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Abstract

A planar Nef polyhedron is any set that can be obtained fragogen halfspaces
by a finite number of set complement and set intersectioratipes. The set of Nef
polyhedra is closed under the Boolean set operations. Weides data structure
that realizes two-dimensional Nef polyhedra and offersrgelaset of binary and
unary set operations. The underlying set operations alieeday an efficient and
complete algorithm for the overlay of two Nef polyhedra. HEbgorithm is efficient
in the sense that its running time is bounded by the size oifiiigts plus the size
of the output times a logarithmic factor. The algorithm isngdete in the sense that
it can handle all inputs and requires no general positionraption. The second
part of the algorithmic interface considers point locatom ray shooting in planar
subdivisions.

The implementation follows the generic programming payadin C++ and
CGAL. Several concept interfaces are defined that allow dagtation of the soft-
ware by the means of traits classes. The described projgurisof the CGAL
library version 2.3.
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Introduction

This report collects all implementation documents coniogrithe packageNef polyhedron2 of
CGAL. It is a complete literate programming document cdirgjsof specification and implemen-
tation descriptions. The chapter contain the major implgatéon modules used to realize the Nef
polyhedra in CGAL.

A planar Nef polyhedron is any set that can be obtained froenajpen halfspaces by a finite
number of set complement and set intersection operations.s&t of Nef polyhedra is closed under
the Boolean set operations. We describe a data structureetdiazes two-dimensional Nef polyhedra
and offers a large set of binary and unary set operationsumtierlying set operations are realized by
an efficient and complete algorithm for the overlay of two [defyhedra. The algorithm is efficient
in the sense that its running time is bounded by the size adhthwits plus the size of the output times
a logarithmic factor. The algorithm is complete in the sethsg it can handle all inputs and requires
no general position assumption. The second part of theitligac interface considers point location
and ray shooting in planar subdivisions.

The implementation follows the generic programming pagadin C++ and CGAL. Several con-
cept interfaces are defined that allow the adaptation ofdftesare by the means of traits classes. The
described project is part of the CGAL library version 2.3.

The framing module is that of chapter 1. It is based on thrgerdhmic parts the geometry
(presented in the chapters 7 and 8, where the former use®lyr@omials of chapter 6), the binary
overlay of plane maps (based on the module of chapter 3 thatriruses the module of chapter 2), and
the point location module (based on the module of chapteabithturn uses the module of chapter
4). The generic sweep class of chapter 10 is just a stand@mfsice for our sweep modules presented
in the chapters 2 and 4.
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1 Planar Nef Polyhedra

1.1 The Interface Specification

1.1.1 Nef Polyhedra in the Plane ( Nepolyhedron_2 )

1. Definition

An instance of data typsef polyhedror2<T> is a subset of the plane that is the result of forming complegme
and intersections starting from a finite $¢tof halfspaces.Nef polyhedror? is closed under all binary set
operationsntersection union difference complemenand under the topological operatidmsundary closure
andinterior.

The template parametdr is specified via an extended kernel concept.must be a model of the concept
ExtendedKernelTrait2.

2. Types

Nef polyhedro2<T>::Line the oriented lines modeling halfplanes
Nef polyhedrom2<T > :: Point the affine points of the plane.

Nef polyhedro®2<T > :: Direction directions in our plane.

Nef polyhedrom2<T> :: Aff_transformation affine transformations of the plane.

Netfpolyhedro2<T>::Boundary{ EXCLUDED, INCLUDED }

construction selection.
Nefpolyhedro2<T>::Content{ EMPTY, COMPLETE}

construction selection
3. Creation
Nefpolyhedro2<T> N(Content plane= EMPTY);
creates an instandé of type Nef polyhedrom2<T> and initializes it to the empty set if
plane==EMPTYand to the whole plane flane== COMPLETE
Nef polyhedro2<T> N(Line |, Boundary line= INCLUDED);
creates a Nef polyhedroN containing the halfplane left df including | if line ==
INCLUDED, excludingl if line==EXCLUDED

template <class Forwardterator>
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Nef polyhedro2<T> N(Forwarditerator it, Forward.iterator end Boundary b= INCLUDED);

creates a Nef polyhedrdd from the simple polygorP spanned by the list of points in
the iterator rangéit,end and including its boundary i6 = INCLUDED and excluding
the boundary otherwis&orward iterator has to be an iterator with value typeint. This
construction expects thBtis simple. The degenerate cases whecentains no point, one
point or spans just one segment (two points) are correctiglea. In all degenerate cases
there’s only one unbounded face adjacent to the degenesiggom. Ifb==INCLUDED
thenN is just the boundary. Ib==EXCLUDEDthenN is the whole plane without the
boundary.

4. Operations

void NclearContent plane= EMPTY)

makesN the empty set iplane==EMPTYand the full plane
if plane==COMPLETE

bool Nisempty() returns true iN is empty, false otherwise.

bool Nisplane() returns true i is the whole plane, false otherwise.

Constructive Operations

Nef polyhedrom®<T > N.complement() returns the complementbin the plane.

Nef polyhedrom2<T> N.interior() returns the interior dfl.

Nef polyhedrom®<T > N.closure() returns the closure Nf

Nef polyhedro®<T > N.boundary() returns the boundary/gf

Nef polyhedrom®<T > N.regularization() returns the regularized polyhedronguate of interior).

Nef polyhedrom<T> N.intersectionef polyhedro2<T> N1)

returnsN N N1
Nef polyhedrom®<T > N.join(Nef polyhedrom2<T> N1)

returnsN U N1
Nef polyhedrom2<T> N.differencelNefpolyhedrom2<T> N1)
returnsN — N1
Nef polyhedrom®<T > N.symmetricdifferencelNef polyhedrom2<T> N1)
returns the symmectric differenbe— T U T — N.

Nef polyhedrom®<T > N.transformAff_transformation }
returnst(N).
Additionally there are operatoss+, —,",! which implement the binary operatioirgersection union, differ-

ence symmetric differencend the unary operatiatomplementespectively. There are also the corresponding
modification operations=,+=,—=," =.

)

There are also comparison operations kkel,>, >, ==,1= which implement the relations subset, subset or
equal, superset, superset or equal, equality, inequiadgpectively.

Exploration - Point location - Ray shooting

As Nef polyhedra are the result of forming complements ateféections starting from a st of halfspaces
that are defined by oriented lines in the plane, they can lresepted by an attributed plane nmidp= (V,E,F).
For topological queries withiM the following types and operations allow exploration asdeghis structure.
5. Types
Nef polyhedro®2<T > ::Explorer

a decorator to examine the underlying plane map. See theahpage ofExplorer.
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Nef polyhedro®2<T>::Objecthandle

a generic handle to an object of the underlying plane map. Kl of object(vertex
halfedgeface) can be determined and the object can be assigned to a cardisghan-
dle by the three functions:

bool assigfiVertexconsthandle h, Objecthandle

bool assigfiHalfedgeconsthandle h, Objecthandle

bool assigiFaceconsthandl& h, Objecthandle

where each function returmisie iff the assignment th was done.

Nefpolyhedro®2<T>::Locationmode{ DEFAULT, NAIVE, LMWT }
selection flag for the point location mode.

6. Operations

bool NcontainsQbjecthandle b

returns true iff the objedt is contained in the set representediy
bool Ncontainedn_ boundaryQbjecthandle 1)

returns true iff the objedt is contained in the 1-skeleton i
Objecthandle NlocatePoint p Locationmode m= DEFAULT)

returns a generic handteto an object (face, halfedge, vertex) of the underlying
plane map that contains the pojmin its relative interior. The poinp is contained

in the set represented By if N.containgh) is true. The location mode flag
allows one to choose between different point location styiat.

Objecthandle Nray shootPoint p, Direction d, Locationmode m= DEFAULT)

returns a handleh with N.containgh) that can be converted to a
Vertex/Halfedge/Faceconsthandleas described above. The object returned is
intersected by the ray starting pjmwith directiond and has minimal distance to
p. The operation returns the null hand&JLL if the ray shoot alongl does not
hit any objecth of N with N.containgh). The location mode flagn allows one to
choose between different point location strategies.

Objecthandle Nray shootta boundaryPoint p, Direction d, Locationmode m= DEFAULT)

returns a handla that can be converted to\lertex/Halfedgeconsthandleas de-
scribed above. The object returned is part of the 1-skeletdw, intersected by
the ray starting irp with directiond and has minimal distance fo The operation
returns the null handIBlULL if the ray shoot alongl does not hit any 1-skeleton
objecth of N. The location mode flag allows one to choose between different
point location strategies.

Explorer Nexplorer()
returns a decorator object which allows read-only accesseofinderlying plane
map. See the manual paggplorerfor its usage.

Input and Output

A Nef polyhedronN can be visualized in &Vindowstream W The output operator is defined in the file
CGAL/10/Nef polyhedror2 Windowstreanh.

