV1(H[1℄,Aff_kernel());Obje
t_DA ODA1(PMOV1);PMOV1.
reate(L1.begin(),L1.end(),ODA1);//CGAL::PM_io_parser<PM_aff_overlayer>::dump(PMOV1);PM_aff_overlayer PMOV(HO,Aff_kernel());PMOV.subdivide(H[0℄,H[1℄);BOP bop;PMOV.sele
t(bop);PMOV.simplify();L2.insert(L2.end(),L0.begin(),L0.end());L2.insert(L2.end(),L1.begin(),L1.end());PM_aff_overlayer PMOV2(HOC,Aff_kernel());Obje
t_DA ODA2(PMOV2);PMOV2.
reate(L2.begin(),L2.end(),ODA2);CGAL_TEST(PMOV.number_of_verti
es()==8);CGAL_TEST(PMOV.number_of_edges()==8);CGAL_TEST(PMOV.number_of_fa
es()==3);#ifdef PMOVISUALCGAL::PM_visualizor<PM_aff_overlayer,Aff_kernel> V(W,PMOV);CGAL::PM_io_parser<PM_aff_overlayer>::dump(PMOV);V.draw_skeleton();W.read_mouse();#endifCGAL_TEST_END;return 0;}
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4 Constrained Triangulations

4.1 Introduction

We first introduce the notions or triangulation and constraining segments. Then we present the algo-
rithmic ideas to construct a constrained triangulation by aplane sweep algorithm. In the next section
the concrete implementation is shown.

Definition 6 (Triangulation [PS85]): A planar subdivision is a triangulationT if all its bounded
regions are triangles. A triangulation of a finite setSof points is a planar graphT(S) with the max-
imum number of edges, which is equivalent to saying thatT(S) is obtained by joining the points of
Sby non-intersecting straight line segments so that every region internal to the convex hull ofS is a
triangle.

Definition 7 (Constrained Triangulation): Let Sbe a finite set of segments which have no pairwise
common points except in their endpoints. A constrained triangulationCT(S) is a triangulation of
the endpoints of the segments inSsuch that each non-trivial segment ofScorresponds to an edge in
CT(S). Note that we allow trivial segments.

We sweep the edges and vertices of of a plane mapG = (V;E) to compute the constrained
triangulationCT(G) := CT(S= segment(E) [ point(V))1. Actually we extendGin until finally
Gout �CT(Gin).

What does this mean? We want to obtain a triangulation of the point setpoint(V) which addition-
ally obeys the constraints given by the segmentssegment(E) of the graph. In the following description
we identify the vertices with their positions and the edges with the segments spanned by the positions
of their end points.

If the graph only contains isolated vertices we calculate the standard triangulation given by the
standard sweep triangulation algorithm. (see for example adescription in the LEDA book [MN99]).
This triangulation has the property that any vertical linel subdivides the triangulation into a correctly
constructed part left of it and the rest. (Fixingl just remove all triangles which are intersected by it in
their interior or which are right of it). This is just the result of the invariant kept during the sweep.

So what is different if we calculate the constrained triangulation? Our sweeplineSLcontains all
edges (segments) that currently intersect it ordered by their intersection points from bottom to top. We
use a sorted sequence to store the edges. Let’s conceptuallyidentify the line with the data structure.
Note that edges might touch in their endpoints as we work on a correctly embedded plane map. Also
the vertices do not come to lie in the interior of a non-adjacent edge. We sweep the graphG and extend
it by additional edges to create the triangulation. Each input edge encountered during the sweep from

1We slopily writepoint(V) for the set of all embedding points of the vertices inV andsegment(E) for the set of segments
spanned by the end vertices of the edges inE.
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4.1 Introduction 142�∞ to ∞ (along the x-axis) entersSL that stores its position in the sweepline. At the top and the
bottom ofSL we use sentinel segments to avoid the handling of boundary cases. Note that with the
above idea all edges in the sweepline are already connected via face cycles (paths) in the extended
graph. At the end of the sweep we remove the sentinel edges.

What is our basic invariant? We have already calculated a correct constrained triangulation of all
vertices and edges that are fully left of the sweepline including a closure implied by the sweepline.
Let’s first assume that we don’t face degeneracies like equalx-coordinates or vertical segments. We
will comment on the removal of this restriction later.

Definition 8 (Restricted Constrained Triangulation): Let SL be the vertical sweepline defined by
an event pointp in the plane. LetS[<SL℄�Sbe the finite set of segments already handled completely
(all vertices and edges of our input graph fully left ofSL). Let S[SL℄ be the set of segments spanned
by edges intersectingSL, but restricted to the closed halfplane left ofSL. We define the restricted
contrained triangulation of the edges encountered so far tobeCT[� SL℄ :=CT(S[< SL℄[S[SL℄). Ac-
cordingly we talk about the plane mapG[� SL℄ restricted to the closed halfplane left ofSL, consisting
of all vertices in the closed halfplane and edges connectingthem.

Note thatCT[� SL℄ is a valid constrained triangulation that has a part of its hull on SL. We store
this triangulation in a special way. All triangulation edges which are finished are already stored in
our output graphG[� SL℄. Finished here means that they connect vertices inG[� SL℄ totally left of
SL. The missing edges completingG[� SL℄ to CT(S[� SL℄) can be seen as stored implicitly in our
structures. We will explain this in a moment.

Figure 4.1: The triangles already finished during a sweep. Constrainingsegments are black. Additional
triangulation edges are grey.

When looking at the actions at a sweep event we’ll see that we extendG[� SL℄ in a way that it
always represents a maximal subgraph of the final triangulation. It holds for example thatG[� SL℄ is
connected. Each edgee in SLis connected inG[�SL℄ to the edgees representing the successor edge in
SL. Actually there’s a face cycleC= e1; : : : ;ek wheree1 = next(twin(es)) andek =previous(e) in our
bidirected representation ofG which proves connectivity. See figure 4.2. This chain of edges has the
additional property that it can be split into two x-monotonepartsC1 = e1; : : : ;ei andC2 = ei+1; : : : ;ek

where the vertexvvis = source(ei+1) is a point of maximal x-coordinate visible by any point onSL
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SL

segment(e)[� SL℄ei+1

ei

segment(es)[� SL℄
vvis

psweep

e1

ek

Figure 4.2:The chain between two segments inSLat a pointp.

betweeneand its successores in SL. Moreover the slope of the lines that support the edges inC1 and
C2 is non-increasing.

We associate the edgeevis = ei+1 with sourcevvis to e to allow fast access into the chain for any
pair of neigbored segments inSL. By evis we have a starting point for a visibility search along the
x-monotone chains in whichvvis is an extreme vertex.

We come back to our representation ofCT(S[� SL℄). CT(S[� SL℄) consists of the explicitly
constructed partG[� SL℄ and an implicitly possible triangulation between each pairof edgese, es

as depicted dashed in figure 4.2. Just connecttarget(segment(e)[� SL℄) to all vertices ofC2 and
symmetricallytarget(segment(es)[� SL℄) to all vertices ofC1 and both viaSL.

We will show for the event handling procedure that we keep theexplicit and implicit structure
consistent. Thus when reaching the end of our scenery where only our global sentinel edges are
present (which frame the whole scenery) then the explicit part of G contains the correct constrained
triangulation of the input.

Invariants

We recapitulate our implementation invariants:

1. All edges intersecting the vertical line through the current event point are stored inSLordered
according to their intersection points bottom-up. We create hash links from these edges to their
item inSLrealized by a hash mapSLItem. This map serves also as a flag of the edges intersected
by the sweepline. We set this flag when entering and reset it tothe default when leavingSL.

2. For two edgese;es that are neighbors inSL we maintain the chain of edgesC = e1; : : : ;ek

stored as a face cycle in the output graph wheresource(e1) == source(es) andtarget(ek) ==
source(e). When closingG[� SL℄ with our implicit construction, then we obtain a valid con-
strained triangulation of the objects in the closed halfspace left ofSL.

3. Each edgee in SL knows a vertexvvis visible by any point onSL betweene and its successor
es in SL. We realize this knowledge by associating an edgeevis 2C to it with sourcevvis. By
evis we have a starting point for a visibility search along the chain C in which vvis is an extreme
vertex.

All kinds of degeneracies like equal x-coordinates and vertical segments can be integrated into the
code if you imagine to twist the whole scenery clockwise by aninfinitesimal angle. This implies
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that vertices are ordered lexicographically and vertical segments belong to a starting bundle of edges.
Segments touching in one point are handled explicitly by an iteration over all edges starting in a vertex
of the input graph.

4.2 Implementation

We use our generic sweep framework but open the algorithm furtheron by three template parameters
of the sweep traits classConstrainedtriang traits<>. See the conceptGenericSweepTraitsthat has to
be implemented in the appendix section 11.1.6. We want to factor out the manipulation of the plane
map, the geometric types and predicates used and the action which can be invoked on the additionally
created triangulation edges inCT. Thus we add a concept for a plane map decoratorPMDEC, a
concept for a geometric kernelGEOMand a concept for a new-edge data accessorNEWEDGE. Note
that the class provides the types and members according to the generic plane sweep traits concept
GenericSweepTraits.

«concept»
AffineGeometryTraits_2

«concept»
NewEdge

«concept»
GenericSweepTraits

Constrained_triang_traits

PMDEC
GEOM
EDGEDA

generic_sweep
T

«concept»
PMDecoratorCGAL::PM_decorator

HDS

CGAL::Affine_geometry
R

CGAL::Do_nothing

Figure 4.3:The design of the constrained triangulation module.Constrainedtriang traits<> implements the
conceptGenericSweepTraits. The three template parameters allow an adaptation of the input/output plane map,
the geometry, and the processing of new edges.hclass Constrainedtriang traitsi�template <typename PMDEC, typename GEOM,typename NEWEDGE = Do_nothing>
lass Constrained_triang_traits : publi
 PMDEC {publi
:htype definition for the class scopeihorder predicate definitionihlocal types for the sweepihhelping operationsihct event handlingihct initializationihct cleaning upihct checkingi}; // Constrained_triang_traits<PMDEC,GEOM,NEWEDGE>
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lude/CGAL/Nef_2/Constrained_triang_traits.hhCGAL Header2i#ifndef CGAL_PM_CONSTR_TRIANG_TRAITS_H#define CGAL_PM_CONSTR_TRIANG_TRAITS_H#in
lude <CGAL/basi
.h>#in
lude <CGAL/Unique_hash_map.h>#in
lude <CGAL/generi
_sweep.h>#in
lude <CGAL/Nef_2/PM_
he
ker.h>#in
lude <string>#in
lude <map>#in
lude <set>#undef _DEBUG#define _DEBUG 19#in
lude <CGAL/Nef_2/debug.h>hsome predefinitionsihclass Constrainedtriang traitsi#endif // CGAL_PM_CONSTR_TRIANG_TRAITS_H
The geometry conceptGEOMallows us to import the geometric types intoConstrainedtriang traits
and offers the necessary predicates as methods. SeeAffineGeometryTraits2 in the appendix for the
concept description. The plane map decoratorPMDEC exports the handle, iterator and circulator
types into the class scope and provides all plane map exploration and manipulation methods. See
PMDecorator in the appendix for the concept description. We inherit fromPMDEC to obtain its
methods into the class scope.htype definition for the class scopei�typedef Constrained_triang_traits<PMDEC,GEOM,NEWEDGE> Self;typedef PMDEC Base;// the types interfa
ing the sweep:typedef NEWEDGE INPUT;typedef typename PMDEC::Plane_map OUTPUT;typedef GEOM GEOMETRY;typedef typename GEOM::Point_2 Point;typedef typename GEOM::Segment_2 Segment;typedef typename GEOM::Dire
tion_2 Dire
tion;typedef typename Base::Halfedge_handle Halfedge_handle;typedef typename Base::Vertex_handle Vertex_handle;typedef typename Base::Fa
e_handle Fa
e_handle;typedef typename Base::Halfedge_iterator Halfedge_iterator;typedef typename Base::Vertex_iterator Vertex_iterator;typedef typename Base::Fa
e_iterator Fa
e_iterator;typedef typename Base::Halfedge_base Halfedge_base;typedef typename Base::Halfedge_around_vertex_
ir
ulatorHalfedge_around_vertex_
ir
ulator;
We have two sentinel edges which are minimum and maximum in our order by identity, we store them
in a reference. Note that we need access to our plane map decorator and to our geometric kernel. The
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point p determines the sweepline position.horder predicate definitioni�
lass lt_edges_in_sweepline : publi
 PMDEC{ 
onst Point& p;
onst Halfedge_handle& e_bottom;
onst Halfedge_handle& e_top;
onst GEOMETRY& K;publi
:lt_edges_in_sweepline(
onst Point& pi,
onst Halfedge_handle& e1, 
onst Halfedge_handle& e2,
onst PMDEC& D, 
onst GEOMETRY& k) :PMDEC(D), p(pi), e_bottom(e1), e_top(e2), K(k) {}lt_edges_in_sweepline(
onst lt_edges_in_sweepline& lt) :PMDEC(lt), p(lt.p), e_bottom(lt.e_bottom), e_top(lt.e_top), K(lt.K) {}Segment seg(
onst Halfedge_handle& e) 
onst{ return K.
onstru
t_segment(point(sour
e(e)),point(target(e))); }int orientation(Halfedge_handle e, 
onst Point& p) 
onst{ return K.orientation(point(sour
e(e)),point(target(e)),p); }hfunction call member for order of two halfedgesi}; // lt_edges_in_sweepline
The order predicate on edges is only based on point equality and the orientation predicate on points.
We have two sentinel edges which are minimum and maximum in our order by identity. For all
geometric cases we have the precondition that the source vertex of one of the edges is equal to the
current event pointp sweep. The order predicate is only used in search operation atp sweepand for
the insertion of new edges starting there, thus our requirement is legal.hfunction call member for order of two halfedgesi�bool operator()(
onst Halfedge_handle& e1, 
onst Halfedge_handle& e2) 
onst{ // Pre
ondition:// [[p℄℄ is identi
al to the sour
e of either [[e1℄℄ or [[e2℄℄.if (e1 == e_bottom || e2 == e_top) return true;if (e2 == e_bottom || e1 == e_top) return false;if ( e1 == e2 ) return 0;int s = 0;if ( p == point(sour
e(e1)) ) s = orientation(e2,p);else if ( p == point(sour
e(e2)) ) s = - orientation(e1,p);else error_handler(1,"
ompare error in sweep.");if ( s || sour
e(e1) == target(e1) || sour
e(e2) == target(e2) )return ( s < 0 );s = orientation(e2,point(target(e1)));if (s==0) error_handler(1,"parallel edges not allowed.");return ( s < 0 );}
The order predicate on vertices maps to the lexicographic order on their embedding.
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lass lt_pnts_xy : publi
 PMDEC{ 
onst GEOMETRY& K;publi
:lt_pnts_xy(
onst PMDEC& D, 
onst GEOMETRY& k) : PMDEC(D), K(k) {}lt_pnts_xy(
onst lt_pnts_xy& lt) : PMDEC(lt), K(lt.K) {}int operator()(
onst Vertex_handle& v1, 
onst Vertex_handle& v2) 
onst{ return K.
ompare_xy(point(v1),point(v2)) < 0; }}; // lt_pnts_xy
We use an STL map for theSLand a set for theeventQ. Note that we use the iterators for local move-
ment inSL but also as handles to the items therein which store the halfedge objects. Whenever we
talk about items we misuse iterators for that concept. We store always the forward oriented halfedges.hlocal types for the sweepi�typedef std::map<Halfedge_handle, Halfedge_handle, lt_edges_in_sweepline>Sweep_status_stru
ture;typedef typename Sweep_status_stru
ture::iterator ss_iterator;typedef typename Sweep_status_stru
ture::value_type ss_pair;typedef std::set<Vertex_iterator,lt_pnts_xy> Event_Q;typedef typename Event_Q::
onst_iterator event_iterator;
onst GEOMETRY& K;Event_Q event_Q;event_iterator event_it;Vertex_handle event;Point p_sweep;Sweep_status_stru
ture SL;CGAL::Unique_hash_map<Halfedge_handle,ss_iterator> SLItem;
onst NEWEDGE& Treat_new_edge;Halfedge_handle e_low,e_high; // framing edges !Halfedge_handle e_sear
h;Constrained_triang_traits(
onst INPUT& in, OUTPUT& out, 
onst GEOMETRY& k): Base(out), K(k), event_Q(lt_pnts_xy(*this,K)),SL(lt_edges_in_sweepline(p_sweep,e_low,e_high,*this,K)),SLItem(SL.end()), Treat_new_edge(in){ }
4.2.1 Event Handling

We have to traverse a vertexv of our input graph by the sweepline. Let’s first assume this isan
isolated vertexappearing between two edges inSL. Note that between the two edgese;es we have
a local chain of edges connectingv1 = source(e) andv2 = source(es) which is similar to the global
convex hull chain of the unconstrained triangulation problem. Note that this chain can be even empty
if v1 = v2. In between the segments in the sweepline we know a vertexvvis of maximal coordinates
which is visible from any point onSLbetweene andes. What happens if we encounter a new event
v (a vertex atp sweep)? We locate the edgee belowv, and its successores. We obtain the correctvvis

and an edgeevis out of vvis which is in the face cycle partly visible fromv. Then we determine the
visible chain of edges starting inevis as seen fromv. Both ends are determined either by a non-visible
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edge or by an edge intersecting the sweepline (thus equal toeor es). For all the edges in the chain we
have to produce new triangles with apexv.

A  ending bundle D isolated nodeB  starting bundle C  ending and starting bundle

vvv

v

vvisvvis

vvis

vvis

vvis

vvis

Figure 4.4:The four sweep configurations

Now the general case where the vertexv can be thecenter of a star of edges. Note that all edges are
embedded aroundv in counterclockwise order. This means that some subsequence of the adjacency
list is a sequence of starting edges and the corresponding complement is the sequence of ending edges.
For the actions we have to consider four configurations as shown in figure 4.4. Note that in caseA
we encounter an ending bundle. We have to triangulate up and down along the limiting edges along
the arrows as long as the edges are visible or until they are crossing the sweepline. We also have to
remove the ending edges from the sweepline. For the edge inSL below the sweep point we have to
update the event vertexv as its visible entry vertex into the graph. In caseB we have only a starting
bundle of edges. We first have to linkv (at the sweep point) to the visible vertexvvis in the edge chain
connecting the segments above and below the sweep point. Then we start the same actions as in case
A along the chain of visible edges. Finally we insert all starting edges intoSL. The casesC andD
are combinations of the above. InC we first act as inA and then as inB. The isolated vertex inD is
handled as inB but there are no edges starting.

A p sweepbetween two segments Bp sweepis target of one segment Cp sweepis target of two segments

evis

psweep

vvis

evis

vvis

evis

psweep

vvis

psweep

SL
es

e

e

eses

e

SL SL

Figure 4.5:The three geometric configurations ofv at p sweepwith respect toe andes and the face cycle in
between before the triangular extension.

What are we doing concerning our invariants?� Between each pair of edgese;es in SL we extend the chain where the target ofe or es is the
event vertex ore is just belowp sweep, by triangles with apexv. Now v becomes the visible
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vertex in at least one face cycle between two edges inSL. See figure 4.5.v can be isolated as in
A, or connected toG by constraining edges as inB or B. There’s a symmetric case forB when
target(es) == v. The latter cases can occur combined if the ending bundle of edges consists of
more than one edge.

If you look into the code below, convince yourself that the chains are afterwards again x-
monotone and follow our slope criterion. Note also that in caseA we connectv to G[� SL℄
by new triangles and thus the whole graph is again connected.

Now look at figure 4.6 for the situation after the event. In allthree cases our implicit structure
CT[� SL℄ is again consistently defined betweene andes. Note that combinations of the cases
B andC are possible if the outgoing bundle of edges consists of morethan one edge.� We remove the edges ending atv from SL and reset theSLItemlink to the default; we insert
some edges starting atv into SLand set theSLItemlink accordingly. Thus invariant 1 holds.� We have to adjust the visibility information of those edges in SL that are below or abovev or
that have just been inserted intoSL. Thus invariant 3 is ensured.

SL

C

SL

C
psweep= vvis

psweep= vvis

e

eses

e

evis

es

evis

psweep= vvis

evis

e

A p sweepbetwenn two segments Bp sweepis source of one segment Cp sweepis source of two segments

Figure 4.6:The three geometric configurations ofv at p sweepwith respect toe andes and the visible vertex
invariant after the insertion of new edges.

Now let’s do some coding. For the visibility predicate we usethe geometric orientation test
provided by the geometric kernel.hct event handlingi�bool edge_is_visible_from(Vertex_handle v, Halfedge_handle e){ Point p = point(v);Point p1 = point(sour
e(e));Point p2 = point(target(e));return ( K.orientation(p1,p2,p)>0 ); // leftturn}
The following operations are used to enrich the output planemap by all the edges completing the
triangulation. We only create triangles looking backward from an event. We always start from an
edgeeapexlinking the event vertex to the up to now triangulated plane map. We triangulate away
from eapexuntil we can’t see the examined face cycle edge or until the edge crosses the sweepline
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from left to right. For the visibility test we use the above predicate, for the ”edge-crosses-sweepline”
test we can use our mapSLItemas a flag.hct event handlingi+�void triangulate_up(Halfedge_handle& e_apex){ Vertex_handle v_apex = sour
e(e_apex);while (true) {Halfedge_handle e_vis = previous(twin(e_apex));bool in_sweep_line = (SLItem[e_vis℄ != SL.end());bool not_visible = !edge_is_visible_from(v_apex,e_vis);if ( in_sweep_line || not_visible) {return;}Halfedge_handle e_ba
k = new_bi_edge(e_apex,e_vis);if ( !is_forward(e_vis) ) make_first_out_edge(twin(e_ba
k));e_apex = e_ba
k;}}void triangulate_down(Halfedge_handle& e_apex){ Vertex_handle v_apex = sour
e(e_apex);while (true) {Halfedge_handle e_vis = next(e_apex);bool in_sweep_line = (SLItem[e_vis℄ != SL.end());bool not_visible = !edge_is_visible_from(v_apex,e_vis);if ( in_sweep_line || not_visible) {return;}Halfedge_handle e_vis_rev = twin(e_vis);Halfedge_handle e_forw = new_bi_edge(e_vis_rev,e_apex);e_apex = twin(e_forw);}}
In this chunk we provide the operation for triangulation of the region left between two edgeseupper
andelower with sourcev in the ending bundle of vertexv. Note thatv can see the whole chain of
edges calculated so far betweentarget(eupper) andtarget(elower).hct event handlingi+�void triangulate_between(Halfedge_handle e_upper, Halfedge_handle e_lower){ // we triangulate the interior of the whole 
hain between// target(e_upper) and target(e_lower)assert(sour
e(e_upper)==sour
e(e_lower));Halfedge_handle e_end = twin(e_lower);while (true) {Halfedge_handle e_vis = next(e_upper);Halfedge_handle en_vis = next(e_vis);
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Now the main action. We combine the four cases shown in figure 4.4 in a compact form. To start the
event handling correct we expect that the embedding of the target vertices of the edges in the adjacency
lists are counterclockwise order-preserving. We expect that the adjacency lists can be split in a first
part only consisting of edgesewherepoint(source(e)) is smaller thanpoint(target(e)) (lexicographic
ordering of points) and into a part where the opposite holds.Both parts can be empty. The edges
eblow andebhigh store the extreme edges of the ending bundle. Both are set during the iteration
through the adjacency list ofeventif the ending bundle is non-empty, or to an edge that has to be
constructed and that linkseventto the already constructed triangulationG[� SL℄. Both eblow and
ebhigh are manipulated by thetriangulateup=downoperations and are finally part of the chainC of
visible edges. Thereforeeblow is the visibility edge for the edge beloweventreferenced viasit pred.hct event handlingi+�void pro
ess_event(){ Halfedge_handle e, ep, eb_low, eb_high, e_end;if ( !is_isolated(event) ) {e = last_out_edge(event);ep = first_out_edge(event);}ss_iterator sit_pred, sit;/* PRECONDITION:only ingoing => e is lowest in ingoing bundleonly outgoing => e is highest in outgoing bundleingoing and outgoing => e is lowest in ingoing bundle */eb_high = e_end = ep;eb_low = e;hdetermine a handle sitpred into SLihdelete ending bundle, insert starting bundleitriangulate_up(eb_high);triangulate_down(eb_low);sit_pred->se
ond = eb_low;}
Givene an edge in the adjacency list ofv SLItem[e℄ is an iterator pointing intoSL (and not past the
end==SL:end( )) iff e is an edge in the bundle of edges ending atv (with respect to the sweep). In
the latter case��SLItem[e℄ is an iterator pointing to the edge belowevent. If SLItem[e℄==SL:end( )
then we have no entry point intoSLand have to querySLby a call toupperbound. The edgeesearch
is a loop edge with the propertysource(esearch)== target(esearch). We use it for the geometric
search inSL. The search is only executed when theeventis not connected toG[� SL℄.hdetermine a handle sitpred into SLi�if ( e != Halfedge_handle() ) {point(target(e_sear
h)) = p_sweep; // degenerate loop edgesit_pred = SLItem[e℄;
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h);} else { // event is isolated vertexpoint(target(e_sear
h)) = p_sweep; // degenerate loop edgesit_pred = --SL.upper_bound(e_sear
h);}
We iterate the adjacency listclockwisestarting ate, thus we first encounter the ending bundle (if
existing), then the starting bundle (if existing).hdelete ending bundle, insert starting bundlei�bool ending_edges(0), starting_edges(0);while ( e != Halfedge_handle() ) { // walk adja
en
y list 
lo
kwiseif ( SLItem[e℄ != SL.end() )hhandling ending edgesielsehhandling starting edgesiif (e == e_end) break;e = 
y
li
_adj_pred(e);}if (!ending_edges)hcreate link to constrained triangulationi
Whene is directed backwards, thentarget(twin(e))==event. For each wedge between two ending
edges we triangulate the whole face. We also delete all ending edges fromSLand mark the edges as
such.hhandling ending edgesi�{ if (ending_edges) triangulate_between(e,
y
li
_adj_su

(e));ending_edges = true;SL.erase(SLItem[e℄);link_bi_edge_to(e,SL.end());// not in SL anymore}
For starting edges we insert them intoSLand keep track of the last edgeebhighof the ending bundle.
For the newly inserted edge their source is the visible vertex.hhandling starting edgesi�{ sit = SL.insert(sit,ss_pair(e,e));link_bi_edge_to(e,sit);if ( !starting_edges ) eb_high = 
y
li
_adj_su

(e);starting_edges = true;}
The last chunk of this section codes the case whereevent is not connected toG[� SL℄. We first
determine the visible vertex and a candidate edge for visibility search along a chain of edges bounding
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the face which containsevent. Note that we seteblow andebhigh to the newly created edge such that
we can triangulate “away” from them afterwards.hcreate link to constrained triangulationi�{ Halfedge_handle e_vis = sit_pred->se
ond;Halfedge_handle e_vis_n = 
y
li
_adj_su

(e_vis);eb_low = eb_high = new_bi_edge(event,e_vis_n);}
Take the time to check that in the combined code the promised invariants are kept.

4.2.2 Initialization

After initialization we want to have all our invariants valid. Remember thatG left of the sweepline
has to be a valid constrained triangulation, all edges intersecting the sweepline are inSLand we have
a hashed shortcut to their item. Finally for each area in between two edges which are neighbors in the
sweepline we want to know an edge visible from any point of thearea. Now what should happen to
achieve this. We consider the vertex with minimal coordinates as the initial contrained triangulation.
We have to insert all edges in its adjacency list into the sweepline and set the marks and visibility
properties. And to avoid special cases we insert two sentinel edges encompassing the whole scenery
in a symbolic wedge. Note that the outgoing bundle can be empty in which case we just start with the
wedge.

Now our basic invariants hold: the explicit triangulation is just the vertexevent, all outgoing edges
are part ofSL, andG[� SL℄ is connected.hct initializationi�void link_bi_edge_to(Halfedge_handle e, ss_iterator sit) {SLItem[e℄ = SLItem[twin(e)℄ = sit;}void initialize_stru
tures(){ for ( event=verti
es_begin(); event != verti
es_end(); ++event )event_Q.insert(event); // sorted order of verti
esevent_it = event_Q.begin();if ( event_Q.empty() ) return;event = *event_it;p_sweep = point(event);hinsert all edges starting at eventihcreate sentinels for visibility searchi// we move to the se
ond vertex:pro
ede_to_next_event();event_exists(); // sets p_sweep for 
he
k invariants}
We insert all edges in the adjacency list ofeventinto SL. All are marked to be inSL by a call to
link bi edgeto. Thereby we obtain also a hashed shortcut intoSL. In the wedge between two edgese
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andes which are neighbors inSLeach edgee is also the entry point for a visibility search in the wedge
betweeneandes.hinsert all edges starting at eventi�if ( !is_isolated(event) ) {Halfedge_around_vertex_
ir
ulatore(first_out_edge(event)), eend(e);CGAL_For_all(e,eend) {ss_iterator sit = SL.insert(ss_pair(e,e)).first;link_bi_edge_to(e,sit);}}
We create two sentinel edges and insert them intoSL. They are sentinels by identity and not by
geometry. The identity is checked in the order predicate ofSL and thereby all insertions are done
between them in the geometric order defined bylt edgesin sweepline. Additionally as the two sentinel
edgese low andehigh are marked to be in the sweepline for the whole time of the sweep we never
run out of the wedge during our visibility searches.elow andehigh start ateventand extend to a
symbolic vertexv tmp. We use one vertex for both edges. Also we insert a loop edgeesearchatv tmp
which we use for lookup withinSL in our event handling procedure. All edges adjacent tov tmpare
removed in the postprocessing step. Note that we don’t treatthe artificial edges by the new-edge data
accessor.hcreate sentinels for visibility searchi�Vertex_handle v_tmp = new_vertex(); point(v_tmp) = Point();e_high = Base::new_halfedge_pair(event,v_tmp);e_low = Base::new_halfedge_pair(event,v_tmp);// this are two symboli
 edges just a

essed as sentinels// they 
arry no geometri
 informatione_sear
h = Base::new_halfedge_pair(v_tmp,v_tmp);// this is just a loop used for sear
hes in SLss_iterator sit_high = SL.insert(ss_pair(e_high,e_high)).first;ss_iterator sit_low = SL.insert(ss_pair(e_low,e_low)).first;// inserting sentinels into SLlink_bi_edge_to(e_high, sit_high);link_bi_edge_to(e_low , sit_low);// we mark them being in the sweepline, whi
h they will never leave
Now for the iteration control. We iterate over all vertices,in the order given by the coordinates
assigned to the vertices. We seteventin the initialization and at the end of each event handling phase.
We stop wheneventQ is empty.hct event handlingi+�bool event_exists(){ if ( event_it != event_Q.end() ) {// event is set at end of loop and in initevent = *event_it;p_sweep = point(event);return true;}
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ede_to_next_event(){ ++event_it; }
At the end we remove the frame from our structure. This is onlythe pair of edges spanning the initial
wedge.hct cleaning upi�void 
omplete_stru
tures(){ if (e_low != Halfedge_handle()) {delete_vertex(target(e_sear
h));} // removing sentinels and e_sear
h}
During the development we check if the adjacency lists of allvertices have the correct adjacency list
embedding. The final check can do the test if the result of our sweep is a correct triangulation. As
we don’t delete edges or vertices from the output and don’t add any vertex2, all constraining edges
and all vertices are in triangulation. If we check the outputstructure to be a triangulation according to
[MNS+99] we have a checking module for our constrained triagulation sweep.hct checkingi�void 
he
k_

w_lo
al_embedding() 
onst{ PM_
he
ker<PMDEC,GEOM> C(*this,K);C.
he
k_order_preserving_embedding(event);}void 
he
k_invariants(){#ifdef CGAL_CHECK_EXPENSIVEif ( event_it == event_Q.end() ) return;
he
k_

w_lo
al_embedding();#endif}void 
he
k_final(){#ifdef CGAL_CHECK_EXPENSIVEPM_
he
ker<PMDEC,GEOM> C(*this,K); C.
he
k_is_triangulation();#endif}

The following operations interface the plane map decorator. Note also that the edge data accessor
allows to treat the newly created edges of the triangulation.

2apart from the temporary one which we delete at the end
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«concept»
NewEdge

+: Halfedge_handle
+operator(e:Halfedge_handle&): void

Figure 4.7:The data accessor conceptNewEdgefor the treatment of newly created edges.hhelping operationsi�Halfedge_handle new_bi_edge(Vertex_handle v1, Vertex_handle v2){ // appended at v1 and v2 adj listHalfedge_handle e = Base::new_halfedge_pair(v1,v2);Treat_new_edge(e);return e;}Halfedge_handle new_bi_edge(Halfedge_handle e_bf, Halfedge_handle e_af){ // 

w before e_bf and after e_afHalfedge_handle e = Base::new_halfedge_pair(e_bf,e_af,Halfedge_base(),Base::BEFORE, Base::AFTER);Treat_new_edge(e);return e;}Halfedge_handle new_bi_edge(Vertex_handle v, Halfedge_handle e_bf){ // appended at v's adj list and before e_bfHalfedge_handle e = Base::new_halfedge_pair(v,e_bf,Halfedge_base(),Base::BEFORE);Treat_new_edge(e);return e;}Segment seg(Halfedge_handle e) 
onst{ return K.
onstru
t_segment(point(sour
e(e)),point(target(e))); }Dire
tion dir(Halfedge_handle e) 
onst{ return K.
onstru
t_dire
tion(point(sour
e(e)),point(target(e))); }bool is_forward(Halfedge_handle e) 
onst{ return K.
ompare_xy(point(sour
e(e)),point(target(e))) < 0; }
4.2.3 Correctness and Running Time

At the end only the sentinels are inSL. G[� SL℄ already consists of the constrained triangulation of
the input structure. The two parts of the chainC between the source of the sentinels just consist of the
upper and lower convex hull chain between the lexicographicsmallest and the lexicographic largest
vertex. The convexity follows from the slope property. During the sweep we once encountered any
vertex and any edge and integrated it into the constrained triangulation according to our invariants.
Thus completeness is trivial.

The size of the constrained triangulation of a set of segments is of the same order as the uncon-
strained triangulation of the segment end points. The sweepprocedure takes time for the production
of the output which is known to be linear in size. The only additional cost at each event is the in-
sertion of the segments starting at an event point where we use a tree based dictionary to store these.
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This costs logarithmic time per segment to insert. We end up with the standardO(nlogn) time bound
wheren= jSj. The space is dominated by the size of the produced outputO(n).hsome predefinitionsi�#ifndef LEDA_ERROR_Hstati
 void error_handler(int n, 
onst 
har* s){ std::
err << s << std::endl;exit(n);}#endifstru
t Do_nothing {Do_nothing() {}template <typename ARG>void operator()(ARG&) 
onst {}};
4.2.4 Visualization via the generic sweep observerhConstrainedtriang anim.hi�hCGAL Header1i// file : in
lude/CGAL/Nef_2/Constrained_triang_anim.hhCGAL Header2i#ifndef CGAL_PM_CONSTR_TRIANG_ANIM_H#define CGAL_PM_CONSTR_TRIANG_ANIM_H#in
lude <CGAL/Nef_2/PM_visualizor.h>template <
lass GT>
lass Constrained_triang_anim {CGAL::Window_stream _W;publi
:typedef CGAL::Window_stream VDEVICE;typedef typename GT::GEOMETRY GEOM;typedef typename GT::Base PMDEC;typedef typename PMDEC::Point Point;Constrained_triang_anim() : _W(400,400){ _W.set_show_
oordinates(true); _W.init(-120,120,-120,5); _W.display(); }VDEVICE& devi
e() { return _W; }void post_init_animation(GT& gpst){ PM_visualizor<PMDEC,GEOM> V(_W,gpst);V.point(V.target(gpst.e_sear
h)) = Point(-120,0);// to draw we have to embed the virtual sear
h vertexV.draw_skeleton(CGAL::BLUE);_W.read_mouse();}void pre_event_animation(GT& gpst){ }void post_event_animation(GT& gpst){ PM_visualizor<PMDEC,GEOM> V(_W,gpst);V.draw_ending_bundle(gpst.event,CGAL::GREEN);
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ompletion_animation(GT& gpst){ _W.
lear();PM_visualizor<PMDEC,GEOM> V(_W,gpst);V.draw_skeleton(CGAL::BLACK);_W.read_mouse(); }};#endif // CGAL_PM_CONSTR_TRIANG_ANIM_H
4.3 A Test of the plane map triangulation

We produce a simple homogeneous kernel, a plane map and use a segment overlay sweep to create an
input structure for the constrained triangulation algorithm.hConstrainedtriang-test.Ci�#in
lude <CGAL/basi
.h>#in
lude <CGAL/leda_integer.h>#in
lude <CGAL/Homogeneous.h>#in
lude <CGAL/Point_2.h>#in
lude "Affine_geometry.h"#undef CGAL_CFG_NO_TMPL_IN_TMPL_PARAM#in
lude <CGAL/Nef_2/HalfedgeDS_default.h>#in
lude <CGAL/Nef_2/HDS_items.h>#in
lude <CGAL/Nef_2/PM_de
orator.h>#in
lude <CGAL/Nef_2/Constrained_triang_traits.h>#in
lude <CGAL/Nef_2/Constrained_triang_anim.h>#in
lude <CGAL/Nef_2/Segment_overlay_traits.h>#in
lude <CGAL/test_ma
ros.h>// KERNEL:typedef CGAL::Homogeneous<leda_integer> Hom_kernel;typedef CGAL::Affine_geometry<Hom_kernel> Aff_kernel;typedef Aff_kernel::Segment_2 Segment;// HALFEDGE DATA STRUCTURE:stru
t HDS_traits {typedef Aff_kernel::Point_2 Point;typedef bool Mark;};typedef CGAL::HalfedgeDS_default<HDS_traits,HDS_items> HDS;typedef CGAL::PM_de
orator< HDS > PM_de
;typedef PM_de
::Halfedge_handle Halfedge_handle;typedef PM_de
::Vertex_handle Vertex_handle;typedef PM_de
::Halfedge_
onst_handle Halfedge_
onst_handle;// SEGMENT OVERLAY:template <typename PMDEC, typename I>
lass PM_de
_output : publi
 PMDEC {publi
:typedef PMDEC Base;



4.3 A Test of the plane map triangulation 159typedef typename Base::Plane_map Plane_map;typedef typename Base::Point Point;typedef typename Base::Vertex_handle Vertex_handle;typedef typename Base::Halfedge_handle Halfedge_handle;typedef I ITERATOR;PM_de
_output(HDS& H) : Base(H) {}PM_de
_output(
onst PM_de
_output& P) : Base(P) {}Vertex_handle new_vertex(
onst Point& p) 
onst{ Vertex_handle v = Base::new_vertex();v->point() = p; return v; }void link_as_target_and_append(Vertex_handle v, Halfedge_handle e) 
onst{ Base::link_as_target_and_append(v,e); }Halfedge_handle new_halfedge_pair_at_sour
e(Vertex_handle v) 
onst{ return Base::new_halfedge_pair_at_sour
e(v,Base::BEFORE); }void supporting_segment(Halfedge_handle e, ITERATOR it) 
onst {}void trivial_segment(Vertex_handle v, ITERATOR it) 
onst {}void halfedge_below(Vertex_handle v, Halfedge_handle e) 
onst {}void starting_segment(Vertex_handle v, ITERATOR it) 
onst {}void passing_segment(Vertex_handle v, ITERATOR it) 
onst {}void ending_segment(Vertex_handle v, ITERATOR it) 
onst {}}; // PM_de
_outputtypedef std::list<Segment>::
onst_iterator Seg_iterator;typedef CGAL::Segment_overlay_traits< Seg_iterator,PM_de
_output<PM_de
,Seg_iterator>, Aff_kernel> PM_seg_overlay;typedef CGAL::generi
_sweep<PM_seg_overlay> PM_seg_overlay_sweep;// CONSTRAINED TRIANGULATIONS:typedef CGAL::Constrained_triang_traits<PM_de
,Aff_kernel> CTT;typedef CGAL::generi
_sweep<CTT> Constrained_triang_sweep;typedef CGAL::Constrained_triang_anim<CTT> CTA;typedef CGAL::sweep_observer<Constrained_triang_sweep,CTA> CTS_observer;// MAIN PROGRAM:int main(int arg
, 
har* argv[℄){ // SETDTHREAD(19);CGAL::set_pretty_mode ( 
err );HDS H;Aff_kernel AK;CTS_observer Obs;Obs.devi
e().message("Insert segments to triangulate.");std::list<Segment> L;Segment s;if ( arg
 == 2 ) {std::ifstream log(argv[1℄);while ( log >> s ) { L.push_ba
k(s); Obs.devi
e() << s; }}while ( Obs.devi
e() >> s ) L.push_ba
k(s);std::string fname(argv[0℄);fname += ".log";std::ofstream log(fname.
_str());for (Seg_iterator sit = L.begin(); sit != L.end(); ++sit)
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lose();PM_seg_overlay::OUTPUT D(H);PM_seg_overlay_sweep OV(PM_seg_overlay::INPUT(L.begin(),L.end()),D,AK);CTT::INPUT I;Constrained_triang_sweep CT(I,H,AK);Obs.atta
h(CT);OV.sweep();CT.sweep();return 0;}
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5 Plane Map Point Location

5.1 The Manual Page

5.1.1 Naive point location in plane maps ( PMnaive point locator )

1. Definition

An instancePL of data typePM naivepoint locator<PMD;GEO> encapsulates naive point location queries
within a plane mapP. The two template parameters are specified via concepts.PMDmust be a model of the con-
ceptPMDecoratoras described in the appendix.GEOmust be a model of the conceptAffineGeometryTraits2
as described in the appendix. For a specification of plane maps see also the concept ofPMConstDecorator.

2. Generalization

PMD /
PM naivepoint locator<PMD;GEO>

3. Types

PM naivepoint locator<PMD;GEO> ::Decorator

equalsPMD.

PM naivepoint locator<PMD;GEO> ::Planemap

the plane map type decorated byDecorator.

PM naivepoint locator<PMD;GEO> ::Mark

the attribute of all objects (vertices, edges, faces).

PM naivepoint locator<PMD;GEO> ::Geometry

equalsGEO.

PM naivepoint locator<PMD;GEO> ::Point

the point type of the geometry kernel.
Requirement: Geometry::Point2 equalsPlanemap::Point.

PM naivepoint locator<PMD;GEO> ::Segment

the segment type of the geometry kernel.

Local types are handles, iterators and circulators of the following kind: Vertexconsthandle,
Vertexconstiterator, Halfedgeconsthandle, Halfedgeconstiterator, Faceconsthandle, Faceconstiterator.

162
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PM naivepoint locator<PMD;GEO> ::Objecthandle

a generic handle to an object of the underlying plane map. Thekind of the
object(vertex; halfedge; face) can be determined and the object assigned by
the three functions:
bool assign(Vertexconsthandle& h; Objecthandle o)
bool assign(Halfedgeconsthandle& h; Objecthandle o)
bool assign(Faceconsthandle& h; Objecthandle o)
where each function returnstrue iff the assignment ofo to h was valid.

4. Creation

PM naivepoint locator<PMD;GEO> PL(const Planemap& P; const Geometry& k = Geometry( ));
constructs a point locator working onP.

5. Operations

Mark PL:mark(Objecthandle h)

returns the mark associated to the objecth.

Objecthandle PL:locate(Segment s)

returns a generic handleh to an object (vertex, halfedge, face) of the underlying plane map
P which contains the pointp = s:source( ) in its relative interior.s:target( ) must be a
point such thats intersects the 1-skeleton ofP.

template <typename Objectpredicate>
Objecthandle PL:rayshoot(Segment s; Objectpredicate M)

returns an Objecthandle o which can be converted to aVertexconsthandle,
Halfedgeconsthandle, Faceconsthandle has described above. The object predicateM
has to have function operators
bool operator( ) (const Vertex=Halfedge=Faceconsthandle& ).
The object returned is intersected by the segmentsand has minimal distance tos:source( )
andM(h) holds on the converted object. The operation returns the null handleNULL if
the ray shoot alongsdoes not hit any objecth of P with M(h).

6. Implementation

Naive query operations are realized by checking the intersection points of the 1-skeleton of the plane mapP
with the query segmentss. This method takes time linear in the sizen of the underlying plane map without any
preprocessing.

5.1.2 Point location in plane maps via LMWT ( PM point locator )

1. Definition

An instancePL of data typePM point locator<PMD;GEO> encapsulates point location queries within a plane
map P. The two template parameters are specified via concepts.PMD must be a model of the concept
PMDecoratoras described in the appendix.GEO must be a model of the conceptAffineGeometryTraits2
as described in the appendix. For a specification of plane maps see also the concept ofPMConstDecorator.

2. Generalization

PMD /
PM naivepoint locator<PMD;GEO> /

PM point locator<PMD;GEO>
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3. Types

All local types ofPM naivepoint locator are inherited.

4. Creation

PM point locator<PMD;GEO> PL(const Planemap& P; const Geometry& k = Geometry( ));
constructs a point locator working onP.

5. Operations

const Decorator& PL:triangulation()

access to the constrained triangulation structure that is superimposed toP.

Objecthandle PL:locate(Point p)

returns a generic handleh to an object (vertex, halfedge, face) ofP which contains the
point p in its relative interior.

template <typename Objectpredicate>
Objecthandle PL:rayshoot(Segment s; Objectpredicate M)

returns an Objecthandle o which can be converted to aVertexconsthandle,
Halfedgeconsthandle, Faceconsthandle has described above. The object predicateM
has to have function operators
bool operator( ) (const Vertex= Halfedge=Faceconsthandle& ) const.
The object returned is intersected by the segmentsand has minimal distance tos:source( )
andM(h) holds on the converted object. The operation returns the null handleNULL if
the ray shoot alongsdoes not hit any objecth of P with M(h).

6. Implementation

The efficiency of this point location module is mostly based on heuristics. Therefore worst case bounds are
not very expressive. The query operations take up to linear time for subsequent query operations though they
are better in practise. They trigger a one-time initialization which needs worst caseO(n2) time though runtime
tests often show subquadratic results. The necessary spacefor the query structure is subsumed in the storage
spaceO(n) of the input plane map. The query times are configuration dependent. If LEDA is present then point
location is done via the slap method based on persistent dictionaries. ThenTpl(n) = O(log(n)). If CGAL is not
configured to use LEDA then point location is done via a segment walk in the underlying convex subdivision
of P. In this caseTpl(n) is the number of triangles crossed by a walk from the boundaryof the structure to
the query point. The time for the ray shooting operationTrs(n) is the time for the point locationTpl(n) plus
the time for the walk in the triangulation that is superimposed to the plane map. Let’s consider the plane map
edges as obstacles and the additional triangulation edges as non-obstacle edges. Let’s call the sum of the lengths
of all edges of the triangulation its weight. If the calculated triangulation approximates1 the minimum weight
triangulation of the obstacle set then the stepping quotient2 for a random direction of the ray shot is expected to
beO(pn).
5.2 Implementation

This section describes two point location and ray shooting modules working in plane maps that are
decorated according to our plane map decorator model. The first module offers naive point location
without any preprocessing of the plane map. The second module implements point location and ray
shooting for the case of iterated queries and trades query time for a one time preprocessing phase.

1The calculation of general minimum-weight-triangulations is conjectured to be NP-complete and locally-minimum-
weight-triangulations that we use are considered good approximations.

2The number of non-obstacle edges crossed until an obstacle edge is hit.
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In the center of our approach is a constrained triangulationof the obstacle set (the input plane map).
For the point location we offer an optimal solution with respect to space and runtime based on a slap
subdivision with persistent dictionaries from LEDA. As CGAL demands to minimize cross library
dependency we offer a default fall-back solution based on walks in the triangulation. For ray shooting
in general obstacle sets the theory recommends to use minimum weight triangulations. However as
minimum weight triangulations are difficult to calculate werestrict our effort to optimize the weight
of the constrained triangulation only locally. We will present the corresponding theoretical basics in
the section where we explain the construction of the triangulation. We start with the naive module and
append the triangulation module.

5.2.1 Point location and ray shooting done naively

In this section we implement the classPM naivepoint locator<> that wraps naive point location func-
tionality. We first sketch the class design consisting of thelocal types and the interface. Then we
present the two main interface operations for point location and ray shooting.

A point locator PM naivepoint locator<> is a generalization of a plane map decorator
PM decorator where we inherit the decorator interface. We obtain the geometry used for point loca-
tion from Geometry.hNaive point locatori�template <typename PM_de
orator_, typename Geometry_>
lass PM_naive_point_lo
ator : publi
 PM_de
orator_ {prote
ted:typedef PM_de
orator_ Base;typedef PM_naive_point_lo
ator<PM_de
orator_,Geometry_> Self;
onst Geometry_& K;publi
:hPL naive local typesihPL naive helpersihPL naive interfacei}; // PM_naive_point_lo
ator<PM_de
orator_,Geometry_>
We transport types fromPM decorator andGeometry into the local scope. A CGALObject is a
general wrapper class for any type. Unwrapping can be done typesave by means of C++ dynamic
casts. TheObjecthandletype is just a generalized CGALObjectwhere we add theNULL equality
test.hPL naive local typesi�typedef PM_de
orator_ De
orator;typedef typename De
orator::Plane_map Plane_map;typedef typename De
orator::Mark Mark;typedef Geometry_ Geometry;typedef typename Geometry_::Point_2 Point;typedef typename Geometry_::Segment_2 Segment;typedef typename Geometry_::Dire
tion_2 Dire
tion;
lass Obje
t_handle: publi
 CGAL::Obje
t {typedef CGAL::Obje
t Base;
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:Obje
t_handle() : Base() {}Obje
t_handle(
onst CGAL::Obje
t& o) : Base(o) {}Obje
t_handle(
onst Obje
t_handle& h) : Base(h) {}Obje
t_handle& operator=(
onst Obje
t_handle& h){ Base::operator=(h); return *this; }bool operator==(CGAL_NULL_TYPE n) 
onst{ assert(n == 0); return Base::is_empty(); }}; // Obje
t_handlehPL naive local typesi+�#define USING(t) typedef typename PM_de
orator_::t tUSING(Vertex_handle);USING(Halfedge_handle);USING(Fa
e_handle);USING(Vertex_
onst_handle);USING(Halfedge_
onst_handle);USING(Fa
e_
onst_handle);USING(Vertex_iterator);USING(Halfedge_iterator);USING(Fa
e_iterator);USING(Vertex_
onst_iterator);USING(Halfedge_
onst_iterator);USING(Fa
e_
onst_iterator);USING(Halfedge_around_vertex_
ir
ulator);USING(Halfedge_around_vertex_
onst_
ir
ulator);USING(Halfedge_around_fa
e_
ir
ulator);USING(Halfedge_around_fa
e_
onst_
ir
ulator);#undef USING
The naive interface provides construction, access to the attributes of typeMark, point location,

and ray shooting. Note that the ray shooting is parameterized by a template predicate that allows
adaptation of the termination criterion of the ray-shot.hPL naive interfacei�PM_naive_point_lo
ator() : Base() {}PM_naive_point_lo
ator(
onst Plane_map& P, 
onst Geometry& k = Geometry()) :Base(
onst_
ast<Plane_map&>(P)), K(k) {}
onst Mark& mark(Obje
t_handle h) 
onst{ Vertex_
onst_handle v;Halfedge_
onst_handle e;Fa
e_
onst_handle f;if ( assign(v,h) ) return mark(v);if ( assign(e,h) ) return mark(e);if ( assign(f,h) ) return mark(f);CGAL_assertion_msg(0,"PM_point_lo
ator::mark: Obje
t_handle holds no obje
t.");#if !defined(__BORLANDC__)return mark(v); // never rea
hed



5.2 Implementation 167#endif}hNPL location methodihNPL ray shooting methodihPL naive interfacei+�// C++ is really friendly:#define USECMARK(t) 
onst Mark& mark(t h) 
onst { return Base::mark(h); }#define USEMARK(t) Mark& mark(t h) 
onst { return Base::mark(h); }USEMARK(Vertex_handle)USEMARK(Halfedge_handle)USEMARK(Fa
e_handle)USECMARK(Vertex_
onst_handle)USECMARK(Halfedge_
onst_handle)USECMARK(Fa
e_
onst_handle)#undef USEMARK#undef USECMARK
Point location

The following point location scheme runs in linear time without any preprocessing. The segments is
required to intersect the skeleton of our plane mapP. We just check if the locationp = source(s) is
part of the embedding of any vertex or uedge of the 1-skeletonof P. Themakeobject( ) operation just
wraps the vertex or halfedge into a CGAL object.hNPL location methodi�Obje
t_handle lo
ate(
onst Segment& s) 
onst{ if (number_of_verti
es() == 0)CGAL_assertion_msg(0,"PM_naive_point_lo
ator: plane map is empty.");Point p = K.sour
e(s);Vertex_
onst_iterator vit;for(vit = verti
es_begin(); vit != verti
es_end(); ++vit) {if ( p == point(vit) ) return make_obje
t(vit);}Halfedge_
onst_iterator eit;for(eit = halfedges_begin(); eit != halfedges_end(); ++(++eit)) {// we only have to 
he
k ea
h se
ond halfedgeif ( K.
ontains(segment(eit),p) )return make_obje
t(eit);}Vertex_
onst_handle v_res;Halfedge_
onst_handle e_res;hNPL determine closest object intersecting siif ( e_res != Halfedge_
onst_handle() )return make_obje
t((Fa
e_
onst_handle)(fa
e(e_res)));
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t((Fa
e_
onst_handle)(fa
e(v_res)));}
If p is located in the interior of a facef we can identifyf only by any object in its boundary. We do
this by a thought ray shoot alongs through all obstacles of the 1-skeleton. Note that we are sure to hit
at least one object of the 1-skeleton of the plane map. Letq = s:target( ). We check the intersection
points of the segments with all skeleton objects. As soon as we find an object we prunes, store the
object that gives possibly access to the face containingp, and iterate.

An edgee that intersectss in its relative interior is trivial to handle. In this case wejust clip s by
the intersection point and go on with our search to possibly find a closer edge top.

Isolated vertices are easy to treat too. They can be checked directly as they carry a link to their
incident face. Non-isolated vertices don’t carry the face information directly. There we have to find
an incident edge whose incident face intersectss. Intuitively whens contains a non-isolated vertexv
we use a symbolic perturbation scheme. Let’s assume that ourdirection is down along the negative
y-axis. We just shift the whole scene infinitesimally left. Then we only hit edges. But of course the
closest edge inA(v)3 has to be determined not by proximity but by the direction of edges inA(v).
Now we are interested in an edgeeof A(v) that has a minimal counterclockwise angle tos. ebounds
the wedge containingp. See figure 5.1.

p p

e

e

s s

intersecting a non−isolated vertexinternal intersection

Figure 5.1:Configurations ofsand the 1-skeleton ofP

Assumed to be a direction anchored inv. The operationout wedge(v;d;collinear) returns the
halfedgeebounding a wedge in between two neighbored edges in the adjacency list ofv that contains
d. If d extends along an edge thene is this edge. Ifd extends into the interior of such a wedge thene
is the first edge hit whend is rotated clockwise. As a precondition we askv not to be isolated.hPL naive helpersi�Halfedge_
onst_handle out_wedge(Vertex_
onst_handle v,
onst Dire
tion& d, bool& 
ollinear) 
onst{ assert(!is_isolated(v));
ollinear=false;Point p = point(v);Halfedge_
onst_handle e_res = first_out_edge(v);Dire
tion d_res = dire
tion(e_res);

3the adjacency list ofv.



5.2 Implementation 169Halfedge_around_vertex_
onst_
ir
ulator el(e_res),ee(el);CGAL_For_all(el,ee) {if ( K.stri
tly_ordered_

w(d_res, dire
tion(el), d) )e_res = el; d_res = dire
tion(e_res);}if ( dire
tion(
y
li
_adj_su

(e_res)) == d ) {e_res = 
y
li
_adj_su

(e_res);
ollinear=true;}return e_res;}
We use the above operation when the vertex is not isolated.hNPL determine closest object intersecting si�Segment ss = s; // we shorten the segment iterativelyDire
tion dso = K.
onstru
t_dire
tion(K.target(s),p), d_res;CGAL::Unique_hash_map<Halfedge_
onst_handle,bool> visited(false);for(vit = verti
es_begin(); vit != verti
es_end(); ++vit) {Point p_res, vp = point(vit);if ( K.
ontains(ss,vp) ) {ss = K.
onstru
t_segment(p,vp); // we shrink the segmentif ( is_isolated(vit) ) {v_res = vit; e_res = Halfedge_
onst_handle();} else { // not isolatedbool dummy;e_res = out_wedge(vit,dso,dummy);Halfedge_around_vertex_
onst_
ir
ulator el(e_res),ee(el);CGAL_For_all(el,ee)visited[el℄ = visited[twin(el)℄ = true;/* e_res is now the 
ounter
lo
kwise maximal halfedge outof v just before s */if ( K.orientation(p,vp,point(target(e_res))) < 0 ) // right turne_res = previous(e_res);// 
orre
tion to make e_res visible from p}}}
Now we treat the left case of figure 5.1. We check if the currentsegmentssintersects a halfedge and
shorten it accordingly. Note that the edgeeres is chosen such thatp is left of it. Thevisited flags
allow us to skip all edges that have already been examined incident to vertices ons which saves the
geometric computations.hNPL determine closest object intersecting si+�for (eit = halfedges_begin(); eit != halfedges_end(); ++eit) {if ( visited[eit℄ ) 
ontinue;Point se = point(sour
e(eit)),te = point(target(eit));int o1 = K.orientation(ss,se);



5.2 Implementation 170int o2 = K.orientation(ss,te);if ( o1 == -o2 && // internal interse
tionK.orientation(se,te,K.sour
e(ss)) !=K.orientation(se,te,K.target(ss)) ) {Point p_res = K.interse
tion(s,segment(eit));ss = K.
onstru
t_segment(p,p_res);e_res = (o2 > 0 ? eit : twin(eit));// o2>0 => te left of s and se right of s => p left of evisited[eit℄ = visited[twin(eit)℄ = true;}}
Ray shooting

The ray shooting has to determine a closest objecth (vertex, halfedge, face) of our plane mapP which
fulfills the predicateM. We first locate the source pointp = s:source( ) by our point location method.
If we already hit an object that fulfillsM then we are done. Otherwise we look for vertices or halfedges
alongs.hNPL ray shooting methodi�template <typename Obje
t_predi
ate>Obje
t_handle ray_shoot(
onst Segment& s, 
onst Obje
t_predi
ate& M) 
onst{ assert( !K.is_degenerate(s) );Point p = K.sour
e(s);Segment ss(s);Dire
tion d = K.
onstru
t_dire
tion(K.sour
e(s),K.target(s));Obje
t_handle h = lo
ate(s);Vertex_
onst_handle v;Halfedge_
onst_handle e;Fa
e_
onst_handle f;if ( assign(v,h) && M(v) ||assign(e,h) && M(e) ||assign(f,h) && M(f) ) return h;h = Obje
t_handle();hNPL segment s contains vertexihNPL segment s intersects halfedgeireturn h;}
Look at a vertexv at positionpv on segments. If M(v) we can shortens and iterate. If notM(v) then
a ray shoot alongs can still hit an object atv whereM is fulfilled in form of an outgoing edge or the
face in a wedge between two edges. At each vertex we look only for the part ofs betweenpv and
s:target( ).hNPL segment s contains vertexi�for (v = verti
es_begin(); v != verti
es_end(); ++v) {Point pv = point(v);if ( !K.
ontains(ss,pv) ) 
ontinue;
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t(v); // store vertexss = K.
onstru
t_segment(p,pv); // shorten
ontinue;}// now we know that v is not marked but on sbool 
ollinear;Halfedge_
onst_handle e = out_wedge(v,d,
ollinear);if ( 
ollinear ) {if ( M(e) ) {h = make_obje
t(e);ss = K.
onstru
t_segment(p,pv);}
ontinue;}if ( M(fa
e(e)) ) {h = make_obje
t(fa
e(e));ss = K.
onstru
t_segment(p,pv);}} // all verti
es
All halfedges can shortensswhen intersecting the segment in its interior and when the halfedge fulfills
M.hNPL segment s intersects halfedgei�Halfedge_
onst_iterator e_res;for(e = halfedges_begin(); e != halfedges_end(); ++(++e)) {Segment es = segment(e);int o1 = K.orientation(ss,K.sour
e(es));int o2 = K.orientation(ss,K.target(es));if ( o1 == -o2 && o1 != 0 &&K.orientation(es, K.sour
e(ss)) ==- K.orientation(es, K.target(ss)) ) {// internal interse
tionPoint p_res = K.interse
tion(s,es);e_res = (o2 > 0 ? e : twin(e));// o2 > 0 => te left of s and se right of s => p left of eif ( M(e_res) ) {h = make_obje
t(e_res);ss = K.
onstru
t_segment(p,p_res);} else if ( M(fa
e(twin(e_res))) ) {h = make_obje
t(fa
e(twin(e_res)));ss = K.
onstru
t_segment(p,p_res);}}}
Correctness and Runtimes

We summarize the facts in a lemma.
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Lemma 5.2.1: If the segments intersects the skeleton ofP thenpoint location(s) returns a generic
handleh to the object (vertex, halfedge, face) whose embedding in the plane contains the source ofs.
The running time is linear in the size of the plane mapP.

If the segments intersects the skeleton ofP then ray shoot(s;M) determines a generic handle
h which is NULL if no object of P that intersectss fulfills M(h)4 and which can be converted to
a corresponding vertex, halfedge, or face otherwise. In thelatter case the object fulfillsM(h) and
additionally has minimal distance tosource(s). The running time is linear in the size of the plane
map.

Proof. For the point location case note that we iterate over all objects of the skeleton ofP twice. If
p = source(s) is contained in a skeleton object thenh is determined already inhNPL locatei in one
of the two iterations. Ifp is contained in the plane in between the 1-skeleton then the closest skeleton
object alongs defines the face. If the closest object is a vertex we determine this vertex in the vertex
iteration ofhNPL determine closest object intersecting si. For non-isolated vertices we also iterate
over all edges in the adjacency list of the vertices (inoutwedge( )) to determine a halfedge visible
from p alongs. If the closest object is a halfedge intersectings in its iterior the halfedge iteration
of hNPL determine closest object intersecting si does the job. As all geometric tests take constant
time this gives us the linear runtime bound. Note that starting froms we only shortens. Due to our
preconditions indeed is shortened at least once. This ensures that we obtain an object which allows
us to obtain the face containingp.

For the ray shooting note that ifp already is contained in an object marked correctly then the
point location already determines this object. If not then asimilar iteration over all objects now only
considering the predicateM does the job. If no object is determined thenh is theNULL handle. The
runtime stays linear.hPL naive helpersi+�Segment segment(Halfedge_
onst_handle e) 
onst{ return K.
onstru
t_segment(point(sour
e(e)), point(target(e))); }Dire
tion dire
tion(Halfedge_
onst_handle e) 
onst{ return K.
onstru
t_dire
tion(point(sour
e(e)),point(target(e))); }template <
lass Handle>Obje
t_handle make_obje
t(Handle h) 
onst{ return CGAL::make_obje
t(h); }hPL naive interfacei+�
5.2.2 Point location and ray shooting based on constrained triangulations

Our second point location structure is based on a convex subdivision of the plane map by means of
a constrained triangulation5. We create the point location structure starting from a plane map. The
edges and isolated vertices of the plane map are our obstacleset. We reference the plane map again via
a decorator. We present the class layout, and the implementation of the two main interface operations

4Note that the predicateM is defined on vertex, halfedge, and face handles for performance reasons. However we
sloppily writeM(h) on a generic handle wrapping one of the above.

5The constrained triangulation of plane map is a triangulation of the vertices such that all edges are part of the triangu-
lation
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locate( ) and ray shoot( ). The construction of the constrained triangulation and theintegration of
persistent dictionaries as a location structure is shown inthe following sections.

The main class is derived from the naive point location classto inherit its primitive methods. The
classPM point locator decorates the input plane mapP. We store the additional triangulation via an
additional decoratorCT in the local scope. Note that we talk about two plane map structures here.
The plane map decorated by the�this object which we also call the input structure and the plane map
storing the constrained triangulation of the input structure. We have to maintain links such that each
object inCT knows the object of�this that supports6 it. We use an optional point location structure
based on persistent dictionaries that is configuration dependent. All properties of that optional module
are explained in section 5.2.6.hTriangulation point locatori�template <typename PM_de
orator_, typename Geometry_>
lass PM_point_lo
ator : publi
PM_naive_point_lo
ator<PM_de
orator_,Geometry_> {prote
ted:typedef PM_naive_point_lo
ator<PM_de
orator_,Geometry_> Base;typedef PM_point_lo
ator<PM_de
orator_,Geometry_> Self;Base CT;hTPL persistent module membersipubli
:hTPL local typesiprote
ted:hTPL protected membersipubli
:hTPL interfacei}; // PM_point_lo
ator<PM_de
orator_,Geometry_>hTPL local typesi�#define USING(t) typedef typename Base::t tUSING(De
orator);USING(Plane_map);USING(Mark);USING(Geometry);USING(Point);USING(Segment);USING(Dire
tion);USING(Obje
t_handle);USING(Vertex_handle);USING(Halfedge_handle);USING(Fa
e_handle);USING(Vertex_
onst_handle);USING(Halfedge_
onst_handle);USING(Fa
e_
onst_handle);USING(Vertex_iterator);USING(Halfedge_iterator);USING(Fa
e_iterator);

6an objecta supportsb if embedding(a) containsembedding(b).
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onst_iterator);USING(Halfedge_
onst_iterator);USING(Fa
e_
onst_iterator);USING(Halfedge_around_vertex_
ir
ulator);USING(Halfedge_around_vertex_
onst_
ir
ulator);USING(Halfedge_around_fa
e_
ir
ulator);USING(Halfedge_around_fa
e_
onst_
ir
ulator);#undef USING
Our constrained triangulationCT decorates the 1-skeleton of a plane map consisting just of vertices
and edges. We save the face objects there. Each vertexv of CT is linked to an object of typeVF pair
which stores the input vertex supportingv and potentially an incident face of the input plane map if
v is isolated (before the triangulation process). Each halfedgee of CT is linked to an object of type
EF pair which stores the input halfedge supportingeand the face incident toe in the input structure.hTPL local typesi+�typedef std::pair<Vertex_
onst_handle,Fa
e_
onst_handle> VF_pair;typedef std::pair<Halfedge_
onst_handle,Fa
e_
onst_handle> EF_pair;
We associate the above pair structures to the skeleton objects via the availableGenPtrslot. We have
one additional pointer in each object that we can use for temporary information. We use a special
classgeninfofor the expansion and the access. See the manual page ofgeninfoin the appendix for its
usage.hTPL protected membersi�Vertex_
onst_handle input_vertex(Vertex_
onst_handle v) 
onst{ return geninfo<VF_pair>::
onst_a

ess(CT.info(v)).first; }Halfedge_
onst_handle input_halfedge(Halfedge_
onst_handle e) 
onst{ return geninfo<EF_pair>::
onst_a

ess(CT.info(e)).first; }Fa
e_
onst_handle input_fa
e(Halfedge_
onst_handle e) 
onst{ return geninfo<EF_pair>::
onst_a

ess(CT.info(e)).se
ond; }
The public interface provides construction, access to the underlying triangulation, point location, and
ray shooting. Note that the ray shooting is parameterized bya template predicate that allows adapta-
tion of the termination criterion of the ray shooting walk.hTPL interfacei�PM_point_lo
ator() {hTPL persistent module default initi}PM_point_lo
ator(
onst Plane_map& P, 
onst Geometry& k = Geometry());~PM_point_lo
ator();
onst De
orator& triangulation() 
onst { return CT; }hTPL location methodihTPL ray shooting methodiObje
t_handle walk_in_triangulation(
onst Point& p) 
onst;
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Construction and Destruction

We use a constrained triangulation of the input plane map to do ray shooting walks. We leave the input
structureP unchanged. Therefore we clone the structure into one which we extend to a constrained
triangulation. The cloning can be enriched by actions on thecloned objects via a data accessor. See
the description of the operationcloneskeletonin the manual page ofPMDecoratorfor the concept of
this data accessor. Our data accessorCT link to original does the linkage of input objects to cloned
objects. Additionally it takes care that the cloned objectsknow the faces incident to their supporting
input objects. For the used data association method see the manual page ofgeninfo.hTPL local typesi+�stru
t CT_link_to_original : De
orator { // CT de
orator
onst De
orator& Po;CT_link_to_original(
onst De
orator& P, 
onst De
orator& Poi): De
orator(P), Po(Poi) {}void operator()(Vertex_handle vn, Vertex_
onst_handle vo) 
onst{ Fa
e_
onst_handle f;if ( Po.is_isolated(vo) ) f = Po.fa
e(vo);geninfo<VF_pair>::
reate(info(vn));geninfo<VF_pair>::a

ess(info(vn)) = VF_pair(vo,f);}void operator()(Halfedge_handle hn, Halfedge_
onst_handle ho) 
onst{ geninfo<EF_pair>::
reate(info(hn));geninfo<EF_pair>::a

ess(info(hn)) = EF_pair(ho,Po.fa
e(ho));}};
Note that we have two decorators: the�this object decorates the plane mapP, the internal decorator
CT works on a cloned plane map on the heap. We extend the cloned representation to a constrained tri-
angulation. Afterwards we locally optimize the weight of the constrained triangulation to obtain a bet-
ter expected performance for the ray shooting walk. See the implementation ofminimizeweightCT( )
for more information on this. Depending on the presence ofLEDAwe also create an additional point
location structure based on the slap method using LEDA’s persistent dictionaries. SeehTPL persistent
module pm initi in section 5.2.6 for further information.hTPL constructioni�template <typename PMD, typename GEO>PM_point_lo
ator<PMD,GEO>::PM_point_lo
ator(
onst Plane_map& P, 
onst Geometry& k) :Base(P,k), CT(*(new Plane_map),k){ CT.
lone_skeleton(P,CT_link_to_original(CT,*this));triangulate_CT();minimize_weight_CT();hTPL persistent module pm initi}
Destruction mirrors the allocations withinCT above. We discard the extended information slots in all
objects (vertices and halfedges). Then we discard all objects. Finally we free the memory for theCT
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plane map on the heap. Optionally we clean up the memory of thepersistent module.hTPL destructioni�template <typename PMD, typename GEO>PM_point_lo
ator<PMD,GEO>::~PM_point_lo
ator(){ Vertex_iterator vit, vend = CT.verti
es_end();for (vit = CT.verti
es_begin(); vit != vend; ++vit) {geninfo<VF_pair>::
lear(CT.info(vit));}Halfedge_iterator eit, eend = CT.halfedges_end();for (eit = CT.halfedges_begin(); eit != eend; ++eit) {geninfo<EF_pair>::
lear(CT.info(eit));}CT.
lear();delete &(CT.plane_map());hTPL persistent module destructioni}
Point location

The following chunk interfaces the basic point location layer depending on the presence of LEDA.
LOCATEIN TRIANGULATIONis eitherwalk in triangulationor a call to the persistent point location
structure inhTPL persistent module membersi of section 5.2.6.hTPL location methodi�Obje
t_handle lo
ate(
onst Point& p) 
onst{ Obje
t_handle h = LOCATE_IN_TRIANGULATION(p);Vertex_
onst_handle v_triang;if ( assign(v_triang,h) ) {return input_obje
t(v_triang);}Halfedge_
onst_handle e_triang;if ( assign(e_triang,h) ) {Halfedge_
onst_handle e = input_halfedge(e_triang);if ( e == Halfedge_
onst_handle() ) // inserted during triangulationreturn make_obje
t(input_fa
e(e_triang));int orientation_ = K.orientation(segment(e),p);if ( orientation_ == 0 ) return make_obje
t(e);if ( orientation_ < 0 ) return make_obje
t(fa
e(twin(e)));if ( orientation_ > 0 ) return make_obje
t(fa
e(e));}assert(0); return h; // 
ompiler warning}
The following functionwalk in triangulation(q) provides a fall-back solution to point location. It
returns anObjecthandle f which is either a vertexv with point(v) == q or a halfedgee wheree
containsq in its relative interior, or one of the two triangles incident to e (or twin(e) respectively)
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containsq. This semantics is equivalent to the function from the generic point location framework
programmed by Sven Thiel [Thi99] which allows us to obtain a halfedge or vertex that containsq or
that is vertically belowq.

We walk from the embeddingp = point(v) of the first vertexv= verticesbegin( ) of our structure
to the pointq that we expect to lie in the interior of the triangulation. Weexamine the skeleton of the
triangulation. We can thereby hit vertices and edges, the latter in two ways. We walk along an edge
e whensegment(e) ands = pq overlap, or we crosse in its relative interior. Our walk is thus an
iteration storing a vertex or an edge and a flag how we traversethem. We store the oriented halfedge
eeither in direction ofsor such thatq is left of e.hTPL interfacei+�enum obje
t_kind { VERTEX, EDGE_CROSSING, EDGE_COLLINEAR };hTPL walk in triangulationi�template <typename PMD, typename GEO>CGAL_TYPENAME_MSVC_NULL PM_point_lo
ator<PMD,GEO>::Obje
t_handlePM_point_lo
ator<PMD,GEO>::walk_in_triangulation(
onst Point& q) 
onst{ Vertex_
onst_handle v = CT.verti
es_begin();Halfedge_
onst_handle e;Point p = CT.point(v);if ( p == q ) return make_obje
t(v);Segment s = K.
onstru
t_segment(p,q);Dire
tion dir = K.
onstru
t_dire
tion(p,q);obje
t_kind 
urrent = VERTEX;while (true) swit
h ( 
urrent ) {
ase VERTEX:hTPL segment walk via a vertexibreak;
ase EDGE_CROSSING:hTPL segment walk via a crossing edgeibreak;
ase EDGE_COLLINEAR:hTPL segment walk via a collinear edgeibreak;}#if !defined(__BORLANDC__)return Obje
t_handle(); // never rea
hed warning a

eptable#endif}
We walk alongs and hit a vertexv. If we have reachedq we are done. Otherwise we walk the
adjacency list to find either the wedge between two edges via which we leave the vertex or we find a
halfedge collinear tos. The adjacency list walk is encapsulated inout wedge. We obtain a halfedge
eout out of v, either collinear or bounding the wedge right ofs. If eout is collinear tos it is the next
object. Otherwise we take the edgenext(eout) closing the wedge to a triangle which we certainly hit
next on our walk alongs.
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t(v); // stop walking at qbool 
ollinear;Halfedge_
onst_handle e_out = CT.out_wedge(v,dir,
ollinear);if (
ollinear) // ray shoot via e_out{ e = e_out; 
urrent = EDGE_COLLINEAR; }else // ray shoot in wedge left of e_out{ e = CT.twin(CT.next(e_out)); 
urrent = EDGE_CROSSING; }}
When we cross an edgee from right to left it could be thatq is on e, or contained in the incident
triangle right of it. If neither is true we continue through the incident triangle left ofe. There we can
hit one of two other edges or the vertex opposite toe. Note however that this vertex can lie beyondq
on the directed line throughp andq.hTPL segment walk via a crossing edgei�{ if ( !(K.orientation(CT.segment(e),q) > 0) ) // q not left of ereturn make_obje
t(e);Vertex_
onst_handle v_
and = CT.target(CT.next(e));int orientation_ = K.orientation(p,q,CT.point(v_
and));swit
h( orientation_ ) {
ase 0: // 
ollinearif ( K.stri
tly_ordered_along_line(p,q,CT.point(v_
and)) )return make_obje
t(e);v = v_
and; 
urrent = VERTEX; break;
ase +1: // leftturne = twin(next(e)); 
urrent = EDGE_CROSSING; break;
ase -1:e = twin(previous(e)); 
urrent = EDGE_CROSSING; break;}}
Hitting a collinear edge is easy to treat. If it does not contain q its target is the next object.hTPL segment walk via a collinear edgei�{ if ( K.stri
tly_ordered_along_line(CT.point(CT.sour
e(e)),q,CT.point(CT.target(e))) )return make_obje
t(e);v = CT.target(e); 
urrent = VERTEX;}
Correctness and Runtime

We summarize the execution properties of the above code in a lemma.
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Lemma 5.2.2: Point location in a plane mapPof sizeO(n) based on the persistent module determines
the object (vertex, halfedge, face) containingp in expected timeO(logn). The fall back solution
walk in triangulation(p) determines the object (vertex, halfedge, face) containingp in timeO(n).
Proof. We omit the details of the persistent point location package. The elaborate treatment can be
found in [Thi99]. The constrained triangulationCT of the input plane mapP is asymptotically not
larger than the plane mapO(n). We sketch the intuition about the persistent point location module
(PPL). The PPL partitions the plane into at most 2n+1 slaps defined by vertical lines through the
n vertices ofCT. The stripes between the lines and the lines are considered as slaps. Each slap is
subdivided into convex patches by objects ofCT. The patches are stored in a (persistent) dictionary
via their bounding skeleton objects. A location within a slap can be determined within logarithmic
query time. Now a point location can be done in timeO(2logn) first by a binary search for the correct
slap and second by a query of the corresponding dictionary. The construction of the PPL can be done
in O(nlogn) by the plane sweep framework described in [Thi99] and is usedin section 5.2.6. The
partially persistent dictionary implementation of S. Thiel stays within the linear space bound ofP and
CT.

For thewalk in triangulation(q) query operation note that the initialization is well defined. We
start with the first vertex of the triangulation. Then each iteration reaches eitherq or one of the states
VERTEX, EDGECROSSING, EDGECOLLINEAR. Convince yourself by revisiting the code chunks
that each of the possible three configurations covers all geometric possibilities that the segment walk
alongscan encounter.

Ray shooting

The ray shooting along a segmentsworks as follows. We first locatep= s:source( ) in our underlying
triangulation. We might hit a vertex, an edge or a face. In thetriangulation we do a segment walk
starting inp alongs similar to the one inwalk in triangulation( ). Only that we have the additional
termination criterion of the object predicateM. We examine the skeleton of the triangulation. We can
thereby hit vertices and edges, the latter in two kinds. We walk along an edgeewhensegment(e) and
s overlap, or we crosse in its relative interior. Our walk is an iteration storing a vertex or an edge
and a flag how we traverse them. We store the oriented halfedgeeither in direction ofs or such that
s:target( ) is left of e.

First we have to get to a starting point by point location. Then we iterate until we hit an object of
our input structure as determined by the object predicateM.hTPL ray shooting methodi�template <typename Obje
t_predi
ate>Obje
t_handle ray_shoot(
onst Segment& s, 
onst Obje
t_predi
ate& M) 
onst{ CGAL_assertion( !K.is_degenerate(s) );Point p = K.sour
e(s), q = K.target(s);Dire
tion d = K.
onstru
t_dire
tion(p,q);Vertex_
onst_handle v;Halfedge_
onst_handle e;obje
t_kind 
urrent;Obje
t_handle h = LOCATE_IN_TRIANGULATION(p);hTPL ray shoot initializationiwhile (true) swit
h ( 
urrent ) {
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ase VERTEX:hTPL ray shoot hits a vertexibreak;
ase EDGE_CROSSING:hTPL ray shoot hits a crossing edgeibreak;
ase EDGE_COLLINEAR:hTPL ray shoot hits a collinear edgeibreak;}// assert(0); return h; // 
ompiler warning}
If we hit a vertex we are done.hTPL ray shoot initializationi�if ( assign(v,h) ) {
urrent = VERTEX;}
If the result is a halfedgee, it can containp or e (or its twin) can bound the triangle that containsp in
its interior.hTPL ray shoot initializationi+�if ( assign(e,h) ) {int orientation_ = K.orientation( segment(e), p);if ( orientation_ == 0 ) { // p on segmenthedge e contains the starting point pi} else { // p not on segment, thus in triangleif ( orientation_ < 0 ) e = CT.twin(e);// now p left of ehedge e bounds the triangle containing pi}}
In this case we have to handle the cases thatsoverlapssegment(e) or that we shoot into a face adjacent
to e.hedge e contains the starting point pi�if ( d == CT.dire
tion(e) ){ 
urrent = EDGE_COLLINEAR; }else if ( d == CT.dire
tion(CT.twin(e)) ){ e = CT.twin(e); 
urrent = EDGE_COLLINEAR; }else { // 
rossing
urrent = EDGE_CROSSING;if ( !(K.orientation(CT.segment(e),q)>0) ) // not leftturne = CT.twin(e);}
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If the triangle (underlying face) which containsp fulfills M we return it. Otherwise we have to find
the object (vertex or edge) hit by the ray shoot fromp alongs. Note that it might be thats is totally
contained in the triangle in which case we return theNULL handle.hedge e bounds the triangle containing pi�if ( M(input_fa
e(e)) ) // fa
e markreturn make_obje
t(input_fa
e(e));Point p1 = CT.point(CT.sour
e(e)),p2 = CT.point(CT.target(e)),p3 = CT.point(CT.target(next(e)));int or1 = K.orientation(p,q,p1);int or2 = K.orientation(p,q,p2);int or3 = K.orientation(p,q,p3);if ( or1 == 0 && !K.leftturn(p1,p2,q) ){ v = CT.sour
e(e); 
urrent = VERTEX; }else if ( or2 == 0 && !K.leftturn(p2,p3,q) ){ v = CT.target(e); 
urrent = VERTEX; }else if ( or3 == 0 && !K.leftturn(p3,p1,q) ){ v = CT.target(CT.next(e)); 
urrent = VERTEX; }else if ( or2 > 0 && or1 < 0 && !K.leftturn(p1,p2,q) ){ e = CT.twin(e); 
urrent = EDGE_CROSSING; }else if ( or3 > 0 && or2 < 0 && !K.leftturn(p2,p3,q) ){ e = CT.twin(CT.next(e)); 
urrent = EDGE_CROSSING; }else if ( or1 > 0 && or3 < 0 && !K.leftturn(p3,p1,q) ){ e = CT.twin(CT.previous(e)); 
urrent = EDGE_CROSSING; }else return Obje
t_handle();
Now we are on our walk alongs. If we hit a vertexv with M(v) we have found the right object.
Otherwise it could be that we have reachedq. If not we walk the adjacency list to find either the wedge
between two edges via which we leave the vertex or we find a halfedge collinear tos. The adjacency
list walk is encapsulated inoutwedge( ). We obtain a halfedgeeout out of v, either collinear or
bounding the wedge right ofs. Note that if the wedge represents a facef with M( f ) we are done.
Otherwise we take the edgenext(eout) closing the wedge to a triangle which we certainly hit next on
our walk alongs.hTPL ray shoot hits a vertexi�{ Vertex_
onst_handle v_org = input_vertex(v);if ( M(v_org) ) return make_obje
t(v_org);if ( CT.point(v) == q ) return Obje
t_handle();// stop walking at q, or determine next obje
t on s:bool 
ollinear;Halfedge_
onst_handle e_out = CT.out_wedge(v,d,
ollinear);if (
ollinear) // ray shoot via e_out{ e = e_out; 
urrent = EDGE_COLLINEAR; }else { // ray shoot in wedge left of e_outif ( M(input_fa
e(e_out)) )return make_obje
t(input_fa
e(e_out));e = CT.twin(CT.next(e_out)); 
urrent = EDGE_CROSSING;}}
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When we cross an edgee we can find either the edge or its incident face fulfillingM. Note however
that edges that were created during the triangulation process are supported by the input face which
they split. Thus we just ignore them in this case. If neither the edge nor the face fulfillM we continue
through the triangle thate bounds. There we can hit one of two other edges or the vertex opposite to
e.hTPL ray shoot hits a crossing edgei�{ if ( K.orientation(CT.segment(e),q) == 0 )return Obje
t_handle();Halfedge_
onst_handle e_org = input_halfedge(e);if ( e_org != Halfedge_
onst_handle() ) { // not a CT edgeif ( M(e_org) ) return make_obje
t(e_org);if ( M(fa
e(e_org)) ) return make_obje
t(fa
e(e_org));}Vertex_
onst_handle v_
and = CT.target(CT.next(e));int orientation_ = K.orientation(p,q,CT.point(v_
and));swit
h( orientation_ ) {
ase 0:v = v_
and; 
urrent = VERTEX; break;
ase +1:e = CT.twin(CT.next(e)); 
urrent = EDGE_CROSSING; break;
ase -1:e = CT.twin(CT.previous(e)); 
urrent = EDGE_CROSSING; break;}}
If we hit a collinear edge we check if the edge was inserted during the triangulation process. If it is
a triangulation edge we examine the underlying face, otherwise we check the edge itself. The next
object is its target vertex.hTPL ray shoot hits a collinear edgei�{ Halfedge_
onst_handle e_org = input_halfedge(e);if ( e_org == Halfedge_
onst_handle() ) { // a CT edgeif ( M(input_fa
e(e)) )return make_obje
t(input_fa
e(e));} else { // e_org is not a CT edgeif ( M(e_org) )return make_obje
t(e_org);}if ( K.stri
tly_ordered_along_line(CT.point(CT.sour
e(e)),q,CT.point(CT.target(e))) )return Obje
t_handle();v = CT.target(e); 
urrent = VERTEX;}
Correctness and Runtimes

The following lemma summarizes the properties of the ray-shooting operation.
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Lemma 5.2.3: If the segments is non-degenerate, thenray shoot(s;M) determines a generic handle
h which is NULL if no object of P that intersectss fulfills M(h)7 and which can be converted to
a corresponding vertex, halfedge, or face otherwise. In thelatter case the object fulfillsM(h) and
additionally has minimal distance tosource(s). The query time is that of the point location plus the
time for the walk inCT.

Proof. The starting point is always the point location ofp = source(s). If the ob-
ject u that contains p does not fulfill M(u), then a walk in the triangulation is started inhTPL ray shooti. This iteration is determined by one of the three geometric configurations
VERTEX;EDGECROSSING;EDGECOLLINEAR. We only have to ensure that the iteration termi-
nates correctly. In each case we either look for an objectu hit by a ray alongs for which M(u) holds,
or we check if we have to end our walk as we have reachedq = target(s).
Note that we cannot bound the stepping for the ray shooting walk besides the trivial linear bound (the
size of the plane map and the triangulation). However we willcite some theory and heuristic tests
below that provide the hope that the walk is much cheaper.

Finally there are two operations for the objects in the constrained triangulation that return the
corresponding objects from the input plane map that supportthem.hTPL protected membersi+�Obje
t_handle input_obje
t(Vertex_
onst_handle v) 
onst{ return make_obje
t(input_vertex(v)); }Obje
t_handle input_obje
t(Halfedge_
onst_handle e) 
onst{ Halfedge_
onst_handle e_org = input_halfedge(e);if ( e_org != Halfedge_
onst_handle() )return make_obje
t( e_org );// now e_org is not existingreturn make_obje
t( input_fa
e(e) );}
5.2.3 The constrained triangulation

We calculate the constrained triangulation of the cloned skeleton by our constrained triangulation
sweep as presented in chapter 4. The classConstrainedtriang traits<> obtains three traits models
PMDEC, GEOM, andNEWEDGEon instantiation. The two former parameters are the local types
PM decoratorandGeometry. The latter is the data accessor type implemented below.

All edges of the cloned skeleton carry links to the edges ofP. We mark additional triangulation
edges by a default link toHalfedgeconsthandle( ) that can be checked after the triangulation process
to separate input halfedges (obstacles) from triangulation halfedges. We forward input face links from
existing edges of the triangulation to newly created edges.Thereby each newly created edge knows
the face that it splits into triangles. This information association and transfer is done by means of
CT newedge.

The following function operatoroperator( )(Halfedgehandle&) attributes the newly created tri-
angulation edgee in CT by an additionalEF pair in a similar way as the cloning process did it for
the input edges. Asedoes not have a supporting halfedge inP it obtains the default handle.eobtains

7Note that the predicateM is defined on vertex, halfedge, and face handles for performance reasons. However we
sloppily writeM(h) on a generic handle wrapping one of the above.
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the mark information from a face that supports it with respect to the input structure. The face usually
comes from an adjacent edge ofCT. If there is none, then we obtain is from the source which was
isolated in the input structure beforeewas created.hTPL protected membersi+�stru
t CT_new_edge : De
orator {
onst De
orator& _DP;CT_new_edge(
onst De
orator& CT, 
onst De
orator& DP) :De
orator(CT), _DP(DP) {}void operator()(Halfedge_handle& e) 
onst{ Halfedge_handle e_from = previous(e);Fa
e_
onst_handle f;if ( is_
losed_at_sour
e(e) ) // sour
e(e) was isolated beforef = geninfo<VF_pair>::a

ess(info(sour
e(e))).se
ond;elsef = geninfo<EF_pair>::a

ess(info(e_from)).se
ond;mark(e) = _DP.mark(f);geninfo<EF_pair>::
reate(info(e));geninfo<EF_pair>::
reate(info(twin(e)));geninfo<EF_pair>::a

ess(info(e)).first =geninfo<EF_pair>::a

ess(info(twin(e))).first =Halfedge_
onst_handle();geninfo<EF_pair>::a

ess(info(e)).se
ond =geninfo<EF_pair>::a

ess(info(twin(e))).se
ond = f;}};
Now completingCT into a full triangulation is a trivial instantiation of the sweep class. We plug
the types intoConstrainedtriang traits, and that type into our generic sweep framework. Then we
create the sweep object and trigger the sweep. Note also how we transport references to the plane map
structure and the geometric kernel on construction.hTPL protected membersi+�void triangulate_CT() 
onst{ typedef CGAL::Constrained_triang_traits<De
orator,Geometry,CT_new_edge> NCTT;typedef CGAL::generi
_sweep<NCTT> Constrained_triang_sweep;CT_new_edge NE(CT,*this);Constrained_triang_sweep T(NE,CT.plane_map(),K); T.sweep();}
5.2.4 Minimizing the triangulation weight

For a plane map or a triangulation let its weight be the sum of the length of all edges. After the
calculation of the constrained triangulation we minimize locally the weight of the triangulation by a
sequence of flipping operations starting from all non-constrained edges. We first motivate the follow-
ing procedure by some theory and some experiments.
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[AAS95] show that such a walk can have linear costs in the sizeof the triangulation though
the shoot does not hit any obstacle edge. Aronov and Fortune show in [AF97] that average
case stepping cost for random lines can be bounded byO(pn) for plane maps of sizen if we
use triangulations of minimal weight. Unfortunately such triangulations are hard to construct in
general. For general points sets the problem is conjecturedto be NP-hard. In simple polygons
there’s aO(n3) solution by dynamic programming which is hardly practical.Thus currently
only approximation or even heuristics offer practical solutions.� Note that the delaunay triangulation of a point set of sizen in general can be a bad approx-
imation of the minimal weight triangulation [Kir80] but it has been shown to be aO(logn)
approximation [Lin86] if the points are universally distributed. However we have no such
result for the constrained case.� Heuristic results on the approximation of minimum weight triangulation are presented by Dick-
erson et al. in [DMM95]. They present results that propose touse local minimal weight
triangulations as an approximations of the general unsolved problem.� The running time of the following flipping algorithm is worstcase quadratic though runtime
tests seem to show a subquadratic runtime for random inputs8. The quadratic bound for the
worst case runtime is based on a result of Hurtado et al. [HNU96] where they show that the
graph of triangulations of a simple polygon is connected andhas the complexity ofO(n2). Note
that the termination is guaranteed due to the fact that for each quadrangle of points we can only
choose the minimal diagonal once, thus we never cycle.hTPL protected membersi+�void minimize_weight_CT() 
onst{ if ( number_of_verti
es() < 2 ) return;std::list<Halfedge_handle> S;/* We maintain a sta
k |S| of edges 
ontaining diagonalswhi
h might have to be flipped. */int flip_
ount = 0;hinsert all non constrained edges in Siwhile ( !S.empty() ) {Halfedge_handle e = S.front(); S.pop_front();Halfedge_handle r = twin(e);Halfedge_
onst_handle e_org = input_halfedge(e);if ( e_org != Halfedge_
onst_handle() )
ontinue;hcontinue if quadrilateral with diagonal e is non-convexihflip if there’s a lighter edgei}}

We insert all non-constrained edges into our stackS. An edge is not constrained if it has no link to a
corresponding supporting input edge inP.

8see the runtime results for the flipping number in [DMM95]



5.2 Implementation 186hinsert all non constrained edges in Si�Halfedge_iterator e;for (e = CT.halfedges_begin(); e != CT.halfedges_end(); ++(++e)) {Halfedge_
onst_handle e_org = input_halfedge(e);if ( e_org != Halfedge_
onst_handle() )
ontinue;S.push_ba
k(e);}
A non-constrained edge can only be flipped if it is the diagonal of a convex quadrilateral. We can
continue if it is not.hcontinue if quadrilateral with diagonal e is non-convexi�Halfedge_handle e1 = next(r);Halfedge_handle e3 = next(e);// e1,e3: edges of quadrilateral with diagonal ePoint a = point(sour
e(e1));Point b = point(target(e1));Point 
 = point(sour
e(e3));Point d = point(target(e3));if (! (K.orientation(b,d,a) > 0 && // leftturnK.orientation(b,d,
) < 0) ) // rightturn
ontinue;
We check if for our non-constrained edgee the complementary diagonal has less weight. If yes we
flip e.hflip if there’s a lighter edgei�if ( K.first_pair_
loser_than_se
ond(b,d,a,
) ) { // flipHalfedge_handle e2 = next(e1);Halfedge_handle e4 = next(e3);S.push_ba
k(e1);S.push_ba
k(e2);S.push_ba
k(e3);S.push_ba
k(e4);flip_diagonal(e);flip_
ount++;}
5.2.5 The file wrapperhPM point locator.hi�hCGAL Header1i// file : in
lude/CGAL/Nef_2/PM_point_lo
ator.hhCGAL Header2i#ifndef CGAL_PM_POINT_LOCATOR_H#define CGAL_PM_POINT_LOCATOR_H#in
lude <CGAL/basi
.h>
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lude <CGAL/Unique_hash_map.h>#in
lude <CGAL/Obje
t.h>#in
lude <CGAL/Nef_2/Constrained_triang_traits.h>#undef _DEBUG#define _DEBUG 17#in
lude <CGAL/Nef_2/debug.h>#in
lude <CGAL/Nef_2/geninfo.h>hConditional persistent point location inclusioniCGAL_BEGIN_NAMESPACEhNaive point locatorihTriangulation point locatorihTPL constructionihTPL destructionihTPL walk in triangulationiCGAL_END_NAMESPACE#endif // CGAL_PM_POINT_LOCATOR_H
5.2.6 Point location with persistent dictionaries

We add a dynamically allocated point location structure of type PointLocator<T> working on the
constrained triangulation of the classPM point locator. The used persistent dictionaries are part of
LEDA starting version 4.2.hConditional persistent point location inclusioni�#ifdef CGAL_USE_LEDA#in
lude <LEDA/basi
.h>#if __LEDA__ > 410#define USING_PPL#in
lude <CGAL/Nef_2/PM_persistent_PL.h>#endif#endif
The point location framework is added to the point location class only if the necessary modules are
present. The traits classPM persistentPL traits is defined below. The point location framework
PointLocatoris described in Sven Thiel’s masters thesis [Thi99].hTPL persistent module membersi�#ifdef USING_PPLtypedef PM_persistent_PL_traits<Base> PMPPLT;typedef PointLo
ator<PMPPLT> PMPP_lo
ator;PMPP_lo
ator* pPPL;#define LOCATE_IN_TRIANGULATION pPPL->lo
ate_down#else#define LOCATE_IN_TRIANGULATION walk_in_triangulation#endif
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The first parameter ofPMPPlocator is the graph structure worked on, the second is a traits class
object. We forward a reference to the geometric kernelK that we already obtained for the�thisobject
of typePM point locator.hTPL persistent module pm initi�#ifdef USING_PPLpPPL = new PMPP_lo
ator(CT,PMPPLT(K));#endifhTPL persistent module default initi�#ifdef USING_PPLpPPL = 0;#endifhTPL persistent module destructioni�#ifdef USING_PPLdelete pPPL; pPPL=0;#endifhTriangulation point locatori+�#ifdef USING_PPLstati
 
onst 
har* pointlo
ationversion = "point lo
ation via pers di
ts";#elsestati
 
onst 
har* pointlo
ationversion = "point lo
ation via seg walks";#endif
The rest of this section describes a traits model for the persistent point location framework as devel-
oped by Sven Thiel [Thi99]. We adapt his framework for point location via persistent dictionaries
within the constrained triangulation. Thereby we obtain a better runtime bound than the fall-back
methodwalk in triangulation( ).