7. Implementation

Nef polyhedra are implemented on top of a halfedge datatsireiand use linear space in the number of vertices,
edges and facets. Operations lémptytake constant time. The operatiarisar, complemeninterior, closure
boundaryregularization input and output take linear time. All binary set operasiand comparison operations
take timeO(nlogn) wheren is the size of the output plus the size of the input.
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The point location and ray shooting operations are impldateim two flavors. TheNAIVE operations run in
linear query time without any preprocessing, BieFAULT operations (equalsMWT) run in sub-linear query
time, but preprocessing is triggered with the first operatiBreprocessing takes tin@N?), the sub-linear
point location time is either logarithmic when LEDA's pestgint dictionaries are present or if not then the point
location time is worst-case linear, but experiments shaero$ublinear runtimes. Ray shooting equals point
location plus a walk in the constrained triangulation oageld on the plane map representation. The cost of the
walk is proportional to the number of triangles passed ieationd until an obstacle is met. In a minimum
weight triangulation of the obstacles (the plane map regmiirsg the polyhedron) the theory provide®a/n)
bound for the number of steps. Our locally minimum weighdrigulation approximates the minimum weight
triangulation only heuristically (the calculation of themmum weight triangulation is conjectured to be NP
hard). Thus we have no runtime guarantee but a strong expetaimotivation for its approximation.

8. Example

Nef polyhedra are parameterized by a so-called extendadefeic kernel. There are three kernels, one based
on a homogeneous representation of extended points daltsshdechomogeneouRT> whereRT is a ring
type providing additionally aycd operation and one based on a cartesian representationasfded points
calledExtendectartesiarkNT> whereNT is a field type, and finallfFiltered extendedhomogeneouRT> (an
optimized version of the first).

The member types dflef polyhedrom2< ExtendechomogeneoudNT> > map to corresponding types of the
CGAL geometry kernel (e.d\Nef polyhedron: Line equalsCGAL::Homogeneoudedainteger ::Line 2 in the
example below).

#include <CGAL/basic.h>

#include <CGAL/leda_integer.h>
#include <CGAL/Extended_homogeneous.h>
#include <CGAL/Nef_polyhedron_2.h>

using namespace CGAL;

typedef Extended_homogeneous<leda_integer> Extended_kernel;
typedef Nef_polyhedron_2<Extended_kernel> Nef_polyhedron;
typedef Nef_polyhedron::Line Line;

int main()
{
Nef_polyhedron N1(Line(1,0,0));
Nef_polyhedron N2(Line(0,1,0), Nef_polyhedron: :EXCLUDED) ;
Nef_polyhedron N3 = N1 * N2; // line (%)
return 0;

After line (*) N3is the intersection o1 andN2.

1.1.2 Topological plane map exploration ( Topologicaéxplorer )

1. Definition

An instanceD of the data typ&opologicalexploreris a decorator for interfacing the topological structure@of
plane magP (read-only).

A plane mapP consists of a tripléV, E, F) of vertices, edges, and faces. We collectively call theneatsj An
edgeeis a pair of verticegv,w) with incidence operations = sourcde), w = target(e). The list of all edges
with sourcev is called the adjacency ligt(v).
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Edges are paired into twins. For each edge (v,w) there’s an edgavin(e) = (w,v) andtwin(twin(e)) ==e'.

An edgee = (v,w) knows two adjacent edges = nex{e) andep = previouge) wheresourcgen) = w,
previougen = eandtargetep = vandnexi{ep = e By this symmetrigrevious— nextrelationship all
edges are partitioned into face cycles. Two edgmsde are in the same face cycledf= next (¢). All edgese

in the same face cycle have the same incident facdacge). The cyclic order on the adjacency list of a vertex
v = sourcge) is given bycyclicadjsucd¢e) = twin(previouge)) andcyclicadjpred(e) = nex{twin(e)).

Avertexvis embedded via coordinatpsint(v). By the embedding of its source and target an edge correspond
to a segmentP has the property that the embedding is alwayder-preserving This means a ray fixed in
point(v) of a vertexv and swept around counterclockwise meets the embeddirtgsgef(e) (e € A(v)) in the
cyclic order defined by the list order &f

The embedded face cycles partition the plane into maximaheoted subsets of points. Each such set corre-
sponds to a face. A face is bounded by its incident face cy€lesall the edges in the non-trivial face cycles
it holds that the face is left of the edges. There can alsoitdaltface cycles in form of isolated vertices in the
interior of a face. Each such verteknows its surrounding face = facgv).

Plane maps are attributed by a Boolean value, for each abg¥dtUu E UF we attribute an informatiomark(u)
of typebool.

2. Types

Topologicalexplorer.: Planemap The underlying plane map type

Topologicalexplorer.: Point The point type of vertices.

Topologicalexplorer.: Mark All objects (vertices, edges, faces) are attributed Meaak object.
Topologicalexplorer.: Sizetype The size type.

Local types are handles, iterators and circulators of thdoviing kind: Vertexconsthandle
Vertexconstiterator, Halfedgeconsthandle Halfedgeconstiterator, Faceconsthandle Faceconstiterator.
Additionally the following circulators are defined.
Topologicalexplorer.: Halfedgearoundvertexconstcirculator

circulating the outgoing halfedges A{v).
Topologicalexplorer.: Halfedgearoundfaceconstcirculator

circulating the halfedges in the face cycle of a fdce

Topologicalexplorer::Hole constiterator iterating all holes of a facef. The type is convertible to
Halfedgeconsthandle

Topologicalexplorer::Isolatedvertexconstiterator

iterating all isolated vertices of a face The type generalizes
Vertexconsthandle

3. Operations

Vertexconsthandle Dsourcefalfedgeconsthandle ¢
returns the source &
Vertexconsthandle DtargetHalfedgeconsthandle ¢

returns the target &
Halfedgeconsthandle Dtwin(Halfedgeconsthandle ¢
returns the twin og.
bool Disisolated{ertexconsthandle y
returnstrue iff A(v) = 0.
1The existence of the edge pairs makes bidirected graph, thisvin links makeP a map.
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Halfedgeconsthandle

Halfedgeconsthandle

Halfedgeconsthandle

Halfedgeconsthandle

Halfedgeconsthandle

Halfedgeconsthandle

Faceconsthandle

Faceconsthandle

Halfedgeconsthandle

Dfirstoutedgeyertexconsthandle y

returns one halfedge with sourge It's the starting
point for the circular iteration over the halfedges with
sourcev. Precondition lisisolatedVv).

Dlastoutedgeyertexconsthandle y

returns a the halfedge with source that is the
last in the circular iteration before encountering
firstoutedgév) again.Precondition lisisolatedqv).

DcyclicadjsuccHalfedgeconsthandle ¢

returns the edge afterin the cyclic ordered adjacency
list of sourcée).

Dcyclicadjpredfalfedgeconsthandle ¢

returns the edge befoein the cyclic ordered adja-
cency list ofsourcée).

DnextHalfedgeconsthandle ¢
returns the next edge in the face cycle contairgng
DpreviousHalfedgeconsthandle ¢

returns the previous edge in the face cycle containing
e

Dface@alfedgeconsthandle &
returns the face incident ®
Dface{/ertexconsthandle y
returns the face incident tov. Precondition
isisolatedVv).
DhalfedgefFaceconsthandle f)

returns a halfedge in the bounding face cyclefof
(Halfedgeconsthandl€ ) if there is no bounding face

cycle).
Iteration
Halfedgearoundvertexconstcirculator D.outedgesyertexconsthandle y
returns a circulator for the cyclic adjacency listwof
Halfedgearoundfaceconstcirculator D.facecyclefaceconsthandle 1)

Hole constiterator

Hole constiterator

Isolatedvertexconstiterator

Isolatedvertexconstiterator

returns a circulator for the outer face cyclefof
D.holesbeginfFaceconsthandle 1)

returns an iterator for all holes in the interior
of f. A Holeiterator can be assigned to a
Halfedgearoundfaceconstcirculator.

D.holesendfaceconsthandle f)
returns the past-the-end iteratorfof
D.isolatedverticesbeginfFaceconsthandle f)

returns an iterator for all isolated vertices in the intedb
f.

D.isolatedverticesendfaceconsthandle f)
returns the past the end iteratorfof
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Associated Information
The typeMark is the general attribute of an object. The tyenPtris equal to typevoidx.
const Poin& D.point(Vertexconsthandle y
returns the embedding of
const Marl& D.mark{ertexconsthandle y

returns the mark of.
const Marl& D.markHalfedgeconsthandle ¢

returns the mark oé.
const Marl& D.mark{Faceconsthandle )

returns the mark of.