The classPM persistentPL traits transports a bunch of types and methods into the point location
data structurePointLocatorof S. Thiel. Note that the class references a plane map and a geometric
kernel, that we both forward on construction.hclass PMpersistentPL traitsi�template <typename PMPL>stru
t PM_persistent_PL_traits{ hPP types in local scopeihPP iterators and conversionihPP edge categorizationihPP x-structure interfaceihPP curve interfaceihPP generic location and postprocessingihPP constructioni};
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hPM persistentPL.hi�hCGAL Header1i// file : in
lude/CGAL/Nef_2/PM_persistent_PL.hhCGAL Header2i#ifndef CGAL_PM_PERSISTENT_PL_H#define CGAL_PM_PM_PERSISTENT_PL_H#in
lude <CGAL/Nef_2/gen_point_lo
ation.h>hclass PMpersistentPL traitsi#endif // CGAL_PM_PM_PERSISTENT_PL_H
The type mapping is trivial. For the persistent point location we need the interface typesGraph, Node,
Edge. We additionally introduce the geometry.hPP types in local scopei�typedef PMPL Graph;typedef typename PMPL::Vertex_
onst_handle Node;typedef typename PMPL::Halfedge_
onst_handle Edge;typedef typename PMPL::Fa
e_
onst_handle Fa
e;typedef typename PMPL::Obje
t_handle Obje
t_handle;typedef typename PMPL::Geometry Geometry;typedef typename PMPL::Point Point;typedef typename PMPL::Segment Segment;
onst Geometry* pK;
We store a reference to the geometric kernel in the traits class.hPP constructioni�PM_persistent_PL_traits() : pK(0) {}PM_persistent_PL_traits(
onst Geometry& k) : pK(&k) {}virtual ~PM_persistent_PL_traits() {}virtual void sweep_begin(
onst Graph&) {}virtual void sweep_moveto(
onst XCoord&) {}virtual void sweep_end() {}virtual void 
lear() {}hPP iterators and conversioni�typedef typename PMPL::Vertex_
onst_iterator NodeIterator;NodeIterator Nodes_begin(
onst Graph& G) 
onst { return G.verti
es_begin(); }NodeIterator Nodes_end(
onst Graph& G) 
onst { return G.verti
es_end(); }Node toNode(
onst NodeIterator& nit) 
onst { return nit; }typedef typename PMPL::Halfedge_around_vertex_
onst_
ir
ulator HAVC;stru
t In
EdgeIterator {HAVC _start, _
urr;bool met;In
EdgeIterator() {}In
EdgeIterator(HAVC 
) :_start(
), _
urr(
), met(false) {}In
EdgeIterator& operator++()
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urr==_start)if (!met) { met=true; ++_
urr; }else { _
urr=HAVC(); }else ++_
urr;return *this;}bool operator==(
onst In
EdgeIterator& it2) 
onst{ return _
urr==it2._
urr; }bool operator!=(
onst In
EdgeIterator& it2) 
onst{ return !(*this==it2); }};Edge toEdge(
onst In
EdgeIterator& eit) 
onst { return eit._
urr; }In
EdgeIterator In
Edges_begin(
onst Graph& G, 
onst Node& n){ return In
EdgeIterator(HAVC(G.first_out_edge(n))); }In
EdgeIterator In
Edges_end(
onst Graph& G, 
onst Node& n){ return In
EdgeIterator(); }hPP edge categorizationi�enum EdgeCategory{ StartingNonVerti
al, StartingVerti
al, EndingNonVerti
al, EndingVerti
al };Node opposite(
onst Graph& G, 
onst Edge& e, 
onst Node& u){ if ( G.sour
e(e) == u ) return G.target(e);else return G.sour
e(e); }EdgeCategory ClassifyEdge(
onst Graph& G, 
onst Edge& e, 
onst Node& u){ Point p_u = G.point(u);Point p_v = G.point(opposite(G,e,u));int 
mpX = pK->
ompare_x(p_u, p_v);if ( 
mpX < 0 ) return StartingNonVerti
al;if ( 
mpX > 0 ) return EndingNonVerti
al;int 
mpY = pK->
ompare_y(p_u, p_v);assert(
mpY != 0);if ( 
mpY < 0 ) return StartingVerti
al;return EndingVerti
al;}
The generic persistent point location framework maintainsslaps of the graph skeleton ordered by the
x-coordinates of the embedding of the nodes. We make thepoint type representing its x-coordinate
and usecomparex from the kernel to sort them.hPP x-structure interfacei�typedef Point XCoord;
onst XCoord getXCoord(
onst Point& p) 
onst{ return p; }
onst XCoord getXCoord(
onst Graph& G, 
onst Node& n) 
onst{ return G.point(n); }
lass PredLessThanX {
onst Geometry* pK;publi
:PredLessThanX() : pK(0) {}
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onst Geometry* pKi) : pK(pKi) {}PredLessThanX(
onst PredLessThanX& P) : pK(P.pK){ }int operator() (
onst XCoord& x1, 
onst XCoord& x2) 
onst{ return pK->
ompare_x(x1,x2) < 0; }};PredLessThanX getLessThanX() 
onst { return PredLessThanX(pK); }
In our case curves are segments. We obtain them from the geometric kernel.hPP curve interfacei�// Curve 
onne
ted fun
tionality:typedef Segment Curve;Curve makeCurve(
onst Point& p) 
onst{ return pK->
onstru
t_segment(p,p); }Curve makeCurve(
onst Graph& G, 
onst Node& n) 
onst{ return makeCurve(G.point(n)); }Curve makeCurve(
onst Graph& G, 
onst Edge& e) 
onst{ Point ps = G.point(G.sour
e(e)), pt = G.point(G.target(e));Curve res(G.point(G.sour
e(e)),G.point(G.target(e)));if ( pK->
ompare_xy(ps,pt) < 0 ) res = pK->
onstru
t_segment(ps,pt);else res = pK->
onstru
t_segment(pt,ps);return res;}stru
t PredCompareCurves {
onst Geometry* pK;PredCompareCurves() : pK(0) {}PredCompareCurves(
onst Geometry* pKi) : pK(pKi) {}PredCompareCurves(
onst PredCompareCurves& P) : pK(P.pK) {}int 
mppntseg(
onst Point& p, 
onst Curve& s) 
onst{ if ( pK->
ompare_x(pK->sour
e(s),pK->target(s)) != 0 ) // !verti
alreturn pK->orientation(pK->sour
e(s),pK->target(s), p);if ( pK->
ompare_y(p,pK->sour
e(s)) <= 0 ) return -1;if ( pK->
ompare_y(p,pK->target(s)) >= 0 ) return +1;return 0;}int operator()(
onst Curve& s1, 
onst Curve& s2) 
onst{ Point a = pK->sour
e(s1);Point b = pK->target(s1);Point 
 = pK->sour
e(s2);Point d = pK->target(s2);if ( a==b )if ( 
==d ) return pK->
ompare_y(a,
);else return 
mppntseg(a, s2);if ( 
==d ) return -
mppntseg(
, s1);// now both are non-trivial:int 
mpX = pK->
ompare_x(a, 
);if ( 
mpX < 0 )return - pK->orientation(a,b,
);
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mpX > 0 )return pK->orientation(
,d,a);int 
mpY = pK->
ompare_y(a, 
);if ( 
mpY < 0 ) return -1;if ( 
mpY > 0 ) return +1;// 
mpX == 
mpY == 0 => a == 
return pK->orientation(
,d,b);}};PredCompareCurves getCompareCurves() 
onst{ return PredCompareCurves(pK); }
The generic location typeGenericLocationis defined in the generic point location framework. The
framework allows us to introduce a postprocessing phase after the actual location phase. From the
location phase we obtain two locations in two slaps, which are neigbored in the x-structure. The
second locationL plus is non-nil if the first slap has width zero and is defined by a node at an x-
coordinatex. ThenL plusreturns an edgee just belowx+ε. This allows us to extract the face that we
search frome.hPP generic location and postprocessingi�typedef Generi
Lo
ation<Node, Edge> Lo
ation;typedef Obje
t_handle QueryResult;virtual Obje
t_handlePostPro
ess(
onst Lo
ation& L, 
onst Lo
ation& L_plus,
onst Point& p) 
onst{ /* we only get an L_plus (non-nil) if L is ABOVE a vertexin whi
h 
ase we want to extra
t the fa
e from the edgebelow (p+epsilon) available via L_plus. */if (!L_plus.is_nil()) { assert(L_plus.is_edge());return CGAL::make_obje
t(Edge(L_plus));} else {if ( L.is_edge() ) {return CGAL::make_obje
t(Edge(L));}if ( L.is_node() ) {Node v(L); assert( v != Node() );return CGAL::make_obje
t(v);}return Obje
t_handle();}}
5.3 A Test CasehPM point locator-test.Ci�#in
lude <CGAL/basi
.h>#in
lude <CGAL/leda_integer.h>#in
lude <CGAL/Homogeneous.h>
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lude "Affine_geometry.h"#in
lude <CGAL/Nef_2/HalfedgeDS_default.h>#in
lude <CGAL/test_ma
ros.h>#in
lude <CGAL/Nef_2/HDS_items.h>#in
lude <CGAL/Nef_2/PM_
onst_de
orator.h>#in
lude <CGAL/Nef_2/PM_de
orator.h>#in
lude <CGAL/Nef_2/PM_io_parser.h>#in
lude <CGAL/Nef_2/PM_visualizor.h>#in
lude <CGAL/Nef_2/PM_overlayer.h>#in
lude <CGAL/Nef_2/PM_point_lo
ator.h>// KERNEL:typedef CGAL::Homogeneous<leda_integer> Hom_kernel;typedef CGAL::Affine_geometry<Hom_kernel> Aff_kernel;typedef Aff_kernel::Segment_2 Segment;// HALFEDGE DATA STRUCTURE:stru
t HDS_traits {typedef Aff_kernel::Point_2 Point;typedef bool Mark;};typedef CGAL::HalfedgeDS_default<HDS_traits,HDS_items> Plane_map;typedef CGAL::PM_
onst_de
orator<Plane_map> CDe
orator;typedef CGAL::PM_de
orator<Plane_map> De
orator;typedef CGAL::PM_overlayer<De
orator,Aff_kernel> PM_aff_overlayer;typedef CDe
orator::Halfedge_
onst_handle Halfedge_
onst_handle;typedef CDe
orator::Vertex_
onst_handle Vertex_
onst_handle;typedef CDe
orator::Fa
e_
onst_handle Fa
e_
onst_handle;typedef De
orator::Halfedge_handle Halfedge_handle;typedef De
orator::Vertex_handle Vertex_handle;// INPUT:typedef std::list<Segment>::
onst_iterator Iterator;stru
t Obje
t_DA {
onst De
orator& D;Obje
t_DA(
onst De
orator& Di) : D(Di) {}void supporting_segment(Halfedge_handle e, Iterator it) 
onst{ D.mark(e) = true; }void trivial_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }void starting_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }void passing_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }void ending_segment(Vertex_handle v, Iterator it) 
onst{ D.mark(v) = true; }};// POINT LOCATION:typedef CGAL::PM_naive_point_lo
ator<De
orator,Aff_kernel> PM_naive_PL;typedef CGAL::PM_point_lo
ator<De
orator,Aff_kernel> PM_triang_PL;typedef PM_naive_PL::Obje
t_handle Obje
t_handle;void print(Obje
t_handle h){ Vertex_
onst_handle v;
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onst_handle e;Fa
e_
onst_handle f;if (assign(v,h)) 
out << " ohandle = vertex " << PV(v) << endl;if (assign(e,h)) 
out << " ohandle = halfedge " << PE(e) << endl;if (assign(f,h)) 
out << " ohandle = fa
e " << PE(f->halfedge()) << endl;}// stru
t INSET { bool operator()(bool b) 
onst { return b; } };stru
t INSET {
onst CDe
orator& D;INSET(
onst CDe
orator& Di) : D(Di) {}bool operator()(Vertex_
onst_handle v) 
onst { return D.mark(v); }bool operator()(Halfedge_
onst_handle e) 
onst { return D.mark(e); }bool operator()(Fa
e_
onst_handle f) 
onst { return D.mark(f); }};int main(int arg
, 
har* argv[℄){ SETDTHREAD(17);CGAL::set_pretty_mode(
err);CGAL::Window_stream W;W.init(-50,50,-50,1);W.display();W.message("Insert segments to 
reate a map.");Plane_map H;PM_aff_overlayer PMOV(H,Aff_kernel());CGAL::PM_visualizor<PM_aff_overlayer,Aff_kernel> V(W,PMOV);std::list<Segment> L;Segment s;if ( arg
 == 2 ) {std::ifstream log(argv[1℄);while ( log >> s ) { L.push_ba
k(s); W << s; }}while ( W >> s ) L.push_ba
k(s);std::string fname(argv[0℄);fname += ".log";std::ofstream log(fname.
_str());for (Iterator sit = L.begin(); sit != L.end(); ++sit)log << *sit << " ";log.
lose();Obje
t_DA ODA(PMOV);PMOV.
reate(L.begin(),L.end(),ODA);V.draw_skeleton();W.message("Insert one segment for point lo
ation");PM_naive_PL PL1(H);PM_triang_PL PL2(H);Obje
t_handle h;W >> s;CGAL::PM_io_parser<PM_aff_overlayer>::dump(PMOV);h = PL1.lo
ate(s);print(h);h = PL2.lo
ate(s.sour
e());print(h);h = PL1.ray_shoot(s,INSET(PL1));



5.3 A Test Case 195h = PL2.ray_shoot(s,INSET(PL2));W.read_mouse();return 0;}
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6 Polynomials in one Variable

6.1 The Manual Page

6.1.1 Polynomials in one variable ( RPolynomial )

1. Definition

An instancep of the data typeRPolynomial<NT> represents a polynomialp= a0+a1x+ : : :adxd from the ring
NT[x℄. The data type offers standard ring operations and a sign operation which determines the sign for the
limit processx! ∞.

NT[x℄ becomes a unique factorization domain, if the number typeNT is either a field type (1) or a unique
factorization domain (2). In both cases there’s a polynomial division operation defined.

2. Types

RPolynomial<NT> ::NT the component type representing the coefficients.

RPolynomial<NT> ::constiterator a random access iterator for read-only access to the coefficient vector.

3. Creation

RPolynomial<NT> p;

introduces a variablep of typeRPolynomial<NT> of undefined value.

RPolynomial<NT> p(NT a0);

introduces a variablep of type RPolynomial<NT> representing the constant polynomial
a0.

RPolynomial<NT> p(NT a0; NT a1);

introduces a variablep of typeRPolynomial<NT> representing the polynomiala0+a1x.

RPolynomial<NT> p(NT a0; NT a1; NT a2);

introduces a variablep of typeRPolynomial<NT> representing the polynomiala0+a1x+
a2x2.

template <class Forwarditerator>
RPolynomial<NT> p(Forward iterator first; Forward iterator last);

introduces a variablep of typeRPolynomial<NT> representing the polynomial whose co-
efficients are determined by the iterator range, i.e. let(a0 = �first;a1 = �++first; : : :ad =�it), where++it == last thenp stores the polynomiala1+a2x+ : : :adxd.

4. Operations

int p:degree() the degree of the polynomial.

197
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const NT& p[unsigned int i℄ the coefficientai of the polynomial.

constiterator p:begin( ) a random access iterator pointing toa0.

constiterator p:end() a random access iterator pointing beyondad.

NT p:evalat(NT R) evaluates the polynomial atR.

CGAL::Sign p:sign() returns the sign of the limit process forx!∞ (the sign of the leading
coefficient).

bool p:is zero( ) returns true iffp is the zero polynomial.

RPolynomial<NT> p:abs() returns�p if p:sign( )==NEGATIVEandp otherwise.

NT p:content( ) returns the content ofp (the gcd of its coefficients).Precondition:
RequiresNT to provide agdcoperation.

Additionally RPolynomial<NT> offers standard arithmetic ring opertions like+;�;�;+=;�=;�=. By means
of the sign operation we can also offer comparison predicates as<;>;�;�. Wherep1 < p2 holds iff sign(p1�
p2)< 0. This data type is fully compliant to the requirements of CGAL number types.

RPolynomial<NT> p1= p2 implements polynomial division ofp1 andp2. if p1 = p2�p3 thenp2 is
returned. The result is undefined ifp3 does not exist inNT[x℄. The correct
division algorithm is chosen according to a traits classring or field<NT>
provided by the user. Ifring or f ield<NT> ::kind == ring with gcd then
the division is done bypseudo divisionbased on agcd operation ofNT.
If ring or f ield<NT> ::kind== f ield with div then the division is done by
euclidean divisionbased on the division operation of the fieldNT.
Note thatNT = int quickly leads to overflow errors when using this opera-
tion.

Non member functions

RPolynomial<NT> gcd(RPolynomial<NT> p1; RPolynomial<NT> p2)

returns the greatest common divisor ofp1 and p2. Note that NT = int
quickly leads to overflow errors when using this operation.Precondition:
RequiresNT to be a unique factorization domain, i.e. to provide agdcop-
eration.

void pseudodiv(RPolynomial<NT> f ; RPolynomial<NT> g; RPolynomial<NT>& q;
RPolynomial<NT>& r; NT& D)

implements division with remainder on polynomials of the ring NT[x℄: D�
f = g�q+ r. Precondition: NT is a unique factorization domain, i.e., there
exists agcdoperation and an integral division operation onNT.

void euclideandiv(RPolynomial<NT> f ; RPolynomial<NT> g; RPolynomial<NT>& q;
RPolynomial<NT>& r)
implements division with remainder on polynomials of the ringNT[x℄: f =
g�q+ r. Precondition: NT is a field, i.e., there exists a division operation
onNT.

5. Implementation

This data type is implemented as an item type via a smart pointer scheme. The coefficients are stored in a vector
of NT entries. The simple arithmetic operations+;� take timeO(d �T(NT)), multiplication is quadratic in
maximal degree of the arguments timesT(NT), whereT(NT) is the time for a corresponding operation on two
instances of the ring type.

Range template

template <class Forwarditerator>
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typename std::iterator traits<Forward iterator> ::valuetype
gcdof range(Forward iterator its; Forward iterator ite)

calculates the greates common divisor of the set of numbersf�its;�++its; : : : ;�itg of type NT, where ++it == ite and NT is the
value type ofForward iterator. Precondition: there exists a pairwise gcd
operationNT gcd(NT;NT) andits != ite.

6.2 Introduction

We present the implementation of a simple polynomial typeRPolynomialin one variable. The in-
terface is specified in the manual page on page 197. LetNT be a either a field number type or an
Euclidean ring number type1. We useNT[x℄ to represent the polynomial ring in one variable. For a
polynomial p= ∑d

i=0 aixi 2 NT[x℄ we store its coefficients along its rising exponentscoeff[i℄ = ai in
a vector of sized+1. We keep the invariant thatad 6= 0 and do not allow modifying access to the
coefficients via the interface. Flexibility in the creationof polynomials is achieved via iterator ranges
which can specify a sequence of coefficients of a polynomial.We offer basic arithmetic operations like+;�;�, as well as destructive self modifying operations+=;�=;�=. When working destructively
we need a cloning scheme to cope with the alias effects of one common representation referenced by
several handles. For number types that are fields or Euclidean rings we also offer polynomial division.
For the field types this can be done directly by so called Euclidean division. For the number types
that are Euclidean rings we provide it via so called pseudo division. Based on that operation we also
provide a gcd-operation on the ringNT[x℄.

Handle_for
Ref_counted

Ref_counted

RPolynomial
+: size_type
+: iterator
+: const_iterator
#RPolynomial(d:sizetype)
+RPolynomial(ao:NT)
+RPolynomial(a0:NT,a1:NT)
+RPolynomial(a0:NT,a1:NT,a2:NT)
+RPolynomial(start:Iterator,end:Iterator)

NT
RPolynomial_rep

+coeff: std::vector<NT>

NT

* 1

Figure 6.1:Some details of the handle scheme.RPolynomialrep<NT> is derived fromRef countedand thereby
a model of the template parameterT of Handlefor<T>. It stores the coefficients in an STL vectorcoeff.
RPolynomial<NT> is derived fromHandlefor< RPolynomialrep<NT> >. A Refcountedobject carries the
reference variable,Handlefor<T> provides the copy construction and assignment mechanisms.

Implementation

Polynomials are implemented by using a smart-pointer scheme. First we implement the common
representation class storing anNT vector. The whole smart-pointer scheme is shown in Figure 6.1.
For the representation class we keep the invariant that the coefficient vectorcoeff is always reduced
such that the highest-order entry is nonzero except when thedegree is zero. In this case we allow a

1An Euclidean ring type is a ring that additionally offers division with remainder and as such is a unique factorization
domain.
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zero entry. By doing so the degree of the polynomial is alwayscoeff:size( )�1. To keep our invariant
we reducethe coefficient representation after each construction andarithmetic modification, which
basically means we shrink the coefficient vector until the last entry is nonzero or until the polynomial
is constant.hgeneral rep templatei�template <
lass pNT> 
lass RPolynomial_rep : publi
 Ref_
ounted{ hstorage members and typesihrep interfacei};
The coefficients are stored in an STL vector. Its resizing operations are usefull when dealing with
polynomials of different degree.hstorage members and typesi�typedef pNT NT;typedef std::ve
tor<NT> Ve
tor;#elsetypedef CGAL::ve
tor_MSC<NT> Ve
tor;#endiftypedef typename Ve
tor::size_type size_type;typedef typename Ve
tor::iterator iterator;typedef typename Ve
tor::
onst_iterator 
onst_iterator;Ve
tor 
oeff;
The interface allows direct initialization up to degree 3, and via iterator ranges for higher degree.hrep interfacei�RPolynomial_rep() : 
oeff() {}RPolynomial_rep(
onst NT& n) : 
oeff(1) { 
oeff[0℄=n; }RPolynomial_rep(
onst NT& n, 
onst NT& m) : 
oeff(2){ 
oeff[0℄=n; 
oeff[1℄=m; }RPolynomial_rep(
onst NT& a, 
onst NT& b, 
onst NT& 
) : 
oeff(3){ 
oeff[0℄=a; 
oeff[1℄=b; 
oeff[2℄=
; }RPolynomial_rep(size_type s) : 
oeff(s,NT(0)) {}template <
lass Forward_iterator>RPolynomial_rep(Forward_iterator first, Forward_iterator last SNIHACK): 
oeff(first,last) {}#elsetemplate <
lass Forward_iterator>RPolynomial_rep(Forward_iterator first, Forward_iterator last SNIHACK): 
oeff(){ while (first!=last) 
oeff.push_ba
k(*first++); }#endif
Thepopback( ) operation of the STL vector nicely supports thereduce( ) method.
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e(){ while ( 
oeff.size()>1 && 
oeff.ba
k()==NT(0) ) 
oeff.pop_ba
k(); }hrep interfacei+�friend 
lass RPolynomial<pNT>;friend 
lass RPolynomial<int>;friend 
lass RPolynomial<double>;friend std::istream& operator >> CGAL_NULL_TMPL_ARGS(std::istream&, RPolynomial<NT>&);
Now for the general template class derived from the generic handle type wrapping the smart pointer
architecture.hthe polynomial class templatei�template <
lass pNT> 
lass RPolynomial :publi
 Handle_for< RPolynomial_rep<pNT> >{ hinterface typesihprotected interfaceihconstruction and destructionihpublic interfaceihfriend functions and operationsihself modifying operationsihoffset multiplicationi};
The iterator is obtained from the vector data type.hinterface typesi�publi
:typedef pNT NT;typedef Handle_for< RPolynomial_rep<NT> > Base;typedef RPolynomial_rep<NT> Rep;typedef typename Rep::Ve
tor Ve
tor;typedef typename Rep::size_type size_type;typedef typename Rep::iterator iterator;typedef typename Rep::
onst_iterator 
onst_iterator;
We provide a bunch of operations to implement the arithmeticoperations. Thereduce( ) ensures our
invariant that the leading coefficient is nonzero. The static memberR is used for the evaluation of a
set of polynomials at a constant value.hprotected interfacei�prote
ted:void redu
e() { ptr->redu
e(); }Ve
tor& 
oeffs() { return ptr->
oeff; }
onst Ve
tor& 
oeffs() 
onst { return ptr->
oeff; }



6.2 Introduction 202RPolynomial(size_type s) : Base( RPolynomial_rep<NT>(s) ) {}// 
reates a polynomial of degree s-1stati
 NT R_; // for visualization only
Each constructor creates a representation object on the heap and initializes it according to the speci-
fication. Assignment is handled by the handle base class which just creates an additional link to the
representation object.copyonwrite( ) allows us to single out a cloned representation object when we
want to manipulate the value of a polynomial without alias effects.hconstruction and destructioni�publi
:RPolynomial(): Base( RPolynomial_rep<NT>() ) {}RPolynomial(
onst NT& a0): Base(RPolynomial_rep<NT>(a0)) { redu
e(); }RPolynomial(
onst NT& a0, 
onst NT& a1): Base(RPolynomial_rep<NT>(a0,a1)) { redu
e(); }RPolynomial(
onst NT& a0, 
onst NT& a1,
onst NT& a2): Base(RPolynomial_rep<NT>(a0,a1,a2)) { redu
e(); }template <
lass Forward_iterator>RPolynomial(Forward_iterator first, Forward_iterator last): Base(RPolynomial_rep<NT>(first,last)) { redu
e(); }#else#define RPOL(I)\RPolynomial(I first, I last) : \Base(RPolynomial_rep<NT>(first,last SNIINST)) { redu
e(); }RPOL(
onst NT*)RPOL(
onst int*)RPOL(
onst double*)#undef RPOL#endif // CGAL_SIMPLE_NEF_INTERFACE
There are also specialized construtors for the builtin types int anddoublethat we don’t show.hconstruction and destructioni+�RPolynomial(double n) : Base(RPolynomial_rep<NT>(NT(n))) { redu
e(); }RPolynomial(double n1, double n2): Base(RPolynomial_rep<NT>(NT(n1),NT(n2))) { redu
e(); }RPolynomial(int n) : Base(RPolynomial_rep<NT>(NT(n))) { redu
e(); }RPolynomial(int n1, int n2): Base(RPolynomial_rep<NT>(NT(n1),NT(n2))) { redu
e(); }RPolynomial(
onst RPolynomial<NT>& p) : Base(p) {}prote
ted: // a

essing 
oeffi
ients internally:NT& 
oeff(unsigned int i){ CGAL_assertion(!ptr->is_shared() && i<(ptr->
oeff.size()));
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oeff[i℄;}publi
:
In this chunk we present the method interface ofRPolynomial<>. The array operators offer read-
only access. For manipulation we offer a protected methodcoeff(int), that is only for internal use.
Evaluation, sign, and content are simple to realize.hpublic interfacei�
onst_iterator begin() 
onst { return ptr->
oeff.begin(); }
onst_iterator end() 
onst { return ptr->
oeff.end(); }int degree() 
onst{ return ptr->
oeff.size()-1; }
onst NT& operator[℄(unsigned int i) 
onst{ CGAL_assertion( i<(ptr->
oeff.size()) );return ptr->
oeff[i℄; }
onst NT& operator[℄(unsigned int i){ CGAL_assertion( i<(ptr->
oeff.size()) );return ptr->
oeff[i℄; }NT eval_at(
onst NT& r) 
onst{ CGAL_assertion( degree()>=0 );NT res = ptr->
oeff[0℄, x = r;for(int i=1; i<=degree(); ++i){ res += ptr->
oeff[i℄*x; x*=r; }return res;}CGAL::Sign sign() 
onst{ 
onst NT& leading_
oeff = ptr->
oeff.ba
k();if (leading_
oeff < NT(0)) return (CGAL::NEGATIVE);if (leading_
oeff > NT(0)) return (CGAL::POSITIVE);return CGAL::ZERO;}bool is_zero() 
onst{ return degree()==0 && ptr->
oeff[0℄==NT(0); }RPolynomial<NT> abs() 
onst{ if ( sign()==CGAL::NEGATIVE ) return -*this; return *this; }NT 
ontent() 
onst{ CGAL_assertion( degree()>=0 );return g
d_of_range(ptr->
oeff.begin(),ptr->
oeff.end());}hpublic interfacei+�#else // CGAL_SIMPLE_NEF_INTERFACENT 
ontent() 
onst{ CGAL_assertion( degree()>=0 );iterator its=ptr->
oeff.begin(),ite=ptr->
oeff.end();NT res = *its++;



6.2 Introduction 204for(; its!=ite; ++its) res =(*its==0 ? res : ring_or_field<NT>::g
d(res, *its));if (res==0) res = 1;return res;}#endifstati
 void set_R(
onst NT& R) { R_ = R; }hfriend functions and operationsi�friend RPolynomial<NT>operator - CGAL_NULL_TMPL_ARGS (
onst RPolynomial<NT>&);friend RPolynomial<NT>operator + CGAL_NULL_TMPL_ARGS (
onst RPolynomial<NT>&,
onst RPolynomial<NT>&);friend RPolynomial<NT>operator - CGAL_NULL_TMPL_ARGS (
onst RPolynomial<NT>&,
onst RPolynomial<NT>&);friend RPolynomial<NT>operator * CGAL_NULL_TMPL_ARGS (
onst RPolynomial<NT>&,
onst RPolynomial<NT>&);friendRPolynomial<NT> operator / CGAL_NULL_TMPL_ARGS(
onst RPolynomial<NT>& p1, 
onst RPolynomial<NT>& p2);stati
 RPolynomial<NT> g
d(
onst RPolynomial<NT>& p1, 
onst RPolynomial<NT>& p2);stati
 void pseudo_div(
onst RPolynomial<NT>& f, 
onst RPolynomial<NT>& g,RPolynomial<NT>& q, RPolynomial<NT>& r, NT& D);stati
 void eu
lidean_div(
onst RPolynomial<NT>& f, 
onst RPolynomial<NT>& g,RPolynomial<NT>& q, RPolynomial<NT>& r);friend double to_doubleCGAL_NULL_TMPL_ARGS (
onst RPolynomial<NT>& p);
We allow self manipulating operations of a polynomial. Notethat we have to ensure that we avoid
alias effects by a clone call when several front end handles point to one backend rep.hself modifying operationsi�RPolynomial<NT>& operator += (
onst RPolynomial<NT>& p1){ 
opy_on_write();int d = std::min(degree(),p1.degree()), i;for(i=0; i<=d; ++i) 
oeff(i) += p1[i℄;while (i<=p1.degree()) ptr->
oeff.push_ba
k(p1[i++℄);redu
e(); return (*this); }RPolynomial<NT>& operator -= (
onst RPolynomial<NT>& p1){ 
opy_on_write();int d = std::min(degree(),p1.degree()), i;for(i=0; i<=d; ++i) 
oeff(i) -= p1[i℄;
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oeff.push_ba
k(-p1[i++℄);redu
e(); return (*this); }RPolynomial<NT>& operator *= (
onst RPolynomial<NT>& p1){ (*this)=(*this)*p1; return (*this); }RPolynomial<NT>& operator /= (
onst RPolynomial<NT>& p1){ (*this)=(*this)/p1; return (*this); }
We need the same operations with arguments of typeconst NT& to avoid ambiguity errors with the
compiler. We do not show their similar definition.hself modifying operationsi+�RPolynomial<NT>& operator += (
onst NT& num){ 
opy_on_write();
oeff(0) += (NT)num; return *this; }RPolynomial<NT>& operator -= (
onst NT& num){ 
opy_on_write();
oeff(0) -= (NT)num; return *this; }RPolynomial<NT>& operator *= (
onst NT& num){ 
opy_on_write();for(int i=0; i<=degree(); ++i) 
oeff(i) *= (NT)num;redu
e(); return *this; }RPolynomial<NT>& operator /= (
onst NT& num){ 
opy_on_write(); CGAL_assertion(num!=0);for(int i=0; i<=degree(); ++i) 
oeff(i) /= (NT)num;redu
e(); return *this; }
Arithmetic Ring Operations

Next we come to the implementation of basic arithmetic operations. The negation is trivial. We just
iterate over the coefficient array and invert each sign.hpolynomial implementationi�template <
lass NT>RPolynomial<NT> operator - (
onst RPolynomial<NT>& p){ CGAL_assertion(p.degree()>=0);RPolynomial<NT> res(p.
oeffs().begin(),p.
oeffs().end());typename RPolynomial<NT>::iterator it, ite=res.
oeffs().end();for(it=res.
oeffs().begin(); it!=ite; ++it) *it = -*it;return res;}
Addition p1+p2 is also easy. Just add all coefficients of the two monomials with the same degree.

Note however that the polynomials themselves might have different degree, such that we have to copy
all coefficients in the rangemin(dp1;dp2)+1 up tomax(dp1;dp2) into the result. Afterwards we have



6.2 Introduction 206

to reduce the coefficient vector. The subtraction routine issymmetric. We only have to deal with the
different sign ofp2.hpolynomial implementationi+�template <
lass NT>RPolynomial<NT> operator + (
onst RPolynomial<NT>& p1,
onst RPolynomial<NT>& p2){ typedef typename RPolynomial<NT>::size_type size_type;CGAL_assertion(p1.degree()>=0 && p2.degree()>=0);bool p1d_smaller_p2d = p1.degree() < p2.degree();int min,max,i;if (p1d_smaller_p2d) { min = p1.degree(); max = p2.degree(); }else { max = p1.degree(); min = p2.degree(); }RPolynomial<NT> p( size_type(max + 1));for (i = 0; i <= min; ++i ) p.
oeff(i) = p1[i℄+p2[i℄;if (p1d_smaller_p2d) for (; i <= max; ++i ) p.
oeff(i)=p2[i℄;else /* p1d >= p2d */ for (; i <= max; ++i ) p.
oeff(i)=p1[i℄;p.redu
e();return p;}
Subtraction is symmetric to the addition.hpolynomial implementationi+�template <
lass NT>RPolynomial<NT> operator - (
onst RPolynomial<NT>& p1,
onst RPolynomial<NT>& p2){ typedef typename RPolynomial<NT>::size_type size_type;CGAL_assertion(p1.degree()>=0 && p2.degree()>=0);bool p1d_smaller_p2d = p1.degree() < p2.degree();int min,max,i;if (p1d_smaller_p2d) { min = p1.degree(); max = p2.degree(); }else { max = p1.degree(); min = p2.degree(); }RPolynomial<NT> p( size_type(max+1) );for (i = 0; i <= min; ++i ) p.
oeff(i)=p1[i℄-p2[i℄;if (p1d_smaller_p2d) for (; i <= max; ++i ) p.
oeff(i)= -p2[i℄;else /* p1d >= p2d */ for (; i <= max; ++i ) p.
oeff(i)= p1[i℄;p.redu
e();return p;}
Multiplication is also straightforward. The degree formula tells us thatp1� p2 has degree

p1:degree( )+p2:degree( ). We just allocate a polynomialp of corresponding size initialized to zero
and add the products of all monomialsp1[i℄�p2[ j℄ for 0� i � dp1, 0� j � dp2 slotwise toai+ j .hpolynomial implementationi+�template <
lass NT>RPolynomial<NT> operator * (
onst RPolynomial<NT>& p1,
onst RPolynomial<NT>& p2)



6.2 Introduction 207{ typedef typename RPolynomial<NT>::size_type size_type;CGAL_assertion(p1.degree()>=0 && p2.degree()>=0);RPolynomial<NT> p( size_type(p1.degree()+p2.degree()+1) );// initialized with zerosfor (int i=0; i <= p1.degree(); ++i)for (int j=0; j <= p2.degree(); ++j)p.
oeff(i+j) += (p1[i℄*p2[j℄);p.redu
e();return p;}
Polynomial Division and Reduction

Next we implement polynomial division operations. See alsothe books of Cohen [Coh93] or Knuth
[Knu98] for a thourough treatment. The result of our division operationp1=p2 in NT[x℄ is defined as
the polynomialp3 such thatp1 = p2p3. In case there is no such polynomial the result is undefined.

The implementation ofoperator= depends on the number type plugged into the template. To
provide the division we implement two division operationspseudodiv andeuclideandiv. The first
operation works with ring number types providing agcdoperation, so calledunique factorization do-
mains. The second operation works with polynomials overfieldnumber types. To separate our number
types we introduce a traits class providing tags to choose one or the other code variant. In the header
file of RPolynomialthere are three predefined class typesring or field dontknow, ring with gcd, and
field with div. As a prerequisite a user has just to specialize the class template ring or field<> to the
number type that she wants to plug intoRPolynomial<>. For the LEDA integer type this can be done
as followstemplate <>stru
t ring or field<leda integer> {typedef ring with g
d kind;stati
 leda integer g
d(
onst leda integer& a, 
onst leda integer& b){ return ::g
d(a,b); }};
In case of a Euclidean ring the classring or field<RT> has to provide the gcd operation of twoRT
operands as a static method2. Based on this number type flagRPolynomial<ledainteger> provides
the division operation with the help ofpseudodiv based on thegcd operation ofledainteger. For
users not providing thering or field<> specialization an error message is raised.hpolynomial implementationi+�template <
lass NT>RPolynomial<NT> divop (
onst RPolynomial<NT>& p1,
onst RPolynomial<NT>& p2,ring_or_field_dont_know){ CGAL_assertion_msg(0,"\n\The division operation on polynomials requires that you\n\spe
ify if your number type provides a binary g
d() operation\n\

2This makes life easier when working with compilers that lackKoenig-lookup.
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luding an operator/().\n\You do this by 
reating a spe
ialized 
lass:\n\template <> 
lass ring_or_field<yourNT> with a member type:\n\typedef ring_with_g
d kind; OR\n\typedef field_with_div kind;\n");return RPolynomial<NT>(); // never rea
hed}
The division operator is implemented depending on the number typeNT. Our number type traits

ring or field<NT> provides a tag type to specialize it via three overloaded methodsdivop( ) that are
implemented below.hpolynomial implementationi+�template <
lass NT> inlineRPolynomial<NT> operator / (
onst RPolynomial<NT>& p1,
onst RPolynomial<NT>& p2){ return divop(p1,p2,ring_or_field<NT>::kind()); }
Field Number Types

We first implement standard polynomial division. Starting from polynomialsf andg we determine
two polynomialsq andr such thatf = q�g+ r wheredr � dg.hpolynomial staticsi�template <
lass NT>void RPolynomial<NT>::eu
lidean_div(
onst RPolynomial<NT>& f, 
onst RPolynomial<NT>& g,RPolynomial<NT>& q, RPolynomial<NT>& r){ r = f; r.
opy_on_write();int rd=r.degree(), gd=g.degree(), qd(0);if ( rd < gd ) { q = RPolynomial<NT>(NT(0)); }else { qd = rd-gd+1; q = RPolynomial<NT>(size_t(qd)); }while ( rd >= gd ) {NT S = r[rd℄ / g[gd℄;qd = rd-gd;q.
oeff(qd) += S;r.minus_offsetmult(g,S,qd);rd = r.degree();}CGAL_post
ondition( f==q*g+r );}
We need an operation which allows us to subtract a polynomialswhich is the product of a polynomial
p = ∑d

i=0aixi and a monomialm= bxk. The result ismp= ∑d+k
i=0 bãixi whereãi = 0 for 0� i < k

and ãi+k = ai for 0� i � d. We implement this by shifting the coefficients ofp by k places while
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multiplying them byb and leave the lowerk entries of the resulting polynomial zero.hoffset multiplicationi�void minus_offsetmult(
onst RPolynomial<NT>& p, 
onst NT& b, int k){ CGAL_assertion(!ptr->is_shared());RPolynomial<NT> s(size_type(p.degree()+k+1)); // zero entriesfor (int i=k; i <= s.degree(); ++i) s.
oeff(i) = b*p[i-k℄;operator-=(s);}
Now we can just specializedivop in its third argument:hpolynomial implementationi+�template <
lass NT>RPolynomial<NT> divop (
onst RPolynomial<NT>& p1,
onst RPolynomial<NT>& p2,field_with_div){ CGAL_assertion(!p2.is_zero());if (p1.is_zero()) return 0;RPolynomial<NT> q,r;RPolynomial<NT>::eu
lidean_div(p1,p2,q,r);CGAL_post
ondition( (p2*q+r==p1) );return q;}
Unique factorization domains

Polynomial division avoiding using the notion of an inversethat is present in fields, is not so trivial. We
first introduce the algebraic notions necessary for some theoretic results. We start with the introduction
of divisibility and greatest common divisors. Letf =∑

df

i=0 aixi , g=∑dg

i=0 bixi be polynomials ofdegree
df anddg. We assume theleading coefficient adf andbdg to be nonzero and thereby degree defining.

Definition 9: A commutative ringR with unit 1 and containing no zero divisors is called anintegrity
domain. An integrity domain where every nonzero element is either aunit or has a unique representa-
tion3 as a product of primes is called aunique factorization domain.

The integersZ are our default example of a unique factorization domain. One example for a ring
that is no unique factorization domain isZ=4Zwhich contains the zero divisor 2.

Definition 10: Let R be an integrity domain.K = Quot(R ), K � = K �f0g. Let a;b2K �.(1) ajR b ”a dividesb in R ” :, 9c2R : b= ac(2) a�R b :, ajR b^bjR a

Let d 2K �. d is called gcdK (a;b) :,(1) d jR a^d jR b(2) 8c2K � : cjR a^cjR b=) cjR d

d is determined uniquely except for multiplication with units.
3Uniqueness up to permutations and multiplication with units.
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The following lemma assures that we can dividef by g in the integral domain when we accept an
expansion off by a power of the leading coefficient ofg.

Lemma 6.2.1: Let R be a ring andf ;g 2 R [x℄;g 6= 0. Let b be the leading coefficient ofg. Then
there are polynomialsq; r 2 R [x℄, such that

bs f = qg+ r

where eitherr = 0 or r 6= 0 anddr < dg and the integers= 0 if f = 0 ands= maxf0;df �dg+1g if
f 6= 0. If b is no zero divisor inR thenq andr are uniquely defined.

Proof. Existence— In casef = 0 and f 6= 0;df < dg the pairq= 0; r = f is a trivial solution. Let
f 6= 0, ∆( f ;g) := df �dg � 0. We show the existence ofq; r by induction on∆( f ;g). Let q; r exist
for polynomials f ;g; f 6= 0;∆( f ;g) < ∆0;∆0� 0. Now let f 2 R [x℄; f 6= 0;∆( f ;g) = ∆0 anda be the
leading coefficient off . We look at f 0 := b f�ax∆0g. Either f 0 = 0 or f 0 6= 0 butdf 0 < df ;∆( f 0;g)<
∆0. By the induction hypothesis there arer 0;q0 2 R [x℄ such thatbs0

f = q0g+ r 0 where eitherr 0 = 0
or r 6= 0 anddr 0 < dg and the non-negative integers0 � df �dg. Thusbs0+1 f = (bs0

ax∆0 +q0)g+ r 0.
Because ofs0+1� df �dg+1 the existence ofq andr is clear.

Uniqueness— Let b be no zero divisor inR and assume that there is another representation
bs f = q̃g+ r̃ where either ˜r = 0 or r̃ 6= 0 anddq < dq̃. By subtracting one from the other we obtain(q� q̃)g = r̃ � r. As theb is no zero divisor inR the degree formula tells us that deg(q� q̃)g =
deg(q� q̃)+dg� dg. Thus ˜r� r 6= 0 and deg(r̃� r)� dg. On the other hand ˜r� r is the difference of
two polynomials of degree smaller thandg and therefore deg(r̃� r) < dg. From the contradiction we
obtainq� q̃= r̃� r = 0.

See any algebra book like [RSV84] for more details. Knuth [Knu98] calls the algorithm based on
the above lemmapseudo-division. According to this lemma one can determineq and r within the
ring without resorting to the quotient field. We follow the construction in the proof in reverse order to
reducef down tor. We useminusoffsetmultfor the reduction fromf to f 0.hpolynomial staticsi+�template <
lass NT>void RPolynomial<NT>::pseudo_div(
onst RPolynomial<NT>& f, 
onst RPolynomial<NT>& g,RPolynomial<NT>& q, RPolynomial<NT>& r, NT& D){ int fd=f.degree(), gd=g.degree();if ( fd<gd ){ q = RPolynomial<NT>(0); r = f; D = 1;CGAL_post
ondition(RPolynomial<NT>(D)*f==q*g+r); return;}// now we know fd >= gd and f>=gint qd=fd-gd, delta=qd+1, rd=fd;q = RPolynomial<NT>( size_t(delta) );NT G = g[gd℄; // highest order 
oeff of gD = G; while (--delta) D*=G; // D = G^deltaRPolynomial<NT> res = RPolynomial<NT>(D)*f;while (qd >= 0) {NT F = res[rd℄; // highest order 
oeff of resNT t = F/G; // ensured to be integer by multipli
ation of Dq.
oeff(qd) = t; // store q 
oeff
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ondition(RPolynomial<NT>(D)*f==q*g+r);}
Finally we specializedivop for unique factorization domains.hpolynomial implementationi+�template <
lass NT>RPolynomial<NT> divop (
onst RPolynomial<NT>& p1, 
onst RPolynomial<NT>& p2,ring_with_g
d){ CGAL_assertion(!p2.is_zero());if (p1.is_zero()) return 0;RPolynomial<NT> q,r; NT D;RPolynomial<NT>::pseudo_div(p1,p2,q,r,D);CGAL_post
ondition( (p2*q+r==p1*RPolynomial<NT>(D)) );return q/=D;}
For the reduction of polynomials we finally implement the greatest common divisor method as in-
troduced by Euclid. For two elementsa;b 2 R Euclids algorithm uses the reduction gcd(a;b) �R

gcd(b;a modb).
Definition 11: For a polynomialf =∑d

i=0 aixi we define itscontentas cont( f ) = gcd(a0; : : : ;ad) and
its primitive partas pp( f ) = f=cont( f ).

Again the content of a polynomial is only unique up to multiplication by units ofR . Note that
cont( f ) is a divisor of all coefficients off in R and therefore the division is reducing the representa-
tion of f such that cont(pp( f )) = 1. The following lemma tells us something about the composition
of the gcd of two polynomials from the contents and the primitive parts. A polynomial whose content
is 1 is calledprimitive.

Lemma 6.2.2 (Gauss):The product of twoprimitive polynomials f andg over a unique factoriza-
tion domain is againprimitive. Moreover let f and g be two general polynomials over a unique
factorization domainR . Then cont(gcd( f ;g)) �R gcd(cont( f );cont(g)) and pp(gcd( f ;g)) �R

gcd(pp( f );pp(g)).
Proof. Let f = ∑

df

i=0 aixi ;g = ∑dg

i=0 bixi be primitive polynomials. We show for any primep of the
domain that it does not divide all the coefficients off �g. For both polynomials we chose the smallest
indices j andk for which p does divide(ai)i and(bi)i . We then examine the coefficient ofx j+k of
f �g:

a jbk+a j+1bk�1+ � � �+a j+kb0+a j�1bk+1+ � � �+a0bk+ j

As p divides only the first term and none of the following terms,p does not divide the sum.
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From the above we can deduce for general polynomialsf andg that pp( f g)�R pp( f )pp(g). The
product f g can be decomposed asf g= cont( f )pp( f )cont(g)pp(g) = cont( f )cont(g)pp(g)pp( f ) and
f g= cont( f g)pp( f g). Thereby we can deduce that cont( f g)�R cont( f )cont(g).

Now assume thath�R gcd( f ;g) and thusf = hF andg= hG for some polynomialsF andG from
R [x℄. By the previous result we get cont( f )�R cont(h)cont(F) and cont(g)�R cont(h)cont(G) and
thereby cont(gcd( f ;g))�R cont(h)�R gcdR (cont( f );cont(g)). The latter equality follows from the
fact that gcdR (cont(F);cont(G))�R 1 due to the properties ofh in the decomposition off andg. A
similar argument shows that pp(gcd( f ;g)) �R gcd(pp( f );pp(g)).

This result simplifies the problem and allows us to keep the size of the coefficients of the polyno-
mials as small as possible. An elaborate treatment of the topic can be found in [Coh93, Knu98].

By the above lemma we obtain the following strategy. First calculateF = gcdR (cont( f );cont(g))
by the gcd routine on the ring number typeNT. Reduce both polynomials by their content to their
primitive parts f Æ = pp( f ) andgÆ = pp(g).

Then reduce gcd( f Æ;gÆ) �R gcd(gÆ; f Æ modgÆ). However our pseudo-divisionpseudodiv
only allows reductions of the form(D f Æ;gÆ) to (gÆ;D f Æ modgÆ) where D = bs as described
above. This is ok though as gcd(D f Æ;gÆ) �R gcdR (cont(D f Æ);cont(gÆ))gcd(pp(D f Æ);pp(gÆ)) �R

gcdR (D;1)gcd( f Æ;gÆ) �R gcd( f Æ;gÆ). The final result of the Euclidean reduction deliversdÆ =
gcd( f Æ;gÆ). We obtain the desired result gcd( f ;g) = F �dÆ.hpolynomial staticsi+�template <
lass NT>RPolynomial<NT> RPolynomial<NT>::g
d(
onst RPolynomial<NT>& p1, 
onst RPolynomial<NT>& p2){ if ( p1.is_zero() )if ( p2.is_zero() ) return RPolynomial<NT>(NT(1));else return p2.abs();if ( p2.is_zero() )return p1.abs();RPolynomial<NT> f1 = p1.abs();RPolynomial<NT> f2 = p2.abs();NT f1
 = f1.
ontent(), f2
 = f2.
ontent();f1 /= f1
; f2 /= f2
;NT F = ring_or_field<NT>::g
d(f1
,f2
);RPolynomial<NT> q,r; NT M=1,D;bool first = true;while ( ! f2.is_zero() ) {RPolynomial<NT>::pseudo_div(f1,f2,q,r,D);if (!first) M*=D;r /= r.
ontent();f1=f2; f2=r;first=false;}return RPolynomial<NT>(F)*f1.abs();}
The rest of this section just implements all kinds of comparison predicates based on our sign evalua-
tion.
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lass NT>inline RPolynomial<NT>g
d(
onst RPolynomial<NT>& p1, 
onst RPolynomial<NT>& p2){ return RPolynomial<NT>::g
d(p1,p2); }template <
lass NT> bool operator ==(
onst RPolynomial<NT>& p1, 
onst RPolynomial<NT>& p2){ return ( (p1-p2).sign() == CGAL::ZERO ); }template <
lass NT> bool operator !=(
onst RPolynomial<NT>& p1, 
onst RPolynomial<NT>& p2){ return ( (p1-p2).sign() != CGAL::ZERO ); }template <
lass NT> bool operator <(
onst RPolynomial<NT>& p1, 
onst RPolynomial<NT>& p2){ return ( (p1-p2).sign() == CGAL::NEGATIVE ); }template <
lass NT> bool operator <=(
onst RPolynomial<NT>& p1, 
onst RPolynomial<NT>& p2){ return ( (p1-p2).sign() != CGAL::POSITIVE ); }template <
lass NT> bool operator >(
onst RPolynomial<NT>& p1, 
onst RPolynomial<NT>& p2){ return ( (p1-p2).sign() == CGAL::POSITIVE ); }template <
lass NT> bool operator >=(
onst RPolynomial<NT>& p1, 
onst RPolynomial<NT>& p2){ return ( (p1-p2).sign() != CGAL::NEGATIVE ); }#ifndef _MSC_VERtemplate <
lass NT> CGAL::Signsign(
onst RPolynomial<NT>& p){ return p.sign(); }#endif // 
ollides with global CGAL sign#ifndef _MSC_VER// lefthand sidetemplate <
lass NT> RPolynomial<NT> operator +(
onst NT& num, 
onst RPolynomial<NT>& p2){ return (RPolynomial<NT>(num) + p2); }template <
lass NT> RPolynomial<NT> operator -(
onst NT& num, 
onst RPolynomial<NT>& p2){ return (RPolynomial<NT>(num) - p2); }template <
lass NT> RPolynomial<NT> operator *(
onst NT& num, 
onst RPolynomial<NT>& p2){ return (RPolynomial<NT>(num) * p2); }template <
lass NT> RPolynomial<NT> operator /(
onst NT& num, 
onst RPolynomial<NT>& p2){ return (RPolynomial<NT>(num)/p2); }// righthand sidetemplate <
lass NT> RPolynomial<NT> operator +(
onst RPolynomial<NT>& p1, 
onst NT& num){ return (p1 + RPolynomial<NT>(num)); }template <
lass NT> RPolynomial<NT> operator -(
onst RPolynomial<NT>& p1, 
onst NT& num){ return (p1 - RPolynomial<NT>(num)); }template <
lass NT> RPolynomial<NT> operator *
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onst RPolynomial<NT>& p1, 
onst NT& num){ return (p1 * RPolynomial<NT>(num)); }template <
lass NT> RPolynomial<NT> operator /(
onst RPolynomial<NT>& p1, 
onst NT& num){ return (p1 / RPolynomial<NT>(num)); }// lefthand sidetemplate <
lass NT> bool operator ==(
onst NT& num, 
onst RPolynomial<NT>& p){ return ( (RPolynomial<NT>(num)-p).sign() == CGAL::ZERO );}template <
lass NT> bool operator !=(
onst NT& num, 
onst RPolynomial<NT>& p){ return ( (RPolynomial<NT>(num)-p).sign() != CGAL::ZERO );}template <
lass NT> bool operator <(
onst NT& num, 
onst RPolynomial<NT>& p){ return ( (RPolynomial<NT>(num)-p).sign() == CGAL::NEGATIVE );}template <
lass NT> bool operator <=(
onst NT& num, 
onst RPolynomial<NT>& p){ return ( (RPolynomial<NT>(num)-p).sign() != CGAL::POSITIVE );}template <
lass NT> bool operator >(
onst NT& num, 
onst RPolynomial<NT>& p){ return ( (RPolynomial<NT>(num)-p).sign() == CGAL::POSITIVE );}template <
lass NT> bool operator >=(
onst NT& num, 
onst RPolynomial<NT>& p){ return ( (RPolynomial<NT>(num)-p).sign() != CGAL::NEGATIVE );}// righthand sidetemplate <
lass NT> bool operator ==(
onst RPolynomial<NT>& p, 
onst NT& num){ return ( (p-RPolynomial<NT>(num)).sign() == CGAL::ZERO );}template <
lass NT> bool operator !=(
onst RPolynomial<NT>& p, 
onst NT& num){ return ( (p-RPolynomial<NT>(num)).sign() != CGAL::ZERO );}template <
lass NT> bool operator <(
onst RPolynomial<NT>& p, 
onst NT& num){ return ( (p-RPolynomial<NT>(num)).sign() == CGAL::NEGATIVE );}template <
lass NT> bool operator <=(
onst RPolynomial<NT>& p, 
onst NT& num){ return ( (p-RPolynomial<NT>(num)).sign() != CGAL::POSITIVE );}template <
lass NT> bool operator >(
onst RPolynomial<NT>& p, 
onst NT& num){ return ( (p-RPolynomial<NT>(num)).sign() == CGAL::POSITIVE );}template <
lass NT> bool operator >=(
onst RPolynomial<NT>& p, 
onst NT& num){ return ( (p-RPolynomial<NT>(num)).sign() != CGAL::NEGATIVE );}#endif // _MSC_VER CGAL_CFG_MATCHING_BUG_2
Finally we offer standard I/O operations.hpolynomial implementationi+�template <
lass NT>void print_monomial(std::ostream& os, 
onst NT& n, int i){



6.2 Introduction 215if (i==0) os << n;if (i==1) os << n << "R";if (i>1) os << n << "R^" << i;}#define RPOLYNOMIAL_EXPLICIT_OUTPUT// I/Otemplate <
lass NT>std::ostream& operator << (std::ostream& os, 
onst RPolynomial<NT>& p){ int i;swit
h( os.iword(CGAL::IO::mode) ){ 
ase CGAL::IO::ASCII :os << p.degree() << ' ';for(i=0; i<=p.degree(); ++i)os << p[i℄ << ' ';return os;
ase CGAL::IO::BINARY :CGAL::write(os, p.degree());for(i=0; i<=p.degree(); ++i)CGAL::write(os, p[i℄);return os;default:#ifndef RPOLYNOMIAL_EXPLICIT_OUTPUTos << "RPolynomial(" << p.degree() << ", ";for(i=0; i<=p.degree(); ++i) {os << p[i℄;if (i < p.degree()) os << ", ";}os << ")";#else print_monomial(os,p[p.degree()℄,p.degree());for(i=p.degree()-1; i>=0; --i) {if (p[i℄!=NT(0)) { os << " + "; print_monomial(os,p[i℄,i); }}#endifreturn os;}}template <
lass NT>std::istream& operator >> (std::istream& is, RPolynomial<NT>& p){ int i,d;NT 
;swit
h( is.iword(CGAL::IO::mode) ){ 
ase CGAL::IO::ASCII :is >> d;if (d < 0) p = RPolynomial<NT>();else {typename RPolynomial<NT>::Ve
tor 
oeffs(d+1);for(i=0; i<=d; ++i) is >> 
oeffs[i℄;



6.2 Introduction 216p = RPolynomial<NT>(
oeffs.begin(),
oeffs.end());}break;
ase CGAL::IO::BINARY :CGAL::read(is, d);if (d < 0) p = RPolynomial<NT>();else {typename RPolynomial<NT>::Ve
tor 
oeffs(d+1);for(i=0; i<=d; ++i){ CGAL::read(is,
); 
oeffs[i℄=
; }p = RPolynomial<NT>(
oeffs.begin(),
oeffs.end());}break;default:CGAL_assertion_msg(0,"\nStream must be in as
ii or binary mode\n");break;}return is;}
We finally give the file wrapper for our definition and implementation part.hRPolynomial.hi�hCGAL Headeri#ifndef CGAL_RPOLYNOMIAL_H#define CGAL_RPOLYNOMIAL_H#in
lude <CGAL/basi
.h>#in
lude <CGAL/kernel_assertions.h>#in
lude <CGAL/Handle_for.h>#in
lude <CGAL/number_type_basi
.h>#in
lude <CGAL/number_utils.h>#in
lude <CGAL/IO/io.h>#undef _DEBUG#define _DEBUG 3#in
lude <CGAL/Nef_2/debug.h>#if defined(_MSC_VER) || defined(__BORLANDC__)#in
lude <CGAL/Nef_2/ve
tor_MSC.h>#define CGAL_SIMPLE_NEF_INTERFACE#define SNIHACK ,
har,
har#define SNIINST ,'
','
'#else#in
lude <ve
tor>#define SNIHACK#define SNIINST#endif
lass ring_or_field_dont_know {};
lass ring_with_g
d {};
lass field_with_div {};template <typename NT>stru
t ring_or_field {typedef ring_or_field_dont_know kind;
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t ring_or_field<int> {typedef ring_with_g
d kind;typedef int RT;stati
 RT g
d(
onst RT& a, 
onst RT& b){ if (a == 0)if (b == 0) return 1;else return CGAL_NTS abs(b);if (b == 0) return CGAL_NTS abs(a);// here both a and b are nonzeroint u = CGAL_NTS abs(a);int v = CGAL_NTS abs(b);if (u < v) v = v%u;while (v != 0){ int tmp = u % v;u = v;v = tmp;}return u;}};template <>stru
t ring_or_field<long> {typedef ring_with_g
d kind;typedef long RT;stati
 RT g
d(
onst RT& a, 
onst RT& b){ if (a == 0)if (b == 0) return 1;else return CGAL_NTS abs(b);if (b == 0) return CGAL_NTS abs(a);// here both a and b are nonzeroint u = CGAL_NTS abs(a);int v = CGAL_NTS abs(b);if (u < v) v = v%u;while (v != 0){ int tmp = u % v;u = v;v = tmp;}return u;}};template <>stru
t ring_or_field<double> {typedef field_with_div kind;typedef double RT;stati
 RT g
d(
onst RT&, 
onst RT&){ return 1.0; }};CGAL_BEGIN_NAMESPACE
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lass NT> 
lass RPolynomial_rep;template <
lass NT> 
lass RPolynomial;hgcd of rangeihcommon prototype statementsihgeneral rep templateihthe polynomial class templateitemplate <
lass NT> NT RPolynomial<NT>::R_;int RPolynomial<int>::R_;double RPolynomial<double>::R_;hspecial operations required by CGALihpolynomial implementationihpolynomial staticsiCGAL_END_NAMESPACE#endif // CGAL_RPOLYNOMIAL_H
Finally we provide a gcd calculation routine for a sequence of numbers. This routine requires the
existence of agcdoperation as provided by our number type traitsring or field<NT>.hgcd of rangei�template <
lass Forward_iterator>typename std::iterator_traits<Forward_iterator>::value_typeg
d_of_range(Forward_iterator its, Forward_iterator ite){ CGAL_assertion(its!=ite);typedef typename std::iterator_traits<Forward_iterator>::value_type NT;NT res = *its++;for(; its!=ite; ++its) res =(*its==0 ? res : ring_or_field<NT>::g
d(res, *its));if (res==0) res = 1;return res;}
Now for some CGAL specific number type reqirements.hspecial operations required by CGALi�template <
lass NT> double to_double(
onst RPolynomial<NT>& p){ return (CGAL::to_double(p.eval_at(RPolynomial<NT>::R_))); }template <
lass NT> bool is_valid(
onst RPolynomial<NT>& p){ return (CGAL::is_valid(p[0℄)); }template <
lass NT> bool is_finite(
onst RPolynomial<NT>& p){ return CGAL::is_finite(p[0℄); }template <
lass NT> CGAL::io_Operatorio_tag(
onst RPolynomial<NT>&){ return CGAL::io_Operator(); }
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Now the prototypes which have to be declared due to a friend statement in the rep class.hcommon prototype statementsi�template <
lass NT> RPolynomial<NT>operator - (
onst RPolynomial<NT>&);template <
lass NT> RPolynomial<NT>operator + (
onst RPolynomial<NT>&, 
onst RPolynomial<NT>&);template <
lass NT> RPolynomial<NT>operator - (
onst RPolynomial<NT>&, 
onst RPolynomial<NT>&);template <
lass NT> RPolynomial<NT>operator * (
onst RPolynomial<NT>&, 
onst RPolynomial<NT>&);template <
lass NT> inline RPolynomial<NT>operator / (
onst RPolynomial<NT>&, 
onst RPolynomial<NT>&);#ifndef _MSC_VERtemplate<
lass NT> CGAL::Signsign(
onst RPolynomial<NT>& p);#endif // 
ollides with global CGAL signtemplate <
lass NT> doubleto_double(
onst RPolynomial<NT>& p) ;template <
lass NT> boolis_valid(
onst RPolynomial<NT>& p) ;template <
lass NT> boolis_finite(
onst RPolynomial<NT>& p) ;template<
lass NT>std::ostream& operator << (std::ostream& os, 
onst RPolynomial<NT>& p);template <
lass NT>std::istream& operator >> (std::istream& is, RPolynomial<NT>& p);#ifndef _MSC_VER// lefthand sidetemplate<
lass NT> inline RPolynomial<NT> operator +(
onst NT& num, 
onst RPolynomial<NT>& p2);template<
lass NT> inline RPolynomial<NT> operator -(
onst NT& num, 
onst RPolynomial<NT>& p2);template<
lass NT> inline RPolynomial<NT> operator *(
onst NT& num, 
onst RPolynomial<NT>& p2);template<
lass NT> inline RPolynomial<NT> operator /(
onst NT& num, 
onst RPolynomial<NT>& p2);// righthand sidetemplate<
lass NT> inline RPolynomial<NT> operator +(
onst RPolynomial<NT>& p1, 
onst NT& num);template<
lass NT> inline RPolynomial<NT> operator -(
onst RPolynomial<NT>& p1, 
onst NT& num);template<
lass NT> inline RPolynomial<NT> operator *(
onst RPolynomial<NT>& p1, 
onst NT& num);template<
lass NT> inline RPolynomial<NT> operator /(
onst RPolynomial<NT>& p1, 
onst NT& num);// lefthand sidetemplate<
lass NT> inline bool operator ==(
onst NT& num, 
onst RPolynomial<NT>& p);template<
lass NT> inline bool operator !=(
onst NT& num, 
onst RPolynomial<NT>& p);
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lass NT> inline bool operator <(
onst NT& num, 
onst RPolynomial<NT>& p);template<
lass NT> inline bool operator <=(
onst NT& num, 
onst RPolynomial<NT>& p);template<
lass NT> inline bool operator >(
onst NT& num, 
onst RPolynomial<NT>& p);template<
lass NT> inline bool operator >=(
onst NT& num, 
onst RPolynomial<NT>& p);// righthand sidetemplate<
lass NT> inline bool operator ==(
onst RPolynomial<NT>& p, 
onst NT& num);template<
lass NT> inline bool operator !=(
onst RPolynomial<NT>& p, 
onst NT& num);template<
lass NT> inline bool operator <(
onst RPolynomial<NT>& p, 
onst NT& num);template<
lass NT> inline bool operator <=(
onst RPolynomial<NT>& p, 
onst NT& num);template<
lass NT> inline bool operator >(
onst RPolynomial<NT>& p, 
onst NT& num);template<
lass NT> inline bool operator >=(
onst RPolynomial<NT>& p, 
onst NT& num);#endif // _MSC_VER
6.3 A Test of RPolynomial

We test in different settings concerning instantiation number types and operator argument types. We
basically useledainteger, int, anddouble.hRPolynomial-test.Ci�#in
lude <CGAL/basi
.h>#ifndef _MSC_VER#in
lude <CGAL/RPolynomial.h>#else#in
lude <CGAL/RPolynomial_MSC.h>#endif#in
lude <CGAL/test_ma
ros.h>#ifdef CGAL_USE_LEDA#in
lude <CGAL/leda_integer.h>typedef leda_integer Integer;template <>stru
t ring_or_field<leda_integer> {typedef ring_with_g
d kind;typedef leda_integer RT;stati
 RT g
d(
onst RT& r1, 
onst RT& r2){ return ::g
d(r1,r2); }};#else#ifdef CGAL_USE_GMP
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lude <CGAL/Gmpz.h>typedef CGAL::Gmpz Integer;template <>stru
t ring_or_field<CGAL::Gmpz> {typedef ring_with_g
d kind;typedef CGAL::Gmpz RT;stati
 RT g
d(
onst RT& r1, 
onst RT& r2){ return CGAL::g
d(r1,r2); }};#elsetypedef int Integer;#endif#endifusing namespa
e CGAL;#ifdef _MSC_VER#define MSCCAST(n) stati
_
ast<RP>(n)#define RPolynomial RPolynomial_MSCCGAL_DEFINE_ITERATOR_TRAITS_POINTER_SPEC(Integer)typedef std::iterator_traits<int*>::iterator_
ategory iiii;#else#define MSCCAST(n) n#endif#define PRT(t1,t2) std::
out<<"testing instan
es "<<#t1<<" "<<#t2<<std::endlint main(){ //SETDTHREAD(3); CGAL::set_pretty_mode ( std::
err );CGAL_TEST_START;{ PRT(Integer,Integer);typedef Integer NT; typedef RPolynomial<Integer> RP;htest sequencei}{ PRT(int,Integer);typedef int NT; typedef RPolynomial<Integer> RP;htest sequencei}{ PRT(double,Integer);typedef double NT; typedef RPolynomial<Integer> RP;htest sequencei}{ PRT(int,int);typedef int NT; typedef RPolynomial<int> RP;htest sequencei}{ PRT(double,int);typedef double NT; typedef RPolynomial<int> RP;htest sequencei}CGAL_TEST_END;}htest sequencei�



6.3 A Test of RPolynomial 222RP::NT seq[4℄ = { 0, 1, 2, 0 };RP p1, p2(NT(1)), p3(NT(1),NT(1)), p4(5,2), p5(-2,5), p6(4,1),p7(3,0), p8(seq,seq+4);RP p10(-1,0,1), p11(-1,1), p12(1,1);NT r1(2), r2(-2);CGAL_TEST(p1.degree()==-1);CGAL_TEST(p2.degree()==0);CGAL_TEST(p4.degree()==1);CGAL_TEST(p7.degree()==0);CGAL_TEST(p8.degree()==2);CGAL_TEST((-(-p4)) == p4);CGAL_TEST((-(-p7)) == p7);CGAL_TEST((p4+p5) == RP(3,7));CGAL_TEST((p4-p5) == RP(7,-3));RP::NT prod[3℄ = { -10, 21, 10 };CGAL_TEST((p4*p5) == RP(prod,prod+3));CGAL_TEST((p2*p3) == p3);MSCCAST(r1)+p3;p3+MSCCAST(r1);CGAL_TEST((MSCCAST(r1)+p3) == RP(3,1));CGAL_TEST((MSCCAST(r1)-p3) == RP(1,-1));CGAL_TEST((MSCCAST(r1)*p3) == RP(2,2));CGAL_TEST((p3+MSCCAST(r1)) == RP(3,1));CGAL_TEST((p3-MSCCAST(r1)) == RP(-1,1));CGAL_TEST((p3*MSCCAST(r1)) == RP(2,2));CGAL_TEST(p2 != p3);CGAL_TEST(p2 < p3);CGAL_TEST(p2 <= p3);CGAL_TEST(p5 > p4);CGAL_TEST(p5 >= p4);CGAL_TEST(MSCCAST(r1) != p2);CGAL_TEST(MSCCAST(r2) < p2);CGAL_TEST(MSCCAST(r2) <= p2);CGAL_TEST(MSCCAST(r1) > p2);CGAL_TEST(MSCCAST(r1) >= p2);CGAL_TEST(p2 != MSCCAST(r1));CGAL_TEST(p2 > MSCCAST(r2));CGAL_TEST(p2 >= MSCCAST(r2));CGAL_TEST(p2 < MSCCAST(r1));CGAL_TEST(p2 <= MSCCAST(r1));CGAL_TEST(CGAL_NTS sign(p5)==+1);CGAL_TEST(CGAL_NTS sign(-p5)==-1);CGAL_TEST(CGAL_NTS sign(p2)==+1);CGAL_TEST(CGAL_NTS sign(-p2)==-1);p3 += p2;p3 -= p2;p3 *= p5;p3 += MSCCAST(r1);p3 -= MSCCAST(r1);p3 *= MSCCAST(r2);RP::NT D;



6.4 A Demo of RPolynomial 223RP q1(17),q2(5),q3,q4;RP::pseudo_div(q1,q2,q3,q4,D);CGAL_TEST(MSCCAST(D)*q1==q2*q3+q4);RP::pseudo_div(-q1,q2,q3,q4,D);CGAL_TEST(MSCCAST(D)*-q1==q2*q3+q4);RP::pseudo_div(q1,-q2,q3,q4,D);CGAL_TEST(MSCCAST(D)*q1==-q2*q3+q4);RP::pseudo_div(-q1,-q2,q3,q4,D);CGAL_TEST(MSCCAST(D)*-q1==-q2*q3+q4);RP qq1(5),qq2(17),qq3,qq4;RP::pseudo_div(qq1,qq2,qq3,qq4,D);CGAL_TEST(MSCCAST(D)*qq1==qq2*qq3+qq4);RP::pseudo_div(-qq1,qq2,qq3,qq4,D);CGAL_TEST(MSCCAST(D)*-qq1==qq2*qq3+qq4);RP::pseudo_div(qq1,-qq2,qq3,qq4,D);CGAL_TEST(MSCCAST(D)*qq1==-qq2*qq3+qq4);RP::pseudo_div(-qq1,-qq2,qq3,qq4,D);CGAL_TEST(MSCCAST(D)*-qq1==-qq2*qq3+qq4);CGAL_TEST(p10/p11 == p12);q3 = RP::g
d(q1,q2);CGAL_TEST(q3 == MSCCAST(1));CGAL_IO_TEST(p4,p1);CGAL::to_double(p6);CGAL::is_finite(p6);CGAL::is_valid(p6);
6.4 A Demo of RPolynomialhRPolynomial-demo.Ci�#in
lude <CGAL/basi
.h>#in
lude <CGAL/Gmpz.h>#in
lude <CGAL/Quotient.h>#in
lude <LEDA/string.h>#in
lude <LEDA/d_array.h>#in
lude <LEDA/stream.h>#define RPOLYNOMIAL_EXPLICIT_OUTPUT#ifndef CARTESIAN#in
lude <CGAL/leda_integer.h>#in
lude <CGAL/RPolynomial.h>typedef leda_integer NT;template <>stru
t ring_or_field<leda_integer> {typedef ring_with_g
d kind;typedef leda_integer RT;stati
 RT g
d(
onst RT& r1, 
onst RT& r2){ return ::g
d(r1,r2); }};#else#in
lude <CGAL/leda_rational.h>#in
lude <CGAL/RPolynomial.h>



6.4 A Demo of RPolynomial 224typedef leda_rational NT;template <>stru
t ring_or_field<leda_rational> {typedef field_with_div kind;typedef leda_rational FT;stati
 FT g
d(
onst FT&, 
onst FT&){ return FT(1); }};#endiftypedef CGAL::RPolynomial<NT> Poly;typedef leda_string lstring;enum { NEW,PLUS,MINUS,MULT,DIV,MOD,GCD,END,HIST,ERROR };stati
 leda_d_array<lstring, Poly> M(Poly(1));void strip(lstring& s){ lstring res;for (int i=0; i<s.length(); ++i)if (s[i℄!=' ') res += s[i℄;s = res;}bool 
ontains(
onst lstring& s, 
onst lstring& 
, lstring& h, lstring& t){ int i = s.pos(
);if (i < 0) return false;h = s.head(i);t = s.tail(s.length()-i-
.length());return true;}int parse(
onst lstring& s, Poly& P1, Poly& P2, lstring& l){ if (s =="end") { l="END"; return END; }if (s =="history") { return HIST; }lstring b,p1,p2,dummy,n;NT N;int res = ERROR;std::ve
tor<NT> V;if (
ontains(s,"=",l,b)) {if (
ontains(b,"+",p1,p2)) res=PLUS;if (
ontains(b,"-",p1,p2)) res=MINUS;if (
ontains(b,"*",p1,p2)) res=MULT;if (
ontains(b,"/",p1,p2)) res=DIV;if (
ontains(b,"%",p1,p2)) res=MOD;if (
ontains(b,"g
d(",dummy,b) &&
ontains(b,")",b,dummy) &&
ontains(b,",",p1,p2)) res=GCD;if (
ontains(b,"(",dummy,b) &&
ontains(b,")",b,dummy)) {while (
ontains(b,",",n,b)) {string_istream IS(n.
string()); IS >> N;V.push_ba
k(N);}string_istream IS(b.
string()); IS >> N;V.push_ba
k(N);



6.4 A Demo of RPolynomial 225P1 = Poly(V.begin(),V.end());return NEW;}}P1=M[p1℄;P2=M[p2℄;return res;}int main(int arg
, 
har* argv[℄){ //SETDTHREAD(3);CGAL::set_pretty_mode ( 
out );CGAL::set_pretty_mode ( 
err );
out << "insert simple assigments of the following form\n";
out << "v1 = (a0,a1,a2) -> 
reates a0 + a1 x + a2 x^2\n";
out << "v1 = v2 [+-*/℄ v3 -> triggers arithmeti
 operation\n";
out << "v1 = g
d(v2,v3) -> triggers g
d operation\n";
out << "end -> quits program"<< endl;
out << "history -> prints all 
urrent vars"<< endl;lstring logname = lstring(argv[0℄)+".log";{ file_istream logfile(logname.
string());lstring line,s; Poly p;if (logfile) {
out << "initializing history\n";while ( (line.read_line(logfile), line!="") ) {string_istream line_is(line);line_is >> s >> p;
out << s << " = " << p << endl;M[s℄=p;}}logfile.
lose();}lstring 
ommand,label;Poly p1,p2,res,dummy; NT D;bool loop=true;while (loop) {
out h¡ ” i>";
ommand.read_line(
in);strip(
ommand); // strip whitespa
eswit
h (parse(
ommand,p1,p2,label)) {
ase NEW: res = p1; break;
ase PLUS: res = p1+p2; break;
ase MINUS: res = p1-p2; break;
ase MULT: res = p1*p2; break;
ase DIV: res = p1/p2; break;
ase MOD: Poly::pseudo_div(p1,p2,dummy,res,D); break;
ase GCD: res = Poly::g
d(p1,p2); break;
ase END: loop=false; 
ontinue;
ase HIST: { lstring s;forall_defined(s,M) 
out << s << " = " << M[s℄ << endl;
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ontinue;}default: 
out << "wrong syntax\n"; 
ontinue;}
out << " " << label << " = " << res << endl << endl;M[label℄ = res;}file_ostream logfile(logname);lstring s;forall_defined(s,M) logfile << s << " " << M[s℄ << endl;return 0;}
6.5 Perl expansion of specialization

The following perl script expands the RPolynomial implementation above with respect toint and
doublespecialization.hspecializei�#! /opt/gnu/bin/perl$spe
ialize = 0;$spe
_arg = "";while (<>) {# spe
ializing 
lass templatesif ( /SPECIALIZE_CLASS\(.*\).*END/ ) {print spe
ialize_members($spe
_
lass,$nt_from);my �arglist = split(/ /,$
lass_to);forea
h my $arg (�arglist) {my $
opied_
lass = $spe
_
lass;$
opied_
lass =~s/template\s*\<
lass\s+$nt_from\>(\s*)
lass\s*(\w+)\s*/CGAL_TEMPLATE_NULL$1
lass $2\<$arg\> /sg;$
opied_
lass =~s/template\s*\<
lass\s+p$nt_from\>(\s*)
lass\s*(\w+)\s*/CGAL_TEMPLATE_NULL$1
lass $2\<$arg\> /sg;$
opied_
lass =~s/template\s*\<typename\s+$nt_from\>(\s*)
lass\s*(\w+)\s*/CGAL_TEMPLATE_NULL$1
lass $2\<$arg\> /sg;$
opied_
lass =~ s/template\s*\<
lass\s+$nt_from\>/CGAL_TEMPLATE_NULL/sg;$
opied_
lass =~ s/template\s*\<typename\s+$nt_from\>/CGAL_TEMPLATE_NULL/sg;$
opied_
lass =~ s/([\W℄|^)$nt_from([\W℄|$)/$1$arg$2/smg;$
opied_
lass =~ s/([\W℄|^)p$nt_from([\W℄|$)/$1$arg$2/smg;$
opied_
lass =~ s/typename//sg;$
opied_
lass =~ s/typedef $arg $arg/typedef $arg $nt_from/sg;$
opied_
lass =~ s/\/\*\{\\M/\/\*\{\\X/sg;print spe
ialize_members($
opied_
lass,$arg);}$nt_from = "";$
lass_to = "";$spe
_
lass = "";}if ( $spe
_
lass ) {
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_
lass .= $_; $_="";}if ( /SPECIALIZE_CLASS\((\w+),([\w\ ℄+)\).*START/ ) {$nt_from = $1;$
lass_to = $2;$spe
_
lass = "// CLASS TEMPLATE $nt_from: \n"}# spe
ializing fun
tion templatesif ( /SPECIALIZE\_FUNCTION\(.*\).*END/ ) {my �arglist = split(/ /,$args_to);forea
h my $arg (�arglist) {my $
opied_spe
2 = $spe
_fun
;my $header2 = "// SPECIALIZING inline to $nt_to:\n";$
opied_spe
2 =~ s/^.*?\n/$header2/;$
opied_spe
2 =~ s/$arg_from/$arg/sg;$
opied_spe
2 =~ s/template\s*\<
lass $arg\>/inline/sg;$
opied_spe
2 =~ s/template\s*\<typename $arg\>/inline/sg;print $
opied_spe
2;my $
opied_spe
1 = $spe
_fun
;my $header1 = "// SPECIALIZING pure $arg params:\n";$
opied_spe
1 =~ s/^.*?\n/$header1/;$
opied_spe
1 =~ s/
onst\s*$arg_from\s*\&/
onst $arg\&/sg;print $
opied_spe
1;}print $spe
_fun
;$spe
_fun
 = "";$args_to = "";$arg_from = "";}if ( $spe
_fun
 ) {$spe
_fun
 .= $_; $_ = "";}if ( /SPECIALIZE\_FUNCTION\((\w+),([\w\ ℄+)\).*START/ ) {$arg_from = $1;$args_to = $2;$spe
_fun
 = "}# spe
ializing implementationif ( /SPECIALIZE\_IMPLEMENTATION\(.*\).*END/ ) {my �arglist = split(/ /,$args_to);forea
h my $arg (�arglist) {my $
opied_spe
2 = $spe
_impl;my $header2 = "// SPECIALIZING to $nt_to:\n";$
opied_spe
2 =~ s/^.*?\n/$header2/;$
opied_spe
2 =~ s/$arg_from/$arg/sg;$
opied_spe
2 =~ s/template\s*\<
lass $arg\>//sg;$
opied_spe
2 =~ s/template\s*\<typename $arg\>//sg;print $
opied_spe
2;}print $spe
_impl;$spe
_impl = "";$args_to = "";
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_impl ) {$spe
_impl .= $_; $_ = "";}if ( /SPECIALIZE\_IMPLEMENTATION\((\w+),([\w\ ℄+)\).*START/ ) {$arg_from = $1;$args_to = $2;$spe
_impl = "}print;}sub spe
ialize_members {lo
al($spe
,$nt) = �_;lo
al($result,$args_to,$spe
_mem,$kill);$kill=0;$spe
 =~ s/\n\n/\n>>><<</sg;�LINES = split(/\n/,$spe
);forea
h my $line (�LINES) {# general NT arg spe
ializing for various typesif ( $line =~ /SPECIALIZE\_MEMBERS\($args_to\).*END/ ) {my �arglist = split(/ /,$args_to);forea
h my $arg (�arglist) {if ( $arg ne $nt ) {my $
opied_spe
 = $spe
_mem;my $header = "// SPECIALIZING_MEMBERS FOR 
onst $arg\& \n";$
opied_spe
 =~ s/.*\n/$header/;$
opied_spe
 =~ s/
onst\s*$nt\s*\&/
onst $arg\&/sg;$result .= $
opied_spe
;}}$spe
_mem = "";$args_to = "";}if ( $spe
_mem ) {$spe
_mem .= "$line\n";}if ( $line =~ /SPECIALIZE\_MEMBERS\(([\w\ ℄+)\).*START/ ) {$args_to = $1;$spe
_mem = "$line\n";}if ( $line =~ /KILL\s+$nt\s+START/ ) { $kill=1; }if ( $line =~ /KILL\s+$nt\s+END/ ) { $kill=0; $line = ""; }if ( $kill == 1 ) { $line = ""; }$result .= "$line\n";}$result =~ s/\n+/\n/sg;$result =~ s/\n>>><<</\n\n/sg;return $result;}hspecialization-test.Ci�
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lude <CGAL/basi
.h>#in
lude <LEDA/integer.h>template <typename T> 
lass A;template <typename T>A<T> operator+ (
onst A<T>&, 
onst A<T>&);//A<int> operator+ (
onst int& num, 
onst A<int>& a2);template <typename T>
lass A {T a;friendA<T> operator+ CGAL_NULL_TMPL_ARGS (
onst A<T>&, 
onst A<T>&);publi
:A() : a() {}A(T i) : a(i) {}A(int i) : a(i) {}A<T>& operator +=(
onst T& i){ a += (T)i; return *this; }stati
 T R_;};template <
lass T> T A<T>::R_ = T(0);#ifdef INITFORGNUCGAL_TEMPLATE_NULL int A<int>::R_ = 0;#endif// symmetri
 op+template <typename T>A<T> operator+ (
onst A<T>& a1, 
onst A<T>& a2){ return A<T>(a1.a+a2.a); }// asymmetri
 op+template <typename T>A<T> operator+ (
onst T& num, 
onst A<T>& a2){ return (A<T>(num) + a2); }typedef leda_integer NT;int main(){ A<NT> ad1(1),ad2(2), ad3;ad3 = ad1 + ad2;ad3 = 3 + ad1;A<NT>::R_ = 3;A<int> ai1(1), ai2(2), ai3;ai3 = ai1 + ai2;ai3 = 3 + ai1;A<int>::R_ = 3;return 0;}
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7 Simple Extended Kernel

7.1 Introduction

It is convenient to extend the vision of standard rational points by so-callednon-standardpoints. We
have one non-standard point for each equivalence class of rays. Two rays are called equivalent if one
is contained in the other. The geometric properties of non-standard points are derived by giving them
a geometric interpretation by means of an infinimaximalR. R is a real variable. The value ofR is
finite but larger than the value of any concrete real number. Let F be the square box with corners
NW(�R;R), NE(R;R), SE(R;�R), andSW(�R;�R). Let p be a non-standard point and letr be a ray
defining it. If the frameF contains the source point ofr then letp(R) be the intersection ofr with the
frameF , if F does not contain the source ofr then p(R) is undefined. For a standard point letp(R)
be equal top if p is contained in the frameF and letp(R) be undefined otherwise. Clearly, for any
standard or non-standard pointp(R) is defined for any sufficiently largeR.

Let f be any function on standard points, say withk arguments. We callf extensibleif for any k
pointsp1, : : : , pk the function valuef (p1(R); : : : ; pk(R)) is constant for all sufficiently largeRand has
the same value as the function evaluated at a fixed large enough valueR0. We also consider geometric
constructions. Letg be a construction on standard points constructing a tuple ofl points from a tuple
of k points. We callg extensibleif for any k pointsp1, : : : , pk the construction is closed in our set of
extended points: if it constructs a point tupleq1, : : : , ql of extended points for all sufficiently largeR
with the property that by fixing a large enoughR0 the tuple is the result of the standard construction.
As we will see in a moment the predicateslexicographic orderof points,orientation, andsideof circle
are extensible. Also the calculation of the point in theintersectionof line segments defined on two
pairs of points is extensible.

For a formal definition of extended points, extended segments and the corresponding predicates
see the technical report [SM00].

7.2 Homogeneous Representation

We implement planar extended points by a homogeneous component representation in a polynomial
ring type which provides standard ring operations like+;�;�. The definition of extended points puts
constraints on the kind of polynomials representing the coordinates. We have seen that our extensible
predicates are defined via polynomials in the coordinate polynomials and as such are extensible via
the limit process on polynomials. Going to infinity the valueof a polynomial is determined by the
highest-order nonzero coefficient.

Using extensible predicates on an input set of extended points in the execution of an algorithm we
can determine a concrete valueR0 which ensures their extendibility for allR�R0 (for each evaluation
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determine oneRi and take the maximum of all). PluggingR0 into all coordinate polynomials leads
back to standard affine geometry and standard predicates. This gives us the possibility to argue also
about the correctness of our algorithms. If the algorithm isproven to be correct for standard geometry
and it computes a certain output then it will also calculate some extended geometric result when
plugging in extended points and when all geometric predicates are extensible.

Note that in this way we can design algorithms that use ray like structures much simpler by
enclosing finite structures into the boxF and pruning the rays by means of the frame in a ray tip. The
calculation with the extended points makes algorithmic decisions trivial if the predicates we use are
extensible in the above sense.

In this section we will describe how extended points are stored: they are composed from
the 2D CGAL kernel point typeHomogeneous<:::> :: Point 2 and the polynomial ring number type
RPolynomial<:::>. We also describe how the affine world of standard points and rays interacts with the
unifying concept extended point. This interaction has two directions: the construction of an extended
point from a standard object (point or ray) and the reversal extraction depending on the character of
the extended point. Afterwards, we show how simple it is to implement predicates and the intersection
construction on top of the genericity of CGAL’s standard kernel. We will encounter the problem of
simplification of polynomials there. And finally, we give some details about visualization issues of
extended objects.

We often use the short termepoint to denote extended points. Each epoint is either a standard
point, one of the corner ray points or lies in the relative interior of one of the frame segments.

Extended Points

The tip of a rayl can be described in two ways. First in form of its underlying oriented line equation
ax+by+ c = 0. But also by its point-vector formp = p0+λd. The former is the standard repre-
sentation of lines. The latter is more suitable to explore the character of the corresponding extended
point.

Starting from the second representation we have two pointsp0 and p0+d on the line. Now all
points on the line can also be described by the determinant equation:������ 1 1 1

x0 x0+dx x
y0 y0+dy y

������ = 0

and developing this by the last column leads us to�dyx+dxy+(x0dy�y0dx) = 0. Thus the direction
vector is:

d =�
dx

dy

�=�
b�a

�
A point on the line specified by the line equation is:

p0 =((0;�c=b) b 6= 0(�c=a;0) a 6= 0

Both a andb cannot be zero. In the following assumeLine2 to be a model for the CGAL standard
geometric kernel.hline conversion methodsi�stati
 RT dx(
onst Line_2& l) { return l.b(); }stati
 RT dy(
onst Line_2& l) { return -l.a(); }
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Depending on the slopem= dy=dx(dx 6= 0) of a line l we can define its vertical distance to the origin.
If dx 6= 0 (jmj 6= ∞) then the ordinate intersectiondo determines that distancedo =�c=b.hline conversion methodsi+�stati
 FT ordinate_distan
e(
onst Line_2& l){ return Kernel::make_FT(-l.
(),l.b()); }
We introduce enumeration specifiers that describe extendedpoints.henumerate extended point characteri�enum Point_type { SWCORNER=1, LEFTFRAME, NWCORNER,BOTTOMFRAME, STANDARD, TOPFRAME,SECORNER, RIGHTFRAME, NECORNER };
Now if we look at a non-standard pointp with underlying line equationax+by+ c = 0 the frame
segment which is hit by the ray tip is determined by the slope and in casejmj = 1 by the distance
do defined above. Look for example at a non-standard point hitting the left frame segment. This is
generally the case ifdx < 0 andjmj< 1. The latter is equivalent to the conditionjdxj> jdyj. A special
case isjmj= 1. Then, we only hit the left segment if eitherm=�1^do < 0 or m= 1^do > 0. The
latter can be checked bysign(dy) ==�sign(do). Note that becausejmj � 1 the line indeed intersects
they-axis. The other cases follow by symmetric reasoning.hline conversion methodsi+�stati
 Point_type determine_type(
onst Line_2& l){ RT adx = abs(dx(l)), ady = abs(dy(l));int sdx = sign(dx(l)), sdy = sign(dy(l));int 
mp_dx_dy = 
ompare(adx,ady), s(1);if (sdx < 0 && ( 
mp_dx_dy > 0 || 
mp_dx_dy == 0 &&sdy != (s = sign(ordinate_distan
e(l))))) {if (0 == s) return ( sdy < 0 ? SWCORNER : NWCORNER );else return LEFTFRAME;} else if (sdx > 0 && ( 
mp_dx_dy > 0 || 
mp_dx_dy == 0 &&sdy != (s = sign(ordinate_distan
e(l))))) {if (0 == s) return ( sdy < 0 ? SECORNER : NECORNER );else return RIGHTFRAME;} else if (sdy < 0 && ( 
mp_dx_dy < 0 || 
mp_dx_dy == 0 &&ordinate_distan
e(l) < FT(0))) {return BOTTOMFRAME;} else if (sdy > 0 && ( 
mp_dx_dy < 0 || 
mp_dx_dy == 0 &&ordinate_distan
e(l) > FT(0))) {return TOPFRAME;}CGAL_assertion_msg(false," determine_type: degenerate line.");return (Point_type)-1; // never 
ome here}
All the operations above are packaged into the classLineto epoint<R>, whereR is a model of the
CGAL standard 2d geometric kernel. FromR we derive the typesRT, FT, andLine2 as used in the
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code.hLine to epoint.hi�hCGAL L2E Headeri#ifndef CGAL_LINE_TO_EPOINT_H#define CGAL_LINE_TO_EPOINT_HCGAL_BEGIN_NAMESPACEtemplate <
lass Kernel_>stru
t Line_to_epoint {typedef Kernel_ Kernel;typedef typename Kernel::RT RT;typedef typename Kernel::FT FT;typedef typename Kernel::Line_2 Line_2;henumerate extended point characterihline conversion methodsi};CGAL_END_NAMESPACE#endif //CGAL_LINE_TO_EPOINT_H
Any non-standard point can be expressed as a pair of two polynomials in a variableR — our in-

fimaximal symbolic number. Let’s look at our example again. Our point p on the left frame segment
supported by the lineax+by+ c= 0 can be described by the tuple(�R;a=bR� c=b). Accordingly,
a ray tip on the upper frame segment can be described by(�b=aR� c=a;R). Note that the denomi-
nators are nonzero in both cases due to their frame position.Thus we can store epoints in terms of
linear polynomialsmR+n. For standard points the polynomials are just constant withm= 0. We
give the representation of all points in homogeneous representation, such that all coefficients can be
represented by a ring type.

STANDARD p= (x;y;w)
CORNER p= (�R;�R;1)
LEFTFRAME p= (�bR;aR�c;b)
RIGHTFRAME p= (bR;�aR�c;b)
BOTTOMFRAME p= (bR�c;�aR;a)
TOPFRAME p= (�bR�c;aR;a) (7.1)

The general representation can be taken to bep= (mxR+nx;myR+ny;w) wheremx;y;nx;y;w are ob-
jects of a ring number type. We provide the functionality of extended points bundled into an extended
geometry kernel. This kernel carries the types, predicates, and constructions that we need in our algo-
rithms. The kernel concept is specified in the manual pageExtendedKernelTraits2 of the appendix.

A decorator wraps functionality

We obtain the extended point class by plugging our polynomial arithmetic type into the standard
homogeneous point type from the CGAL kernel. We create a traits classExtendedhomogeneous<RT>
that carries all types and methods that are used in our algorithmic framework.

To ensure the special character of homogeneous points concerning their coordinates and to offer
a comfortable construction of such points we makeExtendedhomogeneous<RT> a decorator/factory
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data type [GHJV95] for the geometric objects. Constructionand conversion routines can be accessed
as methods of the factory.hextended homogeneousi�template <
lass RT_>
lass Extended_homogeneous : publi
CGAL::Homogeneous< CGAL::RPolynomial<RT_> > { publi
:hextended homogeneous kernel interface typesihextended homogeneous kernel membersi};
We introduce the standard affine types into our kernel by prefixing them accordingly. The extended
types carry the typenames without the prefix. Note that this decorator serves as a traits class to be used
in algorithms that are based on our infimaximal frame. It is also the glue between the CGAL standard
kernel and the extended geometric objects.hextended homogeneous kernel interface typesi�typedef CGAL::Homogeneous< CGAL::RPolynomial<RT_> > Base;typedef Extended_homogeneous<RT_> Self;typedef CGAL::Homogeneous<RT_> Standard_kernel;typedef RT_ Standard_RT;typedef typename Standard_kernel::FT Standard_FT;typedef typename Standard_kernel::Point_2 Standard_point_2;typedef typename Standard_kernel::Segment_2 Standard_segment_2;typedef typename Standard_kernel::Line_2 Standard_line_2;typedef typename Standard_kernel::Dire
tion_2 Standard_dire
tion_2;typedef typename Standard_kernel::Ray_2 Standard_ray_2;typedef typename Standard_kernel::Aff_transformation_2Standard_aff_transformation_2;typedef typename Base::RT RT;typedef typename Base::Point_2 Point_2;typedef typename Base::Segment_2 Segment_2;typedef typename Base::Dire
tion_2 Dire
tion_2;typedef typename Base::Line_2 Line_2;// used only internallyenum Point_type { SWCORNER=1, LEFTFRAME, NWCORNER,BOTTOMFRAME, STANDARD, TOPFRAME,SECORNER, RIGHTFRAME, NECORNER };
We now implement the construction deduced above. For a non-standard point on the upper frame
segment supported by a linel � ax+by+c= 0 the polynomial coefficients arem=�b=a;n=�c=a.
Accordingly on the left frame segmentm=�a=b;n=�c=b.
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onst Standard_RT& m1, 
onst Standard_RT& n1,
onst Standard_RT& m2, 
onst Standard_RT& n2,
onst Standard_RT& n3) 
onst{ return Point_2(RT(n1,m1),RT(n2,m2),RT(n3)); }Point_2 
onstru
t_point(
onst Standard_line_2& l, Point_type& t) 
onst{ t = (Point_type)Line_to_epoint<Standard_kernel>::determine_type(l);Point_2 res;swit
h (t) {
ase SWCORNER: res = epoint(-1, 0, -1, 0, 1); break;
ase NWCORNER: res = epoint(-1, 0, 1, 0, 1); break;
ase SECORNER: res = epoint( 1, 0, -1, 0, 1); break;
ase NECORNER: res = epoint( 1, 0, 1, 0, 1); break;
ase LEFTFRAME:res = epoint(-l.b(), 0, l.a(), -l.
(), l.b()); break;
ase RIGHTFRAME:res = epoint( l.b(), 0, -l.a(), -l.
(), l.b()); break;
ase BOTTOMFRAME:res = epoint( l.b(), -l.
(), -l.a(), 0, l.a()); break;
ase TOPFRAME:res = epoint(-l.b(), -l.
(), l.a(), 0, l.a()); break;default: CGAL_assertion_msg(0,"EPoint type not 
orre
t!");}return res;}
Type determination

To evaluate the results of an algorithm one also needs an operation that deduces the type from an
epoint p. From the polynomial representation we can easily defer this type by checking the homo-
geneous componentsp:hx( ) and p:hy( ). Of course standard points have zero degree in both x- and
y-components. For any non-standardp on the frame we know that the relative interior of the frame
box segments is specified by the condition thatjp:hx( )j? jp:hy( )j. The sign of the larger component
(larger with respect to its absolute value) determines the box segment. Equalityjp:hx( )j = jp:hy( )j
specifies the corners of the box.Point type type(
onst Point 2& p){ CGAL assertion(p.hx().degree()>=0 && p.hy().degree()>=0 );CGAL assertion(p.hw().degree()==0);if (p.hx().degree() == 0 && p.hy().degree() == 0)return STANDARD;// now we are on the square frame boxRT rx = p.hx(), ry = p.hy();int sx = sign(rx), sy = sign(ry);if ( sx < 0 ) rx = -rx;if ( sy < 0 ) ry = -ry;if ( rx > ry )if (sx > 0) return RIGHTFRAME; else return LEFTFRAME;if ( rx < ry )



7.2 Homogeneous Representation 238if (sy > 0) return TOPFRAME; else return BOTTOMFRAME;// now (rx == ry)if ( sx == sy ) {if (sx < 0) return SWCORNER; else return NECORNER;} else { CGAL assertion(sx==-sy);if (sx < 0) return NWCORNER; else return SECORNER;}}
Visualization

We finally treat the problem of how to visualize extended objects. Given a setS of extended points
let us determine a concrete frame radiusR0 such that all standard points inSare contained inside our
frame but also all non-standard points inScan be drawn on the correct frame box segments. Note that
the latter is not trivially true for arbitrary small values of R0.

Consider a linel with slopem. If jmj 6= 1 the line l intersects both angular bisectors of our
coordinate frame. The intersection point of the larger absolute coordinates determines a lower bound
for R0. If jmj= 1 a natural lower bound forR0 is half the length of the ordinate segment on the y-axis
betweenl and the origin. See Figure 7.1.

P2

P1

l

P1

P2

l

A B

Figure 7.1:The pointP1 determines a lower bound for the frame radiusR0 to display the non-standard points
at the tips of linel . In case (A) we take the absolute value of its coordinates, incase (B) we take half of its
distance to the origin.

For our polynomial representation(mxR+nx;myR+ny;w) we know that for points in the interior
of the frame box segments it holds thatj(mxR+nx)j ? j(myR+ny)j. In either case we can set both
polynomials equal and resolve forR if jmxj 6= jmyj. R= j(nx�ny)j=j(my�mx)j presumed the line is
not parallel to any of the angular bisectors of the coordinate frame. Ifjmxj = jmyj then the constant
partsnx=w or ny=w determine the abscissa or ordinate distances between the underlying line and the
origin (depending on the frame segment that contains the extended point). At least one ofnx=w or
ny=w is actually zero (by definition of our extended points). In this case the minimum frame radiusR0

is half the absolute value of the abscissa or ordinate distance of the line to the origin.
We now code this determination ofR0 for an iterator range of extended points. Note that the

common denominator of the homogenous representation is always a constant and positive. Note that
we round the integral division operations on the ring type up.hdetermining a lower bound for Ri�template <
lass Forward_iterator>void determine_frame_radius(Forward_iterator start, Forward_iterator end,Standard_RT& R0) 
onst



7.2 Homogeneous Representation 239{ Standard_RT R, mx, nx, my, ny;while ( start != end ) {Point_2 p = *start++;if ( is_standard(p) ) {R = max(abs(p.hx()[0℄)/p.hw()[0℄,abs(p.hy()[0℄)/p.hw()[0℄);} else {RT rx = abs(p.hx()), ry = abs(p.hy());mx = ( rx.degree()>0 ? rx[1℄ : 0 ); nx = rx[0℄;my = ( ry.degree()>0 ? ry[1℄ : 0 ); ny = ry[0℄;if ( mx > my ) R = abs((ny-nx)/(mx-my));else if ( mx < my ) R = abs((nx-ny)/(my-mx));else /* mx == my */ R = abs(nx-ny)/(2*p.hw()[0℄);}R0 = max(R+1,R0);}}
Extended predicates

Remember why the predicatescomparexy, orientation, sideof circle are extensible. The first is just
a cascaded comparison of coordinates (sign of their difference), the latter are sign-of-determinant
calculations. The orientation predicate on three points isdefined by the homogeneous expression:

orientation(p1; p2; p3) = sign

������x1 x2 x3

y1 y2 y3

w1 w2 w3

������
Thus, evaluation of the sign means looking at the sign of the coefficient ofR if it is nonzero, or at the
sign of the constant term if it is zero. The corresponding functionality is programmed into the sign
function of our polynomial ring number typeRPolynomial<NT>. Thus adding the following methods
to the extended geometry traits class implements the functionality via the kernel base class.int 
ompare xy(
onst Point 2& p1, 
onst Point 2& p2) 
onst{ typename Base::Compare xy 2 
ompare xy = 
ompare xy 2 obje
t();return 
ompare xy(p1,p2);}int orientation(
onst Point 2& p1, 
onst Point 2& p2, 
onst Point 2& p3){ typename Base::Orientation 2 orientation = orientation 2 obje
t();return orientation(p1,p2,p3);}
Extended constructions

Algorithms in computational geometry can be grouped into three categories:subset selection, com-
putation, anddecision [PS85, 1.4]. Algorithms of the first type resort to predicates, algorithms of
the second type construct geometric objects. To cover this necessity software libraries like LEDA or
CGAL offer a set of so called constructions in their geometric kernels. We have already shown that
the intersection construction is extendible to be used withextended segments.
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First we want to present three examples how the standard algebraic calculation of intersection
points is blown up by common polynomial factors.