Statistics and Integrity

Sizetype Dnumberof vertices() returns the number of vertices.
Sizetype Dnumberof halfedges()  returns the number of halfedges.
Sizetype Dnumberfedges() returns the number of halfedge pairs.
Sizetype Dnumberof faces() returns the number of faces.
Sizetype Dnumberof facecycles() returns the number of face cycles.
Sizetype Dnumberof connectedomponents()
calculates the number of connected componeni of
void Dprintstatisticsétd::ostrean& os = std::couf

print the statistics oP: the number of vertices, edges, and faces.
void Dcheckintegrityandtopologicalplanaritypool faces= true)
checks the link structure and the genu$of

1.1.3 Plane map exploration ( Explorer)

1. Definition

An instanceE of the data typé&xploreris a decorator to explore the structure of the plane map lyidgrthe
Nef polyhedron. It inherits all topological adjacency epqaltion operations frorRMConstDecoratarExplorer
additionally allows one to explore the geometric embedding

The position of each vertex is given by a so-called extendeudtpwhich is either a standard affine point or
the tip of a ray touching an infinimaximal square frame ceadeat the origin. A vertex is called astandard
vertex if its embedding is atandardpoint andnon-standardf its embedding is aon-standarcpoint. By the
straightline embedding of their source and target vertiedges correspond to either affine segments, rays or
lines or are part of the bounding frame.

2. Generalization

‘ PMConstDecorator }Q—F
| Explorer |

3. Types
Explorer:: Topologicalexplorer

The base class.
Explorer:: Point the point type of finite vertices.
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Figure 1.1:Extended geometry: standard vertices are marked by S, taodard vertices are marked by N.
A: The possible embeddings of edges: an affine segment slfiae iy s2, an affine line s3B: A plane
map embedded by extended geometry: note that the frameitisaatp large, the 6 vertices on the frame are at
infinity, the two faces represent a geometrically unbourated, however they are topologically closed by the
frame edges. No standard point can be placed outside the fram

Explorer::Ray the ray type of vertices on the frame.
Iterators, handles, and circulators are inherited fil@mpologicalexplorer.

4. Creation

Exploreris copy constructable and assignable. An object can ber@utaia theNef polyhedro2::explorer( )
method ofNef polyhedror?.

5. Operations

bool Eis standard{ertexconsthandle ¥y
returns true iffv's position is a standard point.

Point Epoint(Vertexconsthandle y
returns the standard point that is the embedding d?recondi-
tion: E.isstandardv).

Ray Eray(Vertexconsthandle y
returns the ray defining the non-standard point on the frére.
condition !E.is standardv).

bool EisframeedgeHalfedgeconsthandle
returns true iffe is part of the infinimaximal frame.

1.2 Motivation

Nef polyhedra are the most general model for rectilineadyritled subsets of affine space. Their
definition is surprisingly simple whereas the operatiorsd #re supported without leaving the model
are versatile. Nef's model of polyhedra does not imposeltmpeal restrictions on the sets that can be
modeled like manifold or regularized models do. This impt&course that the abstract representation
of the underlying theory has to cope with general topoldgioanplexity. The main reason for us to
offer a data type Nef polyhedron is that many other modelséatestandard concepts in the field are
covered by Nef’'s model:
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A convex polytopés defined as the convex hull of a nonempty finite set of poil@snvex
polytopes are thus compact closed and manifold sets. [Gru6

An elementary polyhedrors defined as the union of a finite number of convex polytopes.
[Gru67]

A polyhedral sefs defined as the intersection of a finite number of closeddmftes. Such
sets are closed and convex but need not to be compact. [Gri67

The set of all points belonging to the simplices o$implicial complexis normally called a
(rectilinear) polyhedron. [Lef71]

This list shows that a system modeling Nef polyhedra enableser to calculate in many interesting
domains.

1.3 Previous Work

We cite the main publications from the field and present itebigpment. We will first give an outline,
then we deepen the notions that are interesting with respexir research. Other notions are solely
linked to the literature.

The theory of Nef polyhedra was first published in W. Nef’s bdBeitrage zur Theorie der
Polyeder mit Anwendungen in der Computergraphik” [Nef7Bhe book presents a mathematically
sound theory of a general kind of polyhedra in arbitrary disien and provides a great intuition about
the generality of the elaborated concepts. The algoritipait does not specialize in dimension. It
should be clear that by only realizing a fixed low-dimensiataa type the corresponding algorithms
and data structures can be streamlined in runtime and spqua&agments.

In the following considerations we concentrate mainly o@ pinesented data structure and the
realization of a binary set intersection operation whichgsathe most requiremefitsn the underlying
data structures and algorithmic modules.

On the workshop on computational geometry in Wiirzburg [BN8refined elaboration of the
book concepts was given. The paper introduces the latealfed®\Virzburg structurevhich is the set
of all low-dimensional faces of a polyhedron. Each such face is stored in form obdallpyramid.
Thus, the data structure is essentially a collection ofqmjaa. Each pyramid is realized by a selective
arrangement of hyperplanes. This representation of pglaisnot leanin low dimensions and can
be improved. Moreover, no incidence relation is coded ihtodollection. The intersection operation
of two polyhedra is defined on top of this structure and is éasetwo techniques: recursion in di-
mension and superposition of two local pyramids. Neithecemor runtime bounds are given for the
algorithmic description which apart from that is clearlyustured. The paper solves some subprob-
lems by introducing a symbolic parameter to obtain a synohoperplane at infinity. However the
transfer from the affine to the symbolic objects is part ofdlgorithmic flow and not encapsulated
into a geometric kernel as we proceed in the report [SMO0O].

H. Bieri's introduction [Bie95] was a step to market Nef podgra to a wider audience. It
provides a summary of the book and introduces all notions nimoge tutorial-style picture. It also
describes a small test system realizing binary set and sitopblogical operations written in PAS-
CAL based on the so-callegktended \irzburg structure The predicate “extended” stems from the

2The calculation of closure, interior, or complement is msichpler due to the fact that the faces of the input polyhedron
are part of the faces of the output polyhedron in these cases.
3not full-dimensional
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addition of incidence links to the Wiirzburg structtre

The article [Bie94] describes the realization of simpledlogical and set operations on top of the
Wirzburg structure. It has an introductory part and anrétlymic part. The key operation of interest,
the intersection of two Nef polyhedra, is defined in pseuddecim a dimension recursive manner
(up to dimension three but a possible generalization todriglimensions is sketched). The main
phase of the operation is based on a spatial sweep approatifetpresentation is rather condensed,
mainly mathematical, and lacks runtime and space bound$actnthe described procedure up to
dimension two is quadratic and we will improve this boundhe pptimal plane sweep bound (of
segment intersection).

A follow up to the previous publication is the article [Big%Bat mainly closes open details of
algorithmic considerations of the previous articles. l@mimpact is the introduction of theduced
Wurzburg structure H. Bieri shows that it suffices to store the pyramid$ faces that are minimal
elements of the incidence relation (a partial order definadclosure relation). As a consequence
this reduces the space requirements of the pyramid caltebitit requires additional algorithmic pro-
cessing when collecting all faces. The proposition hasangtimpact on the representation of Nef
polyhedra when we consider dimension three or higher. loesplae above result implies that the
pyramids of all vertices suffice to completely describe apaot polyhedron.

The paper [Bie98] embeds Nef polyhedra in the field of solidlelimg by offering conversion
routines between previously defined data structures formpdbfhedra: the reduced Wirzburg struc-
ture, selective cellular complexes based on hyperplaia@gements, CSG-trees based on half-spaces,
and binary space partitions. Again there are no time ancedpaiends.

J.R. Rossignac and M.A. O’'Connor [RO90] have introdu&sdective Geometric Complexes
(SGC). An SGC consists of a cellular complex (the topoldgitaucture) and the corresponding ge-
ometric support spaces. Geometrically SGCs are prettyrgerihey useeal algebraic varietiesas
the geometric elements that support cells. Such varietindbe decomposed into finite sets of con-
nected smooth manifolds (so-calledtenty. An SGC is therefore a collection of mutually disjoint
cells such that (1) each cell is a relatively open subset efxéent, (2) for each cell of the complex its
boundary (a set of cells) is also part of the complex, andd8heell has a Boolean selection flag. The
dimension of a cell is determined by the dimension of its ulyitey extent. The point set modeled by
such a complex is the union of all selected cells.

One important concept is the incidence relation on cells.SGCs it is defined in terms of a
boundaryand astar relation stemming from the corresponding concepts of saigblcomplexes.
Moreover due to the possibly curved geometry of extents titiem of neighborhoodorientation) is
introduced to disambiguate degenerate boundary conslition

The description of SGCsis still abstract and leaves roomefiimement concerning the realization
of the necessary data structure conceptéie paper presents the central ideas and abstract definitio
of SGCs and its notions. It sketches binary operations basdtle data type separated into phases.
(We use this approach later in our implementation). On therdtand the paper omits many concrete
considerations of the algorithmic subtasks (boundaryuet@ins, merging complexes, etc.) including
runtime and space complexity. The problem of unboundedtstres is not an issue.

How do SGCs relate to Nef polyhedra? The support spaces gidlgiedra are flats. Therefore,
varieties and extents are no separate concepts. Many géoarabiguities do not occur. The theory
of Nef polyhedra as described by Nef and Bieri varies in thg in@av the exterior of Nef polyhedra

“However, the extension is only based on an untyped list.
5Pyramids represent faces.
6A promised follow-up paper never appeared.
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is modeled. In their later papers the exterior isam-properface and thereby the ambient space is
completely partitioned. With SGCs the exterior is no cele Want to stress the following similarity.
Assume we realize SGCs geometrically restricted to flatenTthe simplification algorithm as part
of the algorithmic description of the binary operations @C3 produces cells that are the connected
components of proper Nef faces.

K. Dobrindt, K. Mehlhorn, and M. Yvinec [DMY93] describe affieient algorithm for the inter-
section of a convex polyhedron and a Nef polyhedron in tiieeensional space. The presentation
uses docal graphdata structure modeling the local view that we introducewelThe local graph
data structure is used as a vehicle to project the three dioread topological neighborhood (the local
pyramid) that defines Nef facets into the surface of a sphemieced at a point of interest. Their idea
greatly simplifies the representation of local pyramidshireé dimensions and allows a space effi-
cient representation thereof (linear as opposed to thelpesgiadratic space of the original proposed
arrangements). The corresponding algorithm was not imgheead.

K. Mehlhorn and S. Naeher have introduced the notion of plgeaeralizedpolygons and im-
plemented them in LEDA [MN99, Section 10.8]. A generalizaddygon is a point set bounded by
possibly several (weakly) simple polygonal chains. Thigotogical restriction implies that general-
ized polygons are the same as regularized compact Nef mrighe

V. Ferrucci [Fer95] presented two implementation effodgdalize a data type modeling Nef
polyhedra. His first approach is based on selective singbladmplexes and restricts the model to
bounded Nef polyhedra. All simplices are rectilinearly embed into the affine subspace spanned
by their vertices and represent relatively open convex gdtsimplices (including subsimplices) of
the complex are selectable by a Boolean flag. The point setabf & simplicial complex is the union
of the embeddings of the selected simplices. In this apprddaf faces are only present implicitly
as a union of simplices. The simplicial complex is thus a oomfng simplicial subdivision of the
bounded Nef polyhedron. In the second part of the paper €&rpuoves that binary space partitions
can be used to realize general Nef polyhedra. Both reps@mt do not provide runtime or space
qualification.

Several algorithmic descriptions from the above list gitesume general position of their inputs
to avoid degeneracies or even require what is called regquknsection. In some cases, the generally
present robustness problems are tackled by transfornsatibthe underlying coordinate system to
avoid degenerate inputs and minimize robustness problérhs. possibility of that approach was
presented in [NS90].

Our approach differs from the previous work in several aspéd/e elaborate on the planar case
which is of course easier than the higher-dimensional caskaves room for optimization via spe-
cialization. We solve the problem of degeneracy and rolegstn\We use standard data structures of
our field to represent Nef polyhedra. We generalize an opéithplane sweep framework that can
handle all degenerate cases for the binary operations aptthe optimal time and space bounds.
One of our main contributions is the introduction of an egexh geometric kernel that encapsulates
the necessary geometric predicates to run the operatiotie afata type. In the report [SM00] we
show the implementation of the kernel in two flavors, one Widcsimple to implement and one which
is tuned by filter methods and is both robust and fast.

Quite some effort is put into the user interface of the sofewaOur data type offers the user
to get her hand on faces by handles and explore the incideihaa object within the geometric
structure. Our data type is based on a space efficient implexti@n of plane maps. It incorporates
an intuitive exploration interface and allows further iatition of the objects. Our data type could be
considered a flavor of the extended Wurzburg structure evher shift the incidence into the center
of our attention. Faces are not represented by their pysaind the pyramids can be infered from
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the incidence relation and the extent of any face can be mgbloia incident lower-dimensional
faces at a cost linear in its size. It is our conviction that ¢iginal Wirzburg design is reasonable
in higher-dimensions but means a loss of strength in theaplaase. We also add functionality.
Exploration of a geometric complex needs point location @ydshooting operations to link a user’s
geometric question into the geometric complex and its grde. Finally our approach unifies the
handling of special cases. By the introduction of infimaxifn@mes (technical report [SMO0O0]) and
their integration into the geometric complex we enclosegdemetric complex into a symbolic box.
Exploration and maintainance of the structures become reasker and more homogeneous as the
faces of minimal dimension are always vertices. The latbarihteresting consequences as Bieri has
shown that the local pyramids of minimal faces describe thighedron completely.

In this project we realize a data typef polyhedron2. We present a software project clearly sep-
arated into different modules responsible for the diffeespects of its realization. We will start with
the theory, derive an abstract representation, map it tdoatnegct data type and add the algorithmic
components.

In Section 1.4 we present the abstract knowledge about Nglfig@dra and introduce the notions
that we use. Afterwards, in Section 1.5 we present the nagessftware components of our design.
We introduce the geometric and topological modules and thtraction. Then, in Section 1.6 we
present the concrete software design of our main interfate type and describe the interaction of
different modules to implement the geometric methods of tlzaa type. To fill the details of the
representation we append the three additional implenientptojects: the extended geometry in the
Chapters 7 and 8, the binary operations in Chapter 3, andbihelpcation in Chapter 5.

1.4 The Theory

We start with the formal definition of Nef polyhedra.

Definition 1 (Nef Polyhedra [Nef78]): A setP C R" is aNef polyhedrorif P is the result of a recur-
sive application of set intersection and set complementirsgafrom open half-spaces.

This definition supports the claim that they are the most ggrilamework to handle polyhedral
sets. As set union, set difference, and symmetric set diffaxr can be reduced to intersection and
complement all these set operations are closed in the model.

H. Bieri later gave alternative definitions for Nef polyhadmd proved their equivalence.

Fact 1 (Bieri [Bie95]): The original definition is equivalent to any of the followiognditions

1. P corresponds to the root of a CSG-tree with closed half-spasdeaf primitives and intersec-
tion, union and difference as internal nodes.

2. There exist two finite familieB = {fy,..., fo} andG = {gs,... ,gm} of relatively open subsets
of R" such thaP = |J; fi andepl P = |; g;-

3. There exists a set of hyperplandssuch thatP is the union of some cells of the arrangement
A(H).

(1) gives a link to constructive solid geometry. (2) linksflgelyhedra to cellular complexes and
(3) to hyperplane arrangements. When studying the origivedry actually the third equivalence is
the key observation. Many propositions about the poinPstn be reduced to an examination of the
minimal building blocks of the polyhedron: the cells of threamgement built by the hyperplanes that
define the polyhedron.

The elegance of the definition is carried forward to the motbfaces.
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Definition 2 (Local pyramids and Faces): Let K C R",x € R". We callK a cone with apex0 if
K = R*K and cone with apex if K = x+ R* (K —x). A cone which is also a polyhedron is called a
pyramid

Now letP C R" be a polyhedron ande R". There is a neighborhoddy(x) such that the pyramid
Q:=x+R"((PNU(X)) —x) is the same for all neighborhootlsx) C Up(x). Q is called thelocal
pyramidof P in x and denotedP*.

A face sof P is then a maximal non-empty subset®¥ such that all of its points have the same
local pyramidQ, i.e.,s= {x € R" : P*=Q}. In this cas&Q is also denoted®. The dimensions of a
face is the dimension of its affine hulin (S) := dim (affs).

. |®
i
L)

/\

Figure 1.2:The polyhedrorP consists of the colored face, the triangle boundary and éntical segment
below the triangle. Some local viewsBfare: (A) the full plane, (B) the empty set, (C) a radial cakeeiftors,
(D) a half-space including its boundary.

Note that this notion of a face partitiof®' into faces of different dimension. Faces as defined
by Nef do not have to be connected. There are only two fulletisional faces possible whose local
pyramids are the space itself or the empty set. All loweratigional faces form theoundaryof the
polyhedron. As usual we call zero-dimensional facegicesand one-dimensional facesiges In
the plane we call the full-dimensional fac2gacesor justfaceswhen the meaning is clear from the
context.

Definition 3 (Incidence): Two facess andt (in their general sense) aicidentif s C clost.

We will treat incidence as a bidirectional relation. We sagts is downward-incidento t and
conversely that is upward-incidento s.

We now list some facts about faces. The proofs for these ¢actbe found in Nef's book [Nef78].
We append the chapter and theorem numbers separated bycakemAll faces of a polyhedron are
polyhedra [6;1.1]. Faces are relatively open sets [6;2¢ lirtear subspace of all apices of the pyramid
associated with a face is the affine hull of the face [6;2F P* iff x € P [3;7]. Letsbe a face of
the polyhedrorP and lett be a face ok. Then,t is the union of some faces &f [6;12]. A face
of P is either a subset d? or disjoint fromP [6;4]. For two facess andt of P eithers C clos (t) or
SNlos (t) = 0[6;9,10].

Remember that Nef edges and Nef 2-faces are not necessamiected. Note also that some
connected components of edges are not necessarily bougdgeddntex. How do the local pyramids
of any pointx in the plane look like? We can represent them by the inteémectf a small enough
neighborhood disc centeredawith its pyramidP*. The disc is partitioned into sectors by radial
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segments. We assign a mark to the center, to any radial s¢gamehto the sectors in between the
radial segments such that the corresponding point set isatidfrit belongs to the local pyramid af
We also call such a disc together with its markslteal viewof x (cf. Figure 1.2).