The coefficients of a linel through two pointsp1 = (x1;y1), p2 = (x2;y2) are

a= y1�y2;b= x2�x1;c= x1y2�x2y1: (7.2)

The intersection point is defined by the common point of the two underlying linesl i � (aix+biy+ci =
0); i = 1;2. Their common point is then obtained by solving the linear system which has a solution if
the lines are not parallel. We obtain

pi = (b1c2�b2c1;a2c1�a1c2;a1b2�a2b1) (7.3)

in homogeneous representation. Apart from the formal argument why these quotients contain common
factors and how they can be simplified to a minimal representation we give three examples.

two non-standard points on one frame segment— Look at the case where the frame segment is
the upper one. Thuspi = (miR+ni;R); i = 1;2. According to equation (7.2) we obtain

a = R�R= 0

b = (m2�m1)R+(n2�n1)
c = (m1�m2)R2+(n1�n2)R= bR

The common factor isb, the underlying line isl � by+c= 0, y�R= 0. We obtain a simple
parameterized version of a horizontal line supporting the upper frame segment. The three other
cases are symmetric.

two non-standard points spanning a standard line— Look at the case of one pointp1 on the lower
frame segment,p2 on the upper frame segment, both on a linel � ax+ by+ c = 0 where
we assume orientation fromp1 to p2. We get according to Construction (7.1)p1 = (b=a R�
c=a;�R), p2 = (�b=a R�c=a;R). According to equation (7.2) we obtain

a0 = �2R

b0 = �2R b=a

c0 = (b=a�b=a) R2�2R c=a=�2R c=a

The common factor is�2R. The underlying line isl 0 � a0x+b0y+c0 = 0, ax+by+c= 0 as
multiplying by a and dividing by�2R does not change the line.

one non-standard point and one standard point spanning a standard ray — We look again at a
line l � ax+by+ c= 0 supportingp2 on the upper frame segment and a standard pointp1 on
this line. We havep1 = (b=a y0� c=a;�y0), p2 = (�b=a R� c=a;R). According to equation
(7.2) we obtain

a0 = (y0�R)
b0 = �b=a R�c=a+b=a y0+c=a= b=a (y0�R)
c0 = �b=a y0R�c=a R+b=a y0R+c=a y0 = c=a (y0�R)

The common factor is(y0�R).
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Note that the polynomial factors are very simple. The greatest common divisor operation and the
polynomial division scheme of theRPolynomialdata type can be used to do the simplificication.void simplify(Point 2& p){ RT x=p.hx(), y=p.hy(), w=p.hw();RT 
ommon = x.is zero() ? y : g
d(x,y);
ommon = g
d(
ommon,w);p = Point 2(x/
ommon,y/
ommon,w/
ommon);}
Now the intersection uses the kernel operation and simplifies the resulting point afterwards.Point 2 interse
tion(
onst Segment 2& s1, 
onst Segment 2& s2){ typename Base::Interse
t 2 interse
t = interse
t 2 obje
t();typename Base::Constru
t line 2 line = 
onstru
t line 2 obje
t();Point 2 p;CGAL::Obje
t result = interse
t( line(s1), line(s2));if ( !CGAL::assign(p, result) )CGAL assertion msg(false,"interse
tion: no interse
tion.");simplify(p);return p;}
We offer construction from standard affine kernel objects.hextended homogeneous kernel membersi�publi
:hnon-standard point constructionihdetermining a lower bound for RiPoint_2 
onstru
t_point(
onst Standard_point_2& p) 
onst{ return Point_2(p.hx(), p.hy(), p.hw()); }Point_2 
onstru
t_point(
onst Standard_point_2& p1,
onst Standard_point_2& p2,Point_type& t) 
onst{ return 
onstru
t_point(Standard_line_2(p1,p2),t); }Point_2 
onstru
t_point(
onst Standard_line_2& l) 
onst{ Point_type dummy; return 
onstru
t_point(l,dummy); }Point_2 
onstru
t_point(
onst Standard_point_2& p1,
onst Standard_point_2& p2) 
onst{ return 
onstru
t_point(Standard_line_2(p1,p2)); }Point_2 
onstru
t_point(
onst Standard_point_2& p,
onst Standard_dire
tion_2& d) 
onst{ return 
onstru
t_point(Standard_line_2(p,d)); }Point_2 
onstru
t_opposite_point(
onst Standard_line_2& l) 
onst{ Point_type dummy; return 
onstru
t_point(l.opposite(),dummy); }Point_type type(
onst Point_2& p) 
onst{ CGAL_assertion(p.hx().degree()>=0 && p.hy().degree()>=0 );CGAL_assertion(p.hw().degree()==0);if (p.hx().degree() == 0 && p.hy().degree() == 0)return STANDARD;// now we are on the square frame



7.2 Homogeneous Representation 242RT rx = p.hx();RT ry = p.hy();int sx = sign(rx);int sy = sign(ry);if (sx < 0) rx = -rx;if (sy < 0) ry = -ry;if (rx>ry) {if (sx > 0) return RIGHTFRAME;else return LEFTFRAME;}if (rx<ry) {if (sy > 0) return TOPFRAME;else return BOTTOMFRAME;}// now (rx == ry)if (sx==sy) {if (sx < 0) return SWCORNER;else return NECORNER;} else { CGAL_assertion(sx==-sy);if (sx < 0) return NWCORNER;else return SECORNER;}}bool is_standard(
onst Point_2& p) 
onst{ return (type(p)==STANDARD); }Standard_point_2 standard_point(
onst Point_2& p) 
onst{ CGAL_assertion(type(p)==STANDARD);CGAL_assertion(p.hw() > RT(0));return Standard_point_2(p.hx()[0℄,p.hy()[0℄,p.hw()[0℄);}Standard_line_2 standard_line(
onst Point_2& p) 
onst{ CGAL_assertion(type(p)!=STANDARD);RT hx = p.hx(), hy = p.hy(), hw = p.hw();Standard_RT dx,dy;if (hx.degree()>0) dx=hx[1℄; else dx=0;if (hy.degree()>0) dy=hy[1℄; else dy=0;Standard_point_2 p0(hx[0℄,hy[0℄,hw[0℄);Standard_point_2 p1(hx[0℄+dx,hy[0℄+dy,hw[0℄);return Standard_line_2(p0,p1);}Standard_ray_2 standard_ray(
onst Point_2& p) 
onst{ CGAL_assertion(type(p)!=STANDARD);Standard_line_2 l = standard_line(p);Standard_dire
tion_2 d = l.dire
tion();Standard_point_2 q = l.point(0);return Standard_ray_2(q,d);}Point_2 NE() 
onst { return 
onstru
t_point(Standard_line_2(-1, 1,0)); }Point_2 SE() 
onst { return 
onstru
t_point(Standard_line_2( 1, 1,0)); }Point_2 NW() 
onst { return 
onstru
t_point(Standard_line_2(-1,-1,0)); }Point_2 SW() 
onst { return 
onstru
t_point(Standard_line_2( 1,-1,0)); }
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onst { return 
onstru
t_line(NW(),NE()); }Line_2 lower() 
onst { return 
onstru
t_line(SW(),SE()); }Line_2 left() 
onst { return 
onstru
t_line(SW(),NW()); }Line_2 right() 
onst { return 
onstru
t_line(SE(),NE()); }Point_2 sour
e(
onst Segment_2& s) 
onst{ typename Base::Constru
t_sour
e_point_2 _sour
e =
onstru
t_sour
e_point_2_obje
t();return _sour
e(s); }Point_2 target(
onst Segment_2& s) 
onst{ typename Base::Constru
t_target_point_2 _target =
onstru
t_target_point_2_obje
t();return _target(s); }Segment_2 
onstru
t_segment(
onst Point_2& p, 
onst Point_2& q) 
onst{ typename Base::Constru
t_segment_2 _segment =
onstru
t_segment_2_obje
t();return _segment(p,q); }void simplify(Point_2& p) 
onst{ RT x=p.hx(), y=p.hy(), w=p.hw();RT 
ommon = x.is_zero() ? y : RT::g
d(x,y);
ommon = RT::g
d(
ommon,w);p = Point_2(x/
ommon,y/
ommon,w/
ommon);}Line_2 
onstru
t_line(
onst Standard_line_2& l) 
onst{ return Line_2(l.a(),l.b(),l.
()); }Line_2 
onstru
t_line(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ Line_2 l(p1,p2);RT a=l.a(), b=l.b(), 
=l.
();RT 
ommon = a.is_zero() ? b : RT::g
d(a,b);
ommon = RT::g
d(
ommon,
);l = Line_2(a/
ommon,b/
ommon,
/
ommon);return l;}int orientation(
onst Segment_2& s, 
onst Point_2& p) 
onst{ typename Base::Orientation_2 _orientation =orientation_2_obje
t();return stati
_
ast<int> ( _orientation(sour
e(s),target(s),p) );}int orientation(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3)
onst{ typename Base::Orientation_2 _orientation =orientation_2_obje
t();return stati
_
ast<int> ( _orientation(p1,p2,p3) );}bool leftturn(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3)
onst{ return orientation(p1,p2,p3) > 0; }bool is_degenerate(
onst Segment_2& s) 
onst



7.2 Homogeneous Representation 244{ typename Base::Is_degenerate_2 _is_degenerate =is_degenerate_2_obje
t();return _is_degenerate(s); }int 
ompare_xy(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename Base::Compare_xy_2 _
ompare_xy =
ompare_xy_2_obje
t();return stati
_
ast<int>( _
ompare_xy(p1,p2) );}int 
ompare_x(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename Base::Compare_x_2 _
ompare_x =
ompare_x_2_obje
t();return stati
_
ast<int>( _
ompare_x(p1,p2) );}int 
ompare_y(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename Base::Compare_y_2 _
ompare_y =
ompare_y_2_obje
t();return stati
_
ast<int>( _
ompare_y(p1,p2) );}Point_2 interse
tion(
onst Segment_2& s1, 
onst Segment_2& s2) 
onst{ typename Base::Interse
t_2 _interse
t =interse
t_2_obje
t();typename Base::Constru
t_line_2 _line =
onstru
t_line_2_obje
t();Point_2 p;CGAL::Obje
t result =_interse
t(_line(s1),_line(s2));if ( !CGAL::assign(p, result) )CGAL_assertion_msg(false,"interse
tion: no interse
tion.");simplify(p);return p;}Dire
tion_2 
onstru
t_dire
tion(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename Base::Constru
t_dire
tion_of_line_2 _dire
tion =
onstru
t_dire
tion_of_line_2_obje
t();return _dire
tion(
onstru
t_line(p1,p2)); }bool stri
tly_ordered_

w(
onst Dire
tion_2& d1,
onst Dire
tion_2& d2, 
onst Dire
tion_2& d3) 
onst{ if ( d1 < d2 ) return ( d2 < d3 )||( d3 <= d1 );if ( d1 > d2 ) return ( d2 < d3 )&&( d3 <= d1 );return false;}bool stri
tly_ordered_along_line(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3) 
onst{ typename Base::Are_stri
tly_ordered_along_line_2 _ordered =are_stri
tly_ordered_along_line_2_obje
t();return _ordered(p1,p2,p3);}bool 
ontains(
onst Segment_2& s, 
onst Point_2& p) 
onst



7.2 Homogeneous Representation 245{ typename Base::Has_on_2 _
ontains = has_on_2_obje
t();return _
ontains(s,p);}bool first_pair_
loser_than_se
ond(
onst Point_2& p1, 
onst Point_2& p2,
onst Point_2& p3, 
onst Point_2& p4) 
onst{ return ( squared_distan
e(p1,p2) < squared_distan
e(p3,p4) ); }
We can transform points, but have to be careful about their representation. The methodtransform
just applies the standard matrix multiplication of planar affine transformations to our extended points.
Afterwards we scale the represenstation back to our square box by the methodscalefirst bysecond.

Note that the correctness of the following piece of code is due to two facts:� the larger absolute values of the two tranformed componentsdetermines the coordinate that can
be scaled to the square frame.� any coordinate transformationR mR+n is a legal transformation of our point representation(mxR+nx;myR+ny). One can easily show that both lie on the same line equation.hextended homogeneous kernel membersi+�void s
ale_first_by_se
ond(RT& r1, RT& r2, RT& w) 
onst{ CGAL_assertion(w.degree()==0&&w!=RT(0)&& r2[1℄!=Standard_RT(0));Standard_RT w_res = w[0℄*r2[1℄;int sm2 = sign(r2[1℄);RT r2_res = RT(Standard_RT(0),sm2 * w_res);RT r1_res = RT(r2[1℄*r1[0℄-r1[1℄*r2[0℄, w[0℄*r1[1℄*sm2);r1 = r1_res; r2 = r2_res; w = w_res;}Point_2 transform(
onst Point_2& p,
onst Standard_aff_transformation_2& t) 
onst{ RT tpx = t.homogeneous(0,0)*p.hx() + t.homogeneous(0,1)*p.hy() +t.homogeneous(0,2)*p.hw();RT tpy = t.homogeneous(1,0)*p.hx() + t.homogeneous(1,1)*p.hy() +t.homogeneous(1,2)*p.hw();RT tpw = t.homogeneous(2,2)*p.hw();if ( is_standard(p) ) {Point_2 res(tpx,tpy,tpw); simplify(res);return res;}RT tpxa = abs(tpx);RT tpya = abs(tpy);if ( tpxa > tpya ) {s
ale_first_by_se
ond(tpy,tpx,tpw);} else { // tpxa <= tpyas
ale_first_by_se
ond(tpx,tpy,tpw);}Point_2 res(tpx,tpy,tpw); simplify(res);return res;}
onst 
har* output_identifier() 
onst { return "Extended_homogeneous"; }
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The file wrapper is here.hExtendedhomogeneous.hi�hCGAL EH Headeri#ifndef CGAL_EXTENDED_HOMOGENEOUS_H#define CGAL_EXTENDED_HOMOGENEOUS_H#in
lude <CGAL/basi
.h>#in
lude <CGAL/Homogeneous.h>#in
lude <CGAL/Point_2.h>#in
lude <CGAL/Line_2_Line_2_interse
tion.h>#in
lude <CGAL/squared_distan
e_2.h>#ifndef _MSC_VER#in
lude <CGAL/RPolynomial.h>#else#in
lude <CGAL/RPolynomial_MSC.h>#define RPolynomial RPolynomial_MSC#endif#undef _DEBUG#define _DEBUG 5#in
lude <CGAL/Nef_2/debug.h>#in
lude <CGAL/Nef_2/Line_to_epoint.h>CGAL_BEGIN_NAMESPACEtemplate <
lass T> 
lass Extended_homogeneous;hextended homogeneousi#undef RPolynomialCGAL_END_NAMESPACE#endif // CGAL_EXTENDED_HOMOGENEOUS_H
We provide a similar kernel based on acartesian representationof points. In this case we use

RPolynomial<NT> fed with a field type and use standard polynomial division forsimplification in the
intersection construction. The latter replaces thegcd operation of the ring type in the homogeneous
case.

7.3 Cartesian Representation

We obtain our epoint class by plugging our polynomial arithmetic type into the standard Cartesian
point type from CGAL.hextended cartesiani�template <
lass pFT>
lass Extended_
artesian : publi
CGAL::Cartesian< CGAL::RPolynomial<pFT> > { publi
:typedef CGAL::Cartesian< CGAL::RPolynomial<pFT> > Base;typedef Extended_
artesian<pFT> Self;typedef CGAL::Cartesian<pFT> Standard_kernel;typedef typename Standard_kernel::RT Standard_RT;typedef typename Standard_kernel::FT Standard_FT;



7.3 Cartesian Representation 247typedef typename Standard_kernel::Point_2 Standard_point_2;typedef typename Standard_kernel::Segment_2 Standard_segment_2;typedef typename Standard_kernel::Line_2 Standard_line_2;typedef typename Standard_kernel::Dire
tion_2 Standard_dire
tion_2;typedef typename Standard_kernel::Ray_2 Standard_ray_2;typedef typename Standard_kernel::Aff_transformation_2Standard_aff_transformation_2;typedef typename Base::RT RT;typedef typename Base::FT FT;typedef typename Base::Point_2 Point_2;typedef typename Base::Segment_2 Segment_2;typedef typename Base::Line_2 Line_2;typedef typename Base::Dire
tion_2 Dire
tion_2;enum Point_type { SWCORNER=1, LEFTFRAME, NWCORNER,BOTTOMFRAME, STANDARD, TOPFRAME,SECORNER, RIGHTFRAME, NECORNER };hextended cartesian kernel membersi
onst 
har* output_identifier() 
onst { return "Extended_
artesian"; }};
We offer construction from a standard affine kernel objects.hextended cartesian kernel membersi�Point_2 epoint(
onst Standard_FT& m1, 
onst Standard_FT& n1,
onst Standard_FT& m2, 
onst Standard_FT& n2) 
onst{ return Point_2(FT(n1,m1),FT(n2,m2)); }publi
:Point_2 
onstru
t_point(
onst Standard_point_2& p) 
onst{ return Point_2(p.x(), p.y()); }Point_2 
onstru
t_point(
onst Standard_line_2& l, Point_type& t) 
onst{ t = (Point_type)Line_to_epoint<Standard_kernel>::determine_type(l);Point_2 res;swit
h (t) {
ase SWCORNER: res = epoint(-1, 0, -1, 0); break;
ase NWCORNER: res = epoint(-1, 0, 1, 0); break;
ase SECORNER: res = epoint( 1, 0, -1, 0); break;
ase NECORNER: res = epoint( 1, 0, 1, 0); break;
ase LEFTFRAME:res = epoint(-1, 0, l.a()/l.b(), -l.
()/l.b()); break;
ase RIGHTFRAME:res = epoint( 1, 0, -l.a()/l.b(), -l.
()/l.b()); break;
ase BOTTOMFRAME:res = epoint( l.b()/l.a(), -l.
()/l.a(), -1, 0); break;
ase TOPFRAME:res = epoint(-l.b()/l.a(), -l.
()/l.a(), 1, 0); break;default: CGAL_assertion_msg(0,"EPoint type not 
orre
t!");
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onstru
t_point(
onst Standard_point_2& p1,
onst Standard_point_2& p2,Point_type& t) 
onst{ return 
onstru
t_point(Standard_line_2(p1,p2),t); }Point_2 
onstru
t_point(
onst Standard_line_2& l) 
onst{ Point_type dummy; return 
onstru
t_point(l,dummy); }Point_2 
onstru
t_point(
onst Standard_point_2& p1,
onst Standard_point_2& p2) 
onst{ return 
onstru
t_point(Standard_line_2(p1,p2)); }Point_2 
onstru
t_point(
onst Standard_point_2& p,
onst Standard_dire
tion_2& d) 
onst{ return 
onstru
t_point(Standard_line_2(p,d)); }Point_2 
onstru
t_opposite_point(
onst Standard_line_2& l) 
onst{ Point_type dummy; return 
onstru
t_point(l.opposite(),dummy); }Point_type type(
onst Point_2& p) 
onst{ CGAL_assertion(p.x().degree()>=0 && p.y().degree()>=0 );if ( p.x().degree() == 0 && p.y().degree() == 0)return STANDARD;// now we are on the square frameFT rx = p.x();FT ry = p.y();int sx = sign(rx);int sy = sign(ry);if (sx < 0) rx = -rx;if (sy < 0) ry = -ry;if (rx>ry) {if (sx > 0) return RIGHTFRAME;else return LEFTFRAME;}if (rx<ry) {if (sy > 0) return TOPFRAME;else return BOTTOMFRAME;}// now (rx == ry)if (sx==sy) {if (sx < 0) return SWCORNER;else return NECORNER;} else { CGAL_assertion(sx==-sy);if (sx < 0) return NWCORNER;else return SECORNER;}}bool is_standard(
onst Point_2& p) 
onst{ return (type(p)==STANDARD); }Standard_point_2 standard_point(
onst Point_2& p) 
onst{ CGAL_assertion( type(p)==STANDARD );return Standard_point_2(p.x()[0℄,p.y()[0℄);



7.3 Cartesian Representation 249}Standard_line_2 standard_line(
onst Point_2& p) 
onst{ CGAL_assertion( type(p)!=STANDARD );FT x = p.x(), y = p.y();Standard_FT dx = x.degree()>0 ? x[1℄ : Standard_FT(0);Standard_FT dy = y.degree()>0 ? y[1℄ : Standard_FT(0);Standard_point_2 p0(x[0℄,y[0℄);Standard_point_2 p1(x[0℄+dx,y[0℄+dy);return Standard_line_2(p0,p1);}Standard_ray_2 standard_ray(
onst Point_2& p) 
onst{ Standard_line_2 l = standard_line(p);Standard_dire
tion_2 d = l.dire
tion();Standard_point_2 q = l.point(0);return Standard_ray_2(q,d);}Point_2 NE() 
onst { return 
onstru
t_point(Standard_line_2(-1, 1,0)); }Point_2 SE() 
onst { return 
onstru
t_point(Standard_line_2( 1, 1,0)); }Point_2 NW() 
onst { return 
onstru
t_point(Standard_line_2(-1,-1,0)); }Point_2 SW() 
onst { return 
onstru
t_point(Standard_line_2( 1,-1,0)); }Line_2 upper() 
onst { return 
onstru
t_line(NW(),NE()); }Line_2 lower() 
onst { return 
onstru
t_line(SW(),SE()); }Line_2 left() 
onst { return 
onstru
t_line(SW(),NW()); }Line_2 right() 
onst { return 
onstru
t_line(SE(),NE()); }Point_2 sour
e(
onst Segment_2& s) 
onst{ typename Base::Constru
t_sour
e_point_2 _sour
e =
onstru
t_sour
e_point_2_obje
t();return _sour
e(s); }Point_2 target(
onst Segment_2& s) 
onst{ typename Base::Constru
t_target_point_2 _target =
onstru
t_target_point_2_obje
t();return _target(s); }Segment_2 
onstru
t_segment(
onst Point_2& p, 
onst Point_2& q) 
onst{ typename Base::Constru
t_segment_2 _segment =
onstru
t_segment_2_obje
t();return _segment(p,q); }Line_2 
onstru
t_line(
onst Standard_line_2& l) 
onst{ return Line_2(l.a(),l.b(),l.
()); }Line_2 
onstru
t_line(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ Line_2 l(p1,p2);RT a=l.a(), b=l.b(), 
=l.
();l = Line_2(a,b,
);return l;}int orientation(
onst Segment_2& s, 
onst Point_2& p) 
onst{ typename Base::Orientation_2 _orientation =orientation_2_obje
t();



7.3 Cartesian Representation 250return stati
_
ast<int> ( _orientation(sour
e(s),target(s),p) );}int orientation(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3)
onst{ typename Base::Orientation_2 _orientation =orientation_2_obje
t();return stati
_
ast<int> ( _orientation(p1,p2,p3) );}bool leftturn(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3)
onst{ return orientation(p1,p2,p3) > 0; }bool is_degenerate(
onst Segment_2& s) 
onst{ typename Base::Is_degenerate_2 _is_degenerate =is_degenerate_2_obje
t();return _is_degenerate(s); }int 
ompare_xy(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename Base::Compare_xy_2 _
ompare_xy =
ompare_xy_2_obje
t();return stati
_
ast<int>( _
ompare_xy(p1,p2) );}int 
ompare_x(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename Base::Compare_x_2 _
ompare_x =
ompare_x_2_obje
t();return stati
_
ast<int>( _
ompare_x(p1,p2) );}int 
ompare_y(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename Base::Compare_y_2 _
ompare_y =
ompare_y_2_obje
t();return stati
_
ast<int>( _
ompare_y(p1,p2) );}Point_2 interse
tion(
onst Segment_2& s1, 
onst Segment_2& s2) 
onst{ typename Base::Interse
t_2 _interse
t =interse
t_2_obje
t();typename Base::Constru
t_line_2 _line =
onstru
t_line_2_obje
t();Point_2 p;CGAL::Obje
t result =_interse
t(_line(s1),_line(s2));if ( !CGAL::assign(p, result) )CGAL_assertion_msg(false,"interse
tion: no interse
tion.");return p;}Dire
tion_2 
onstru
t_dire
tion(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ typename Base::Constru
t_dire
tion_of_line_2 _dire
tion =
onstru
t_dire
tion_of_line_2_obje
t();return _dire
tion(
onstru
t_line(p1,p2)); }bool stri
tly_ordered_

w(
onst Dire
tion_2& d1,
onst Dire
tion_2& d2, 
onst Dire
tion_2& d3) 
onst



7.3 Cartesian Representation 251{ if ( d1 < d2 ) return ( d2 < d3 )||( d3 <= d1 );if ( d1 > d2 ) return ( d2 < d3 )&&( d3 <= d1 );return false;}bool 
ontains(
onst Segment_2& s, 
onst Point_2& p) 
onst{ typename Base::Has_on_2 _
ontains = has_on_2_obje
t();return _
ontains(s,p);}bool stri
tly_ordered_along_line(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3) 
onst{ typename Base::Are_stri
tly_ordered_along_line_2 _ordered =are_stri
tly_ordered_along_line_2_obje
t();return _ordered(p1,p2,p3);}bool first_pair_
loser_than_se
ond(
onst Point_2& p1, 
onst Point_2& p2,
onst Point_2& p3, 
onst Point_2& p4) 
onst{ return ( squared_distan
e(p1,p2) < squared_distan
e(p3,p4) ); }template <
lass Forward_iterator>void determine_frame_radius(Forward_iterator start, Forward_iterator end,Standard_RT& R0) 
onst{ Standard_RT R;while ( start != end ) {Point_2 p = *start++;if ( is_standard(p) ) {R = max(abs(p.x()[0℄), abs(p.y()[0℄));} else {RT rx = abs(p.x()), ry = abs(p.y());if ( rx[1℄ > ry[1℄ ) R = abs(ry[0℄-rx[0℄)/(rx[1℄-ry[1℄);else if ( rx[1℄ < ry[1℄ ) R = abs(rx[0℄-ry[0℄)/(ry[1℄-rx[1℄);else /* rx[1℄ == ry[1℄ */ R = abs(rx[0℄-ry[0℄)/2;}R0 = max(R+1,R0);}}
The file wrapper is here.hExtendedcartesian.hi�hCGAL EC Headeri#ifndef CGAL_EXTENDED_CARTESIAN_H#define CGAL_EXTENDED_CARTESIAN_H#in
lude <CGAL/Cartesian.h>#in
lude <CGAL/Point_2.h>#in
lude <CGAL/Line_2_Line_2_interse
tion.h>#ifndef _MSC_VER#in
lude <CGAL/RPolynomial.h>#else#in
lude <CGAL/RPolynomial_MSC.h>#define RPolynomial RPolynomial_MSC



7.4 A Test of Extended Points 252#endif#undef _DEBUG#define _DEBUG 51#in
lude <CGAL/Nef_2/debug.h>#in
lude <CGAL/Nef_2/Line_to_epoint.h>CGAL_BEGIN_NAMESPACEtemplate <
lass T> 
lass Extended_
artesian;hextended cartesiani#undef RPolynomialCGAL_END_NAMESPACE#endif // CGAL_EXTENDED_CARTESIAN_H
7.4 A Test of Extended PointshEPoint-test.Ci�#define RPOLYNOMIAL_EXPLICIT_OUTPUT#in
lude <CGAL/Cartesian.h>#in
lude <CGAL/Extended_homogeneous.h>#in
lude <CGAL/Extended_
artesian.h>#in
lude <CGAL/Filtered_extended_homogeneous.h>#in
lude <CGAL/test_ma
ros.h>#ifdef CGAL_USE_LEDA#in
lude <CGAL/leda_integer.h>typedef leda_integer Integer;template <>stru
t ring_or_field<leda_integer> {typedef ring_with_g
d kind;typedef leda_integer RT;stati
 RT g
d(
onst RT& r1, 
onst RT& r2){ return ::g
d(r1,r2); }};#in
lude <CGAL/leda_real.h>typedef leda_real Real;template <>stru
t ring_or_field<leda_real> {typedef field_with_div kind;};#else#ifdef CGAL_USE_GMP#in
lude <CGAL/Gmpz.h>#in
lude <CGAL/Quotient.h>typedef CGAL::Gmpz Integer;template <>stru
t ring_or_field<CGAL::Gmpz> {typedef ring_with_g
d kind;typedef CGAL::Gmpz RT;stati
 RT g
d(
onst RT& r1, 
onst RT& r2){ return CGAL::g
d(r1,r2); }};



7.4 A Test of Extended Points 253typedef CGAL::Quotient<Integer> Real;template <>stru
t ring_or_field<Real> {typedef field_with_div kind;};#elsetypedef long Integer;typedef double Real;#endif#endif#in
lude <CGAL/interse
tion_2.h>using namespa
e CGAL;int main(){ SETDTHREAD(41);CGAL_TEST_START;{ typedef CGAL::Extended_homogeneous<Integer> EDe
;hEDec test bodyihIO testi}{ typedef CGAL::Extended_
artesian<Real> EDe
;hEDec test bodyi//IO does not work for LEDA reals}{ typedef CGAL::Filtered_extended_homogeneous<Integer> EDe
;hEDec test bodyihIO testiD.print_statisti
s();} CGAL_TEST_END;}hEDec test bodyi�typedef EDe
::Point_2 EP;typedef EDe
::Segment_2 ES;typedef EDe
::Dire
tion_2 ED;typedef EDe
::Standard_kernel::Point_2 Point;typedef EDe
::Standard_kernel::Line_2 Line;typedef EDe
::Standard_RT RT;EDe
 D;CGAL::set_pretty_mode ( std::
err );Point ps1(0,0), ps2(1,1), ps3(1,0), ps4(0,1), ps5(1,1,2);EDe
::Point_type t1,t2,t3;EP eps1 = D.
onstru
t_point(ps1);EP eps2 = D.
onstru
t_point(ps2);EP eps3 = D.
onstru
t_point(ps3);EP eps4 = D.
onstru
t_point(ps4);EP eps5 = D.
onstru
t_point(ps5);
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onstru
t_point(ps4,ps1,t1); // verti
al down rayEP epn2 = D.
onstru
t_point(ps1,ps4,t2); // verti
al up rayEP epn3 = D.
onstru
t_point(ps1,ps3,t3); // horizontal right rayEP epn4 = D.
onstru
t_point(Line(2,3,4));ES el1 = D.
onstru
t_segment(D.
onstru
t_point(Line(ps1,ps4)),D.
onstru
t_point(Line(ps4,ps1)));ES el2 = D.
onstru
t_segment(D.NW(),D.NE());CGAL_TEST(D.type(D.SW())==EDe
::SWCORNER);CGAL_TEST(D.type(D.NW())==EDe
::NWCORNER);CGAL_TEST(D.type(D.SE())==EDe
::SECORNER);CGAL_TEST(D.type(D.NE())==EDe
::NECORNER);CGAL_TEST(D.type(epn1)==EDe
::BOTTOMFRAME);CGAL_TEST(D.type(epn2)==EDe
::TOPFRAME);CGAL_TEST(D.type(epn3)==EDe
::RIGHTFRAME);CGAL_TEST(D.type(eps1)==EDe
::STANDARD);CGAL_TEST(D.standard_line(epn1) == Line(ps4,ps1));CGAL_TEST(D.standard_point(eps1) == ps1);ES es1 = D.
onstru
t_segment(epn1,epn2);ES es2 = D.
onstru
t_segment(eps1,eps5);CGAL_TEST(D.sour
e(es1) == epn1);CGAL_TEST(D.target(es1) == epn2);CGAL_TEST(D.orientation(es1,D.
onstru
t_point(Point(-1,-2))) > 0 );CGAL_TEST(D.is_degenerate(D.
onstru
t_segment(epn1,epn1)));CGAL_TEST(D.
ompare_xy(eps1,eps5)<0);CGAL_TEST(D.
ompare_xy(eps1,epn2)<0);CGAL_TEST(D.
ompare_xy(epn1,eps1)<0);CGAL_TEST(D.interse
tion(es1,es2) == eps1);CGAL_TEST(D.
ompare_xy(eps1,eps2)<0);CGAL_TEST(D.
ompare_xy(eps4,eps1)>0);CGAL_TEST(D.
ompare_xy(eps1,eps1)==0);CGAL_TEST(D.
ompare_xy(D.NW(),eps2)<0);CGAL_TEST(D.
ompare_xy(eps1,D.NE())<0);CGAL_TEST(D.
ompare_xy(D.SW(),D.SE())<0);CGAL_TEST(D.
ompare_xy(epn1,eps1)<0);CGAL_TEST(D.
ompare_xy(eps1,epn2)<0);CGAL_TEST(D.orientation(eps1,eps2,eps3)<0);CGAL_TEST(D.orientation(eps1,eps3,eps2)>0);CGAL_TEST(D.orientation(eps1,eps2,D.
onstru
t_point(Point(2,2)))==0);CGAL_TEST(D.orientation(eps1,eps2,D.
onstru
t_point(ps1,ps2))==0);CGAL_TEST(D.orientation(eps1,eps2,epn3)<0);CGAL_TEST(D.orientation(eps1,eps2,epn2)>0);CGAL_TEST(D.orientation(D.NW(),D.NE(),eps1)<0);CGAL_TEST(D.orientation(D.NE(),D.NW(),eps1)>0);CGAL_TEST(D.orientation(D.SW(),D.NE(),eps1)==0);CGAL_TEST(D.orientation(epn1,epn2,eps1)==0);CGAL_TEST(D.orientation(epn1,epn2,eps4)==0);CGAL_TEST(D.orientation(epn1,epn2,eps3)<0);CGAL_TEST(D.orientation(epn2,epn1,eps3)>0);CGAL_TEST(D.first_pair_
loser_than_se
ond(eps1,eps5,eps1,eps2));CGAL_TEST(!D.first_pair_
loser_than_se
ond(eps1,eps3,eps1,eps4));CGAL_TEST(D.first_pair_
loser_than_se
ond(eps1,eps3,eps2,
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onstru
t_point(Point(2,2,1))));CGAL_TEST(D.first_pair_
loser_than_se
ond(eps1,eps3,eps2,D.NW()));CGAL_TEST(D.first_pair_
loser_than_se
ond(eps1,D.SE(),D.SW(),D.NE()));CGAL_TEST(!D.first_pair_
loser_than_se
ond(eps1,D.SE(),eps5,D.NE()));CGAL_TEST(D.first_pair_
loser_than_se
ond(eps5,D.NE(),eps1,D.SE()));CGAL_TEST(!D.first_pair_
loser_than_se
ond(eps1,D.SE(),eps1,D.NE()));CGAL_TEST(D.first_pair_
loser_than_se
ond(D.SE(),D.NE(),D.NE(),D.SW()));CGAL_TEST(!D.first_pair_
loser_than_se
ond(D.SE(),D.NE(),D.NW(),D.SW()));CGAL_TEST(D.
onstru
t_dire
tion(D.NW(),D.NE())==ED(RT(1),RT(0)));CGAL_TEST(D.
onstru
t_dire
tion(D.NE(),D.NW())==ED(RT(-1),RT(0)));CGAL_TEST(D.
onstru
t_dire
tion(D.SW(),D.NE())==ED(RT(1),RT(1)));CGAL_TEST(D.
onstru
t_dire
tion(D.NW(),D.SE())==ED(RT(1),RT(-1)));CGAL_TEST(D.
onstru
t_dire
tion(D.NW(),D.SW())==ED(RT(0),RT(-1)));CGAL_TEST(D.
onstru
t_dire
tion(D.SW(),D.NW())==ED(RT(0),RT(1)));CGAL_TEST(D.
onstru
t_dire
tion(eps5,D.NE())==ED(RT(1),RT(1)));CGAL_TEST(D.
onstru
t_dire
tion(eps5,D.SW())==ED(RT(-1),RT(-1)));ES upper = D.
onstru
t_segment(D.NW(),D.NE());ES left = D.
onstru
t_segment(D.SW(),D.NW());EP ep_res = D.interse
tion(el1,upper);CGAL_TEST(ep_res==epn2);ep_res = D.interse
tion(left, upper);CGAL_TEST(ep_res == D.NW());hIO testi�CGAL_IO_TEST(eps3,eps1);CGAL_IO_TEST(epn2,epn1);
7.5 A Demo of the EPoint concepthEPoint-demo.Ci�#define RPOLYNOMIAL_EXPLICIT_OUTPUT#in
lude <CGAL/Extended_homogeneous.h>#in
lude <CGAL/leda_integer.h>#in
lude <CGAL/test_ma
ros.h>template <>stru
t ring_or_field<leda_integer> {typedef ring_with_g
d kind;};typedef CGAL::Extended_homogeneous<leda_integer> EDe
;typedef EDe
::Standard_point_2 Standard_point;typedef EDe
::Standard_line_2 Standard_line;typedef EDe
::Point_2 Point;typedef EDe
::Standard_aff_transformation_2 Atra;EDe
 D;int main() {CGAL::set_pretty_mode ( std::
out );CGAL::set_pretty_mode ( std::
err );Standard_point p1(0,0),p2(2,1),p3(1,4);



7.5 A Demo of the EPoint concept 256Standard_line l(p1,p2);Point ep1 = D.
onstru
t_point(l);Point ep2 = D.
onstru
t_point(p2,p3);Point ep3 = D.
onstru
t_point(p2);Atra T(CGAL::ROTATION,1,0);Point ep10 = D.transform(ep1,T);Point ep20 = D.transform(ep2,T);Point ep30 = D.transform(ep3,T);}
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8 Filtered Extended Kernel

8.1 Introduction

It is convenient to extend the vision of standard rational points by so-callednon-standardpoints. We
have one non-standard point for each equivalence class of rays. Two rays are called equivalent if one
is contained in the other. The geometric properties of non-standard points are derived by giving them
a geometric interpretation by means of an infinimaximalR. R is a real variable. The value ofR is
finite but larger than the value of any concrete real number. Let F be the square box with corners
NW(�R;R), NE(R;R), SE(R;�R), andSW(�R;�R). Let p be a non-standard point and letr be a ray
defining it. If the frameF contains the source point ofr then letp(R) be the intersection ofr with the
frameF , if F does not contain the source ofr then p(R) is undefined. For a standard point letp(R)
be equal top if p is contained in the frameF and letp(R) be undefined otherwise. Clearly, for any
standard or non-standard pointp(R) is defined for any sufficiently largeR.

Let f be any function on standard points, say withk arguments. We callf extensibleif for any k
pointsp1, : : : , pk the function valuef (p1(R); : : : ; pk(R)) is constant for all sufficiently largeRand has
the same value as the function evaluated at a fixed large enough valueR0. We also consider geometric
constructions. Letg be a construction on standard points constructing a tuple ofl points from a tuple
of k points. We callg extensibleif for any k pointsp1, : : : , pk the construction is closed in our set of
extended points: if it constructs a point tupleq1, : : : , ql of extended points for all sufficiently largeR
with the property that by fixing a large enoughR0 the tuple is the result of the standard construction.
As we will see in a moment the predicateslexicographic orderof points,orientation, andsideof circle
are extensible. Also the calculation of the point in theintersectionof line segments defined on two
pairs of points is extensible.

For a formal definition of extended points, extended segments and the corresponding predicates
see the technical report [SM00].

8.2 Implementation

In this section we descibe a more advanced extended kernel thanSimpleextendedkernel. This kernel
tries to optimize runtime by use of a filter stage. It does not rely on polynomial arithmetic but on
unrolled polynomial expressions directly programmed for the evaluation of the predicates and con-
structions. We explain the techniques used. We implement specialized kernel types that store the
arbitrary precision coordinates but also intervals of number type double approximating them. Then
we show how our running example, the orientation test, is implemented in its unrolled fashion. We
finally present the intersection operation based on a case-dependent implementation. Our description
covers all ideas needed to implement the whole extended kernel concept.
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8.2 Implementation 259

Kernel types

In contrast to the first approach based on a polynomial arithmetic typeRPolynomialplugged into
CGAL homogeneous points, we implement an extended kernel based on specialized types. The com-
ponents are the types listed below plus the predicates and constructions that are required to construct
a model of ourExtendedKernelTraits2 concept. The types that we implement areSPolynomial<RT>SQuotient<RT>Extended point<RT>Extended segment<RT>Extended dire
tion<RT>
We shortly elaborate on the usage of the above types and theirdesign. LetRT be a multiprecision
integer number type like LEDAinteger. SPolynomial<RT> is a container type storing linear polyno-
mials of the formmR+n. SQuotient<RT> stores a two tuple consisting of anSPolynomial<RT> and
anRT object and represents the corresponding quotient.

Our definition tells us that an extended pointp in homogeneous representation has the form(mxR+ nx;myR+ ny;w), whereR is our frame defining variable and all other identifiers are num-
bers fromRT. p:hx( ) returns the x-polynomialmxR+nx and p:hy( ) the y-polynomialmyR+ny (of
type SPolynomial<RT>). p:hw( ) returnsw. These are the homogeneousx- andy- coordinates ofp
with common denominatorw. For completenessp also provides a Cartesian interfacep:x( ) returning
anSQuotient<RT> of the form(mxR+nx)=w. In analogyp:y( ) = (myR+ny)=w.

All number entries ofp can be accessed as multiprecision numbers as well as as double approx-
imations stored in an interval of typeCGAL:: Interval nt advanced. Thus a point stores 5RT entries
and 10 double precision entries. The number type interface consists of the operationsp:mx( ), p:nx( ),
p:my( ), p:ny( ), p:hw( ), andp:mxD( ), p:nxD( ), p:myD( ), p:nyD( ), p:hwD( ) for the intervals. The
operationp:is standard( ) returns true, iff bothmx andmy are zero.

The points are programmed along the lines of the LEDA and CGALgeometric kernel design. They
have I/O stream operators, and they can be drawn in a LEDA window, when our frame parameterR is
fixed.hsimple polynomialsi�template <typename RT>
lass SPolynomial {RT _m,_n;publi
:SPolynomial() : _m(),_n() {}SPolynomial(
onst RT& m, 
onst RT& n) : _m(m),_n(n) {}SPolynomial(
onst RT& n) : _m(),_n(n) {}SPolynomial(
onst SPolynomial<RT>& p) : _m(p._m),_n(p._n) {}SPolynomial<RT>& operator=(
onst SPolynomial<RT>& p){ _m=p._m; _n=p._n; return *this; }
onst RT& m() 
onst { return _m; }
onst RT& n() 
onst { return _n; }void negate() { _m=-_m; _n=-_n; }SPolynomial<RT> operator*(
onst RT& 
) 
onst{ return SPolynomial<RT>(
*_m,
*_n); }SPolynomial<RT> operator+(
onst SPolynomial<RT>& p) 
onst{ return SPolynomial<RT>(_m+p._m,_n+p._n); }SPolynomial<RT> operator-(
onst SPolynomial<RT>& p) 
onst



8.2 Implementation 260{ return SPolynomial<RT>(_m-p._m,_n-p._n); }SPolynomial<RT> operator-() 
onst{ return SPolynomial<RT>(-_m,-_n); }void operator /= (
onst RT& 
){ _m /= 
; _n /= 
; }
onst RT& operator[℄(int i) { return (i%2 ? _n : _m); }
onst RT& operator[℄(int i) 
onst { return (i%2 ? _n : _m); }bool is_zero() 
onst { return (_m==0 && _n==0); }int sign() 
onst{ if ( _m != 0 ) return CGAL_NTS sign(_m);return CGAL_NTS sign(_n); }// only for visualization:stati
 void set_R(
onst RT& R) { _R = R; }RT eval_at(
onst RT& r) 
onst { return _m*r+_n; }RT eval_at_R() 
onst { return _m*_R+_n; }prote
ted:stati
 RT _R;};template <
lass RT> RT SPolynomial<RT>::_R;template <typename RT>int sign(
onst SPolynomial<RT>& p){ return p.sign(); }template <typename RT>bool operator==(
onst SPolynomial<RT>& p1, 
onst SPolynomial<RT>& p2){ return (p1-p2).is_zero(); }template <typename RT>bool operator>(
onst SPolynomial<RT>& p1, 
onst SPolynomial<RT>& p2){ return (p1-p2).sign()>0; }template <typename RT>bool operator<(
onst SPolynomial<RT>& p1, 
onst SPolynomial<RT>& p2){ return (p1-p2).sign()<0; }template <
lass RT>inline double to_double(
onst SPolynomial<RT>& p){ return (CGAL::to_double(p.eval_at(SPolynomial<RT>::_R))); }template <
lass RT>std::ostream& operator<<(std::ostream& os, 
onst SPolynomial<RT>& p){ swit
h( os.iword(CGAL::IO::mode) ) {
ase CGAL::IO::ASCII :os << p.m() << " " << p.n(); break;
ase CGAL::IO::BINARY :CGAL::write(os,p.m());CGAL::write(os,p.n()); break;default:if ( p.m() == 0 ) os<<"["<<p.n()<<"℄";else os<<"["<<p.m()<<" R + "<<p.n()<<"℄";}return os;}template <
lass RT>std::istream& operator>>(std::istream& is, SPolynomial<RT>& p){ RT m,n;
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h( is.iword(CGAL::IO::mode) ){
ase CGAL::IO::ASCII :is >> m >> n; p = SPolynomial<RT>(m,n); break;
ase CGAL::IO::BINARY :CGAL::read(is,m);CGAL::read(is,n);break;default:CGAL_assertion_msg(0,"\nStream must be in as
ii or binary mode\n");break;}return is;}template <
lass RT> /*CGAL_KERNEL_INLINE*/CGAL::io_Operator io_tag(
onst SPolynomial<RT>&){ return CGAL::io_Operator(); }
We need a container quotient type to return cartesian coordinates. We only need it for visualization
and interface completion. It has no number type functionality.hsimple polynomialsi+�template <typename RT>
lass SQuotient {SPolynomial<RT> _p;RT _n;publi
:SQuotient() : _p(),_n() {}SQuotient(
onst SPolynomial<RT>& p, 
onst RT& n) : _p(p),_n(n) {}SQuotient(
onst SQuotient<RT>& p) : _p(p._p),_n(p._n) {}SQuotient<RT>& operator=(
onst SQuotient<RT>& p){ _p=p._p; _n=p._n; return *this; }
onst SPolynomial<RT>& numerator() 
onst { return _p; }
onst RT& denominator() 
onst { return _n; }};template <
lass RT>inline double to_double(
onst SQuotient<RT>& q){ return (CGAL::to_double(q.numerator().eval_at_R())/CGAL::to_double(q.denominator())); }

Points are realized by a smart-pointer scheme. There is a backend object type
Extendedpoint rep<RT> (the representation) and a frontend handle typeExtendedpoint<RT>. We
only elaborate on the representation type. Details on smartpointers are offered in the LEDA book
[MN99].hextended pointsi�template <typename RT> 
lass Extended_point;template <typename RT> 
lass Extended_point_rep;template <typename RT>
lass Extended_point_rep : publi
 Ref_
ounted {friend 
lass Extended_point<RT>;SPolynomial<RT> x_,y_; RT w_;



8.2 Implementation 262typedef Interval_nt_advan
ed DT;DT mxd,myd,nxd,nyd,wd;publi
:hconstructioni};
For the filter stage we use interval approximations of typeCGAL:: Interval nt advanced. See H.
Brönnimann et.al [BBP98] for more information. An object of this type is an interval of two doubles
representing any number in the interval. An arithmetic operation op of +, �, �, = on two intervals
X andY calculates an intervalX opY such that8x2 X;y2Y : (x opy) 2 (X opY). This allows us
to determine the correct sign of an interval expression as long as the interval does not contain zero.
The type uses exceptions to tell user code that a sign determination does not lead to a secure result.
That exception can be catched to repair the resulting uncertainty. We will see how this works in our
predicates below. The typeInterval nt advancedimplements dynamic filtering. Rounding errors are
accumulated during the execution of the program. The type requires its user to take the responsibil-
ity for the rounding mode of the processor. Whenever an arithmetic interval expression is evaluated
the processor should be in its correct rounding mode (switching the processor is an expensive op-
eration, thereby the user’s care does pay-off). The switching is done by class declaration statement
ProtectFPU rounding<true> P. The construction of objectP sets the correct rounding mode, its de-
struction resets the previous mode which ensures correct execution of code parts that rely on different
rounding modes.

The following conversion routine constructs an interval that contains adoubleapproximationcn
from its parametern (a LEDA integer). Only two cases can occur:n can be approximated accurately
by an interval[cn;cn℄ of zero width if the bit representation ofn has less than 53 bits. Otherwise we
add the smallest representabledoubleto make the interval containn. By the addition the interval is
expanded by exactly the radius of the machine accuracy. For more information on rounding problems
please refer to D. Goldberg [Gol91].DT to interval(
onst leda integer& n){ double 
n = CGAL::to double(n);leda integer pn = ( n>0 ? n : -n);if ( pn.iszero() || log(pn) < 53 ) return DT(
n);else {Prote
t FPU rounding<true> P;return DT(
n)+CGAL::Interval base::Smallest;}}
On construction of the representation we construct thedoubleapproximation of the multiprecision
entries. Note that we trade space for execution time.hconstructioni�Extended_point_rep(
onst RT& x, 
onst RT& y, 
onst RT& w) :Ref_
ounted(), x_(x),y_(y),w_(w){ CGAL_assertion_msg(w!=0,"denominator is zero.");nxd=CGAL::to_interval(x);nyd=CGAL::to_interval(y);wd=CGAL::to_interval(w);mxd=myd=0;}Extended_point_rep(
onst SPolynomial<RT>& x,
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onst SPolynomial<RT>& y,
onst RT& w) : Ref_
ounted(), x_(x),y_(y),w_(w){ CGAL_assertion_msg(w!=0,"denominator is zero.");mxd=CGAL::to_interval(x.m());myd=CGAL::to_interval(y.m());nxd=CGAL::to_interval(x.n());nyd=CGAL::to_interval(y.n());wd=CGAL::to_interval(w);}
We do not show the implementation of the classExtendedpoint<RT>. It mainly serves as an inter-
face of the representation class and inherits the handle maintainance code from the front end class
CGAL::Handlefor.hconstructioni+�Extended_point_rep() : Ref_
ounted(), x_(),y_(),w_() {}~Extended_point_rep() {}void negate(){ x_ = -x_; y_ = -y_; w_ = -w_;mxd = -mxd; myd = -myd; nxd = -nxd; nyd = -nyd; wd = -wd; }hextended pointsi+�template <typename RT_>
lass Extended_point : publi
 Handle_for< Extended_point_rep<RT_> > {typedef Extended_point_rep<RT_> Rep;typedef Handle_for< Rep > Base;publi
:typedef typename Rep::DT DT;typedef RT_ RT;Extended_point() : Base( Rep() ) {}Extended_point(
onst RT& x, 
onst RT& y, 
onst RT& w) :Base( Rep(x,y,w) ){ if (w < 0) ptr->negate(); }Extended_point(
onst SPolynomial<RT>& x,
onst SPolynomial<RT>& y,
onst RT& w) : Base( Rep(x,y,w) ){ if (w < 0) ptr->negate(); }Extended_point(
onst RT& mx, 
onst RT& nx,
onst RT& my, 
onst RT& ny, 
onst RT& w) :Base( Rep(SPolynomial<RT>(mx,nx), SPolynomial<RT>(my,ny), w) ){ if (w < 0) ptr->negate(); }Extended_point(
onst Extended_point<RT>& p) : Base(p) {}~Extended_point() {}Extended_point& operator=(
onst Extended_point<RT>& p){ Base::operator=(p); return *this; }
onst RT& mx() 
onst { return ptr->x_.m(); }
onst RT& nx() 
onst { return ptr->x_.n(); }
onst RT& my() 
onst { return ptr->y_.m(); }
onst RT& ny() 
onst { return ptr->y_.n(); }
onst RT& hw() 
onst { return ptr->w_; }
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onst DT& mxD() 
onst { return ptr->mxd; }
onst DT& nxD() 
onst { return ptr->nxd; }
onst DT& myD() 
onst { return ptr->myd; }
onst DT& nyD() 
onst { return ptr->nyd; }
onst DT& hwD() 
onst { return ptr->wd; }SQuotient<RT> x() 
onst{ return SQuotient<RT>(ptr->x_, ptr->w_); }SQuotient<RT> y() 
onst{ return SQuotient<RT>(ptr->y_, ptr->w_); }
onst SPolynomial<RT> hx() 
onst { return ptr->x_; }
onst SPolynomial<RT> hy() 
onst { return ptr->y_; }bool is_standard() 
onst { return (mx()==0)&&(my()==0); }Extended_point<RT> opposite() 
onst{ return Extended_point<RT>(-mx(),nx(),-my(),ny(),w()); }hpoint check opsi};template <
lass RT>std::ostream& operator<<(std::ostream& os, 
onst Extended_point<RT>& p){ swit
h( os.iword(CGAL::IO::mode) ) {
ase CGAL::IO::ASCII :os << p.hx() << " " << p.hy() << " " << p.hw(); break;
ase CGAL::IO::BINARY :CGAL::write(os,p.hx());CGAL::write(os,p.hy());CGAL::write(os,p.hw()); break;default:os << "(" << p.hx() << "," << p.hy() << "," << p.hw() << ")";os << "((" << p.nx().to_double()/p.hw().to_double() << ","<< p.ny().to_double()/p.hw().to_double() << "))";}return os;}template <
lass RT>std::istream& operator>>(std::istream& is, Extended_point<RT>& p){ SPolynomial<RT> x,y; RT w;swit
h( is.iword(CGAL::IO::mode) ){
ase CGAL::IO::ASCII :is >> x >> y >> w; break;
ase CGAL::IO::BINARY :CGAL::read(is,x);CGAL::read(is,y);CGAL::read(is,w); break;default:CGAL_assertion_msg(0,"\nStream must be in as
ii or binary mode\n");break;}p = Extended_point<RT>(x,y,w);return is;}
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Predicates