Lemma 1.4.1: The local view of a poink has the following properties:
1. the mark of any radial segment is different from one of the $ectors incident to it.

2. xis contained in a 2-face & iff the local view is a disc that contains no radial segment$ia
marked as the center.

3. xis contained in an edge &fiff the local view contains exactly two radial segments thia
part of a line through the center; the center and the two rad@ments are marked equally but
their common mark is different from at least one sector ofdise.

4. xis a vertex ofP iff the mark of the center is different from at least one rhdigment or one
sector of the disc and the local view is not that of item 3.

Proof. (1) follows from the fact that radial segments are part oftibandary of an open or closed
half-plane and a point on this boundary has the local viewhaft half-plane. (2) refers to the two
trivial pyramids: the empty set and the full plane. (3) falbofrom the fact that edges are part of the
boundary of open and closed half-spaces. (4) if all markeaual therx would have a totally marked
or non-marked disk neighborhood. But that's the neighbodhaf a 2-face. O

To determine the local view of a poimtwith respect to a polyhedroR is called toqualify x with
respect td.

1.5 The Data Structure

We want to store Nef polyhedra in an intuitive way and wantge generally known data structures.
Faces should be objects whose extent and topological raighbdd (incidence) can be explored.
We revert the role of pyramids and incidence of the extendédz¥lirg structure. In our approach
incidence is the key concept, pyramids can be derived from it

Starting from the last item of Fact 1 we have to model (partgroarrangement of lines in the
plane. Moreover we want to model the Nef faces includingrtimeidences. 2-faces of a polyhedron
are in general two dimensional sets of points bounded bynshafi segments that do not have to be
simple, can be circularly closed, or open. The latter happdren 2-faces extend to infinity. Then the
chain of segments has rays as its first and last element. Aesimp bounding a 2-face can be seen
as two oppositely oriented rays starting in the same point.

Therefore, concerning the geometry of edges we need to retrdé@jht line objects like segments,
rays and lines, which are the result of intersection opamatof half-spaces. To simplify the treatment
of unbounded structures we use the concept of extendedspaat infimaximal frames which we
have formally introduce in the report [SMO0O] and which basilthe geometric layer of our design.
Consider an axis-parallel squared box centered at thenorigny ray is pruned by this box in a so-
called non-standard point (corresponding to the ray-fifile assignment of ray-tips to box segments
becomes topologically constant when we grow the framing ddmove a certain size. The frame is
called infimaximal because it is always large enough to esechll concrete geometric objects like
points and segments in its interior that appear in the ei@twf our algorithms. Extended points
are defined to be standard points and the non-standard poimessponding to ray-tips. They allow
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us to represent segments, rays and lines by a pair of sucts@wid we get rid of the infinite extent
of the unbounded structures. Adding such a frame to boungltme, all unbounded faces become
symbolically bounded structures, their boundary beconmmsglc structure.

To realize Nef faces including their incidence relationsnged a cellular subdivision of the plane.
We use a plane map data type (bidirected, embedded graphs)in@idence relations between the
objects of a plane map (vertices, edges, and faces) refle¢opivlogy of the local pyramids of the
planar Nef polyhedron. Most newer textbook recommend tleeafisloubly connected edge lists
(DCEL) or equivalently half edge data structures (HDS) [B3BvKOS97] when they discuss the
implementation of plane maps. There are already standgotéimentations oplane mapdike the
CGAL HDS or embedded bidirected graphs in LEDA (similar da¥i We use an extended version
of the CGAL HDS structure as the topological bottom layer of Nef polyhedra. See the paper of
L. Kettner [Ket99] for an excellent review of different plumap representation and for the descrip-
tion of the adaptability of the CGAL HDS. To be more flexible wsert a decorator interface that
homogeneously defines the functionality offered by the HG&ometrically we embed the vertices
by means of extended points. Segments, rays, and lines doenolly treated by the straight line
embedding of edges incident to such vertices. We additprald one face cycle of edges whose
embedding corresponds to an infimaximal frame:

Construction 1: Consider a Nef polyhedroR and the connected components of the faces of di-
mension zero to two. Assign plane map objects of correspgndimension to each component and
match the Nef incidence concept with the plane map incideooeept where possible. All objects
corresponding to unbounded connected components of NeBedygl unbounded components of Nef
2-faces have incomplete incidence structures: edges misgegtices and faces miss closed face cy-
cles. To cure this, we add an infimaximal frame consistingoof uedges and four corner vertices.
For all plane map edgesthat correspond to a Nef edge component extending to infahityg a ray

r we do the following: ifr is pruned by one of the corner vertices on the frame struditukee to that
vertex; otherwisee obtains an additional terminating vertex in the relativieiiior of a uedge® that

is part of the infimaximal frame whereis meets the frameg is split into two uedges by this vertex
insertion. (For Nef edges that represent lines we do thistht &nds). After all such edges are linked
to the frame (respecting the embedding such that the adjpdit are order-preserving), all plane
map faces corresponding to an unbounded component of a tdehfa cyclically bounded and their
incidences structure can be completed. We call all edgesextides that are part of the frame and the
face outside of the frame that completes the subdivisionbaaatorially infimaximal frame objects

To mark set membership, all objects of the plane mayselectable All objects (vertices, edges,
faces) obtain a marker labeling set inclusion or exclusibhe markers allow us to obtain the local
pyramids associated to the plane map objects. The localofi@wertex is defined by its own marker,
the markers of the edges in its adjacency list and markerseofaces in between these edges repre-
senting the neighborhood disc as explained above. The Vomalof an edge is defined by its mark
and the two marks of its two incident faces. Finally the mdrk éace maps to the trivial local view:
the whole plane or the empty set depending on its selectignTllae selection markers of infimaximal
frame objects have no geometric meaning and therefore tijsets are always kept unselected.

As plane maps are implemented by bidirected graphs thedncarelation between edges and
faces is encoded in an oriented fashion. Unoriented edgesrglemented as pairs of oppositely
directed halfedges where each such halfedge is incidemxaiilg one face.

Definition 4 (Data type): A Nef polyhedronP is stored as a selective plane m&pE, F) according
to Construction 1. The objects of the plane map (verticegegdand faces) correspond to the con-
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nected components of the Nef faces of corresponding dimerssid additionally to the infimaximal
frame objects.

Each vertexv € V is embedded via an extended poptint(v). Each objecb e VUEUF is
contained irP iff the selection marknark(o) ==true.

The feasibility of this definition can be seen as follows.efptetP as a set valued functiog
on (open) half-spaceld,, ... ,H; that are combined by the operationsandcpl. Let h; be the line
bounding the half-spadd;. Now consider the arrangement build by the lidgg; enclosed in a large
enough frame. Interpret the arrangemafi;, ..., h,) inside the frame as a collection of relatively
open convex cells of dimension 0 to 2. Consider any@efiny point ofcis either ing(Hy, ... ,H;) or
not. Mark all cells correspondingly. It should be clear tAgt, ..., h;) can be represented by a plane
map as described above. Now start a simplification procemssi@er all edges (besides the ones on
the frame box). Ife and the two faces incident to it have the same mark removedtye @nd unify
the faces (if not equal). Afterwards we iterate over allieert and check if any vertex incident to two
edges that are supported by the same line has the same leeahsithe points in the relative interior
of the two incident edges. If this is the case, we unify the édges and remove the vertex. Finally,
we remove all vertices that are isolated and whose seleptamk equals the one of the surrounding
face. The final complex is just the data type described. Whersimplification iteration terminates
all points on vertices and edges have a local view that mdiesa tow-dimensional faces of the Nef
polyhedron.

The above algorithm is callesimplificationand is described in more detail when considering
binary operations. There, we also give a runtime bound. Mwethe local view properties of the
vertices, edges, and faces of the plane map after the sicapiifin process are a necessary condition
of Definition 4.

Lemma 1.5.1: The representation of Definition 4 is unique.

Proof. Assume that there are two different plane mei¥, E, F) andM’(V',E’,F') representing the
same Nef polyhedroP. If P is the complete plane or the empty set then the plane mapstohs
just one face inside the frame box aRdandF’ and their selection markers have to be equal. So
assume otherwise. Then neitlienor cpl P are empty. The boundary &andcpl P consists of vertices
and edges. Assume thst andM’ have a vertex at a point but the local views differ. Then, the
represented point sets bf andM’ differ and thusP cannot be represented by both. If there is a point
x whereM has a vertex but M’ has not then obviously the local views are different too. eNibiat
edges are terminated by vertices, and thus edges that Eréin not inM’ already imply differences

in the local view of their end vertices. The same holds whenetiges are equal but the selection
markers are not. Finally, note that due to the fact that tekeleton ofM andM’ is equal, so are the
faces (they are defined that way). Different selection nrarke faces imply different local views in
the vertices that are part of their closure. As a consequehardM’ have to be equal. O

Selective plane maps are the basic structure used to stdrpdidedra. Remember that the
edges and faces of a plane map are the connected componehts Méf edges and Nef 2-faces.
For performance reasons we do not maintain the relatiorisbipveen plane map objects and the
corresponding abstract Nef faces which are defined as tiohscof the plane map objects with the
same implicitly stored local pyramids. Thezeof a Nef polyhedron is the size of its underlying plane
map (which is the number of vertices, edges, and faces).

For the binary operations we follow an approach as presdyté&tbssignac et al. [RO90]. In our
case the approach is based on a generic plane sweep frameéwirkary operation is basically split
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into three phases: subdivision — selection — simplificatidhe implementation is presented in the
modulePM overlayer An unary (topological) operation can be subdivided into phases: selection
— simplification.

We shortly present the abstract algorithmic ideas and thignnes.

subdivision means for two plane mag3(i = 0,1) to create a plane map with a minimal number
of objects (vertices, edges, faces) such that each objéttso$upported by exactly one object
of B fori = 0,1. The subdivision is realized by a plane sweep of the objidfse 1-skeleta of
P, followed by face creation and support determination. Theetis dominated by the time for
the sweep phase which@(nlogn) wheren is the size of the resulting subdivision.

selection with respect to the binary set operations means selectimgdlis of the subdivision ac-
cording to the logic of the underlying Boolean operationtiWespect to unary topological set
operations selection happens according to the logic ofdheldgical unary operation. Selec-
tion is in both cases linear m

simplification means unification of subsets of cells that have the sameV@mal This phase has a
quasi linear runtime due to the usage of a union-find datatsire. Runtime i€O(na(kn,n))’
for some small constarht

Theorem 1.5.1: The result of a binary set operation (intersection, unidffiernce, symmetric dif-

ference) of two Nef polyhedrB, andP; can be calculated in tim@(nlogn) where n is the size of the
overlay of Py andP;. The result of an unary set operation (complement, boundtzgrior, closure,

regularization) can be constructed in tif®éna(kn,n)) wheren is the size of the input structure.

The correctness and time bounds of our binary operationsaeed on three parts:

e The Sections 1.6.3 and 1.6.4 show the high-level compasitiainary and binary set operations
decomposed into phases.

e Chapter 3 provides the algorithmic modules for the subidimisselection, and simplification
phase. The correctness and resource argumentation iy fnaséd on affine concepts and
therefore our readers can trust their standard geomettiitiom when verifying the correctness
of those modules.

e The report [SMO0O0] on the other hand shows that infimaximai&a allow us to use these
algorithmic modules together with our extended objects.

The latter two observations together imply the correctoéfize above theorem. The runtime lemmata
of Chapter 3 imply the time bounds.

Now for our additional functionality like point location drray shooting queries we need more
than just the naked plane map structure described aboveirigoat the literature for ray shooting
there is the notion of segment walks which can be done easieshvex subdivisions of the plane of
bounded complexity [MMS94]. Our goal is to refine the basi&ngl map by such a structure. Note
that this structure implies again faces, edges, and vertime of a much simpler fashion. However we
do not want to lose the original character of the plane mapmigt still be interested in the original
face cycles. We store the refinement separate from the plape @ne solution to the segment walk

“a(kn,n) is the extremly slow growing inverse of the Ackermann fumetiised in the analysis of union-find data struc-
tures.
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problem is to use a constrained Delaunay triangulation@gtttges and vertices of the HDS, and use
any efficient point location structure for the location of thay shooting start point. Our approach is
presented in Section 5.1.2.

1.6 Top Level Implementation

U

| RPolynomial ""T | RT = Euclidean ring concept B|
T U
| Extended_homogeneous™ " TF----------------.
1
1
{ GEOM — I
| Nef_polyhedron_2 | ¥
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Figure 1.3: An UML diagram of the Nef polyhedron module. The main moduégs the geometry
ExtendechomogenousRT>, the plane map decorat®*M decoratokHDS>, the two algorithmic modules
PM.overlayek PMDEC, GEOM> andPM pointlocatokPMDEC GEOM>.

The whole implementation scheme is depicted in Figure 1h&. fain classes map to the abstract
layers described above: geometry, plane maps, binaryayenhd point location.

1.6.1 The Polyhedron Class

(nef polyhedron definitior=
template <typename T> class Nef_polyhedron_2;
template <typename T> class Nef_polyhedron_2_rep;

template <typename T>
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std::ostream& operator<<(std::ostream&, const Nef_polyhedron_2<T>&);
template <typename T>
std::istream& operator>>(std::istream&, Nef_polyhedron_2<T>&);

Our data typeNef polyhedron2<T> is implemented as a smart pointer data type. Content
such as a plane map object and a pointer to an optional podatidm object is stored in the
class Nefpolyhedron2rep<T>. The traits template parametdr is specified by the concept
ExtendedKernelTraitg as presented on page 328.

["A " Ref_counted

H ’Lﬁ' R
te--- Nef_polyhedron_2_rep ™"

Figure 1.4:The smart pointer realization of data tylNef polyhedror2.

Within the scope oNef polyhedron2 rep<T> all auxiliary classes are instantiated. The plane map
type is based on the CGAL HDS and uses two traits clasEStraits andHDSitems The former
carries attributes the latter carries the (fixed) modelvéotices, edges, and faces.

(nef rep types=
struct HDS_traits {
typedef typename T::Point_2 Point;

typedef bool Mark;
¥
typedef CGAL_HALFEDGEDS_DEFAULT<HDS_traits,HDS_items> Plane_map;
typedef CGAL::PM_const_decorator<Plane_map> Const_decorator;
typedef CGAL::PM_decorator<Plane_map> Decorator;
typedef CGAL::PM_naive_point_locator<Decorator,T> Slocator;
typedef CGAL::PM_point_locator<Decorator,T> Locator;
typedef CGAL::PM_overlayer<Decorator,T> Overlayer;

For Microsoft we use a hardwired Halfedge data structureiafhg adapted to its weaknesses.

(nef rep types mée
struct HDS_traits {
typedef typename T::Point_2 Point;

typedef bool Mark;
¥
typedef CGAL::HalfedgeDS_default_MSC<HDS_traits> Plane_map;
typedef CGAL::PM_const_decorator<Plane_map> Const_decorator;
typedef CGAL::PM_decorator<Plane_map> Decorator;
typedef CGAL::PM_naive_point_locator<Decorator,T> Slocator;
typedef CGAL::PM_point_locator<Decorator,T> Locator;
typedef CGAL::PM_overlayer<Decorator,T> Overlayer;

(nef polyhedron definition-=
template <typename T>
class Nef_polyhedron_2_rep : public Ref_counted
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{ typedef Nef_polyhedron_2_rep<T> Self;
friend class Nef_polyhedron_2<T>;
#ifndef CGAL_SIMPLE_HDS
(nef rep types
#else
(nef rep types méc
#endif
//typedef CGAL::PM_transformer<Decorator,T> Transformer;
Plane_map pm_; Locator* pl_;
void init_locator()
{if ( 'pl_ ) pl_ = new Locator(pm_); }
void clear_locator ()
{ if ( pl_ ) delete pl_; pl_=0; }
public:
Nef_polyhedron_2_rep() : Ref_counted(), pm_(), pl_(0) {}
Nef_polyhedron_2_rep(const Self& R) : Ref_counted(), pm_(), pl_(0) {}
“Nef_polyhedron_2_rep() { pm_.clear(); clear_locator(); }
I

The clasNef polyhedron2<T> has a static member objeeK of type T which allows us to interface
a kernel object.

(nef polyhedron definitioR-=

template <typename T>
class Nef_polyhedron_2 : public Handle_for< Nef_polyhedron_2_rep<T> >

{

public:

typedef T Extended_kernel;

static T EK; // static extended kernel

(nef interface typées
protected:

(nef protected members
public:

(nef interface operations

}; // end of Nef_polyhedron_2

template <typename T>
T Nef_polyhedron_2<T>::EK;

In the clasdNef polyhedron2<T > all geometric types are obtained from the geometric trddéssc
T. T contains affine types that are part of the interface but dlsoektended types that are used
in the infimaximal framework. Thé&tandardprefixed types from withinl become the interface
types ofNef polyhedron2<T>. The non-prefixe?itypes withinT become the extended types within
Nef polyhedron2<T>.

8T is used as a traits class in our generic geometry based soliké PM overlayex T>. Therefore, the extended types
conform to a simpler naming scheme witfiin
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(nef interface typéss
typedef Nef_polyhedron_2<T> Self;
typedef Handle_for< Nef_polyhedron_2_rep<T> > Base;
typedef typename T::Point_2  Extended_point;
typedef typename T::Segment_2 Extended_segment;

T
typedef typename T::Standard_line_2 Line;

typedef typename T::Standard_point_2 Point;

typedef typename T::Standard_direction_2 Direction;

typedef typename T::Standard_aff_transformation_2 Aff_transformation;

(nefinterface types-=
typedef bool Mark;

enum Boundary { EXCLUDED=0, INCLUDED=1 };
enum Content { EMPTY=0, COMPLETE=1 };

We import the typePlanemap and all decorator types lik®ecorator, Overlayer, Locator,
Slocator from the representation typeef polyhedron2rep. Additionally, we import handles and
iterators fromDecorator.