We show the implementation of the orientation predicate of extended points. All other predicates
follow the same strategy. For three homogeneous points in polynomials we derive the formula for
the orientation determinant and build up a filter cascade. Weimplement three template functions that
code the unrolled coefficients of the polynomial inR of degree 2. We do not prove the derivation of
the following algebraic expressions, we instead explain how we obtained them. We used the math
package Maple [CGG+91] to do the algebra. The following script executed in mapleproduces the
code expressions below. The lines with the comments have to be executed for the corresponding
indices.> pxi := mxi*R+nxi // i=1,2,3> pyi := myi*R+nyi // i=1,2,3> M := array([[px1,py1,w1℄,[px2,py2,w2℄,[px3,py3,w3);]]> orient := 
olle
t(det(M),R);> 
oeffi := 
oeff(orient,R,i); // i=0,1,2> C(
oeffi); // i=0,1,2
Finally just paste the coefficient code into the template functions. The following operations code
the coefficient of the squared, linear, and constant term of the function inR that is the result of the
determinant evaluation ofM.horientation predicatei�template <typename NT> inlineint orientation_
oeff2(
onst NT& mx1, 
onst NT& /*nx1*/,
onst NT& my1, 
onst NT& /*ny1*/, 
onst NT& w1,
onst NT& mx2, 
onst NT& /*nx2*/,
onst NT& my2, 
onst NT& /*ny2*/, 
onst NT& w2,
onst NT& mx3, 
onst NT& /*nx3*/,
onst NT& my3, 
onst NT& /*ny3*/, 
onst NT& w3){ NT 
oeff2 = mx1*w3*my2-mx1*w2*my3+mx3*w2*my1-mx2*w3*my1-mx3*w1*my2+mx2*w1*my3;return CGAL_NTS sign(
oeff2);}template <typename NT> inlineint orientation_
oeff1(
onst NT& mx1, 
onst NT& nx1,
onst NT& my1, 
onst NT& ny1, 
onst NT& w1,
onst NT& mx2, 
onst NT& nx2,
onst NT& my2, 
onst NT& ny2, 
onst NT& w2,
onst NT& mx3, 
onst NT& nx3,
onst NT& my3, 
onst NT& ny3, 
onst NT& w3){ NT 
oeff1 = mx1*w3*ny2-mx1*w2*ny3+nx1*w3*my2-mx2*w3*ny1-nx1*w2*my3+mx2*w1*ny3-nx2*w3*my1+mx3*w2*ny1+nx2*w1*my3-mx3*w1*ny2+nx3*w2*my1-nx3*w1*my2;return CGAL_NTS sign(
oeff1);}template <typename NT> inlineint orientation_
oeff0(
onst NT& /*mx1*/, 
onst NT& nx1,
onst NT& /*my1*/, 
onst NT& ny1, 
onst NT& w1,
onst NT& /*mx2*/, 
onst NT& nx2,
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onst NT& /*my2*/, 
onst NT& ny2, 
onst NT& w2,
onst NT& /*mx3*/, 
onst NT& nx3,
onst NT& /*my3*/, 
onst NT& ny3, 
onst NT& w3){ NT 
oeff0 = -nx2*w3*ny1+nx1*w3*ny2+nx2*w1*ny3-nx1*w2*ny3+nx3*w2*ny1-nx3*w1*ny2;return CGAL_NTS sign(
oeff0);}horientation predicatei+�DEFCOUNTER(or0)DEFCOUNTER(or1)DEFCOUNTER(or2)
Now the final orientation predicate consists of threetry-catchblocks. Eachtry block contains

the filtered coefficient evaluation. If the sign evaluation is not defined (the resulting interval contains
zero) then theunsafecomparisonexception is thrown. Thecatchblock evaluates the expression with
RT arithmetic. Note again the protection of the rounding mode with theProtectFPU rounding<true>
class declaration. The macrosINCTOTAL( ) and INCEXCEPTION( ) are used to accumulate the
statistics of the filter stages.horientation predicatei+�template <typename RT>int orientation(
onst Extended_point<RT>& p1,
onst Extended_point<RT>& p2,
onst Extended_point<RT>& p3){ int res;try { INCTOTAL(or2); Prote
t_FPU_rounding<true> Prote
tion;res = orientation_
oeff2(p1.mxD(),p1.nxD(),p1.myD(),p1.nyD(),p1.hwD(),p2.mxD(),p2.nxD(),p2.myD(),p2.nyD(),p2.hwD(),p3.mxD(),p3.nxD(),p3.myD(),p3.nyD(),p3.hwD());}
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(or2);res = orientation_
oeff2(p1.mx(),p1.nx(),p1.my(),p1.ny(),p1.hw(),p2.mx(),p2.nx(),p2.my(),p2.ny(),p2.hw(),p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw());}if ( res != 0 ) return res;try { INCTOTAL(or1); Prote
t_FPU_rounding<true> Prote
tion;res = orientation_
oeff1(p1.mxD(),p1.nxD(),p1.myD(),p1.nyD(),p1.hwD(),p2.mxD(),p2.nxD(),p2.myD(),p2.nyD(),p2.hwD(),p3.mxD(),p3.nxD(),p3.myD(),p3.nyD(),p3.hwD());}
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(or1);res = orientation_
oeff1(p1.mx(),p1.nx(),p1.my(),p1.ny(),p1.hw(),p2.mx(),p2.nx(),p2.my(),p2.ny(),p2.hw(),p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw());
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t_FPU_rounding<true> Prote
tion;res = orientation_
oeff0(p1.mxD(),p1.nxD(),p1.myD(),p1.nyD(),p1.hwD(),p2.mxD(),p2.nxD(),p2.myD(),p2.nyD(),p2.hwD(),p3.mxD(),p3.nxD(),p3.myD(),p3.nyD(),p3.hwD());}
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(or0);res = orientation_
oeff0(p1.mx(),p1.nx(),p1.my(),p1.ny(),p1.hw(),p2.mx(),p2.nx(),p2.my(),p2.ny(),p2.hw(),p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw());}return res;}
Corresponding implementations are provided for the predicates comparex( ), comparey( ),
comparexy( ), andcomparepair dist( ). The latter realizes the squared distance comparison of two
pairs of points. The resulting polynomial has again degree 2but contains more complicated expres-
sions than the orientation predicate above.hcomparison predicatei�template <typename NT>inlineint 
ompare_expr(
onst NT& n1, 
onst NT& d1,
onst NT& n2, 
onst NT& d2){ return CGAL_NTS sign( n1*d2 - n2*d1 ); }DEFCOUNTER(
mpx0)DEFCOUNTER(
mpx1)template <typename RT>int 
ompare_x(
onst Extended_point<RT>& p1,
onst Extended_point<RT>& p2){ int res;try { INCTOTAL(
mpx1); Prote
t_FPU_rounding<true> Prote
tion;res = 
ompare_expr(p1.mxD(),p1.hwD(),p2.mxD(),p2.hwD());}
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(
mpx1);res = 
ompare_expr(p1.mx(),p1.hw(),p2.mx(),p2.hw());}if ( res != 0 ) return res;try { INCTOTAL(
mpx0); Prote
t_FPU_rounding<true> Prote
tion;res = 
ompare_expr(p1.nxD(),p1.hwD(),p2.nxD(),p2.hwD());}
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(
mpx0);res = 
ompare_expr(p1.nx(),p1.hw(),p2.nx(),p2.hw());}return res;}DEFCOUNTER(
mpy0)DEFCOUNTER(
mpy1)template <typename RT>
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ompare_y(
onst Extended_point<RT>& p1,
onst Extended_point<RT>& p2){ int res;try { INCTOTAL(
mpy1); Prote
t_FPU_rounding<true> Prote
tion;res = 
ompare_expr(p1.myD(),p1.hwD(),p2.myD(),p2.hwD());}
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(
mpy1);res = 
ompare_expr(p1.my(),p1.hw(),p2.my(),p2.hw());}if ( res != 0 ) return res;try { INCTOTAL(
mpy0); Prote
t_FPU_rounding<true> Prote
tion;res = 
ompare_expr(p1.nyD(),p1.hwD(),p2.nyD(),p2.hwD());}
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(
mpy0);res = 
ompare_expr(p1.ny(),p1.hw(),p2.ny(),p2.hw());}return res;}template <typename RT>inlineint 
ompare_xy(
onst Extended_point<RT>& p1,
onst Extended_point<RT>& p2){ int 
1 = 
ompare_x(p1,p2);if ( 
1 != 0 ) return 
1;else return 
ompare_y(p1,p2);}template <typename RT>inlinebool stri
tly_ordered_along_line(
onst Extended_point<RT>& p1,
onst Extended_point<RT>& p2,
onst Extended_point<RT>& p3){ return ( orientation(p1,p2,p3) == 0 ) &&( 
ompare_xy(p1,p2) * 
ompare_xy(p2,p3) == 1 );}template <typename RT>inline bool operator==(
onst Extended_point<RT>& p1,
onst Extended_point<RT>& p2){ CHECK(bool(
ompare_xy(p1,p2) == 0),p1.
he
krep()==p2.
he
krep())return (p1.identi
al(p2) || 
ompare_xy(p1,p2) == 0); }template <typename RT>inline bool operator!=(
onst Extended_point<RT>& p1,
onst Extended_point<RT>& p2){ return !(p1==p2); }template <typename NT>inlineint 
mppd_
oeff2(
onst NT& mx1, 
onst NT& /*nx1*/,
onst NT& my1, 
onst NT& /*ny1*/, 
onst NT& w1,
onst NT& mx2, 
onst NT& /*nx2*/,
onst NT& my2, 
onst NT& /*ny2*/, 
onst NT& w2,
onst NT& mx3, 
onst NT& /*nx3*/,
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onst NT& my3, 
onst NT& /*ny3*/, 
onst NT& w3,
onst NT& mx4, 
onst NT& /*nx4*/,
onst NT& my4, 
onst NT& /*ny4*/, 
onst NT& w4){ NT w1Q(w1*w1), w2Q(w2*w2), w3Q(w3*w3), w4Q(w4*w4);NT w1w2Q(w1Q*w2Q), w3w4Q(w3Q*w4Q), two(2);NT 
oeff2 = w3w4Q * w2Q *mx1*mx1-two* w3w4Q *w2*mx1*w1*mx2+w3w4Q * w1Q *mx2*mx2+w3w4Q * w2Q *my1*my1-two* w3w4Q *w2*my1*w1*my2+w3w4Q * w1Q *my2*my2-w1w2Q * w4Q *mx3*mx3+two* w1w2Q *w4*mx3*w3*mx4-w1w2Q * w3Q *mx4*mx4-w1w2Q * w4Q *my3*my3+two* w1w2Q *w4*my3*w3*my4-w1w2Q * w3Q *my4*my4;return CGAL_NTS sign(
oeff2);}template <typename NT>inlineint 
mppd_
oeff1(
onst NT& mx1, 
onst NT& nx1,
onst NT& my1, 
onst NT& ny1, 
onst NT& w1,
onst NT& mx2, 
onst NT& nx2,
onst NT& my2, 
onst NT& ny2, 
onst NT& w2,
onst NT& mx3, 
onst NT& nx3,
onst NT& my3, 
onst NT& ny3, 
onst NT& w3,
onst NT& mx4, 
onst NT& nx4,
onst NT& my4, 
onst NT& ny4, 
onst NT& w4){ NT w1Q(w1*w1), w2Q(w2*w2), w3Q(w3*w3), w4Q(w4*w4);NT w1w2Q(w1Q*w2Q), w3w4Q(w3Q*w4Q), two(2);NT 
oeff1 = two * (w3w4Q * w1Q * mx2*nx2-w3w4Q * w2*my1*w1*ny2+w3w4Q * w1Q * my2*ny2+w1w2Q * w4*nx3*w3*mx4-w1w2Q * w4Q *mx3*nx3+w3w4Q * w2Q *mx1*nx1-w3w4Q * w2*mx1*w1*nx2-w3w4Q * w2*nx1*w1*mx2-w3w4Q * w2*ny1*w1*my2-w1w2Q * w4Q *my3*ny3+w1w2Q * w4*my3*w3*ny4+w1w2Q * w4*ny3*w3*my4+w3w4Q * w2Q *my1*ny1-w1w2Q * w3Q *my4*ny4+w1w2Q * w4*mx3*w3*nx4-w1w2Q * w3Q *mx4*nx4);return CGAL_NTS sign(
oeff1);}template <typename NT>
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mppd_
oeff0(
onst NT& /*mx1*/, 
onst NT& nx1,
onst NT& /*my1*/, 
onst NT& ny1, 
onst NT& w1,
onst NT& /*mx2*/, 
onst NT& nx2,
onst NT& /*my2*/, 
onst NT& ny2, 
onst NT& w2,
onst NT& /*mx3*/, 
onst NT& nx3,
onst NT& /*my3*/, 
onst NT& ny3, 
onst NT& w3,
onst NT& /*mx4*/, 
onst NT& nx4,
onst NT& /*my4*/, 
onst NT& ny4, 
onst NT& w4){ NT w1Q(w1*w1), w2Q(w2*w2), w3Q(w3*w3), w4Q(w4*w4);NT w1w2Q(w1Q*w2Q), w3w4Q(w3Q*w4Q), two(2);NT 
oeff0 = w3w4Q * (w1Q * ( nx2*nx2 + ny2*ny2 ) +w2Q * ( ny1*ny1 + nx1*nx1 )) -w1w2Q * (w4Q * ( nx3*nx3 + ny3*ny3 ) +w3Q * ( nx4*nx4 + ny4*ny4 )) +two* (- w3w4Q * (w2*nx1*w1*nx2 + w2*ny1*w1*ny2)+ w1w2Q * (w4*ny3*w3*ny4 + w4*nx3*w3*nx4));return CGAL_NTS sign(
oeff0);}DEFCOUNTER(
mppd2)DEFCOUNTER(
mppd1)DEFCOUNTER(
mppd0)// leghth.mwstemplate <typename RT>int 
ompare_pair_dist(
onst Extended_point<RT>& p1, 
onst Extended_point<RT>& p2,
onst Extended_point<RT>& p3, 
onst Extended_point<RT>& p4){ int res;try { INCTOTAL(
mppd2); Prote
t_FPU_rounding<true> Prote
tion;res = 
mppd_
oeff2(p1.mxD(),p1.nxD(),p1.myD(),p1.nyD(),p1.hwD(),p2.mxD(),p2.nxD(),p2.myD(),p2.nyD(),p2.hwD(),p3.mxD(),p3.nxD(),p3.myD(),p3.nyD(),p3.hwD(),p4.mxD(),p4.nxD(),p4.myD(),p4.nyD(),p4.hwD());}
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(
mppd2);res = 
mppd_
oeff2(p1.mx(),p1.nx(),p1.my(),p1.ny(),p1.hw(),p2.mx(),p2.nx(),p2.my(),p2.ny(),p2.hw(),p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw(),p4.mx(),p4.nx(),p4.my(),p4.ny(),p4.hw());}if ( res != 0 ) return res;try { INCTOTAL(
mppd1); Prote
t_FPU_rounding<true> Prote
tion;res = 
mppd_
oeff1(p1.mxD(),p1.nxD(),p1.myD(),p1.nyD(),p1.hwD(),p2.mxD(),p2.nxD(),p2.myD(),p2.nyD(),p2.hwD(),p3.mxD(),p3.nxD(),p3.myD(),p3.nyD(),p3.hwD(),p4.mxD(),p4.nxD(),p4.myD(),p4.nyD(),p4.hwD());}
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(
mppd1);res = 
mppd_
oeff1(p1.mx(),p1.nx(),p1.my(),p1.ny(),p1.hw(),p2.mx(),p2.nx(),p2.my(),p2.ny(),p2.hw(),



8.2 Implementation 271p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw(),p4.mx(),p4.nx(),p4.my(),p4.ny(),p4.hw());}if ( res != 0 ) return res;try { INCTOTAL(
mppd0); Prote
t_FPU_rounding<true> Prote
tion;res = 
mppd_
oeff0(p1.mxD(),p1.nxD(),p1.myD(),p1.nyD(),p1.hwD(),p2.mxD(),p2.nxD(),p2.myD(),p2.nyD(),p2.hwD(),p3.mxD(),p3.nxD(),p3.myD(),p3.nyD(),p3.hwD(),p4.mxD(),p4.nxD(),p4.myD(),p4.nyD(),p4.hwD());}
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(
mppd0);res = 
mppd_
oeff0(p1.mx(),p1.nx(),p1.my(),p1.ny(),p1.hw(),p2.mx(),p2.nx(),p2.my(),p2.ny(),p2.hw(),p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw(),p4.mx(),p4.nx(),p4.my(),p4.ny(),p4.hw());}return res;}
Extended segments and intersection

We provide extended segments and some primitives. We mostlyconcentrate on the intersection pred-
icate of lines supported by non-trivial extended segments.In this implementation we want to avoid
the calculation of the polynomialgcd. Therefore, we extract the possible intersection configurations
in advance and avoid higher degree polynomials resulting from the general algebraic term.hextended segmentsi�template <typename RT>
lass Extended_segment {Extended_point<RT> _p1,_p2;publi
:Extended_segment() : _p1(),_p2() {}Extended_segment(
onst Extended_point<RT>& p1,
onst Extended_point<RT>& p2) :_p1(p1), _p2(p2) {}Extended_segment(
onst Extended_segment<RT>& s) :_p1(s._p1), _p2(s._p2) {}Extended_segment<RT>& operator=(
onst Extended_segment<RT>& s){ _p1 = s._p1; _p2 = s._p2; return *this; }
onst Extended_point<RT>& sour
e() 
onst { return _p1; }
onst Extended_point<RT>& target() 
onst { return _p2; }void line_equation(RT& a, RT& b, SPolynomial<RT>& 
) 
onst;};
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lass RT>std::ostream& operator<<(std::ostream& os, 
onst Extended_segment<RT>& s){ os << s.sour
e() << s.target(); return os; }template <
lass RT>std::istream& operator>>(std::istream& is, Extended_segment<RT>& s){ Extended_point<RT> p1,p2;is >> p1 >> p2; s=Extended_segment<RT>(p1,p2); return is; }
We extract the line equationax+by+c= 0 directly from non-standard points if the extended segment
is just a segment. Note that for all lines crossing the interior of our boxa;b;c are just constants from
our integer ring typeRT. However the frame segments also support lines of the fromx�R= 0 and
y�R= 0. Therefore, we allow a linear polynomial for the coefficient c.hextended segment primitivesi�template <typename RT>void Extended_segment<RT>::line_equation(RT& a, RT& b, SPolynomial<RT>& 
) 
onst{ bool sstandard = _p1.is_standard();bool tstandard = _p2.is_standard();if (sstandard && tstandard) {hstandard segmenti}Extended_point<RT> p;bool 
orre
t_orientation=true;if (!sstandard && !tstandard) {htwo points on the frame boxi}else if (sstandard && !tstandard){ p = _p2; }else if (!sstandard && tstandard){ p = _p1; 
orre
t_orientation=false; }hone point on the frame boxi}
If two points span a standard segment then the three coefficients of the line through the points can be
derived from the following determinant equation (just resolve for the variables in the last row).������x1 y1 w1

x2 y2 w2
a b c

������ = 0

.hstandard segmenti�a = _p1.ny()*_p2.hw() - _p2.ny()*_p1.hw();b = _p1.hw()*_p2.nx() - _p2.hw()*_p1.nx();
 = SPolynomial<RT>(_p1.nx()*_p2.ny() - _p2.nx()*_p1.ny());return;
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Two points on the box produce two basic configurations. Either the points are both on one frame
segment. Or they are part of one affine line crossing the box. If they lie on the same frame segment
then their corresponding coordinate polynomials are equalin homogeneous representation and equal
to �R. Note that we keep the algebraic calculation within the polynomials of degree less than 2.
When both points lie on the same frame segment then the minimal representation of the corresponding
coordinate polynomial is�1R+0. This leads to line equations of the form 0x+1y+�R= 0 when
the y-coordinates are equal and to 1x+0y+�R= 0 when the x-coordinates are equal. In case that
the points span a standard affine line we forward the treatment to the mixed case by settingp to one
of the points.htwo points on the frame boxi�bool x_equal = (_p1.hx()*_p2.hw() - _p2.hx()*_p1.hw()).is_zero();bool y_equal = (_p1.hy()*_p2.hw() - _p2.hy()*_p1.hw()).is_zero();if (x_equal && CGAL_NTS abs(_p1.mx())==_p1.hw() && _p1.nx()==0 ){ int dy = (_p2.hy()-_p1.hy()).sign();a=-dy; b=0; 
 = SPolynomial<RT>(dy*_p1.hx().sign(),0); return; }if (y_equal && CGAL_NTS abs(_p1.my())==_p1.hw() && _p1.ny()==0 ){ int dx = (_p2.hx()-_p1.hx()).sign();a=0; b=dx; 
 = SPolynomial<RT>(-dx*_p1.hy().sign(),0); return; }p = _p2; // evaluation a

ording to mixed 
ase
Finally we have the pointp at the tip of a line (somewhere on the frame box). Obviously wecan
extract the affine equation of the line from the polynomial representation. We just set the parameterR
to 0 and 1, obtain two points, and calculate the equation. Note that by the special structure of our non-
standard points the 2�2 determinants reduce nicely.p:hw( ) is a common factor of all coefficients
a;b;c of the line:

a= y1w1�y2w1;b= x2w1�x1w2;c= x1y2�x2y1

where

x1 = p:nx( );y1 = p:ny( );w1 = p:hw( );x2 = p:mx( )+ p:nx( );y2 = p:my( )+ p:ny( );w2 = p:hw( )
For a andb it is obvious thatp:hw( ) can be canceled out, and the difference simplified.c can be re-
duced top:nx( )� p:my( )� p:ny( )� p:mx( ) due to the special choice of our points. Remember that for
non-standard points either their x- or y-coordinate is equal to �R. In the homogeneous representation
this means that eitherp:mx( ) =�p:hw( ) andp:nx( ) = 0, or p:my( ) =�p:hw( ) andp:ny( ) = 0. In
either case one can safely divide byp:hw( ).hone point on the frame boxi�RT x1 = p.nx(), y1 = p.ny(); // R==0RT x2 = p.mx()+p.nx(), y2 = p.my()+p.ny(); // R==1RT w = p.hw();RT 
i;if ( 
orre
t_orientation ) {a = -p.my(); // (y1*w-w*y2)/wb = p.mx(); // (x2*w-w*x1)/w
i = (p.nx()*p.my()-p.ny()*p.mx())/w; // (x1*y2-x2*y1)/w;} else {a = p.my(); // (y2*w-w*y1)
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i = (p.ny()*p.mx()-p.nx()*p.my())/w; // (x2*y1-x1*y2)/w;}
 = SPolynomial<RT>(
i);
We finally provide the intersection construction of two lines supported by two segments. We use the
linear system that defines the common point of two lines.�

a1 b1
a2 b2

��
x
y

� = ��c1�c2

�
Note that the line equations are either standard affine linesor lines supporting box segments. The
expressions forx andy are polynomials inRup to degree 1, forw it is just a constant.hextended segment primitivesi+�template <typename RT>Extended_point<RT> interse
tion(
onst Extended_segment<RT>& s1, 
onst Extended_segment<RT>& s2){ RT a1,b1,a2,b2;SPolynomial<RT> 
1,
2;s1.line_equation(a1,b1,
1);s2.line_equation(a2,b2,
2);SPolynomial<RT> x = 
2*b1 - 
1*b2;SPolynomial<RT> y = 
1*a2 - 
2*a1;RT w = a1*b2 - a2*b1; CGAL_assertion(w!=0);hreduce point representation by gcd operationireturn Extended_point<RT>(x,y,w);}
We introduce an option that allows us to reduce the homogeneous representation of points by dividing
both polynomials by the gcd of their content1 and their common denominator. This leads to a repre-
sentation of minimal bitlength. We found that this reduction pays off a lot. Remember that we use
the kernel in binary operations of Nef polyhedra and their recursive usage of intermediate structures
accumulates long point representations without this reduction.hreduce point representation by gcd operationi�#ifdef REDUCE_INTERSECTION_POINTSRT xg
d,yg
d;if ( x.m() == RT(0) ) xg
d = ( x.n() == 0 ? RT(1) : x.n() );else /* != 0 */ xg
d = ( x.n() == 0 ? x.m() : g
d(x.m(),x.n()) );if ( y.m() == RT(0) ) yg
d = ( y.n() == 0 ? RT(1) : y.n() );else /* != 0 */ yg
d = ( y.n() == 0 ? y.m() : g
d(y.m(),y.n()) );RT d = g
d(w,g
d(xg
d,yg
d));x /= d;y /= d;w /= d;#endif // REDUCE_INTERSECTION_POINTS

1Remember: the content of a polynomial is the gcd of all nonzero coefficients.
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We introduce the two primitivesorientationandis degeneratefor user comfort. Thecontainspredi-
cate checks if a point is part of a relatively closed segment.hextended segment primitivesi+�template <typename RT>inlineint orientation(
onst Extended_segment<RT>& s, 
onst Extended_point<RT>& p){ return orientation(s.sour
e(),s.target(),p); }template <typename RT>inlinebool is_degenerate(
onst Extended_segment<RT>& s){ return s.sour
e()==s.target(); }template <typename RT>inlinebool 
ontains(
onst Extended_segment<RT>& s,
onst Extended_point<RT>& p){ int p_rel_sour
e = 
ompare_xy(p,s.sour
e());int p_rel_target = 
ompare_xy(p,s.target());return ( orientation(s,p) == 0 ) &&( p_rel_sour
e >= 0 && p_rel_target <= 0 ||p_rel_sour
e <= 0 && p_rel_target >= 0 );}
Direction predicateshextended directionsi�template <typename RT>
lass Extended_dire
tion {Extended_point<RT> _p1,_p2;publi
:Extended_dire
tion() : _p1(),_p2() {}Extended_dire
tion(
onst Extended_dire
tion<RT>& d) :_p1(d._p1),_p2(d._p2) {}Extended_dire
tion<RT>& operator=(
onst Extended_dire
tion<RT>& d){ _p1 = d._p1; _p2 = d._p2; return *this; }Extended_dire
tion(
onst Extended_point<RT>& p1,
onst Extended_point<RT>& p2) :_p1(p1),_p2(p2) {}Extended_dire
tion(
onst RT& x, 
onst RT& y) :_p1(0,0,1),_p2(x,y,1) {}
onst Extended_point<RT>& p1() 
onst { return _p1; }
onst Extended_point<RT>& p2() 
onst { return _p2; }int dx_sign() 
onst{ return (_p2.hx()*_p1.hw()-_p1.hx()*_p2.hw()).sign(); }int dy_sign() 
onst{ return (_p2.hy()*_p1.hw()-_p1.hy()*_p2.hw()).sign(); }};template <
lass RT>std::ostream& operator<<(std::ostream& os, 
onst Extended_dire
tion<RT>& d)
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lass RT>std::istream& operator>>(std::istream& is, Extended_dire
tion<RT>& d){ Extended_point<RT> x,y;is >> x >> y; d = Extended_dire
tion<RT>(x,y);return is; }hdirection predicatesi�template <typename NT>inlineint 
oeff2_dor(
onst NT& mx1, 
onst NT& /*nx1*/,
onst NT& my1, 
onst NT& /*ny1*/, 
onst NT& w1,
onst NT& mx2, 
onst NT& /*nx2*/,
onst NT& my2, 
onst NT& /*ny2*/, 
onst NT& w2,
onst NT& mx3, 
onst NT& /*nx3*/,
onst NT& my3, 
onst NT& /*ny3*/, 
onst NT& w3,
onst NT& mx4, 
onst NT& /*nx4*/,
onst NT& my4, 
onst NT& /*ny4*/, 
onst NT& w4){ NT 
oeff2 = w1*mx2*w3*my4-w1*mx2*w4*my3-w2*mx1*w3*my4+w2*mx1*w4*my3-w1*my2*w3*mx4+w1*my2*w4*mx3+w2*my1*w3*mx4-w2*my1*w4*mx3;return CGAL_NTS sign(
oeff2);}template <typename NT>inlineint 
oeff1_dor(
onst NT& mx1, 
onst NT& nx1,
onst NT& my1, 
onst NT& ny1, 
onst NT& w1,
onst NT& mx2, 
onst NT& nx2,
onst NT& my2, 
onst NT& ny2, 
onst NT& w2,
onst NT& mx3, 
onst NT& nx3,
onst NT& my3, 
onst NT& ny3, 
onst NT& w3,
onst NT& mx4, 
onst NT& nx4,
onst NT& my4, 
onst NT& ny4, 
onst NT& w4){ NT 
oeff1 = -w1*my2*w3*nx4+w1*mx2*w3*ny4+w1*my2*w4*nx3-w1*mx2*w4*ny3+w1*nx2*w3*my4-w1*nx2*w4*my3+w2*my1*w3*nx4-w2*mx1*w3*ny4-w2*my1*w4*nx3+w2*mx1*w4*ny3-w2*nx1*w3*my4+w2*nx1*w4*my3-w1*ny2*w3*mx4+w1*ny2*w4*mx3+w2*ny1*w3*mx4-w2*ny1*w4*mx3;return CGAL_NTS sign(
oeff1);}template <typename NT>inlineint 
oeff0_dor(
onst NT& /*mx1*/, 
onst NT& nx1,
onst NT& /*my1*/, 
onst NT& ny1, 
onst NT& w1,
onst NT& /*mx2*/, 
onst NT& nx2,
onst NT& /*my2*/, 
onst NT& ny2, 
onst NT& w2,
onst NT& /*mx3*/, 
onst NT& nx3,
onst NT& /*my3*/, 
onst NT& ny3, 
onst NT& w3,
onst NT& /*mx4*/, 
onst NT& nx4,
onst NT& /*my4*/, 
onst NT& ny4, 
onst NT& w4){



8.2 Implementation 277NT 
oeff0 = w1*nx2*w3*ny4-w1*nx2*w4*ny3-w2*nx1*w3*ny4+w2*nx1*w4*ny3-w1*ny2*w3*nx4+w1*ny2*w4*nx3+w2*ny1*w3*nx4-w2*ny1*w4*nx3;return CGAL_NTS sign(
oeff0);}DEFCOUNTER(ord2)DEFCOUNTER(ord1)DEFCOUNTER(ord0)template <typename RT>inlineint orientation(
onst Extended_dire
tion<RT>& d1,
onst Extended_dire
tion<RT>& d2){ Extended_point<RT> p1(d1.p1()), p2(d1.p2()),p3(d2.p1()), p4(d2.p2());int res;try { INCTOTAL(ord2); Prote
t_FPU_rounding<true> Prote
tion;res = 
oeff2_dor(p1.mxD(),p1.nxD(),p1.myD(),p1.nyD(),p1.hwD(),p2.mxD(),p2.nxD(),p2.myD(),p2.nyD(),p2.hwD(),p3.mxD(),p3.nxD(),p3.myD(),p3.nyD(),p3.hwD(),p4.mxD(),p4.nxD(),p4.myD(),p4.nyD(),p4.hwD());} 
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(ord2);res = 
oeff2_dor(p1.mx(),p1.nx(),p1.my(),p1.ny(),p1.hw(),p2.mx(),p2.nx(),p2.my(),p2.ny(),p2.hw(),p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw(),p4.mx(),p4.nx(),p4.my(),p4.ny(),p4.hw());}if ( res != 0 ) return res;try { INCTOTAL(ord1); Prote
t_FPU_rounding<true> Prote
tion;res = 
oeff1_dor(p1.mxD(),p1.nxD(),p1.myD(),p1.nyD(),p1.hwD(),p2.mxD(),p2.nxD(),p2.myD(),p2.nyD(),p2.hwD(),p3.mxD(),p3.nxD(),p3.myD(),p3.nyD(),p3.hwD(),p4.mxD(),p4.nxD(),p4.myD(),p4.nyD(),p4.hwD());} 
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(ord1);res = 
oeff1_dor(p1.mx(),p1.nx(),p1.my(),p1.ny(),p1.hw(),p2.mx(),p2.nx(),p2.my(),p2.ny(),p2.hw(),p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw(),p4.mx(),p4.nx(),p4.my(),p4.ny(),p4.hw());}if ( res != 0 ) return res;try { INCTOTAL(ord0); Prote
t_FPU_rounding<true> Prote
tion;res = 
oeff0_dor(p1.mxD(),p1.nxD(),p1.myD(),p1.nyD(),p1.hwD(),p2.mxD(),p2.nxD(),p2.myD(),p2.nyD(),p2.hwD(),p3.mxD(),p3.nxD(),p3.myD(),p3.nyD(),p3.hwD(),p4.mxD(),p4.nxD(),p4.myD(),p4.nyD(),p4.hwD());} 
at
h (Interval_nt_advan
ed::unsafe_
omparison) { INCEXCEPTION(ord0);res = 
oeff0_dor(p1.mx(),p1.nx(),p1.my(),p1.ny(),p1.hw(),p2.mx(),p2.nx(),p2.my(),p2.ny(),p2.hw(),p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw(),p4.mx(),p4.nx(),p4.my(),p4.ny(),p4.hw());}return res;}
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In affine geometry two directions are equal iffd1.dx()*d2.dy() == d1.dy()*d2.dx() &&sign(d1.dx()) == sign(d2.dx()) &&sign(d1.dy()) == sign(d2.dy())
We thus translate the first into a filtered determinant expression and check the second and third line
directly.hdirection predicatesi+�template <typename RT>inlinebool operator==(
onst Extended_dire
tion<RT>& d1,
onst Extended_dire
tion<RT>& d2){ return orientation(d1,d2) == 0 &&d1.dx_sign() == d2.dx_sign() &&d1.dy_sign() == d2.dy_sign();}template <typename RT>inlinebool operator!=(
onst Extended_dire
tion<RT>& d1,
onst Extended_dire
tion<RT>& d2){ return !(d1==d2); }template <typename RT>bool stri
tly_ordered_

w(
onst Extended_dire
tion<RT>& d1,
onst Extended_dire
tion<RT>& d2,
onst Extended_dire
tion<RT>& d3){ if (d1 == d3) return (d1 != d2);int or12 = orientation(d1,d2);int or13 = orientation(d1,d3);int or32 = orientation(d3,d2);if ( or13 >= 0 ) // not rightturnreturn ( or12 > 0 && or32 < 0 );else // ( or13 < 0 ) rightturnreturn ( or12 > 0 || or32 < 0 );}template <typename RT>inlinebool operator<(
onst Extended_dire
tion<RT>& d1,
onst Extended_dire
tion<RT>& d2){ Extended_dire
tion<RT> d0(1,0);bool d0d1eq = (d1 == d0);bool d0d2eq = (d2 == d0);return (d0d1eq && !d0d2eq) ||stri
tly_ordered_

w(d0,d1,d2) && !d0d2eq;}
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The kernel wrapper

All operations are either mapped to the above primitives or similar to the ones in
the default homogeneous kernel. We do not present the layoutof the kernel class
Filtered extendedhomogeneous<RT>. It is similar toExtendedhomogeneous<RT>. We only present
the usefulness ofExtendedhomogeneous<RT> with respect to checking of our advanced kernel. We
used the naive approach to back-up the results of our filteredcode. As the expressions in this code
base are much more complicated, errors were hard to determine. We enriched the filtered kernel by
checking statements that we switched on when runtime examples seemed to produce problems. (Of
course we had to log our random test inputs to allow checking in case of errors). When switched on
by using the compile flagKERNELCHECKour checking macro is defined to be#define CHECK(
1,
2) CGAL assertion((
1) == (
2));
Then the orientation member ofFiltered extendedhomogeneous<RT> is just defined as:int orientation(
onst Point 2& p1, 
onst Point 2& p2, 
onst Point 2& p3)
onst{ CHECK(K.orientation(p1.
he
krep(),p2.
he
krep(),p3.
he
krep()),CGAL::orientation(p1,p2,p3))return CGAL::orientation(p1,p2,p3); }
wherePoint2 is the extended point type in the local scope ofFiltered extendedhomogeneous<RT>.
p:checkrep( ) returns an extended point of typeExtendedhomogeneous<RT> :: Point2 based on the
RPolynomial<RT> number type. AndK is a kernel object of typeExtendedhomogeneous<RT> in the
local scope.

At last the filtered kernel has a member methodprint statistics( ) that outputs the total number of
failed filter stages in its base version. If the kernel is usedwith the compile flagKERNELANALYSIS
then each filtered code section is evaluated separately. Allsections give the number of failed stages
and the number of total evaluations thereby the efficiency ofthe filter can be evaluated with respect to
the input used. This ends the description of the filtered extended kernel model.hextended kerneli�template <typename RT_>
lass Filtered_extended_homogeneous {typedef Filtered_extended_homogeneous<RT_> Self;publi
:typedef CGAL::Homogeneous<RT_> Standard_kernel;typedef typename Standard_kernel::RT Standard_RT;typedef typename Standard_kernel::FT Standard_FT;typedef typename Standard_kernel::Point_2 Standard_point_2;typedef typename Standard_kernel::Segment_2 Standard_segment_2;typedef typename Standard_kernel::Line_2 Standard_line_2;typedef typename Standard_kernel::Dire
tion_2 Standard_dire
tion_2;typedef typename Standard_kernel::Ray_2 Standard_ray_2;typedef typename Standard_kernel::Aff_transformation_2Standard_aff_transformation_2;typedef SPolynomial<RT_> RT;typedef SQuotient<RT_> FT;typedef Extended_point<RT_> Point_2;typedef Extended_segment<RT_> Segment_2;typedef Extended_dire
tion<RT_> Dire
tion_2;



8.2 Implementation 280hkernel check opsienum Point_type { SWCORNER=1, LEFTFRAME, NWCORNER,BOTTOMFRAME, STANDARD, TOPFRAME,SECORNER, RIGHTFRAME, NECORNER };hextended filtered homogeneous kernel membersi};hextended filtered homogeneous kernel membersi�Standard_RT dx(
onst Standard_line_2& l) 
onst { return l.b(); }Standard_RT dy(
onst Standard_line_2& l) 
onst { return -l.a(); }Standard_FT abs
issa_distan
e(
onst Standard_line_2& l) 
onst{ return Standard_kernel::make_FT(-l.
(),l.b()); }Point_type determine_type(
onst Standard_line_2& l) 
onst{ //Standard_RT adx = CGAL_NTS abs(dx(l)), ady = CGAL_NTS abs(dy(l));int sdx = CGAL_NTS sign(dx(l)), sdy = CGAL_NTS sign(dy(l));int 
mp_dx_dy = CGAL_NTS 
ompare(adx,ady), s(1);//if (sdx < 0 && ( 
mp_dx_dy > 0 || 
mp_dx_dy == 0 &&sdy != (s=CGAL_NTS sign(abs
issa_distan
e(l))))) {if (0 == s) return ( sdy < 0 ? SWCORNER : NWCORNER );else return LEFTFRAME;} else if (sdx > 0 && ( 
mp_dx_dy > 0 || 
mp_dx_dy == 0 &&sdy != (s=CGAL_NTS sign(abs
issa_distan
e(l))))) {if (0 == s) return ( sdy < 0 ? SECORNER : NECORNER );else return RIGHTFRAME;} else if (sdy < 0 && ( 
mp_dx_dy < 0 || 
mp_dx_dy == 0 &&abs
issa_distan
e(l) < Standard_FT(0))) {return BOTTOMFRAME;} else if (sdy > 0 && ( 
mp_dx_dy < 0 || 
mp_dx_dy == 0 &&abs
issa_distan
e(l) > Standard_FT(0))) {return TOPFRAME;}CGAL_assertion_msg(false," determine_type: degenerate line.");return (Point_type)-1; // never 
ome here}Point_2 epoint(
onst Standard_RT& m1, 
onst Standard_RT& n1,
onst Standard_RT& m2, 
onst Standard_RT& n2,
onst Standard_RT& n3) 
onst{ return Point_2(m1,n1,m2,n2,n3); }publi
:Point_2 
onstru
t_point(
onst Standard_point_2& p) 
onst{ return Point_2(p.hx(), p.hy(), p.hw()); }Point_2 
onstru
t_point(
onst Standard_line_2& l, Point_type& t) 
onst{ t = determine_type(l);//Point_2 res;swit
h (t) {
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ase SWCORNER: res = epoint(-1, 0, -1, 0, 1); break;
ase NWCORNER: res = epoint(-1, 0, 1, 0, 1); break;
ase SECORNER: res = epoint( 1, 0, -1, 0, 1); break;
ase NECORNER: res = epoint( 1, 0, 1, 0, 1); break;
ase LEFTFRAME: res = epoint(-l.b(), 0, l.a(), -l.
(), l.b());break;
ase RIGHTFRAME: res = epoint( l.b(), 0, -l.a(), -l.
(), l.b());break;
ase BOTTOMFRAME: res = epoint( l.b(), -l.
(), -l.a(), 0, l.a());break;
ase TOPFRAME: res = epoint(-l.b(), -l.
(), l.a(), 0, l.a());break;default: CGAL_assertion_msg(0,"EPoint type not 
orre
t!");}return res;}Point_2 
onstru
t_point(
onst Standard_point_2& p1,
onst Standard_point_2& p2,Point_type& t) 
onst{ return 
onstru
t_point(Standard_line_2(p1,p2),t); }Point_2 
onstru
t_point(
onst Standard_line_2& l) 
onst{ Point_type dummy; return 
onstru
t_point(l,dummy); }Point_2 
onstru
t_point(
onst Standard_point_2& p1,
onst Standard_point_2& p2) 
onst{ return 
onstru
t_point(Standard_line_2(p1,p2)); }Point_2 
onstru
t_point(
onst Standard_point_2& p,
onst Standard_dire
tion_2& d) 
onst{ return 
onstru
t_point(Standard_line_2(p,d)); }Point_2 
onstru
t_opposite_point(
onst Standard_line_2& l) 
onst{ Point_type dummy; return 
onstru
t_point(l.opposite(),dummy); }Point_type type(
onst Point_2& p) 
onst{ if (p.is_standard()) return STANDARD;// now we are on the square frameRT rx = p.hx();RT ry = p.hy();int sx = CGAL_NTS sign(rx);int sy = CGAL_NTS sign(ry);if (sx < 0) rx = -rx;if (sy < 0) ry = -ry;if (rx>ry) {if (sx > 0) return RIGHTFRAME;else return LEFTFRAME;}if (rx<ry) {if (sy > 0) return TOPFRAME;else return BOTTOMFRAME;}// now (rx == ry)if (sx==sy) {if (sx < 0) return SWCORNER;else return NECORNER;



8.2 Implementation 282} else { CGAL_assertion(sx==-sy);if (sx < 0) return NWCORNER;else return SECORNER;}}bool is_standard(
onst Point_2& p) 
onst{ return p.is_standard(); }Standard_point_2 standard_point(
onst Point_2& p) 
onst{ CGAL_assertion(is_standard(p));return Standard_point_2(p.nx(),p.ny(),p.hw());}Standard_line_2 standard_line(
onst Point_2& p) 
onst{ CGAL_assertion(!p.is_standard());Standard_point_2 p0(p.nx(),p.ny(),p.hw());Standard_point_2 p1(p.mx()+p.nx(),p.my()+p.ny(),p.hw());return Standard_line_2(p0,p1);}Standard_ray_2 standard_ray(
onst Point_2& p) 
onst{ CGAL_assertion(!p.is_standard());Standard_line_2 l = standard_line(p);Standard_dire
tion_2 d = l.dire
tion();Standard_point_2 q = l.point(0);return Standard_ray_2(q,d);}Point_2 NE() 
onst { return 
onstru
t_point(Standard_line_2(-1, 1,0)); }Point_2 SE() 
onst { return 
onstru
t_point(Standard_line_2( 1, 1,0)); }Point_2 NW() 
onst { return 
onstru
t_point(Standard_line_2(-1,-1,0)); }Point_2 SW() 
onst { return 
onstru
t_point(Standard_line_2( 1,-1,0)); }int orientation(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3)
onst{ CHECK(K.orientation(p1.
he
krep(),p2.
he
krep(),p3.
he
krep()),CGAL::orientation(p1,p2,p3))return CGAL::orientation(p1,p2,p3); }bool leftturn(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3)
onst{ return orientation(p1,p2,p3) > 0; }bool first_pair_
loser_than_se
ond(
onst Point_2& p1, 
onst Point_2& p2,
onst Point_2& p3, 
onst Point_2& p4) 
onst{ CHECK(K.first_pair_
loser_than_se
ond(p1.
he
krep(),p2.
he
krep(),p3.
he
krep(),p4.
he
krep()),CGAL::
ompare_pair_dist(p1,p2,p3,p4)<0)return CGAL::
ompare_pair_dist(p1,p2,p3,p4)<0; }int 
ompare_xy(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ CHECK(K.
ompare_xy(p1.
he
krep(),p2.
he
krep()),CGAL::
ompare_xy(p1,p2))return CGAL::
ompare_xy(p1,p2); }int 
ompare_x(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ CHECK(K.
ompare_x(p1.
he
krep(),p2.
he
krep()),CGAL::
ompare_x(p1,p2))
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ompare_x(p1,p2); }int 
ompare_y(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ CHECK(K.
ompare_y(p1.
he
krep(),p2.
he
krep()),CGAL::
ompare_y(p1,p2))return CGAL::
ompare_y(p1,p2); }bool stri
tly_ordered_along_line(
onst Point_2& p1, 
onst Point_2& p2, 
onst Point_2& p3) 
onst{ CHECK(K.stri
tly_ordered_along_line(p1.
he
krep(),p2.
he
krep(),p3.
he
krep()),CGAL::stri
tly_ordered_along_line(p1,p2,p3))return CGAL::stri
tly_ordered_along_line(p1,p2,p3); }Segment_2 
onstru
t_segment(
onst Point_2& p, 
onst Point_2& q) 
onst{ return Segment_2(p,q); }Point_2 sour
e(
onst Segment_2& s) 
onst{ return s.sour
e(); }Point_2 target(
onst Segment_2& s) 
onst{ return s.target(); }bool is_degenerate(
onst Segment_2& s) 
onst{ return s.sour
e()==s.target(); }int orientation(
onst Segment_2& s, 
onst Point_2& p) 
onst{ return orientation(s.sour
e(),s.target(),p); }Point_2 interse
tion(
onst Segment_2& s1, 
onst Segment_2& s2) 
onst{ CHECK(CGAL::interse
tion(s1,s2).
he
krep(),K.interse
tion(
onvert(s1),
onvert(s2)))return CGAL::interse
tion(s1,s2); }bool 
ontains(
onst Segment_2& s, 
onst Point_2& p) 
onst{ return CGAL::
ontains(s,p); }Dire
tion_2 
onstru
t_dire
tion(
onst Point_2& p1, 
onst Point_2& p2) 
onst{ return Dire
tion_2(p1,p2); }bool stri
tly_ordered_

w(
onst Dire
tion_2& d1,
onst Dire
tion_2& d2, 
onst Dire
tion_2& d3) 
onst{ CHECK(K.stri
tly_ordered_

w(
onvert(d1),
onvert(d2),
onvert(d3)),CGAL::stri
tly_ordered_

w(d1,d2,d3));return CGAL::stri
tly_ordered_

w(d1,d2,d3); }void print_statisti
s() 
onst{ std::
out << "Statisti
s of filtered kernel:\n";std::
out << "total failed double filter stages = ";std::
out << CGAL::Interval_nt_advan
ed::number_of_failures << std::endl;PRINT_CHECK_ENABLED;PRINT_STATISTICS(or2);PRINT_STATISTICS(or1);PRINT_STATISTICS(or0);PRINT_STATISTICS(
mpx1);PRINT_STATISTICS(
mpx0);PRINT_STATISTICS(
mpy1);PRINT_STATISTICS(
mpy0);PRINT_STATISTICS(
mppd2);PRINT_STATISTICS(
mppd1);
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mppd0);PRINT_STATISTICS(ord2);PRINT_STATISTICS(ord1);PRINT_STATISTICS(ord0);}template <
lass Forward_iterator>void determine_frame_radius(Forward_iterator start, Forward_iterator end,Standard_RT& R0) 
onst{ Standard_RT R;while ( start != end ) {Point_2 p = *start;if ( is_standard(p) ) {R = CGAL_NTS max(CGAL_NTS abs(p.mx())/p.hw(),CGAL_NTS abs(p.my())/p.hw());} else {RT rx = CGAL_NTS abs(p.hx()), ry = CGAL_NTS abs(p.hy());if ( rx[1℄ > ry[1℄ ) R = CGAL_NTS abs(ry[0℄-rx[0℄)/(rx[1℄-ry[1℄);else if ( rx[1℄ < ry[1℄ ) R = CGAL_NTS abs(rx[0℄-ry[0℄)/(ry[1℄-rx[1℄);else /* rx[1℄ == ry[1℄ */ R = CGAL_NTS abs(rx[0℄-ry[0℄)/(2*p.hw());}R0 = CGAL_NTS max(R+1,R0); ++start;}}
onst 
har* output_identifier() 
onst{ return "Filtered_extended_homogeneous"; }hFiltered extendedhomogeneous.hi�hCGAL EH Headeri#ifndef CGAL_FILTERED_EXTENDED_HOMOGENEOUS_H#define CGAL_FILTERED_EXTENDED_HOMOGENEOUS_H#in
lude <CGAL/basi
.h>#in
lude <CGAL/Handle_for.h>#in
lude <CGAL/Interval_arithmeti
.h>#in
lude <CGAL/Homogeneous.h>#undef _DEBUG#define _DEBUG 59#in
lude <CGAL/Nef_2/debug.h>#define REDUCE_INTERSECTION_POINTS//#define KERNEL_ANALYSIS//#define KERNEL_CHECK#ifdef KERNEL_CHECK#in
lude <CGAL/Extended_homogeneous.h>#define CHECK(
1,
2) CGAL_assertion((
1) == (
2));#define PRINT_CHECK_ENABLED std::
out << "kernel 
he
k enabled!\n"#else#define CHECK(
1,
2)#define PRINT_CHECK_ENABLED std::
out << "no kernel 
he
k!\n"#endif#ifdef KERNEL_ANALYSIS#define DEFCOUNTER(
) \stati
 int 
##_total=0; stati
 int 
##_ex
eption=0;
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) 
##_total++#define INCEXCEPTION(
) 
##_ex
eption++#define PRINT_STATISTICS(
) \std::
out << #
##" " << 
##_ex
eption << "/" << 
##_total << std::endl#else#define DEFCOUNTER(
)#define INCTOTAL(
)#define INCEXCEPTION(
)#define PRINT_STATISTICS(
)#endifCGAL_BEGIN_NAMESPACEhsimple polynomialsihextended pointsihorientation predicateihcomparison predicateihextended segmentsihextended segment primitivesihextended directionsihdirection predicatesihextended kerneliCGAL_END_NAMESPACE#undef CHECK#undef KERNEL_CHECK#undef REDUCE_INTERSECTION_POINTS#undef KERNEL_ANALYSIS#undef COUNTER#undef INCTOTAL#undef INCEXCEPTION#undef PRINT_STATISTICS#undef PRINT_CHECK_ENABLED#endif // CGAL_FILTERED_EXTENDED_HOMOGENEOUS_H
Within our extended point type we add conversion to the polynomial based version.hpoint check opsi�#ifdef KERNEL_CHECKtypedef CGAL::Extended_homogeneous<RT_> Che
kKernel;typedef typename Che
kKernel::Point_2 Che
kPoint;typedef typename Che
kKernel::RT Che
kRT;Che
kRT 
onvert(
onst CGAL::SPolynomial<RT_>& p) 
onst{ return Che
kRT(p.n(),p.m()); }Che
kRT 
onvert(
onst RT_& t) 
onst{ return Che
kRT(t); }Che
kPoint 
he
krep() 
onst{ return Che
kPoint(
onvert(hx()),
onvert(hy()),
onvert(w())); }#endif // KERNEL_CHECKhkernel check opsi�#ifdef KERNEL_CHECKtypedef Extended_homogeneous<RT_> Che
kKernel;
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kKernel::Point_2 Che
kPoint;typedef typename Che
kKernel::Dire
tion_2 Che
kDire
tion;typedef typename Che
kKernel::Segment_2 Che
kSegment;Che
kKernel K;Che
kSegment 
onvert(
onst Segment_2& s) 
onst{ return Che
kSegment(s.sour
e().
he
krep(),s.target().
he
krep()); }Che
kDire
tion 
onvert(
onst Dire
tion_2& d) 
onst{ return K.
onstru
t_dire
tion(d.p2().
he
krep(),d.p1().
he
krep()); }#endif // KERNEL_CHECK
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9 Plane Map Implementation

We present some implementation details of our plane map decorator that provides an abstract interface
to a plane map. The abstract interface of our plane map data type is sufficiently specified in the
manual page. We sketch how we implement this interface by theCGAL halfedge data structure.
We use the new HDS design as described in the design paper [Ket99]. The paper contains also a
survey of classical plane map implementations and a motivation for the HDS design. The generic
HDS collection allows to choose different flavors of HDS structures. A user can specify if she uses
explicit vertex or face objects and how the iteration facilities are implemented. For the topological
Nef layer we choose the default implementation including vertex and face objects, however the offered
design is limited to one single face cycle bounding a face. Our definition of plane maps requires to
have multiple face cycles and also trivial face cycles in form of isolated vertices. We do not want to
bore the reader with the technical details of the implementation but we describe the extension process
from the functionality of the default HDS design to our planemap data type. Fortunately, the CGAL
HDS allows a user to extend the functionality by extending the objects (vertices, halfedges, faces).
The types are transported into the container type HDS in a so-called items class; in our case called
HDSitems. The possibility of this extension is one advantage of the generic design.