(nef protected membees
(boolean classes

typedef Nef_polyhedron_2_rep<T> Nef_rep;

typedef typename Nef_rep::Plane_map Plane_map;
typedef typename Nef_rep::Decorator Decorator;
typedef typename Nef_rep::Const_decorator Const_decorator;
typedef typename Nef_rep::0verlayer Overlayer;
//typedef typename Nef_rep::T Transformer;
typedef typename Nef_rep::Slocator Slocator;
typedef typename Nef_rep::Locator Locator;

Plane_map& pm() { return ptr->pm_; }

const Plane_map& pm() const { return ptr->pm_; }

friend std::ostream& operator<< CGAL_NULL_TMPL_ARGS
(std::ostream& os, const Nef_polyhedron_2<T>& NP);

friend std::istream& operator>> CGAL_NULL_TMPL_ARGS
(std::istream& is, Nef_polyhedron_2<T>& NP);

typedef typename Decorator::Vertex_handle Vertex_handle;
typedef typename Decorator::Halfedge_handle Halfedge_handle;
typedef typename Decorator::Face_handle Face_handle;

typedef typename Decorator::Vertex_const_handle Vertex_const_handle;
typedef typename Decorator::Halfedge_const_handle Halfedge_const_handle;

typedef typename Decorator::Face_const_handle Face_const_handle;
typedef typename Decorator::Vertex_iterator Vertex_iterator;
typedef typename Decorator::Halfedge_iterator Halfedge_iterator;
typedef typename Decorator::Face_iterator Face_iterator;

typedef typename Const_decorator::Vertex_const_iterator
Vertex_const_iterator;
typedef typename Const_decorator::Halfedge_const_iterator
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Halfedge_const_iterator;
typedef typename Const_decorator::Face_const_iterator
Face_const_iterator;
struct Except_frame_box_edges {
Decorator D_; Face_handle f_;
Except_frame_box_edges (Plane_map& P) : D_(P), f_(D_.faces_begin()) {}
bool operator() (Halfedge_handle e) const
{ return D_.face(e)==f_ || D_.face(D_.twin(e))==f_; }
};

1.6.2 Creating Polyhedra

We provide the construction methods for basic polyhedrasé&hare the empty set, the whole plane,
open and closed half-planes, and construction of simphggpolal chains (Jordan Curves) where the
modeled point set can be the bounded or unbounded part fguldine and the set can be open or
closed.

Figure 1.5:Elementary Nef polyhedra: (A) the empty set, (B) the whosmgl, (C/D) a closed/open half-plane,
(E/F) a closed/open bounded polygon, (G/H) the plane witlosed/open polygonal hole.

The construction of simple Nef polyhedra is reduced to therlay of a list of extended segments,
the creation of the 2-faces, followed by setting the attebmarks that code set inclusion. The first
task is implemented in our overlayer mod&#kLoverlayek> ::creates, e, DA) whereS = tuplefs, e)
is the set of segments abil\ is a data accessor that allows us to link plane map edges setiments
inS.

Finally, we only have to take care of the correct marks of e map objects with respect to
the construction information from our constructor intedaNote that by using the overlayer module
we obtain all output properties of the plane map created ftmhmodule.

All Nef polyhedra obtain an infimaximal frame embedded by fextended segments. We encap-
sulate this into the following operation. See the extendsohtetry module for the definition of this
frame.
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(nef protected members=

typedef std::list<Extended_segment> ES_list;

typedef typename ES_list::const_iterator ES_iterator;

void fill_with_frame_segs(ES_list& L) const

{ L.push_back(Extended_segment (EK.SW() ,EK.NW()));
L.push_back (Extended_segment (EK.SW() ,EK.SE()));
L.push_back (Extended_segment (EK.NW() ,EK.NE()));
L.push_back(Extended_segment (EK.SE() ,EK.NE()));

We want to establish a link between a particular extendetheagand its corresponding edge in the
plane map. Our overlay module allows us to get a grip on thiiom by means of a data accessor
that is passed to the overlay algorithm. The class taiterator is a model for that data acces-
sor concept. An objedD of this type can store an iterator referencing a segmentseda® the
PM.overlayek>::creatd..) method it stores the corresponding edge after the execueathy as its
memberD._e. Link taiterator also initializes all marks of the newly created skeletoreots.

We show more details. We allow also degenerate segmentssitieiate a halfedge or vertex to
an input segmerg = it referenced by an iteratdt. If the segmensis trivial it will be associated
to a vertex, else it is associated to a halfedge. The datssmcaitializes the marks of the newly
created skeleton objects o (defined in the construction). For the concept of the datessmr see
the manual page d?M.overlayek> ::create...).

(nef protected members=
struct Link_to_iterator {
const Decorator& D;
Halfedge_handle _e;
Vertex_handle _V;
ES_iterator _it;
Mark _m;
Link_to_iterator(const Decorator& d, ES_iterator it, Mark m)

D(d), _eO, _vO, _it(it), _m(m) {}
void supporting_segment(Halfedge_handle e, ES_iterator it)

{ if ( it == _it ) _e = e; D.mark(e) = _m; }
void trivial_segment (Vertex_handle v, ES_iterator it)
{if ( it == _it ) _v = v; D.mark(v) = _m; }

void starting_segment(Vertex_handle v, ES_iterator)
{ D.mark(v) = _m; }

void passing_segment (Vertex_handle v, ES_iterator)
{ D.mark(v) = _m; }

void ending_segment (Vertex_handle v, ES_iterator)

{ D.mark(v) = _m; }

};

We add the box edges tq overlay them and set the second face (inside the frame bdkgplane
mark. We know from the output properties OFerlayerthat the first face object is always the one
surrounding the frame.



1.6 Top Level Implementation 24

(nef interface operationss
Nef_polyhedron_2(Content plane = EMPTY) : Base(Nef_rep())
{
ES_list L;
£i1l_with_frame_segs(L);
Overlayer D(pm());
Link_to_iterator I(D, --L.end(), false);
D.create(L.begin(),L.end(),I);
D.mark (++D.faces_begin()) = bool(plane);

We come to the construction of a half-plane. A user describe®pen or closed half-plane by
an oriented lind. To create a plane map representing it we overlay a frame hsxgn extended
segment splitting the box into two faces aldngThe overlayer modul®M.overlayek>:: creats...)
creates the plane map (including faces) out of the list ofrekéd segments passed to it where no
object is selected (concerning membership). The data smddsk taiterator | obtains the edge._e
of pm( ) corresponding te-—L.end ) (the iterator pointing to the extended segment which isitte) |
during thecreatephase. We can use that edge to mark its adjacent face andgbedtself according
to theline flag.

(nef interface operations-=

Nef_polyhedron_2(const Line& 1, Boundary line = INCLUDED) : Base(Nef_rep())
{
ES_list L;
£i1l_with_frame_segs(L);
Extended_point epl = EK.construct_opposite_point(1);
Extended_point ep2 = EK.construct_point(1);
L.push_back (EK.construct_segment (epl,ep2));
Overlayer D(pm());
Link_to_iterator I(D, --L.end(), false);
D.create(L.begin(),L.end(),I);
Halfedge_handle el = I._e;
if ( D.point(D.target(el)) != EK.target(L.back()) )
el = D.twin(el);
D.mark(D.face(el)) = true;
D.mark(el) = bool(line);

The construction of a simple polygon defined by an iteratogesof standard affine points (the value
type of Forward.iterator is Point) follows the same idea, however we also accept degenerygons.

The iterator range of points can confront us with the follmgvicases: (1) the list is empty, (2)
the list has only one point, (3) the list contains at least peimts spanning line segments where the
following cases and problems can occur: (a) the segmerdésjHave) affine dimension 1 (the hull is
a segment). (b) the segments enclose a simple polygon. gcetiments enclose no simple polygon
(touching or intersecting inside). We cover one point, tvainfs spanning a segment angoints
spanning a simple polygon (which we do not check). The canttm of the plane map still succeeds
whenP is not simple as the overlayer module just constructs theaplaubdivision implied by the
segments in the iterator range. However, the face marksngieneral be incorrect.
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(nef interface operations-=

template <class Forward_iterator>
Nef_polyhedron_2(Forward_iterator it, Forward_iterator end,

Boundary b = INCLUDED) : Base(Nef_rep())
{

ES_list L;

fill_with_frame_segs(L);

bool empty = false;

if (it != end)

(fill segment list L

else empty = true;

Overlayer D(pm());

Link_to_iterator I(D, --L.end(), true);

D.create(L.begin(),L.end(),I);

(mark face and boundayy

We fill L with the segments cyclically spanned by the points in thetiiterator range.

(fill segment list b=
{
Extended_point ef, ep = ef = EK.construct_point(*it);
Forward_iterator itl=it; ++itl;
if (itl == end) // case only one point
L.push_back(EK.construct_segment (ep,ep));
else { // at least one segment
while( itl != end ) {
Extended_point en = EK.construct_point(*itl);
L.push_back(EK.construct_segment(ep,en));
ep = en; ++itl;
}
L.push_back(EK.construct_segment (ep,ef));
}
}

We create the marks via the object stored in lthek taiterator objectl. The object is determined
by the last segmerttin L. If that segment is trivial theh _v stores the corresponding vertex.slis
non-trivial thenl. _e contains the edge supported by the segment. We only havéraxethe correct
halfedge of the edge twins. Then, we can mark the face andoilnedary accordingly.