Vertex
+halfedge(): Halfedge_handle

Halfedge
+opposite(): Halfedge_handle
+next(): Halfedge_handle
+prev(): Halfedge_handle
+vertex(): Vertex_handle
+face(): Face_handle

Face
+halfedge(): Halfedge_handle

Figure 9.1:The default HDS design

Figure 9.1 presents the default layout of the three objects.The interface methods map to member
variables. A vertexv stores an incident edgeesuch thatv:halfedge( ) = eande:vertex( ) = v. Dually
symmetrical a facef stores an edgee in its bounding face cycle:f:halfedge( ) = eande:face( ) = f .
The additional links of an edgeecreate the topological structure of the graph.e:opposite( ) is used to
make the graph bidirected ande:next( ) ande:prev( ) are used for the circular ordering of edges in the
face cycle of a face.

The extended structure in Figure 9.2 adds the possibility toassign multiple face cycles as a bound-
ary to a facef to the above structure. We give generic container access by means of two iterator ranges.
The range[ f:holesbegin( ), f:holesend( ) ) stores halfedges that can be used as entry points into dis-
joint face cycles. Accordingly, the range[ f:isolatedverticesbegin( ), f:isolatedverticesend( ) )
maintains a set of vertices in the interior off . Such verticesv also store their containing face by
v:face( ) = f . Note that our implementation requires that insertion or deletion operations in the
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Vertex
+halfedge(): Halfedge_handle
+face(): Face_handle
+point(): Point&
+mark()(): Mark&
+info(): GenPtr&

Halfedge
+opposite(): Halfedge_handle
+next(): Halfedge_handle
+prev(): Halfedge_handle
+vertex(): Vertex_handle
+face(): Face_handle
+mark(): Mark&
+info(): GenPtr&

Face
+halfedge(): Halfedge_handle
+holes_begin/end(): Halfedge_handle
+isolated_vertices_begin/end(): Vertex_handle
+mark(): Mark&
+info(): GenPtr&

Figure 9.2:The extended HDS design

two sets are constant time operations. We do not show the details. Note that all three objects are
attributed twice in addition to the topological linkage. All objects store a mark and a generic slot of
type GenPtr = void� for further data association. This two extensions are mandatory for the Nef
structure. Themark( ) slots map to set inclusion flags. Theinfo( ) slots allow us to associate tem-
porary information required for the binary overlay of two structures. Finally, vertices carry a point
representing their embedding into the plane. The full interfaces of the extended objects are presented
in the manual pages on page 300, 300, and 301.

Decorator classes

PM_const_decorator
HDS

PM_decorator
HDS

PM_io_parser
PMDEC

PM_checker

PMCDEC
GEOM

PM_visualizor

PMCDEC
GEOM
COLORDA

«concept»
PMConstDecorator

«concept»
PMDecorator

HDS = Interface to 
CGAL::HalfedgeDS_Default
(extended by multiple 
 face cycles)

«concept»
ExtendedKernelTraits_2

Figure 9.3:The decorator family defining the interface to the HDS data structure

We interface the HDS via decorator classes that encapsulatea certain functionality. The classes are
depicted in Figure 9.3. We implemented the two main conceptsPMConstDecoratorandPMDecorator
on top of the CGAL HDS. The first gives read-only access to the HDS the second provides ma-
nipulation operations. The concepts carry their interfaceinto the additional modulesPM checker,
PM io parser, PM visualizor. Whenever geometric kernel operations are needed in the module as
for example in the checker, we add a template parameter carrying geometric kernel methods. The
COLORDAtemplate parameter in the visualizor modulePM visualizor allows the adaptation of the
drawing of plane maps. We elaborate on some details of the modules but do not show the whole
implementation.



290

PM const decorator - the read-only interface

PM constdecorator<> realizes non-mutable access to plane maps. It provides interface operations on
the objects as presented in our concepts section on page 332.The sole link to geometry is the embed-
ding via a point type. All circular structures are realized via circulators (the variation of iterators as
introduced in CGAL). The only method that carries more involved coding is the integrity check oper-
ation. That operation checks the sanity of the link structure coding the incidence relations of vertices,
edges, and faces and additionally checks the topological planarity of the structure by checking that the
genus of the plane map is zero. The integrity check of the topological decorator does the following:� all vertices are partitioned into two sets by theis isolated( ) predicate. All isolated verticesv

have face links wherev is in the isolated vertices list ofv! face( ). All non-isolated vertices
are bound to adjacency lists by their halfedge link.� for all verticesv we check thatsource(A(v))==v� for all edgesewe check thattwin(twin(e))==e� we check that the Euler formula is correctly fulfilled. Letnv be the number of vertices,ne be
number of edges (= number of halfedges divided by 2),nf be the number of faces,nf c be the
number of face cycles, andncc be the number of connected components of the map. Then at
first we havenf = nf c�ncc+1 and we check thatnv�ne+nf = 1+ncc. Note that we have to
cope with isolated vertices. They are counted in our connected component numberncc and in
nv.

See Chapter 8 of the LEDA book for an elaborate treatment of this check.

PM checker - checking geometric properties

Our checker mainly realizes the integrity checks of the basic properties of the plane map like that
of an order-preserving embedding or the forward-prefix property of the adjacency lists. We also
added a checker method that examines if a plane map represents a triangulation of its vertices. The
implemented methods arevoid 
he
k order preserving embedding(Vertex 
onst handle v) 
onst;void 
he
k forward prefix 
ondition(Vertex 
onst handle v) 
onst;void 
he
k order preserving embedding() 
onst;void 
he
k is triangulation() 
onst;
The methods check the basic properties that we require from aplane map. The task to check if our
plane map actually is a triangulation of its vertices follows the ideas as presented in [MNS+99] and
the LEDA book.

PM decorator - manipulating the plane map

PM decorator<> gives mutable access to a plane map. Apart from standard operations the interface
also provides operations that are very specially designed for the updates needed in our sweep frame-
work or in the simplification phase of our binary operations.Some operations allow changing the
incidence of plane map objects only partially e.g. create anedge that is only linked to a vertex at its
source. With these operations one has to be careful not to spoil the plane map structure. The advantage
is that we do not need superflous allocations of objects that are only needed temporarily.

The implementation of most of the operations is straight-forward. The only operation that should
be mentioned is the clone operation for plane maps. As the generic HDS container does not know the
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layout of the objects that it maintains, a copy constructionis hard to realize for the general case. In
the rare case where we actually need to copy a plane map, we usethe methods:void 
lone(
onst HDS& H);template <typename LINKDA>void 
lone skeleton(
onst HDS& H, 
onst LINKDA& L)
Both methods basically work in two stages. LetH 0 be the target copy ofH. First each objecto in H
is cloned into an objecto0 in H 0 whose links still point to objects inH. We store the correspondance
of o to o0 in a mapM(o) = o0. Then in the second stage we iterate all objectso0 in H 0 and replace the
links to the objects inH by the corresponding objects inH 0 via the map. The result is an isomorphic
structure. Note that due to the fact that theprev-next links of the halfedges also code the embedding,
this isomorphy is also topological and not only combinatorial [Die97]. Of course the geometric
embedding of the vertices and the attributed marks are just transferred. The second cloning operation
just extracts an topological isomorphic 1-skeleton from a full-fledged plane map. In that operation
we also provide access to the newly created objects by an additional data accessorL. TheLINKDA
concept requires the methods:stru
t LINKDA {void operator()(Vertex handle vn, Vertex 
onst handle vo) 
onst;void operator()(Halfedge handle hn, Halfedge 
onst handle ho) 
onst;}
wherevn, hnare the cloned objects inH 0 andvo, hoare the original objects ofH. L can now be used to
get a hand on the cloning process on the object level. The method is used to obtain an isomorphic graph
structure that can be used for further subdivision (e.g. point location in constrained triangulations).
We leave out the details, as its design is mainly determined by the design of the CGAL HDS.

PM io parser - stream input and output

The input and output is mainly triggered by a decorator whichhas the control over the I/O format and
does some basic parsing when reading input. The class template PM io parser<PMDEC> has two
constructors and two corresponding actions on the streams obtained on construction:PM io parser(std::istream& is, Plane map& H);void read();PM io parser(std::ostream& os, 
onst Plane map& H);void print() 
onst;
The template parameter refers to the conceptPMDecorator. A decorator object decoratingH is used
to construct the plane mapH when reading from the input stream, or to explore the structure when
printing to the output stream. We omit the implementation details.

We only present the I/O format that is similar to that used in LEDA for general graphs. There is a
header and then three sections storing the objects vertices, halfedges, faces:Plane map 2verti
es n1halfedges n2fa
es n30 { isolated in
ident obje
t, mark, point }...n1-1 { isolated in
ident obje
t, mark, point }0 { opposite, prev, next, vertex, fa
e, mark }...



292n2-1 { opposite, prev, next, vertex, fa
e, mark }0 { halfedge, f
list, ivlist, mark }...n3-1 { halfedge, f
list, ivlist, mark }
there aren1 lines for vertices,n2 lines for halfedges, andn3 lines for faces. All objects are indexed
by non-negative integers. Vertex lines contain a boolean marker isolatedfollowed by the index of an
incident object (a face ifisolatedis true, otherwise the first halfedge of the adjacency list),the attribute
and the embedding. Halfedge lines store the link structure (again by indices representing the objects):
theopposite(also called twin or reversal) halfedge, theprevious andnexthalfedge of its face cycle,
the incidentvertexand the incidentface, and the attributedmark. The face lines have no fixed length
as the number of face cycles and isolated vertices is not bounded. Both listsfclist (for face cycles) and
ivlist (for isolated vertices) are white space separated lists of numbers. Their elements are the indices
of one halfedge from the corresponding face cycle or the indices of the isolated vertices in the interior
of the faces respectively. Thehalfedgeis the index of a halfedge of the outer face cycle of the face and
themark is again the attribute of the face. Note that as our index range starts at 0, we code undefined
references by�1.

I/O and cloning processes bear a strong similarity. In both processes one creates isomorphic
representations of pointer structures. In case of output the representation of typed pointers (handles)
is a unique numbering of all objects that can be translated back during an input process.

PM visualizor - drawing plane maps in a window

We offer a decorator drawing a plane map into a CGAL window stream, which is basically a LEDA
window offering stream operations for all affine kernel objects of the CGAL geometry kernels. The
class templatePM visualizor<PMCDEC;GEOM;COLORDA> requires models of the three template
parameters for instantiation. The first two can be instantiated byPM constdecorator<> and any ge-
ometry kernel being a model of the conceptAffineGeometryTraits2. The third parameter assigns
colors and sizes to the objects of the plane map depending on their attributes by the following class
concept:stru
t COLORDA {CGAL::Color 
olor(Vertex 
onst handle, 
onst Mark& m) 
onst;CGAL::Color 
olor(Halfedge 
onst handle, 
onst Mark& m) 
onst;CGAL::Color 
olor(Fa
e 
onst handle, 
onst Mark& m) 
onst;int width(Vertex 
onst handle, 
onst Mark& m) 
onst;int width(Halfedge 
onst handle, 
onst Mark& m) 
onst;};
On construction the visualizor obtains a window streamW, a decoratorD, a geometry kernelK, and a
color data accessorC. The plane map referenced byD is drawn in the windowW with the properties
as specified byC.PM visualizor(CGAL::Window stream& W, 
onst PMCDEC& D,
onst GEOM& K, 
onst COLORDA& C);
The class offers drawing by object or drawing of the full structure by the methods:void draw(Vertex 
onst handle v) 
onstvoid draw(Halfedge 
onst handle e) 
onstvoid draw(Fa
e 
onst handle f) 
onstvoid draw map() 
onst
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We do not show their implementation here. For the drawing of the faces we use the techniques that
are used by LEDA windows to draw polygons.

9.1 Extending the HDS

We extend the basic HDS design by multiple face cycles and isolated vertices.

9.1.1 Extended vertices

To summarize the vertex design compared to the default HDS:

topology and combinatorics a vertex has extended incidence operations. Depending on the predi-
cateis isolated( ) a vertex has either a link to an incident face via[set℄face( ) or it has a link to
an incident halfedge via[set℄halfedge( ).

geometry an object of typePoint for its embedding.

attribute a mark of typeMark and an information slot stored in aGenPtr. The latter can be used by
thegeninfoclass.

Internal implementation invariants:� is isolated( ), ivit( ) != nil an isolated vertex is stored in some faces isolated verticeslist� is isolated( ), halfedge( )==Halfedgehandle( ) an isolated vertex has no incident halfedge.hepm verticesi�template <typename Refs, typename Traits>
lass Vertex_wrapper { publi
:typedef typename Traits::Point Point;
lass Vertex {publi
:typedef Refs HalfedgeDS;typedef Vertex Base;typedef CGAL::Tag_true Supports_vertex_halfedge;typedef CGAL::Tag_true Supports_vertex_point;typedef typename Refs::Vertex_handle Vertex_handle;typedef typename Refs::Vertex_
onst_handle Vertex_
onst_handle;typedef typename Refs::Halfedge_handle Halfedge_handle;typedef typename Refs::Halfedge_
onst_handle Halfedge_
onst_handle;typedef typename Refs::Fa
e_handle Fa
e_handle;typedef typename Refs::Fa
e_
onst_handle Fa
e_
onst_handle;typedef typename Refs::Halfedge Halfedge;typedef typename Refs::Fa
e Fa
e;typedef void* GenPtr;typedef typename Traits::Point Point;typedef typename Traits::Mark Mark;typedef typename std::list<Vertex_handle>::iterator iv_iterator;private:Halfedge_handle _h;
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e_handle _f;Point _p;iv_iterator _ivit;Mark _m;GenPtr _i;publi
:Vertex() :_h(),_f(),_ivit(nil_),_m(),_i((GenPtr)0xABCD) {}Vertex(
onst Point& p) :_h(),_f(),_p(p),_ivit(nil_),_m(),_i((GenPtr)0xABCD) {}bool is_isolated() 
onst{ return _h == Halfedge_handle(); }Halfedge_handle halfedge() { return _h; }Halfedge_
onst_handle halfedge() 
onst { return _h; }void set_halfedge(Halfedge_handle h) { _h=h; }Fa
e_handle fa
e() { return _f; }Fa
e_
onst_handle fa
e() 
onst { return _f; }void set_fa
e(Fa
e_handle f) { _f=f; }Point& point() { return _p; }
onst Point& point() 
onst { return _p; }Mark& mark() { return _m; }
onst Mark& mark() 
onst { return _m; }GenPtr& info() { return _i; }
onst GenPtr& info() 
onst { return _i; }iv_iterator ivit() 
onst { return _ivit; }void set_ivit(iv_iterator it) { _ivit = it; }stati
 iv_iterator nil_;/* stl iterators have default 
onstru
tion but are only equal
omparable when 
opy 
onstru
ted, what a mess in the spe
ifi
ation */LEDA_MEMORY(Vertex)};};
9.1.2 Extended faces

To summarize the vertex design compared to the default concept:

topology and combinatorics a face has extended incidence operations. A face stores multiple
bounding face cycles in a listFC of halfedges serving as entry points into the face cycles.
Additionally a face can store isolated vertices contained in its interior in a listIV.

geometry no explicit geometric information. The embedding of its bounding structure is obtained
via the multiple non-trivial face cycles stored in theFC list and the multiple contained isolated
vertices stored in theIV list.

attribute a mark of typeMark and a flexible usable information slot stored via aGenPtr. The latter
can be used by thegeninfoclass.
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Internal implementation invariants:� the halfedgeFC:front( ) refers to the outer face cycle of the face, all others are holecycles. (this
does not hold for our outer face which has no outer face cycle)� all halfedgese in FC keep iterator links to their item inFC via e! [set℄fcit( ).� all verticesv in IV keep iterator links to their item inIV via v! [set℄ivit( ).hepm facesi�template <typename Refs, typename Traits>
lass Fa
e_wrapper { publi
:
lass Fa
e {publi
:typedef CGAL::Tag_true Supports_fa
e_halfedge;typedef Refs HalfedgeDS;typedef Fa
e Base;typedef typename Refs::Vertex_handle Vertex_handle;typedef typename Refs::Vertex_
onst_handle Vertex_
onst_handle;typedef typename Refs::Halfedge_handle Halfedge_handle;typedef typename Refs::Halfedge_
onst_handle Halfedge_
onst_handle;typedef typename Refs::Fa
e_handle Fa
e_handle;typedef typename Refs::Fa
e_
onst_handle Fa
e_
onst_handle;typedef typename Refs::Vertex Vertex;typedef typename Refs::Halfedge Halfedge;typedef void* GenPtr;typedef typename Traits::Mark Mark;
lass Hole_iterator: publi
 std::list<Halfedge_handle>::iterator{ typedef typename std::list<Halfedge_handle>::iterator Ibase;publi
:Hole_iterator() : Ibase() {}Hole_iterator(
onst Ibase& b) : Ibase(b) {}Hole_iterator(
onst Hole_iterator& i) : Ibase(i) {}operator Halfedge_handle() 
onst { return Ibase::operator*(); }Halfedge& operator*() { return *(Ibase::operator*()); }Halfedge_handle operator->() { return Ibase::operator*(); }};
lass Hole_
onst_iterator :publi
 std::list<Halfedge_handle>::
onst_iterator{ typedef typename std::list<Halfedge_handle>::
onst_iterator Ibase;publi
:Hole_
onst_iterator() : Ibase() {}Hole_
onst_iterator(
onst Ibase& b) : Ibase(b) {}Hole_
onst_iterator(
onst Hole_
onst_iterator& i) : Ibase(i) {}operator Halfedge_
onst_handle() 
onst { return Ibase::operator*(); }
onst Halfedge& operator*() { return *(Ibase::operator*()); }Halfedge_
onst_handle operator->() { return Ibase::operator*(); }};
lass Isolated_vertex_iterator: publi
 std::list<Vertex_handle>::iterator



9.1 Extending the HDS 296{ typedef typename std::list<Vertex_handle>::iterator Ibase;publi
:Isolated_vertex_iterator() : Ibase() {}Isolated_vertex_iterator(
onst Ibase& b) : Ibase(b) {}Isolated_vertex_iterator(
onst Isolated_vertex_iterator& i): Ibase(i) {}operator Vertex_handle() 
onst { return Ibase::operator*(); }Vertex& operator*() { return *(Ibase::operator*()); }Vertex_handle operator->() { return Ibase::operator*(); }};
lass Isolated_vertex_
onst_iterator: publi
 std::list<Vertex_handle>::
onst_iterator{ typedef typename std::list<Vertex_handle>::
onst_iterator Ibase;publi
:Isolated_vertex_
onst_iterator() : Ibase() {}Isolated_vertex_
onst_iterator(
onst Ibase& b) : Ibase(b) {}Isolated_vertex_
onst_iterator(
onst Isolated_vertex_
onst_iterator& i) : Ibase(i) {}operator Vertex_
onst_handle() 
onst { return Ibase::operator*(); }
onst Vertex& operator*() { return *(Ibase::operator*()); }Vertex_
onst_handle operator->() { return Ibase::operator*(); }};private:Halfedge_handle _e;std::list<Halfedge_handle> FC;std::list<Vertex_handle> IV;Mark _m;GenPtr _i;publi
:Fa
e() : _e(),_m(),_i((GenPtr)0xABCD) {}~Fa
e() { FC.
lear(); IV.
lear(); }void store_f
(Halfedge_handle h){ FC.push_ba
k(h); h->set_f
it(--FC.end());CGAL_assertion(h->is_hole_entry()); }void remove_f
(Halfedge_handle h){ CGAL_assertion(h->is_hole_entry());FC.erase(h->f
it()); h->set_f
it(Halfedge::nil_); }void store_iv(Vertex_handle v){ IV.push_ba
k(v); v->set_ivit(--IV.end()); }void remove_iv(Vertex_handle v){ CGAL_assertion(v->is_isolated());IV.erase(v->ivit()); v->set_ivit(Vertex::nil_); }Hole_iterator f
_begin() { return FC.begin(); }Hole_iterator f
_end() { return FC.end(); }Isolated_vertex_iterator iv_begin() { return IV.begin(); }Isolated_vertex_iterator iv_end() { return IV.end(); }void 
lear_all_entries(){ Hole_iterator hit;for (hit = f
_begin(); hit!=f
_end(); ++hit)
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it(Halfedge::nil_);Isolated_vertex_iterator vit;for (vit = iv_begin(); vit!=iv_end(); ++vit)vit->set_ivit(Vertex::nil_);FC.
lear(); IV.
lear(); }Hole_
onst_iterator f
_begin() 
onst { return FC.begin(); }Hole_
onst_iterator f
_end() 
onst { return FC.end(); }Isolated_vertex_
onst_iterator iv_begin() 
onst { return IV.begin(); }Isolated_vertex_
onst_iterator iv_end() 
onst { return IV.end(); }void set_halfedge(Halfedge_handle h) { _e = h; }Halfedge_handle halfedge() { return _e; }Halfedge_
onst_handle halfedge() 
onst { return _e; }Mark& mark() { return _m; }
onst Mark& mark() 
onst { return _m; }GenPtr& info() { return _i; }
onst GenPtr& info() 
onst { return _i; }LEDA_MEMORY(Fa
e)};};
9.1.3 Extended Halfedges

Halfedge objects extend the default concepts:

topology and combinatorics as in the default concept[set℄next, [set℄prev, [set℄vertex,[set℄face

geometry indirect via embedding of vertices.

attribute a mark of typeMark and a flexible usable information slot stored via aGenPtr. The latter
can be used by thegeninfoclass.

Internal implementation invariants:� is holeentry( ) , fcit( ) != nil the iterator link marks its role as an entry point into the face
cycle of the incident faceface( ).hhalfedge basei�template <typename Refs >stru
t Halfedge__base {typedef typename Refs::Halfedge_handle Halfedge_handle;typedef typename Refs::Halfedge_
onst_handle Halfedge_
onst_handle;prote
ted:Halfedge_handle opp;publi
:Halfedge_handle opposite() { return opp; }Halfedge_
onst_handle opposite() 
onst { return opp; }void set_opposite(Halfedge_handle h) { opp = h; }};



9.1 Extending the HDS 298hepm halfedgesi�template <typename Refs, typename Traits>
lass Halfedge_wrapper { publi
:stru
t Halfedge {publi
:typedef Refs HalfedgeDS;typedef Halfedge Base;typedef Halfedge Base_base;typedef CGAL::Tag_true Supports_halfedge_prev;typedef CGAL::Tag_true Supports_halfedge_vertex;typedef CGAL::Tag_true Supports_halfedge_fa
e;typedef typename Refs::Vertex_handle Vertex_handle;typedef typename Refs::Vertex_
onst_handle Vertex_
onst_handle;typedef typename Refs::Halfedge_handle Halfedge_handle;typedef typename Refs::Halfedge_
onst_handle Halfedge_
onst_handle;typedef typename Refs::Fa
e_handle Fa
e_handle;typedef typename Refs::Fa
e_
onst_handle Fa
e_
onst_handle;typedef typename Refs::Vertex Vertex;typedef typename Refs::Fa
e Fa
e;typedef void* GenPtr;typedef typename std::list<Halfedge_handle>::iterator f
_iterator;typedef typename Traits::Mark Mark;prote
ted:Halfedge_handle opp, prv, nxt;Vertex_handle _v;Fa
e_handle _f;f
_iterator _f
it;Mark _m;GenPtr _i;publi
:Halfedge() :opp(),prv(),nxt(),_v(),_f(),_f
it(nil_),_m(),_i((GenPtr)0xABCD) {}Halfedge_handle opposite() { return opp; }Halfedge_
onst_handle opposite() 
onst { return opp; }void set_opposite(Halfedge_handle h) { opp = h; }Halfedge_handle prev() { return prv; }Halfedge_
onst_handle prev() 
onst { return prv; }void set_prev(Halfedge_handle h) { prv = h; }Halfedge_handle next() { return nxt; }Halfedge_
onst_handle next() 
onst { return nxt; }void set_next(Halfedge_handle h) { nxt = h; }Vertex_handle vertex() { return _v; }Vertex_
onst_handle vertex() 
onst { return _v; }void set_vertex(Vertex_handle v) { _v = v; }Fa
e_handle fa
e() { return _f; }Fa
e_
onst_handle fa
e() 
onst { return _f; }void set_fa
e(Fa
e_handle f) { _f = f; }bool is_border() 
onst { return _f == Fa
e_handle(); }



9.1 Extending the HDS 299Mark& mark() { return _m; }
onst Mark& mark() 
onst { return _m; }GenPtr& info() { return _i; }
onst GenPtr& info() 
onst { return _i; }f
_iterator f
it() 
onst { return _f
it; }void set_f
it(f
_iterator it) { _f
it=it; }bool is_hole_entry() 
onst{ return _f
it != nil_; }stati
 f
_iterator nil_;/* stl iterators have default 
onstru
tion but are only equal 
omparablewhen 
opy 
onstru
ted, what a mess in the spe
ifi
ation */LEDA_MEMORY(Halfedge)};};
The file wrapper:hHDS items.hi�hCGAL Headeri#ifndef CGAL_HDS_ITEMS_H#define CGAL_HDS_ITEMS_H#in
lude <CGAL/basi
.h>#in
lude <list>hhalfedge basei#ifndef CGAL_USE_LEDA#define LEDA_MEMORY(t)#endifstru
t HDS_items {hepm verticesihepm halfedgesihepm facesi}; // HDS_itemstemplate <typename R,
lass T>typename HDS_items::Vertex_wrapper<R,T>::Vertex::iv_iteratorHDS_items::Vertex_wrapper<R,T>::Vertex::nil_;template <typename R,
lass T>typename HDS_items::Halfedge_wrapper<R,T>::Halfedge::f
_iteratorHDS_items::Halfedge_wrapper<R,T>::Halfedge::nil_;#endif // CGAL_HDS_ITEMS_H
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9.2 Object Concepts

The HDS vertex base class ( Vertex )

1. Types

Vertex::Point geometric embedding

Vertex::Mark information

2. Creation

Vertex v; constructs an uninitialized vertex concerning embeddingand mark. All links are initial-
ized by their default value.

Vertex v(const Point& p);

constructs a vertex with embeddingp and markm. All links are initialized by their default
value.

3. Operations

bool v:is isolated() returns true iffv is isolated, else false.

Halfedgehandle v:halfedge() returns an incident halfedge.Precondition: !is isolated( ).
void v:sethalfedge(Halfedgehandle h)

makesh the entry point into the adjacency cycle ofv.

Facehandle v:face() returns the incident face ifis isolated( ).
void v:setface(Facehandle f) makesf the incident face ofv.

Point& v:point( ) returns the embedding point ofv.

Mark& v:mark() returns the mark ofv.

GenPtr& v:info( ) returns a generic information slot ofv.

The HDS halfedge base class ( Halfedge )

1. Types

Halfedge::Mark information

2. Creation

Halfedge e; constructs an uninitialized halfedge concerning embedding and mark. All links are initial-
ized by their default value.

3. Operations

Halfedgehandle e:opposite( ) returns the twin ofe.

void e:setopposite(Halfedgehandle h)

makesh the twin ofe.
Halfedgehandle e:prev( ) returns the previous edge of the face cycle ofe.

void e:setprev(Halfedgehandle h)

makesh the previous edge in the face cycle ofe.

Halfedgehandle e:next( ) returns the next edge of the face cycle ofe.



9.2 Object Concepts 301

void e:setnext(Halfedgehandle h)

makesh the next edge in the face cycle ofe.

Vertexhandle e:vertex( ) returns the vertex incident to the halfedgee.

void e:setvertex(Vertexhandle v)

makesv the vertex incident toe.

Facehandle e:face() returns the face incident to the halfedgee.

void e:setface(Facehandle f) makesf the face incident toe.

Mark& e:mark() returns the mark ofe.

GenPtr& e:info( ) returns a generic information slot ofe.

bool e:is holeentry( ) returns true iffe is entry point into a hole face cycle of
e:face( ).

The HDS face base class ( Face )

1. Types

Face::Mark mark information

Face::Hole iterator iterator for face cycles. Fits the conceptHalfedgehandle.

Face::Isolatedvertexiterator

iterator for isolated vertices. Fits the conceptVertexhandle.

Holeconstiterator andIsolatedvertexconstiterator are the non mutable versions.

2. Creation

Face f; constructs an uninitialized face with undefined mark, empty face cycle list, and
empty isolated vertices list.

3. Operations

void f:storefc(Halfedgehandle h)

stores halfedgeh as an entry into a face cycle off . Postcondition:h!
is holeentry( ).

void f:removefc(Halfedgehandle h)

removes halfedgeh as an entry into a face cycle off . Precondition: h!
is holeentry( ) andh is stored in the face cycle list off . Postcondition:
!h! is holeentry( ).

void f:storeiv(Vertexhandle v)

stores vertexv as an isolated vertex off .

void f:removeiv(Vertexhandle v)

removes vertexv as an isolated vertex off . Precondition: v !
is isolated( ) andv is stored in the isolated vertices list off . Postcondi-
tion: !v! is isolated( ).

Holeiterator f:fc begin()

Holeiterator f:fc end()

the iterator range[fc begin( ); fc end( )) spans the set of interior face cycles.
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Isolatedvertexiterator f:iv begin()

Isolatedvertexiterator f:iv end()

the iterator range[iv begin( ); iv end( )) spans the set of isolated vertices.

There are the same iterator ranges defined for the const iterators Holeconstiterator,
Isolatedvertexconstiterator.

void f:sethalfedge(Halfedgehandle h)

makesh the entry edge into the outer face cycle.

Halfedgehandle f:halfedge() returns a halfedge in the outer face cycle.

Mark& f:mark() returns the mark off .

GenPtr& f:info( ) returns a generic information slot off .
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10 Generic Sweep Framework

10.1 Introduction

Why is a generic framework for line sweep algorithms useful?

generic programming and efficiency – at first we offer the possibility to create a plane sweep al-
gorithm with a clearly structured concept. This enables a user to experiment with different
realizations of data structures while at the same time keeping the outer interface of the frame-
work. The flexibility is realized by a traits class which allows straight forward adaptation of
used components. All operations used in the sweep are members of the traits class and they
work on common data structures stored in the traits class.

simplification of implementation – the documentation reduces to a description of used data struc-
tures and a description of sweep operations. Additionally the user can concentrate on the real
tasks of the sweep clearly separated into subtasks.

program verification – correctness checking of used data structures can easily beadded.

animation support – animation support can easily be added by using an observer which has certain
visualization routines attached to event hooks that are triggered during the sweep.

10.2 The manual pages of the generic sweep

10.2.1 A Generic Plane Sweep Framework ( genericsweep )

1. Definition

The data typegenericsweep<T> provides a general framework for algorithms following the plane sweep
paradigm. The plane sweep paradigm can be described as follows. A vertical line sweeps the plane from left
to right and constructs the desired output incrementally left behind the sweep line. The sweep line maintains
knowledge of the scenery of geometric objects and stops at points where changes of this knowledge relevant for
the output occur. These points are called events.

A general plane sweep framework structures the execution ofthe sweep into phases and provides a storage
place for all data structures necessary to execute the sweep. An objectGSof typegenericsweep<T> maintains
an object of typeT which generally can be used to store necessary structures. The content is totally dependent
of the sweep specification and thereby varies within the application domain of the framework.

The traits classT has to provide a set of types which define the input/output interface of the sweep: the input
typeINPUT, the output typeOUTPUT, and a geometry kernel typeGEOMETRY.

The natural phases which determine a sweep are

304
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tures();
he
k_invariants();// SWEEP LOOPwhile ( event_exists() ) {pro
ess_event();
he
k_invariants();pro
ede_to_next_event();}// COMPLETION
omplete_stru
tures();
he
k_final();
Initialization – initializing the data structures, ensuring preconditions, checking invariants

Sweep Loop – iterating over all events, while handling the event stops,ensuring invariants and the soundness
of all data structures and maybe triggering some animation tasks.

Completion – cleaning up some data structures and completing the output.

The above subtasks are specified in the traits conceptGenericSweepTraits.

2. Types

genericsweep<T> ::TRAITS the traits class

genericsweep<T> ::INPUT the input interface.

genericsweep<T> ::OUTPUT the output container.

genericsweep<T> ::GEOMETRY the geometry kernel.

3. Creation

genericsweep<T> PS(INPUT input; OUTPUT& output; GEOMETRY geometry= GEOMETRY( ));
creates a plane sweep object for a sweep on objects determined by input
and delivers the result of the sweep inoutput. The traits classT specifies
the models of all types and the implementations of all methods used by
genericsweep<T>. At this point, it suffices to say thatINPUT represents the
input data type andOUTPUT represents the result data type. Thegeometry
is an object providing object bound, geometry traits access.

genericsweep<T> PS(OUTPUT& output; GEOMETRY geometry= GEOMETRY( ));
a simpler call of the above whereoutputcarries also the input.

4. Operations

void PS:sweep() execute the plane sweep.

5. Example

A typical sweep based ongenericsweep<T> looks like the following little program:typedef std::list<POINT>::
onst_iterator iterator;typedef std::pair<iterator,iterator> iterator_pair;std::list<POINT> P; // fill input
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_sweep<triang_sweep_traits>triangulation(iterator_pair(P.begin(),P.end()),G);triangulation.sweep();
6. Events

To enable animation of the sweep there are event hooks inserted which allow an observer to attach certain
visualization actions to them. There are four such hooks:

PS:postinit hook(TRAITS& ) triggered just after initialization.

PS:preeventhook(TRAITS& ) triggered just before the sweep event.

PS:posteventhook(TRAITS& ) triggered just after the sweep event.

PS:postcompletionhook(TRAITS& ) triggered just after the completion phase.

All of these are triggered during the sweep with the instanceof theTRAITSclass that is stored inside the plane
sweep object. Thus any animation operation attached to a hook can work on that class object which maintains
the sweep status.

Observing the plane sweep class ( sweepobserver )

1. Definition

The data typesweepobserver<GPS;VT> provides an observer approach to the visualization of a sweep algo-
rithm realized byGPS = genericsweep<T> by means of an event mechanism. It allows to connect the events
of an instance ofGPSto the visualization operations provided by the traits classVT.

2. Creation

sweepobserver<GPS;VT> Obs;

creates an object of typeVT which can support a visualization device to visualize a sweep
object of typeGPS.

sweepobserver<GPS;VT> Obs(GPS& gps);

creates an object of typeVT which can support a visualization device to visualize a sweep
object of typeGPSand makes it an observer ofgps.

3. Operations

void Obs:attach(GPS& gps)

makesObsan observer ofgps.

4. Example

A typical sweep observation based onsweepobserver<GPS;VT> looks like the following little program:typedef generi
_sweep<triang_sweep_traits> triang_sweep;triang_sweep Ts(...);sweep_observer< triang_sweep,
gal_window_stream_ts_visualization > Obs(Ts);Ts.sweep();
This would visualize the sweep actions in the observer window by means of the visualization functions provided
in cgalwindowstreamtsvisualization
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10.3 The Implementation

«concept»
GenericSweepTraits

sweep_observer

GPS
VT

generic_sweep
T

«concept»
GenericSweepVisualization

triang_sweep_traits

line_sweep_traits

cgal_window_stream_ts_visualization

leda_window_ls_visualization

Figure 10.1:The classes and concepts of the generic plane sweep module.

The framework is based on a class template that can be adaptedby means of the traits classT.
The traits class is specified via the conceptGenericSweepTraits.hgenericsweep.hi�hCGAL Header1i// file : in
lude/CGAL/generi
_sweep.hhCGAL Header2ihgenericsweep.hi+�#ifndef CGAL_GENERIC_SWEEP_H#define CGAL_GENERIC_SWEEP_H#in
lude <CGAL/sweep_observer.h>namespa
e CGAL {template <typename T>
lass generi
_sweep {typedef generi
_sweep<T> Self;T traits;publi
 :typedef T TRAITS;typedef typename TRAITS::INPUT INPUT;typedef typename TRAITS::OUTPUT OUTPUT;typedef typename TRAITS::GEOMETRY GEOMETRY;hanimation eventsigeneri
_sweep(
onst INPUT& input, OUTPUT& output,
onst GEOMETRY& geometry = GEOMETRY()) :traits(input,output,geometry) {}generi
_sweep(OUTPUT& output, 
onst GEOMETRY& geometry = GEOMETRY()) :



10.3 The Implementation 308traits(output,geometry) {}void sweep(){ traits.initialize_stru
tures();traits.
he
k_invariants();post_init_hook(traits);while ( traits.event_exists() ) {pre_event_hook(traits);traits.pro
ess_event();post_event_hook(traits);traits.
he
k_invariants();traits.pro
ede_to_next_event();}traits.
omplete_stru
tures();traits.
he
k_final();post_
ompletion_hook(traits);}}; // generi
_sweep<T>} // namespa
e CGAL#endif // CGAL_GENERIC_SWEEP_H
10.3.1 Animation by Events

In the public scope ofgenericsweepthere are four event hooks accessible. These event hooks corre-
spond to the states of a standard sweep algorithm.hanimation eventsi�Event_hook<TRAITS&> post_init_hook;Event_hook<TRAITS&> pre_event_hook;Event_hook<TRAITS&> post_event_hook;Event_hook<TRAITS&> post_
ompletion_hook;
The rest of this section implements the modules necessary for an observer class of the sweep class. We
implement the event hooks that maintain lists of clients representing observers. A client implements
the interface to an observer and its event method. Such a client can be attached to an event such that
it gets informed when the event occurs. The event hook just knows an anonymous interface for each
of its clients. Therefore the message passed from the event hook is decoubled from the observing
module. At the end we provide an observer class that can be used to visualize any sweep algorithm
based on the generic plane sweep framework.hsweepobserver.hi�hCGAL Header1i// file : in
lude/CGAL/sweep_observer.hhCGAL Header2i#ifndef CGAL_SWEEP_OBSERVER_H#define CGAL_SWEEP_OBSERVER_H



10.3 The Implementation 309#in
lude <list>namespa
e CGAL {hvirtual client base classihevent hook class templateihclient class templateihattach operationihsweep observer class templatei} // namespa
e CGAL#endif // CGAL_SWEEP_OBSERVER_H
All clients are derived from a virtual base class while overloading acall method.hvirtual client base classi�// TR is traitstemplate <typename TR>
lass 
lient_base{publi
:virtual void 
all(TR) 
onst = 0;};
An event hook stores a list of clients that have to be notified when the event occurs. The template
typenameTR is the type of information that will be transmitted when the event occurs.hevent hook class templatei�template <typename TR>
lass Event_hook{ typedef 
lient_base<TR>* p_
lient_base;typedef std::list< p_
lient_base > 
lientlist;prote
ted:
lientlist 
lients;publi
:Event_hook() : 
lients() {}~Event_hook() {while ( !
lients.empty() ) {delete (*
lients.begin());
lients.pop_front();}}void operator()(TR t) 
onst{ if ( 
lients.empty() ) return;for ( 
lientlist::
onst_iterator it=
lients.begin();it != 
lients.end(); ++it )(*it)->
all(t);}void atta
h(p_
lient_base psb){ 
lients.push_ba
k(psb); }};
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The client template is derived from the client base. It is instantiated with an observer typeOBSand
a traits typeTR. It stores the method referencevoid (OBS::� p fnc)(TR) and an observer reference
obsref . When its vitual call method is invoked the call is forwardedto the observers method. An
object of typeTRcarries the event information.hclient class templatei�// TR is traits, OBS is observertemplate <
lass OBS, 
lass TR>
lass 
lient : publi
 
lient_base<TR>{prote
ted:OBS& obs_ref;void (OBS::* p_fn
)(TR);// pointer to member of Observer whi
h works on an obje
t of type TRpubli
:
lient( OBS& obs, void (OBS::* p_fn
_init)(TR) ) :obs_ref(obs), p_fn
(p_fn
_init) {}void 
all(TR t) 
onst{ (obs_ref.*p_fn
)(t); }};
The function templateattachjust attaches a new client object based on an observer-method pair to an
event hook.hattach operationi�template <
lass OBS, 
lass TR>inline void atta
h(Event_hook<TR>& h,OBS& obs, void (OBS::* p_f
t)(TR t)){ 
lient<OBS,TR>* ps = new 
lient<OBS,TR>(obs,p_f
t);h.atta
h( (
lient_base<TR>*) ps);}
The following sweep observer implements a unified visualization module of a generic plane sweep
instance of typeGPS. TheVT traits class allows to connect the observer to a visualization device (like
e.g. LEDA windows).hsweep observer class templatei�template <
lass GPS, 
lass VT>
lass sweep_observer {VT vt;typedef typename GPS::TRAITS GPSTRAITS;typedef typename VT::VDEVICE VDEVICE;void post_init_animation(GPSTRAITS& gpst){ vt.post_init_animation(gpst); }void pre_event_animation(GPSTRAITS& gpst){ vt.pre_event_animation(gpst); }void post_event_animation(GPSTRAITS& gpst){ vt.post_event_animation(gpst); }
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ompletion_animation(GPSTRAITS& gpst){ vt.post_
ompletion_animation(gpst); }publi
 :sweep_observer() : vt() {}sweep_observer(GPS& gps);void atta
h(GPS& gps);VDEVICE& devi
e(){ return vt.devi
e(); }};template <
lass GPS, 
lass VT>sweep_observer<GPS,VT>::sweep_observer(GPS& gps) : vt() { atta
h(gps); }template <
lass GPS, 
lass VT>voidsweep_observer<GPS,VT>::atta
h(GPS& gps){ CGAL::atta
h(gps.post_init_hook, *this,&sweep_observer::post_init_animation);CGAL::atta
h(gps.pre_event_hook, *this,&sweep_observer::pre_event_animation);CGAL::atta
h(gps.post_event_hook, *this,&sweep_observer::post_event_animation);CGAL::atta
h(gps.post_
ompletion_hook, *this,&sweep_observer::post_
ompletion_animation);}hsweep observer class templatei+�#ifdef THIS_IS_JUST_A_CONCEPT_DEFINITION
lass Generi
SweepVisualization {typedef some_visualization_devi
e VDEVICE;Generi
SweepVisualization();void post_init_animation(GPS::TRAITS& gpst)void pre_event_animation(GPS::TRAITS& gpst)void post_event_animation(GPS::TRAITS& gpst)void post_
ompletion_animation(GPS::TRAITS& gpst)VDEVICE& devi
e()};#endif // THIS_IS_JUST_A_CONCEPT_DEFINITION



10.4 Simple Applications 312

10.4 Simple Applications

10.4.1 An Empty Sweep Traits Class Modelhemptysweep.hi�#ifndef EMPTY_SWEEP_H#define EMPTY_SWEEP_H
lass empty_definition {};#define USERTYPE empty_definition/* fill in the following typedef statements HERE by your types */
lass empty_sweep_traits {publi
:typedef USERTYPE INPUT;typedef USERTYPE OUTPUT;typedef USERTYPE GEOMETRY;/* here a list of lo
al data stru
tures likea priority queue of type EVENT_STRUCTURE ora sorted sequen
e for maintaining the sweeplineof type SWEEP_STATUS_STRUCTURE */empty_sweep_traits(
onst INPUT& in, OUTPUT& out,
onst GEOMETRY& geom) {}empty_sweep_traits(OUTPUT& out, 
onst GEOMETRY& geom) {}void initialize_stru
tures() {}bool event_exists() {}void pro
ede_to_next_event() {}void pro
ess_event() {}void 
omplete_stru
tures() {}void 
he
k_invariants() {}void 
he
k_final() {}};#endif // EMPTY_SWEEP_H
A Debug Observer

Another application of the observer pattern concerning theline segment intersection sweep:typedef PMO from pm<Self,Seg iterator,Seg info> PMO;typedef PM segment overlay traits<Seg iterator,PMO,GEOM> pm overlay;typedef generi
 sweep< pm overlay > pm overlay sweep;PMO Out(*this,&PI[0℄,&PI[1℄,From);pm overlay sweep SOS(Seg it pair(Segments.begin(),Segments.end()),Out,K);Debug observer<pm overlay sweep> Obs(SOS);SOS.sweep();hSweepdebugobserver.hi=#ifndef CGAL SWEEP DEBUG OBSERVER H#define CGAL SWEEP DEBUG OBSERVER H#in
lude <CGAL/Hash map.h>template <
lass GPS>
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lass Sweep debug observer {publi
 :Sweep debug observer() { i=0; n=0; }Sweep debug observer(GPS& gps) { atta
h(gps); i=0;n=0; }void atta
h(GPS& gps){ ::atta
h(gps.post init hook, *this,&Debug observer::post init animation);::atta
h(gps.pre event hook, *this,&Debug observer::pre event animation);::atta
h(gps.post event hook, *this,&Debug observer::post event animation);::atta
h(gps.post 
ompletion hook, *this,&Debug observer::post 
ompletion animation);}prote
ted:typedef typename GPS::TRAITS GPSTRAITS;typedef typename GPSTRAITS::Vertex handle Vertex handle;typedef typename GPSTRAITS::SegQueue SegQueue;typedef typename SegQueue::item pq item;CGAL::Hash map<Vertex handle,int> M;int i,n;void post init animation(GPSTRAITS& gpst){ std::
err << "SQ= \n";pq item pqit;forall items(pqit,gpst.SQ) {//if ( gpst.SQ.prio(pqit)== gpst.XS.key(gpst.XS.min item()))std::
err << gpst.SQ.prio(pqit) << gpst.SQ.inf(pqit) << std::endl;}std::
err << std::endl;}void post 
ompletion animation(GPSTRAITS& gpst) {}void pre event animation(GPSTRAITS& gpst) {std::
out << "VERTEX " << i << std::endl;if (i == n) { std::
in >> n; }}void post event animation(GPSTRAITS& gpst){ Vertex handle v = --gpst.GO.G.verti
es end();M[v℄ = i;i++;}}; // Sweep debug observer#endif // CGAL SWEEP DEBUG OBSERVER H
10.4.2 A triangulation model for CGAL

Our first example is the sweep algorithm to triangulate a set of points. TheINPUT is a list of points
that have to be triangulated. We define the input interface tobe a pair of iterators along the lines
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of the STL. TheOUTPUT is a plane map that represents the triangulation of the points. We store
the constructed triangulation in a halfedge data structure. TheGEOMETRYkernel is the CGAL 2d
Cartesian kernel.

The only event to handle is the access of a new point which has to be added as a vertex of the
triangulation left of the sweep line. The sweep status is implicitly stored in the output structure. We
use the lexicographical maximal node as a reference into theconvex hull of the up to the current event
point p sweepcalculated structure. From this visible node we walk the convex hull to find all edges
visible fromp sweepand update the hull and the triangulation accordingly.

For the event structure we use a plain list of points, as thereis no new event creation necessary
during the sweep.htriang sweep.hi�#ifndef TRIANG_SWEEP_H#define TRIANG_SWEEP_H#in
lude <CGAL/basi
.h>#in
lude <CGAL/Cartesian.h>#in
lude <CGAL/Point_2.h>#in
lude <CGAL/predi
ate_
lasses_2.h>#in
lude <CGAL/predi
ates_on_points_2.h>#in
lude <CGAL/predi
ate_obje
ts_on_points_2.h>#in
lude <CGAL/Halfedge_data_stru
ture_default.h>#in
lude <CGAL/IO/Window_stream.h>#in
lude "PM_de
orator_simple.h"#undef _DEBUG#define _DEBUG 5#in
lude <LOCAL/debug.h>#in
lude <assert.h>#in
lude <list>#in
lude <ve
tor>
lass triang_sweep_traits {publi
:typedef double COORD;typedef CGAL::Cartesian<COORD> GEOMETRY;typedef GEOMETRY::Point_2 POINT;typedef GEOMETRY::Dire
tion_2 DIRECTION;typedef GEOMETRY::Segment_2 SEGMENT;typedef std::list<POINT> PLIST;typedef PLIST::
onst_iterator INPUT_ITERATOR;typedef std::pair<INPUT_ITERATOR,INPUT_ITERATOR>INPUT;typedef CGAL::Halfedge_data_stru
ture_default<POINT>OUTPUT;typedef CGAL::PM_de
orator_simple<OUTPUT>PMDe
orator;typedef OUTPUT::Halfedge_iterator Halfedge_iterator;typedef PMDe
orator::Vertex Vertex;typedef PMDe
orator::Halfedge Halfedge;typedef Vertex* v_handle;typedef Halfedge* e_handle;
onst GEOMETRY& geom;
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onst_iterator event;POINT p_sweep;v_handle v_last;PMDe
orator D;triang_sweep_traits(
onst INPUT& in, OUTPUT& out, 
onst GEOMETRY& g) :geom(g), its(in.first), ite(in.se
ond), triangulation(out),D(triangulation) {}hts initializationihts event handlingihts cleaning upihts checkingi};#in
lude <CGAL/generi
_sweep.h>typedef CGAL::generi
_sweep<triang_sweep_traits> triang_sweep;hcgal window stream ts visualizationi#endif // TRIANG_SWEEP_H
The working procedures of the sweep

The initialization of the event structure is trivial. We copy the input list intosortedpoints, sort it, and
remove all coordinate identical points up to one. The post conditions are:� v last stores the maximal node oftriangulation� eithertriangulationcontains only one vertex when all points insortedpointsare equal or there’s

an edge adjacent tov last allowing a visibility search along the convex hull chain.� eventpoints to the next item insortedpointshts initializationi�void initialize_stru
tures(){ if ( its==ite ) return;// Initialize sorted_points by sorted input_points,// remove doubles from sorted sequen
eGEOMETRY::Less_xy_2 _less_xy =geom.less_xy_2_obje
t();sorted_points.insert(sorted_points.end(),its,ite);sorted_points.sort(_less_xy);sorted_points.unique();event = sorted_points.begin();// the output graph triangulation is initially emptyif ( sorted_points.size() == 1 ) {v_last = D.new_vertex(*event++);} else { // event != sorted_points.end()v_handle v1 = D.new_vertex(*event++);



10.4 Simple Applications 316v_last = D.new_vertex(*event++);D.new_halfedge_pair(v1,v_last);}}bool event_exists(){ if ( event != sorted_points.end() ) {p_sweep = *event;return true;}return false;}void pro
ede_to_next_event(){ ++event; }
Before handling the next event atp sweepall data structures are correct in the sense that the output
graphG contains all vertices and edges that are left ofp sweepwhich build a bidirected triangulation
of all points.

The methodprocesseventrealizes our event handling. It executes the changes that are neccessary
to correct all data structures and keep all invariants when crossingp sweepby the sweep line.

1. usev last as an entry point into the triangulation. Note that all adjacency lists are kept ordered
such that the embedding of the plane map is counter clockwises are kept counter clockwise
order preserving. Then the last edge of the adjacency list ofv last lies on the convex hull of all
up to now handled points.

2. find the range of vertices and edges on the eastern convex hull which is visible fromp sweep.

3. connect a new vertex atp sweepto all the vertices in the range.

4. updatev last.hts event handlingi�SEGMENT seg(e_handle e) 
onst{ GEOMETRY::Constru
t_segment_2 _segment =geom.
onstru
t_segment_2_obje
t();return _segment(D.sour
e(e)->point(),D.target(e)->point()); }inline bool edge_is_visible(e_handle e, 
onst POINT& p) 
onst{ POINT p1 = D.sour
e(e)->point();POINT p2 = D.target(e)->point();GEOMETRY::Leftturn_2 _leftturn =geom.leftturn_2_obje
t();return _leftturn(p1,p2,p);}/* returns the first visible edge in the 
lo
kwise 
hain of 
onvex hulledges of G viewed from p. pre
ondition: start edge is visible. */void move_

w_to_visibility_
hain_start(e_handle& e, 
onst POINT& p)
onst



10.4 Simple Applications 317{ assert(edge_is_visible(e,p));e_handle e_start = e;do {e = e->prev();} while ( e != e_start && edge_is_visible(e,p) );e = e->next();}void pro
ess_event(){ // only 
alled for event and p_sweep set// v_last 
ontains the last vertex of triangulation;e_handle e = D.last_out_edge(v_last);v_handle v_new = D.new_vertex(p_sweep);if ( edge_is_visible(e,p_sweep) )move_

w_to_visibility_
hain_start(e,p_sweep);else if ( edge_is_visible(e->prev(),p_sweep) ) {e = e->prev();move_

w_to_visibility_
hain_start(e,p_sweep);}else {/* spe
ial 
ase when both edges are not visible meansp_sweep is 
ollinear with e and e->prev() */D.new_halfedge_pair(v_new,v_last);v_last = v_new;return;}// now we have the visibility 
hain starting edge in ee_handle ee = e;do {D.new_halfedge_pair(e,v_new);if ( !edge_is_visible(e,p_sweep) ) break;/* we insert all new edges to the sour
es of e after the previous
onvex hull edge; we embed the adja
en
y lists 
ounter
lo
kwise,thus we append all edges of v_new 
ounter
lo
kwise */e = e->next();} while (e != ee);v_last = v_new;}
The plane map is a full triangulation after each event. So there’s nothing to be done here.hts cleaning upi�void 
omplete_stru
tures() {}hts checkingi�void 
he
k_invariants() {}void 
he
k_final() {}
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Animating the triangulation sweep

For the animation we provide animation operations for the event hooks defined by the sweep class
which are drawn via a CGAL window stream. We provide a traits class knowing the triangulation
traits class and its slots and attached to the animation of the sweep via the sweep observer defined
above.hcgal window stream ts visualizationi�
lass 
gal_window_stream_ts_visualization {CGAL::Window_stream W;publi
:typedef CGAL::Window_stream VDEVICE;
gal_window_stream_ts_visualization() : W(){ W.set_node_width(2);W.set_grid_mode(1);W.set_show_
oordinates(true);W.display();}VDEVICE& devi
e() { return W; }void post_init_animation(triang_sweep_traits& t){ W << CGAL::BLACK << t.triangulation.verti
es_begin()->point()<< t.v_last->point() << t.seg(&*(t.triangulation.halfedges_begin()));}void pre_event_animation(triang_sweep_traits& t){ W << CGAL::RED << t.p_sweep;// only 
alled for event and p_sweep set// v_last 
ontains the last vertex of triangulation;triang_sweep_traits::e_handlee(t.D.last_out_edge(t.v_last));if ( e == 0 ) return;if ( t.edge_is_visible(e,t.p_sweep) )t.move_

w_to_visibility_
hain_start(e,t.p_sweep);else if ( t.edge_is_visible(e->prev(),t.p_sweep) ) {e = e->prev();t.move_

w_to_visibility_
hain_start(e,t.p_sweep);} else {W.read_mouse();return;}triang_sweep_traits::e_handle eend(e);do {if ( !t.edge_is_visible(e,t.p_sweep) ) break;W << CGAL::BLUE << t.seg(e);e = e->next();} while (e != eend);W.read_mouse();}void post_event_animation(triang_sweep_traits& t){ W << CGAL::BLACK << t.p_sweep;triang_sweep_traits::e_handle



10.4 Simple Applications 319e(t.D.last_out_edge(t.v_last)),eend(e);if ( e == 0 ) return;do {W << CGAL::BLACK << t.seg(e)<< t.seg(e->next());e = t.D.
ap(e);} while (e != eend);}void post_
ompletion_animation(triang_sweep_traits& t){ triang_sweep_traits::Halfedge_iteratoreit = t.triangulation.halfedges_begin();while ( eit != t.triangulation.halfedges_end() )W << t.seg(&*eit++);W.read_mouse();}};
A Test of the Triangulation Sweep

The whole program then looks as follows.htriang-test.Ci�#in
lude <CGAL/basi
.h>#in
lude "triang_sweep.h"#in
lude <fstream.h>#in
lude <strstream.h>#in
lude <LEDA/gw_observer.h>typedef triang_sweep::TRAITS TTRAITS;typedef TTRAITS::POINT POINT;typedef TTRAITS::OUTPUT HDS;int main(int arg
, 
har* argv[℄){ CGAL::set_pretty_mode(
err);CGAL::sweep_observer<triang_sweep,
gal_window_stream_ts_visualization> SO;HDS G;std::list<POINT> L;POINT p;if (arg
==2) {ifstream from(argv[1℄);while (from >> p) L.push_ba
k(p);}ostrstream fname;fname << argv[0℄ << ".log" << '\0';ofstream to(fname.str()); CGAL_assertion(to);for(std::list<POINT>::
onst_iterator lit=L.begin();lit!=L.end(); ++lit)to << *lit << endl;
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e() >> p) {L.push_ba
k(p);}to.
lose();triang_sweep TS(triang_sweep::INPUT(L.begin(),L.end()),G);SO.atta
h(TS);TS.sweep();return 0;}
10.4.3 A line intersection model for LEDA

We list the intersection points of a set of lines. The idea is easy. We sweep the plane with a vertical
line from x = �∞ to x = ∞ and report all intersection points of the lines in the order encountered
during the sweep. They-structure is a sorted sequence with the lines as its key type. Thex-structure
is a sorted sequence of a subset of the intersection points — namely those which refer to two lines
which are neighbors in they-structure. As an optimization each intersection point knows the item of
the lower line (that with a greater slope) within they-structure. Note that for simplification we just
consider non-degenerate positions, thus we demand that each intersection event is a point which lies
on only two lines.

The initialization is just the insertion of all lines according to their slope into they-structure and
the insertion of the intersection events of each neighbor pair.

What are we doing at an event? We report the intersection, then swap the position of the two
lines causing it within they-structure and ensure our invariant that the intersection event of the new
neighbors within they-structure are in thex-structure.hline sweep.hi�#ifndef LINE_SWEEP_H#define LINE_SWEEP_H#define LEDA_STL_ITERATORS#undef _DEBUG#define _DEBUG 2#in
lude <LOCAL/debug.h>#in
lude <LEDA/list.h>#in
lude <LEDA/line.h>#in
lude <LEDA/sortseq.h>#in
lude <assert.h>stati
 int 
mp_lines(
onst leda_line& l1,
onst leda_line& l2){ return -
mp_slopes(l1,l2); }
lass line_sweep_traits {publi
:typedef leda_list<leda_line> INPUT;typedef leda_list<leda_point> OUTPUT;typedef void* GEOMETRY;
onst INPUT& line_list;OUTPUT& interse
tion_points;leda_sortseq<leda_line,void*> ordered_lines;



10.4 Simple Applications 321leda_sortseq<leda_point,seq_item> event_queue;seq_item event;leda_point p_sweep;line_sweep_traits(
onst INPUT& in, OUTPUT& out, 
onst GEOMETRY&) :line_list(in), interse
tion_points(out),ordered_lines(
mp_lines) {}hls proceduresi};#in
lude <CGAL/generi
_sweep.h>typedef CGAL::generi
_sweep<line_sweep_traits> line_sweep;hleda windowls visualizationi#endif // LINE_SWEEP_H
The working procedures of the sweephls proceduresi�void 
ompute_interse
tion( seq_item yit1 ){ if ( !yit1 ) return;seq_item yit2 = ordered_lines.su

(yit1);if ( !yit2 ) return;leda_line l1 = ordered_lines.key(yit1);leda_line l2 = ordered_lines.key(yit2);leda_point p;if ( 
mp_slopes(l1,l2) > 0 ) {l1.interse
tion(l2,p);event_queue.insert(p,yit1);}}void initialize_stru
tures(){ leda_line l;forall(l,line_list){ ordered_lines.insert(l,0); }seq_item lit;forall_items(lit,ordered_lines){ 
ompute_interse
tion(lit); }event = event_queue.min();}bool event_exists(){ if ( event ) {p_sweep = event_queue.key(event);return true;}return false;}void pro
ede_to_next_event(){ event = event_queue.su

(event); }void pro
ess_event()
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alled for event and p_sweep setinterse
tion_points.push_ba
k(p_sweep);seq_item yit1 = event_queue.inf(event),yit2 = ordered_lines.su

(yit1);assert(yit2);ordered_lines.reverse_items(yit1,yit2);
ompute_interse
tion(yit1);
ompute_interse
tion( ordered_lines.pred(yit2) );}void 
omplete_stru
tures() {}void 
he
k_invariants() {}void 
he
k_final() {}
Animating the Sweep

For the animation we provide animation operations for the event hooks defined by the sweep class
which are drawn in a LEDA window. We provide a traits class knowing the triangulation traits class
and its slots and attached to the animation of the sweep via the sweep observer defined above.hleda windowls visualizationi�#in
lude <LEDA/window.h>
lass leda_window_ls_visualization {leda_window W;publi
:typedef leda_window VDEVICE;leda_window_ls_visualization() : W(){ W.set_mode(leda_xor_mode);W.set_grid_mode(1);W.set_node_width(4);W.set_show_
oordinates(true);W.display();}VDEVICE& devi
e() { return W; }void post_init_animation(line_sweep_traits& t){ W.
lear();seq_item it;forall_items(it,t.ordered_lines)W.draw_line(t.ordered_lines.key(it),leda_bla
k);}void pre_event_animation(line_sweep_traits& t){ leda_line l1,l2;seq_item i1 = t.event_queue.inf(t.event);seq_item i2 = t.ordered_lines.su

(i1);W.draw_line(t.ordered_lines.key(i1),leda_yellow);W.draw_line(t.ordered_lines.key(i2),leda_yellow);



10.4 Simple Applications 323W.draw_filled_node(t.p_sweep,leda_red);W.read_mouse();}void post_event_animation(line_sweep_traits& t){ leda_line l1,l2;seq_item i1 = t.event_queue.inf(t.event);seq_item i2 = t.ordered_lines.pred(i1);W.draw_filled_node(t.p_sweep,leda_red);W.draw_line(t.ordered_lines.key(i1),leda_yellow);W.draw_line(t.ordered_lines.key(i2),leda_yellow);}void post_
ompletion_animation(line_sweep_traits& t){ leda_point p;forall(p,t.interse
tion_points) W.draw_filled_node(p,leda_blue);W.read_mouse();}};
A Test of the Line Sweep

The whole program then looks as follows.hline-test.Ci�#in
lude "line_sweep.h"#in
lude <fstream.h>#in
lude <strstream.h>int main(int arg
, 
har* argv[℄){ CGAL::sweep_observer<line_sweep,leda_window_ls_visualization> SO;leda_list<leda_line> L;leda_list<leda_point> S;leda_point p,q;while ( true ) {if (SO.devi
e().read_mouse(p) == MOUSE_BUTTON(3)) break;if (SO.devi
e().read_mouse_seg(p,q) == MOUSE_BUTTON(3)) break;SO.devi
e() << leda_line(p,q);L.push_ba
k(leda_line(p,q));}line_sweep LS(L,S);SO.atta
h(LS);LS.sweep();return 0;}hemptysweep.ci�#in
lude <CGAL/generi
_sweep.h>#in
lude "empty_sweep.h"
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, 
har* argv[℄){ empty_definition E;CGAL::generi
_sweep< empty_sweep_traits > G(E,E,E);G.sweep();return 0;}



11 Appendix - Specification Pages

11.1 Concepts

11.1.1 Geometry for segment overlay ( SegmentOverlayGeometry 2 )

1. Definition

SegmentOverlayGeometry2 is a kernel concept providing affine geometry for the overlayof segment. The
concept specifies geometric types, predicates, and constructions.

2. Types

Local types arePoint2, Segment2, the ring typeRT, and the field typeFT. See the CGAL 2d kernel for a
description ofRT andFT.

3. Creation

The kernel must be default and copy constructible. LetK be an object of typeSegmentOverlayGeometry2.

4. Operations

Point2 K:source(Segment2 s) returns the source point ofs.

Point2 K:target(Segment2 s) returns the target point ofs.

bool K:is degenerate(Segment2 s)

return true iffs is degenerate.

int K:comparexy(Point2 p1; Point2 p2)

returns the lexicographic order ofp1andp2.

Segment2 K:constructsegment(Point2 p; Point2 q)

constructs a segmentpq.

int K:orientation(Segment2 s; Point2 p)

returns the orientation ofp with respect to the line throughs.

Point2 K:intersection(Segment2 s1; Segment2 s2)

returns the point of intersection of the lines supported bys1and
s2. The algorithm asserts that this intersection point exists.

11.1.2 Output traits for segment overlay ( SegmentOverlayOutput )

1. Definition

This is the plane map decorator concept for thePMDEC template parameter ofPM segoverlaytraits.

325
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2. Types

SegmentOverlayOutput::Vertexhandle

the vertex handle.
SegmentOverlayOutput::Halfedgehandle

the halfedge handle.

SegmentOverlayOutput::Point2

embedding type.Precondition: Point2 equalsGEOM::Point2.

3. Creation

Let G be an object of typeSegmentOverlayOutput.

4. Operations

Vertexhandle G:newvertex(Point2 p) creates a new vertex in the output structure and embeds it via the
point p.

void G:link astargetandappend(Vertexhandle v; Halfedgehandle e)

makesv the target ofe and appends the twin ofe (its reversal
edge) tov’s adjacency list.

Halfedgehandle G:newhalfedgepairatsource(Vertexhandle v)

returns a newly created edge inserted before the first edge ofthe
adjacency list ofv. It also creates a reversal edge whose target is
v.

Additional sweep information

The iterator typeITERATORhas to be the same type as the first type parameter ofSegmentoverlaytraits.

void G:supportingsegment(Halfedgehandle e; ITERATOR it)

the non-trivial segment�it supports the edgee.

void G:trivial segment(Vertexhandle v; ITERATOR it)

the trivial segment�it supports vertexv.

void G:halfedgebelow(Vertexhandle v; Halfedgehandle e)

associates the edgee as the edge belowv.

void G:startingsegment(Vertexhandle v; ITERATOR it)

the segment�it starts inv.

void G:passingsegment(Vertexhandle v; ITERATOR it)

the segment�it passesv (contains it in its relative interior) .

void G:endingsegment(Vertexhandle v; ITERATOR it)

the segment�it ends inv.

11.1.3 Geometry for plane map overlay ( OverlayerGeometry2 )

1. Definition

OverlayerGeometry2 is a kernel concept providing affine geometry for the overlayof plane maps. The
concept specifies geometric types, predicates, and constructions. This concept generalizes the concept
SegmentOverlayerGeometry2

2. Types

Local types arePoint2, Segment2, the ring typeRT, and the field typeFT. See the CGAL 2d kernel for a
description ofRT andFT.
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3. Creation

The kernel must be default and copy constructible.

4. Operations

Point2 K:source(Segment2 s) returns the source point ofs.

Point2 K:target(Segment2 s) returns the target point ofs.

bool K:is degenerate(Segment2 s)

return true iffs is degenerate.

int K:comparexy(Point2 p1; Point2 p2)

returns the lexicographic order ofp1andp2.

Segment2 K:constructsegment(Point2 p; Point2 q)

constructs a segmentpq.

int K:orientation(Point2 p1; Point2 p2; Point2 p3)

returns the orientation ofp3with respect to the line throughp1p2.

int K:orientation(Segment2 s; Point2 p)

returns the orientation ofp with respect to the line throughs.

bool K:leftturn(Point2 p1; Point2 p2; Point2 p3)

return true iff thep3 is left of the line throughp1p2.

Point2 K:intersection(Segment2 s1; Segment2 s2)

returns the point of intersection of the lines supported bys1and
s2. The algorithm asserts that this intersection point exists.

11.1.4 An affine kernel traits ( AffineGeometryTraits 2 )

1. Definition

AffineGeometryTraits2 is a kernel concept providing affine geometry. The concept specifies geometric types,
predicates, and constructions.

2. Types

Local types arePoint2, Segment2, Direction2, Line2, the ring typeRT, and the field typeFT. See the CGAL
2d kernel for a description ofRT andFT.

3. Creation

The kernel must be default and copy constructible.

4. Operations

Point2 K:source(Segment2 s) returns the source point ofs.

Point2 K:target(Segment2 s) returns the target point ofs.

int K:orientation(Point2 p1; Point2 p2; Point2 p3)

returns the orientation ofp3with respect to the line throughp1p2.

bool K:leftturn(Point2 p1; Point2 p2; Point2 p3)

return true iff thep3 is left of the line throughp1p2.

bool K:is degenerate(Segment2 s)

return true iffs is degenerate.
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int K:comparexy(Point2 p1; Point2 p2)

returns the lexicographic order ofp1andp2.

int K:comparex(Point2 p1; Point2 p2)

returns the order on thex-coordinates ofp1andp2.

int K:comparey(Point2 p1; Point2 p2)

returns the order on they-coordinates ofp1andp2.

bool K:first paircloserthansecond(Point2 p1; Point2 p2; Point2 p3; Point2 p4)

returnstrue iff the distancep1p2is smaller than the distancep3p4.

bool K:strictly orderedalongline(Point2 p1; Point2 p2; Point2 p3)

returnstrue iff p2 is in the relative interior of the segmentp1p3.

Segment2 K:constructsegment(Point2 p; Point2 q)

constructs a segmentpq.

int K:orientation(Segment2 s; Point2 p)

returns the orientation ofp with respect to the line throughs.

bool K:contains(Segment2 s; Point2 p)

returns true iffscontainsp.

Point2 K:intersection(Segment2 s1; Segment2 s2)

returns the point of intersection of the lines supported bys1and
s2. The algorithm asserts that this intersection point exists.

Direction2 K:constructdirection(Point2 p1; Point2 p2)

returns the direction of the vectorp2 - p1.

bool K:strictly orderedccw(Direction2 d1; Direction2 d2; Direction2 d3)

returnstrue iff d2 is in the interior of the counterclockwise angu-
lar sector betweend1andd3.

11.1.5 Extended Kernel Traits ( ExtendedKernelTraits2 )

1. Definition

ExtendedKernelTraits2 is a kernel concept providing extended geometry1. LetK be an instance of the data type
ExtendedKernelTraits2. The central notion of extended geomtry are extended points. An extended point repre-
sents either a standard affine point of the Cartesian plane ora non-standard point representing the equivalence
class of rays where two rays are equivalent if one is contained in the other.

Let R be an infinimaximal number2, F be the square box with cornersNW(�R;R), NE(R;R), SE(R;�R), and
SW(�R;�R). Let p be a non-standard point and letr be a ray defining it. If the frameF contains the source
point of r then letp(R) be the intersection ofr with the frameF , if F does not contain the source ofr then
p(R) is undefined. For a standard point letp(R) be equal top if p is contained in the frameF and letp(R)
be undefined otherwise. Clearly, for any standard or non-standard pointp, p(R) is defined for any sufficiently
largeR. Let f be any function on standard points, say withk arguments. We callf extensibleif for any k points
p1, : : : , pk the function valuef (p1(R); : : : ; pk(R)) is constant for all sufficiently largeR. We define this value
as f (p1; : : : ; pk). Predicates like lexicographic order of points, orientation, and incircle tests are extensible.

An extended segment is defined by two extended points such that it is either an affine segment, an affine ray, an
affine line, or a segment that is part of the square box. Extended directions extend the affine notion of direction
to extended objects.

1It is called extended geometry for simplicity, though it is not a real geometry in the classical sense.
2A finite but very large number.
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This extended geometry concept serves two purposes. It offers functionality for changing between standard
affine and extended geometry. At the same time it provides extensible geometric primitives on the extended
geometric objects.

2. Types

Affine kernel types

ExtendedKernelTraits2::Standardkernel the standard affine kernel.

ExtendedKernelTraits2::StandardRT the standard ring type.

ExtendedKernelTraits2::Standardpoint2 standard points.

ExtendedKernelTraits2::Standardsegment2 standard segments.

ExtendedKernelTraits2::Standardline 2 standard oriented lines.

ExtendedKernelTraits2::Standarddirection2 standard directions.

ExtendedKernelTraits2::Standardray 2 standard rays.

ExtendedKernelTraits2::Standardaff transformation2 standard affine transformations.

Extended kernel types

ExtendedKernelTraits2::RT the ring type of our extended kernel.

ExtendedKernelTraits2::Point2 extended points.

ExtendedKernelTraits2::Segment2 extended segments.

ExtendedKernelTraits2::Direction2 extended directions.

ExtendedKernelTraits2:: Point type f SWCORNER, LEFTFRAME, NWCORNER, BOTTOMFRAME,
STANDARD, TOPFRAME, SECORNER, RIGHTFRAME, NECORNERg

a type descriptor for extended points.

3. Operations

Interfacing the affine kernel types

Point2 K:constructpoint(Standardpoint2 p)

creates an extended point and initializes it to the standardpoint p.

Point2 K:constructpoint(Standardline 2 l)

creates an extended point and initializes it to the equivalence class
of all the rays underlying the oriented linel .

Point2 K:constructpoint(Standardpoint2 p1; Standardpoint2 p2)

creates an extended point and initializes it to the equivalence class
of all the rays underlying the oriented linel(p1;p2).

Point2 K:constructpoint(Standardpoint2 p; Standarddirection2 d)

creates an extended point and initializes it to the equivalence class
of all the rays underlying the ray starting inp in directiond.

Point2 K:constructoppositepoint(Standardline 2 l)

creates an extended point and initializes it to the equivalence class
of all the rays underlying the oriented line opposite tol .

Point type K:type(Point2 p) determines the type ofp and returns it.

bool K:is standard(Point2 p) returnstrue iff p is a standard point.
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Standardpoint2 K:standardpoint(Point2 p)

returns the standard point represented byp. Precondition:
K:is standard(p).

Standardline 2 K:standardline(Point2 p) returns the oriented line representing the bundle of rays defining
p. Precondition: !K:is standard(p).

Standardray 2 K:standardray(Point2 p) a ray definingp. Precondition: !K:is standard(p).
Point2 K:NE() returns the point on the northeast frame corner.

Point2 K:SE() returns the point on the southeast frame corner.

Point2 K:NW() returns the point on the northwest frame corner.

Point2 K:SW() returns the point on the southwest frame corner.

Geometric kernel calls

Point2 K:source(Segment2 s) returns the source point ofs.

Point2 K:target(Segment2 s) returns the target point ofs.

Segment2 K:constructsegment(Point2 p; Point2 q)

constructs a segmentpq.

int K:orientation(Segment2 s; Point2 p)

returns the orientation ofp with respect to the line throughs.

int K:orientation(Point2 p1; Point2 p2; Point2 p3)

returns the orientation ofp3with respect to the line throughp1p2.

bool K:leftturn(Point2 p1; Point2 p2; Point2 p3)

return true iff thep3 is left of the line throughp1p2.

bool K:is degenerate(Segment2 s)

return true iffs is degenerate.

int K:comparexy(Point2 p1; Point2 p2)

returns the lexicographic order ofp1andp2.

int K:comparex(Point2 p1; Point2 p2)

returns the order on thex-coordinates ofp1andp2.

int K:comparey(Point2 p1; Point2 p2)

returns the order on they-coordinates ofp1andp2.

Point2 K:intersection(Segment2 s1; Segment2 s2)

returns the point of intersection of the lines supported bys1and
s2. Precondition: the intersection point exists.

Direction2 K:constructdirection(Point2 p1; Point2 p2)

returns the direction of the vectorp2 - p1.

bool K:strictly orderedccw(Direction2 d1; Direction2 d2; Direction2 d3)

returnstrue iff d2 is in the interior of the counterclockwise angu-
lar sector betweend1andd3.

bool K:strictly orderedalongline(Point2 p1; Point2 p2; Point2 p3)

returnstrue iff p2 is in the relative interior of the segmentp1p3.

bool K:contains(Segment2 s; Point2 p)

returns true iffscontainsp.
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bool K:first paircloserthansecond(Point2 p1; Point2 p2; Point2 p3; Point2 p4)

returns true iffjp1� p2j< jp3� p4j.
char� K:outputidentifier( ) returns a unique identifier for kernel object input/output.

11.1.6 Traits concept for the generic sweep ( GenericSweepTraits )

1. Definition

GenericSweepTraitsis the concept for the template parameterT of the generic plane sweep class
genericsweep<T>. It defines the interface that has to be implemented to adapt the generic sweep framework to
a concrete instance.

2. Types

GenericSweepTraits::INPUT the input interface.

GenericSweepTraits::OUTPUT the output container.

GenericSweepTraits::GEOMETRY

the geometry used.

3. Creation

GenericSweepTraits T(INPUT in; OUTPUT& out; GEOMETRY geom);

creates an objectT of type GenericSweepTraits, and allows thereby to transport the in-
put/output data into the traits class.

GenericSweepTraits T(OUTPUT& out; GEOMETRY geom);

creates an objectT of type GenericSweepTraits, and allows thereby to transport the in-
put/output data into the traits class.

4. Operations

void T:initialize structures( ) codes initialization of structures before the sweep loop.

bool T:eventexists( ) codes loop control at the beginning of the sweep loop body.

void T:procedeto nextevent( ) codes loop progress at the end of the sweep loop body.

void T:processevent( ) codes the actual event handling (the loop body).

void T:completestructures( ) codes the completion phase after the sweep loop.

void T:checkinvariants( ) allows checking sweep loop invariants.

void T:checkfinal( ) allows checking of final invariants (after completion).

11.1.7 Visualization of the generic sweep ( GenericSweepVisualization )

1. Definition

GenericSweepVisualizationis the concept for the second template parameterVT of the sweep observer
sweepobserver<GPS;VT> defined above. It provides the interface to adapt the sweep observation process
to a visualization device.

2. Types

GenericSweepVisualization::VDEVICE

the visualization device
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3. Creation

GenericSweepVisualization C;

can be used to initialize and display the visualization device.

4. Operations

void C:postinit animation(GPS::TRAITS& gpst)

animation actions after the initialization of the sweep.

void C:preeventanimation(GPS::TRAITS& gpst)

animation actions before each event handling.

void C:posteventanimation(GPS::TRAITS& gpst)

animation actions after each event handling.

void C:postcompletionanimation(GPS::TRAITS& gpst)

animation actions after the completion phase of the sweep.

VDEVICE& C:device( ) access operation to the visualization device.

Note that the entry point for visualization of the sweep is the access to an objectgpstof typeGPS::TRAITS.
This is the sweep traits class triggering the sweep within the generic sweep framework and storing all status
information of the sweep. Thereby it contains also all information necessary for visualization.C obtains access
to this object at defined event points and can thereby analyzethe status ofgpst and trigger corresponding
visualization actions via its visualization methods.

11.1.8 Topological plane map exploration ( PMConstDecorator )

1. Definition

An instanceD of the data typePMConstDecoratoris a decorator for interfacing the topological structure ofa
plane mapP (read-only).

A plane mapP consists of a triple(V;E;F) of vertices, edges, and faces. We collectively call them objects. An
edgee is a pair of vertices(v;w) with incidence operationsv = source(e), w = target(e). The list of all edges
with sourcev is called the adjacency listA(v).
Edges are paired into twins. For each edgee = (v;w) there’s an edgetwin(e) = (w;v) andtwin(twin(e))==e3.

An edgee = (v;w) knows two adjacent edgesen = next(e) andep = previous(e) wheresource(en) = w,
previous(en) = e andtarget(ep) = v andnext(ep) = e. By this symmetricprevious�nextrelationship all
edges are partitioned into face cycles. Two edgeseande0 are in the same face cycle ife= next�(e0). All edgese
in the same face cycle have the same incident facef = face(e). The cyclic order on the adjacency list of a vertex
v = source(e) is given bycyclicadj succ(e) = twin(previous(e)) andcyclicadj pred(e) = next(twin(e)).
A vertexv is embedded via coordinatespoint(v). By the embedding of its source and target an edge corresponds
to a segment.P has the property that the embedding is alwaysorder-preserving. This means a ray fixed in
point(v) of a vertexv and swept around counterclockwise meets the embeddings oftarget(e) (e2 A(v)) in the
cyclic order defined by the list order ofA.

The embedded face cycles partition the plane into maximal connected subsets of points. Each such set corre-
sponds to a face. A face is bounded by its incident face cycles. For all the edges in the non-trivial face cycles
it holds that the face is left of the edges. There can also be trivial face cycles in form of isolated vertices in the
interior of a face. Each such vertexv knows its surrounding facef = face(v).
We call the embedded map(V;E) also the 1-skeleton ofP.

3The existence of the edge pairs makesP a bidirected graph, thetwin links makeP a map.
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Plane maps are attributed. To each objectu2V [E[F we attribute a valuemark(u) of typeMark. Mark fits
the concepts assignable, default-constructible, and equal-comparable.

2. Types

PMConstDecorator::Planemap The underlying plane map type

PMConstDecorator::Point The point type of vertices.

PMConstDecorator::Mark All objects (vertices, edges, faces) are attributed by aMark object.

PMConstDecorator::Sizetype The size type.

Local types are handles, iterators and circulators of the following kind: Vertexconsthandle,
Vertexconstiterator, Halfedgeconsthandle, Halfedgeconstiterator, Faceconsthandle, Faceconstiterator.
Additionally the following circulators are defined.

PMConstDecorator::Halfedgearoundvertexconstcirculator

circulating the outgoing halfedges inA(v).
PMConstDecorator::Halfedgearoundfaceconstcirculator

circulating the halfedges in the face cycle of a facef .

PMConstDecorator::Holeconstiterator iterating all holes of a facef . The type is convertible to
Halfedgeconsthandle.

PMConstDecorator::Isolatedvertexconstiterator

iterating all isolated vertices of a facef . The type generalizes
Vertexconsthandle.

3. Creation

PMConstDecorator D(const Planemap& P);

constructs a plane map decorator exploringP.

4. Operations

Vertexconsthandle D:source(Halfedgeconsthandle e)

returns the source ofe.

Vertexconsthandle D:target(Halfedgeconsthandle e)

returns the target ofe.

Halfedgeconsthandle D:twin(Halfedgeconsthandle e)

returns the twin ofe.

bool D:is isolated(Vertexconsthandle v)

returnstrue iff A(v) = /0.

Halfedgeconsthandle D:first outedge(Vertexconsthandle v)

returns one halfedge with sourcev. It’s the starting
point for the circular iteration over the halfedges with
sourcev. Precondition: !is isolated(v).

Halfedgeconsthandle D:lastoutedge(Vertexconsthandle v)

returns the halfedge with sourcev that is the last in the
circular iteration before encounteringfirst outedge(v)
again.Precondition: !is isolated(v).

Halfedgeconsthandle D:cyclic adjsucc(Halfedgeconsthandle e)

returns the edge aftere in the cyclic ordered adjacency
list of source(e).
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Halfedgeconsthandle D:cyclic adjpred(Halfedgeconsthandle e)

returns the edge beforee in the cyclic ordered adja-
cency list ofsource(e).

Halfedgeconsthandle D:next(Halfedgeconsthandle e)

returns the next edge in the face cycle containinge.

Halfedgeconsthandle D:previous(Halfedgeconsthandle e)

returns the previous edge in the face cycle containing
e.

Faceconsthandle D:face(Halfedgeconsthandle e)

returns the face incident toe.

Faceconsthandle D:face(Vertexconsthandle v)

returns the face incident tov. Precondition:
is isolated(v).

Halfedgeconsthandle D:halfedge(Faceconsthandle f)

returns a halfedge in the bounding face cycle off
(Halfedgeconsthandle( ) if there is no bounding face
cycle).

Iteration

Halfedgearoundvertexconstcirculator D:outedges(Vertexconsthandle v)

returns a circulator for the cyclic adjacency list ofv.

Halfedgearoundfaceconstcirculator D:facecycle(Faceconsthandle f)

returns a circulator for the outer face cycle off .

Holeconstiterator D:holesbegin(Faceconsthandle f)

returns an iterator for all holes in the interior
of f . A Holeiterator can be assigned to a
Halfedgearoundfaceconstcirculator.

Holeconstiterator D:holesend(Faceconsthandle f)

returns the past-the-end iterator off .

Isolatedvertexconstiterator D:isolatedverticesbegin(Faceconsthandle f)

returns an iterator for all isolated vertices in the interior of
f .

Isolatedvertexconstiterator D:isolatedverticesend(Faceconsthandle f)

returns the past the end iterator off .

Associated Information

The typeMark is the general attribute of an object. The typeGenPtris equal to typevoid�.

const Point& D:point(Vertexconsthandle v)

returns the embedding ofv.

const Mark& D:mark(Vertexconsthandle v)

returns the mark ofv.

const Mark& D:mark(Halfedgeconsthandle e)

returns the mark ofe.
const Mark& D:mark(Faceconsthandle f)

returns the mark off .
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const GenPtr& D:info(Vertexconsthandle v)

returns a generic information slot.

const GenPtr& D:info(Halfedgeconsthandle e)

returns a generic information slot.

const GenPtr& D:info(Faceconsthandle f)

returns a generic information slot.

Statistics and Integrity

Sizetype D:numberof vertices( ) returns the number of vertices.

Sizetype D:numberof halfedges() returns the number of halfedges.

Sizetype D:numberof edges() returns the number of halfedge pairs.

Sizetype D:numberof faces() returns the number of faces.

Sizetype D:numberof facecycles( ) returns the number of face cycles.

Sizetype D:numberof connectedcomponents()

calculates the number of connected components ofP.

void D:print statistics(std::ostream& os = std::cout)

print the statistics ofP: the number of vertices, edges, and faces.

void D:checkintegrityandtopologicalplanarity(bool faces= true)

checks the link structure and the genus ofP.

11.1.9 Plane map manipulation ( PMDecorator )

1. Definition

An instanceD of the data typePMDecoratoris a decorator to examine and modify a plane map.D inherits
from PMConstDecoratorbut provides additional manipulation operations.

2. Generalization

PMConstDecorator /
PMDecorator

3. Types

Local types are handles, iterators and circulators of the following kind: Vertexhandle, Vertexiterator,
Halfedgehandle, Halfedgeiterator, Facehandle, Faceiterator. Additionally the following circulators are de-
fined. Thecirculatorscan be constructed from the corresponding halfedge handlesor iterators.

PMDecorator::Halfedgearoundvertexcirculator

circulating the outgoing halfedges inA(v).
PMDecorator::Halfedgearoundfacecirculator

circulating the halfedges in the face cycle of a facef .

PMDecorator::Hole iterator

iterating all holes of a facef . The type is convertible toHalfedgehandle.

PMDecorator::Isolatedvertexiterator

iterating all isolated vertices of a facef . The type generalizesVertexhandle.
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PMDecorator:: f BEFORE, AFTERg
insertion order labels.

4. Creation

PMDecorator D(Planemap& p);

constructs a decorator working onP.

5. Operations

Planemap& D:planemap() returns the plane map decorated.

void D:clear( ) reinitializesP to the empty map.

Vertexhandle D:source(Halfedgehandle e)

returns the source ofe.
Vertexhandle D:target(Halfedgehandle e)

returns the target ofe.

Halfedgehandle D:twin(Halfedgehandle e)

returns the twin ofe.
bool D:is isolated(Vertexhandle v)

returnstrue iff v is linked to the interior of a face. This is equivalent
to the condition thatA(v) = /0.

bool D:is closedatsource(Halfedgehandle e)

returnstruewhenprev(e)== twin(e).
Halfedgehandle D:first outedge(Vertexhandle v)

returns a halfedge with sourcev. It’s the starting point for the
circular iteration over the halfedges with sourcev. Precondition:
!is isolated(v).

Halfedgehandle D:lastoutedge(Vertexhandle v)

returns a the halfedge with sourcev that is the last in the circular
iteration before encounteringfirst outedge(v) again. Precondition:
!is isolated(v).

Halfedgehandle D:cyclic adjsucc(Halfedgehandle e)

returns the edge aftere in the cyclic ordered adjacency list of
source(e).

Halfedgehandle D:cyclic adjpred(Halfedgehandle e)

returns the edge beforee in the cyclic ordered adjacency list of
source(e).

Halfedgehandle D:next(Halfedgehandle e)

returns the next edge in the face cycle containinge.

Halfedgehandle D:previous(Halfedgehandle e)

returns the previous edge in the face cycle containinge.

Facehandle D:face(Halfedgehandle e)

returns the face incident toe.

Facehandle D:face(Vertexhandle v)

returns the face incident tov. Precondition: is isolated(v).
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Halfedgehandle D:halfedge(Facehandle f)

returns a halfedge in the bounding face cycle off
(Halfedgehandle( ) if there is no bounding face cycle).

Iteration

Halfedgearoundvertexcirculator D:outedges(Vertexhandle v)

returns a circulator for the cyclic adjacency list ofv.

Halfedgearoundfacecirculator D:facecycle(Facehandle f)

returns a circulator for the outer face cycle off .

Holeiterator D:holesbegin(Facehandle f)

returns an iterator for all holes in the interior
of f . A Holeiterator can be assigned to a
Halfedgearoundfacecirculator.

Holeiterator D:holesend(Facehandle f)

returns the past-the-end iterator off .

Isolatedvertexiterator D:isolatedverticesbegin(Facehandle f)

returns an iterator for all isolated vertices in the interior of f .

Isolatedvertexiterator D:isolatedverticesend(Facehandle f)

returns the past the end iterator off .

Update Operations

Vertexhandle D:newvertex(Vertexbase vb= Vertexbase( ))
creates a new vertex.

Facehandle D:newface(Facebase fb= Facebase( ))
creates a new face.

void D:link asouterfacecycle(Facehandle f; Halfedgehandle e)

makese the entry point of the outer face cycle off and makesf the
face of all halfedges in the face cycle ofe.

void D:link ashole(Facehandle f; Halfedgehandle e)

makese the entry point of a hole face cycle off and makesf the
face of all halfedges in the face cycle ofe.

void D:link asisolatedvertex(Facehandle f; Vertexhandle v)

makesv an isolated vertex withinf .

void D:clearfacecycleentries(Facehandle f)

removes all isolated vertices and halfedges that are entriepoints into
face cycles from the lists off .

Halfedgehandle D:newhalfedgepair(Vertexhandle v1; Vertexhandle v2;
Halfedgebase hb= Halfedgebase( ))
creates a new pair of edges(e1;e2) representing(v1;v2) by append-
ing theei to A(vi) (i = 1;2).

Halfedgehandle D:newhalfedgepair(Halfedgehandle e1; Halfedgehandle e2;
Halfedgebase hb= Halfedgebase( ); int pos1= AFTER;
int pos2= AFTER)

creates a new pair of edges(h1;h2) representing(source(e1);source(e2)) by inserting thehi before or afterei
into the cyclic adjacency list ofsource(ei) depending onposi(i = 1;2) from PMDecorator::BEFORE; PMDecorator::AFTER.
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Halfedgehandle D:newhalfedgepair(Halfedgehandle e; Vertexhandle v;
Halfedgebase hb= Halfedgebase( ); int pos = AFTER)

creates a new pair of edges(e1;e2) representing(source(e);v)
by inserting e1 before or aftere into the cyclic adjacency list
of source(e) depending onpos from PMDecorator:: BEFORE;
PMDecorator::AFTERand appendinge2 to A(v).

Halfedgehandle D:newhalfedgepair(Vertexhandle v; Halfedgehandle e;
Halfedgebase hb= Halfedgebase( ); int pos = AFTER)
symmetric to the previous one.

void D:deletehalfedgepair(Halfedgehandle e)

deletese and its twin and updates the adjacency at its source and its
target.

void D:deletevertex(Vertexhandle v)

deletesv and all outgoing edgesA(v) as well as their twins. Updates
the adjacency at the targets of the edges inA(v).

void D:deleteface(Facehandle f)

deletes the facef without consideration of topological linkage.

bool D:hasoutdegtwo(Vertexhandle v)

return true whenv has outdegree two.

void D:mergehalfedgepairsat target(Halfedgehandle e)

merges the halfedge pairs atv = target(e). e andtwin(e) are pre-
served,next(e), twin(next(e)) andv are deleted in the merger.Pre-
condition: v has outdegree two. The adjacency atsource(e) and
target(next(e)) is kept consistent.

Incomplete topological update primitives

Halfedgehandle D:newhalfedgepairatsource(Vertexhandle v; int pos = AFTER;
Halfedgebase hb= Halfedgebase( ))

creates a new pair of edges(e1;e2) representing(v;( )) by inserting
e1at the beginning (BEFORE) or end (AFTER) of adjacency list of
v.

void D:deletehalfedgepairatsource(Halfedgehandle e)

deleteseand its twin and updates the adjacency at its source.

void D:link astargetandappend(Vertexhandle v; Halfedgehandle e)

makesv the target ofe and appendstwin(e) to A(v).
Halfedgehandle D:newhalfedgepairwithoutvertices()

inserts an open edge pair, and inits all link slots to their default han-
dles.

void D:deletevertexonly(Vertexhandle v)

deletesv without consideration of adjacency.

void D:deletehalfedgepaironly(Halfedgehandle e)

deleteseand its twin without consideration of adjacency.

void D:link astargetof(Halfedgehandle e; Vertexhandle v)

makestarget(e) = v and setse as the first in-edge ifv was isolated
before.
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void D:link assourceof(Halfedgehandle e; Vertexhandle v)

makessource(e) = v and setseas the first out-edge ifv was isolated
before.

void D:makefirst outedge(Halfedgehandle e)

makese the first outgoing halfedge in the cyclic adjacency list of
source(e).

void D:setadjacencyatsourcebetween(Halfedgehandle e; Halfedgehandle en)

makese andenneigbors in the cyclic ordered adjacency list around
v= source(e). Precondition: source(e)==source(en).

void D:setadjacencyatsourcebetween(Halfedgehandle e1; Halfedgehandle ebetween;
Halfedgehandle e2)

insertsebetweeninto the adjacency list aroundsource(e1) between
e1ande2and makessource(e1) the source ofebetween. Precondi-
tion: source(e1)==source(e2).

void D:closetip at target(Halfedgehandle e; Vertexhandle v)

setsv as target ofe and closes the tip by setting the corresponding
pointers such thatprev(twin(e))==eandnext(e)== twin(e).

void D:closetip atsource(Halfedgehandle e; Vertexhandle v)

setsv as source ofe and closes the tip by setting the corresponding
pointers such thatprev(e)== twin(e) andnext(twin(e))==e.

void D:removefrom adj list atsource(Halfedgehandle e)

removes a halfedge pair(e; twin(e) from the adjacency list
of source(e). Afterwards next(prev(e)) == next(twin(e)) and
first outedge(source(e)) is valid if degree(source(v))> 1 before the
operation.

void D:unlink ashole(Halfedgehandle e)

removese’s existence as an face cycle entry point offace(e). Does
not update the face links of the corresponding face cycle halfedges.

void D:unlink asisolatedvertex(Vertexhandle v)

removesv’s existence as an isolated vertex inface(v). Does not up-
datev’s face link.

void D:link asprevnextpair(Halfedgehandle e1; Halfedgehandle e2)

makese1ande2adjacent in the face cycle: : :�e1�e2� : : : . After-
wardse1 = previous(e2) ande2 = next(e1).

void D:setface(Halfedgehandle e; Facehandle f)

makesf the face ofe.

void D:setface(Vertexhandle v; Facehandle f)

makesf the face ofv.

void D:sethalfedge(Facehandle f; Halfedgehandle e)

makese entry edge in the outer face cycle off .

void D:sethole(Facehandle f; Halfedgehandle e)

makese entry edge in a hole face cycle off .

void D:setisolatedvertex(Facehandle f; Vertexhandle v)

makesv an isolated vertex off .
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Cloning

void D:clone(Planemap H)

clonesH into P. AfterwardsP is a copy ofH.
Precondition: H:checkintegrityandtopologicalplanarity( ) andP is empty.

template <typename LINKDA>
void D:cloneskeleton(Planemap H; LINKDA L)

clones the skeleton ofH into P. AfterwardsP is a copy ofH. The link data accessor
allows to transfer information from the old to the new objects. It needs the function call
operators:
void operator( )(Vertexhandle vn; Vertexconsthandle vo) const
void operator( )(Halfedgehandle hn; Half edgeconsthandle ho) const
wherevn;hnare the cloned objects andvo;hoare the original objects.
Precondition: H:checkintegrityandtopologicalplanarity( ) andP is empty.

Associated Information

Point& D:point(Vertexhandle v)

returns the embedding ofv.

Mark& D:mark(Vertexhandle v)

returns the mark ofv.
Mark& D:mark(Halfedgehandle e)

returns the mark ofe.
Mark& D:mark(Facehandle f)

returns the mark off .

GenPtr& D:info(Vertexhandle v)

returns a generic information slot.

GenPtr& D:info(Halfedgehandle e)

returns a generic information slot.

GenPtr& D:info(Facehandle f)

returns a generic information slot.

11.2 Manpages

11.2.1 Plane map checking ( PMchecker )

1. Definition

An instanceD of the data typePM checker< PMCDEC; GEOM > is a decorator to check the structure of a
plane map. It is generic with respect to two template concepts. PMCDEChas to be a decorator model of our
PM constdecoratorconcept.GEOMhas to be a model of our geometry kernel concept.

2. Generalization

PM constdecorator /
PM checker< PMCDEC; GEOM>

3. Types

PM checker< PMCDEC; GEOM> ::PM constdecorator

equalsPMCDEC.
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PM checker< PMCDEC; GEOM> ::Planemap

equalsPMCDEC::Planemap, the underlying plane map type.

PM checker< PMCDEC; GEOM> ::Geometry

equalsGEOM. Add link to GEOM concept.
Precondition: Geometry::Point2 equalsPlanemap::Point.

Iterators, handles, and circulators are inherited fromPM constdecorator.

4. Creation

PM checker< PMCDEC; GEOM> D(Planemap& P; const Geometry& k = Geometry( ));
constructs a plane map checker working onP with geometric predicates used fromk.

5. Operations

void D:checkorderpreservingembedding(Vertexconsthandle v)

checks if the embedding of the targets of the edges in the adja-
cency listA(v) is counter-clockwise order-preserving with respect
to the order of the edges inA(v).

void D:checkorderpreservingembedding()

checks if the embedding of all vertices ofP is counter-clockwise
order-preserving with respect to the adjacency list ordering of all
vertices.

void D:checkforwardprefixcondition(Vertexconsthandle v)

checks the forward-prefix property of the adjacency list ofv.

Halfedgeconstiterator D:checkboundaryis clockwiseweaklypolygon()

checks if the outer face cycle ofP is a clockwise weakly poly-
gon and returns a halfedge on the boundary.Precondition: P is a
connected graph.

void D:checkis triangulation( ) checks ifP is a triangulation.

11.2.2 IO of plane maps ( PMio parser )

1. Definition

An instanceIO of the data typePM io parser<PMDEC> is a decorator to provide input and output of a plane
map.PM io parser is generic with respect to thePMDECparameter.PMDEChas to be a decorator model of
ourPM decoratorconcept.

2. Generalization

PM decorator /
PM io parser<PMDEC>

3. Creation

PM io parser<PMDEC> IO(std::istream& is; Planemap& H);

creates an instanceIO of typePM io parser<PMDEC> to inputH from is.

PM io parser<PMDEC> IO(std::ostream& os; const Planemap& H);

creates an instanceIO of typePM io parser<PMDEC> to outputH to os.
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4. Operations

void IO:print( ) printsH to os.

void IO:read() readsH from is.

void PMio parser<PMDEC> ::dump(const PMDEC& D; std::ostream& os = std::cerr)

prints the plane map decorated byD to os.

11.2.3 Drawing plane maps ( PMvisualizor )

1. Definition

An instanceV of the data typePM visualizor< PMCDEC; GEOM; COLORDA> is a decorator to draw the
structure of a plane map into a CGAL window stream. It is generic with respect to two template concepts.
PMCDEChas to be a decorator model of ourPM constdecoratorconcept.GEOM has to be a model of our
geometry kernel concept. The data accessorCOLORDAhas to have two members determining the visualization
parameters of the objects ofP:
CGAL::Color color(Vertex=Halfedge=Faceconsthandle h) const
int width(Vertex=Halfedgeconsthandle h) const.

2. Generalization

PM constdecorator /
PM visualizor< PMCDEC; GEOM; COLORDA>

3. Types

PM visualizor< PMCDEC; GEOM; COLORDA> ::PM constdecorator

The plane map decorator.

PM visualizor< PMCDEC; GEOM; COLORDA> ::Geometry

The used geometry.

PM visualizor< PMCDEC; GEOM; COLORDA> ::Color objects

The color data accessor.

4. Creation

PM visualizor< PMCDEC; GEOM; COLORDA>
V(CGAL::Windowstream& W; const PMconstdecorator& D;

const Geometry& K = Geometry( ); const Colorobjects& C = Color objects( ));
creates an instanceV of typePM visualizor< PMCDEC; GEOM; COLORDA> to
visualize the vertices, edges, and faces ofD in window W. The coloring of the
objects is determined by data accessorC.

5. Operations

void V:draw(Vertexconsthandle v)

drawsv according to the color and width specified byC:color(v) andC:width(v).
void V:draw(Halfedgeconsthandle e)

drawse according to the color and width specified byC:color(e) andC:width(e).
void V:draw(Faceconsthandle f)

draws f with colorC:color( f ).
void V:drawmap()

draw the whole plane map.
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11.2.4 Information association via GenPtr ( geninfo )

1. Definition

geninfo<T> encapsulates information association via generic pointers of typeGenPtr (= void�). An object
t of type T is stored directly in a variablep of type GenPtr if sizeof(T) is not larger thansizeof(GenPtr)
(also called word size). Otherwiset is allocated on the heap and referenced viap. This class encapsulates the
technicalities, however the user always has to obey the order of its usage:create-access=constaccess-clear. On
misuse memory problems occur.

2. Operations

void geninfo<T> ::create(GenPtr& p)

create a slot for an object of typeT referenced viap.

T& geninfo<T> ::access(GenPtr& p)

access an object of typeT via p. Precondition: p was initialized viacreateand was not
cleared viaclear.

const T& geninfo<T> ::constaccess(const GenPtr& p)

read-only access of an object of typeT via p. Precondition: p was initialized viacreate
and was not cleared viaclear.

void geninfo<T> ::clear(GenPtr& p)

clear the memory used for the object of typeT via p. Precondition: p was initialized via
create.

3. Example

In the first example we store a pair of boolean values which normally fit into one word. Thus there will no heap
allocation take place.stru
t A { bool a,b };GenPtr a;geninfo<A>::
reate(a);A& a_a

ess = geninfo<A>::a

ess(a);geninfo<A>::
lear(a);
The second example uses the heap scheme as two longs do not fit into one word.stru
t B { long a,b };GenPtr b;geninfo<B>::
reate(b);B& b_a

ess = geninfo<B>::a

ess(b);geninfo<B>::
lear(b);
Note that usage of the scheme takes away with the actual checkfor the type size. Even more important this
size might depend on the platform which is used to compile thecode and thus the scheme enables platform
independent programming.
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