(mark face and boundays

if ( empty ) {
D.mark(++D.faces_begin()) = !'bool(b); return; }

if ( EK.is_degenerate(L.back()) ) {
D.mark(D.face(I._v)) = 'bool(b); D.mark(I._v) = b;

} else {
Halfedge_handle el = I._e;
if ( D.point(D.target(el)) != EK.target(L.back()) )

el = D.twin(el);

D.set_marks_in_face_cycle(el,bool(b));
if ( D.number_of_faces() > 2 ) D.mark(D.face(el)) = true;
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else D.mark(D.face(el)) = 'bool(b);
}

clear_outer_face_cycle_marks();

Now the standard copy construction, assignment and désmmud he first two are delegated to the
Handletype.

(nef interface operations-=
Nef_polyhedron_2(const Nef_polyhedron_2<T>& N1) : Base(N1) {}
Nef_polyhedron_2& operator=(const Nef_polyhedron_2<T>& N1)
{ Base::operator=(N1); return (*this); }
“Nef_polyhedron_2() {}

#tifndef _MSC_VER

template <class Forward_iterator>
Nef_polyhedron_2(Forward_iterator first, Forward_iterator beyond,
double p=0.5) : Base(Nef_rep())
{
ES_list L; fill_with_frame_segs(L);
while ( first != beyond ) {
Extended_point epl = EK.construct_opposite_point(xfirst);
Extended_point ep2 = EK.construct_point(*first);
L.push_back(EK.construct_segment (epl,ep2)); ++first;
}
Overlayer D(pm());
Link_to_iterator I(D, --L.end(), false);
D.create(L.begin(),L.end(),I);

Vertex_iterator v; Halfedge_iterator e; Face_iterator f;
for (v = D.vertices_begin(); v != D.vertices_end(); ++v)
D.mark(v) = ( default_random.get_double() < p ? true : false );
for (e = D.halfedges_begin(); e != D.halfedges_end(); ++(++e))
D.mark(e) = ( default_random.get_double() < p 7 true : false );
for (f = D.faces_begin(); f != D.faces_end(); ++f)
D.mark(f) = ( default_random.get_double() < p ? true : false );
D.simplify(Except_frame_box_edges(pm()));
clear_outer_face_cycle_marks();

}
ttendif

The construction from a plane mépis a clone action. We create a representation object whish ha
the same topology, geometry and attributesias

(nef interface operationg-=
protected:
Nef_polyhedron_2(const Plane_map& H, bool clone=true) : Base(Nef_rep())
{ if (clomne) {
Decorator D(pm()); // a decorator working on the rep plane map
D.clone(H); // cloning H into pm()
}
}
void clone_rep() { *this = Nef_polyhedron_2<T>(pm()); }
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And now for the standard operations. We expect that the lyidgmplane map structure is simplified
as described in theM_overlayek> module. Then for the simple configuratioesiptyandplanethe
plane map has to be just the frame of four vertices, four uedgd two faces.

(nef interface operationg-=
public:
void clear(Content plane = EMPTY)
{ *this = Nef_polyhedron_2(plane); }

bool is_empty() const
{ Const_decorator D(pm());
Face_const_iterator f = D.faces_begin();
return (D.number_of_vertices()==4 &&
D.number_of_edges()==4 &&
D.number_of_faces()==2 &&
D.mark(++f) == false);
}
bool is_plane() const
{ Const_decorator D(pm());
Face_const_iterator f = D.faces_begin();
return (D.number_of_vertices()==4 &&
D.number_of_edges()==4 &&
D.number_of_faces()==2 &&
D.mark(++f) == true);

1.6.3 Unary Operations

For the unary operations on Nef polyhedra we implement séetrss-modifying methods. They can
be chained together to larger units. We thereby save clomjirggations if the representation object
is only referenced by one handle. Note that the first line gfrandifying operation has to check if
the representation object is shared by several handld® Hepresentation object is shared, the plane
map has to be cloned before modification. We first implementhihee operationgl, int, andbd.

As our planar Nef polyhedra completely partition the plathe, complement operation is easy to
implement by an inversion (Boolean flip) of the selection keas. Note that this conforms to the
result [Nef78, theorem 6;14] in which Nef showed that the-liwmensional faces oP and cplP
(in their common boundary) are the same and the full-dinoeragifaces that are part &f or cplP
obviously exchange their role (if non-empty). The localgwid in any poink of the plane is inverted
by the Boolean flips according to [Nef78, theorem 3;1&]P)* = ¢pIPX. Due to the special rofe
of the outer face and the edges and vertices that are paré dfaime box we keep all objects of the
frame unmarked (operatiariearouterfacecyclemarks. Note that just by flipping we do not spoil
the local views properties as specified in Lemma 1.4.1. Tlagjo not have to simplify here.

(nef interface operations-=
void extract_complement ()

{
if ( ptr->is_shared() ) clone_rep();

9No affine object can be placed on or outside the infimaximahéa



1.6 Top Level Implementation 28

Overlayer D(pm());

Vertex_iterator v, vend = D.vertices_end();

for(v = D.vertices_begin(); v != vend; ++v) D.mark(v) = !D.mark(v);
Halfedge_iterator e, eend = D.halfedges_end();

for(e = D.halfedges_begin(); e != eend; ++(++e)) D.mark(e) = !D.mark(e);
Face_iterator f, fend = D.faces_end();
for(f = D.faces_begin(); f != fend; ++f) D.mark(f) = !D.mark(f);

clear_outer_face_cycle_marks();

The interiorint P of a point setP is the set of all points where an open ball of infinitesimaliwad
(a neighborhood) is contained in the point set. This is netd&se for all low-dimensional faces of
the plane map. Accordingly (see also [Nef78, theorem 3,188 have to keep all selected full-
dimensional faces d? and all objects of the 1-skeleton have to be deselected.rwdtels the sim-
plification operation minimizes the structure and makegdima consistent with Definition 4. For
example, marked isolated vertices within non-marked facesmarked edges within such faces are
first unmarked and then deleted in thienplify( ) operation. The simplification operation has to ex-
empt edges of the infimaximal frame. An objé&ttceptframeboxedge$P) has a function operator
methodbool operatof )(Hal fedgehandle gthat returns true iff the edgeof the plane ma is part

of the frame box. Thereby withisimplifya removal of edges is only executed on edges that partition
the interior of the frame box.

(nef interface operations-=

void extract_interior()

{
if ( ptr->is_shared() ) clone_rep();
Overlayer D(pm());
Vertex_iterator v, vend = D.vertices_end();
for(v = D.vertices_begin(); v != vend; ++v) D.mark(v) = false;
Halfedge_iterator e, eend = D.halfedges_end();
for(e = D.halfedges_begin(); e !'= eend; ++(++e)) D.mark(e) = false;
D.simplify(Except_frame_box_edges(pm()));

The boundary of a point s& is defined to be the intersectiers P N closcpl P. This is the set of all
points that have a nonempty neighborhood Wit or extP. Any point x on the 1-skeleton of the
plane map has this property due to the properties of its lpg@mid P*. The boundanpdP is thus
obtained by selecting all low-dimensional objects and ttieselecting all 2-faces. Finally we cope
with the frame and simplify the structure.

(nef interface operationg-=
void extract_boundary()
{
if ( ptr->is_shared() ) clone_rep();
Overlayer D(pm());
Vertex_iterator v, vend = D.vertices_end();

for(v = D.vertices_begin(); v != vend; ++v) D.mark(v) = true;
Halfedge_iterator e, eend = D.halfedges_end();
for(e = D.halfedges_begin(); e != eend; ++(++e)) D.mark(e) = true;

Face_iterator f, fend = D.faces_end();
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for(f = D.faces_begin(); f !'= fend; ++f) D.mark(f) = false;
clear_outer_face_cycle_marks();
D.simplify(Except_frame_box_edges(pm()));

Finally, we use the above operations &wosureandregularization The closure oP can be reduced
to the operationiterior andcomplementsclos P = cplintcpl P. The regularization oP is defined as
closint P.

(nef interface operations-=
void extract_closure()
{
extract_complement () ;
extract_interior();
extract_complement () ;

}

void extract_regularization()
{
extract_interior();
extract_closure();

}

The constructive interface methods are just mapped to tiresponding extract methods.

(nef interface operations-=

Nef_polyhedron_2<T> complement() const
{ Nef_polyhedron_2<T> res = *this;
res.extract_complement();
return res;

}

All other operations likenterior( ), closurg ), boundary ), andregularization ) are implemented
accordingly.

(nef interface operations-=

Nef_polyhedron_2<T> interior() const
{ Nef_polyhedron_2<T> res = *this;
res.extract_interior();
return res;

}

Nef_polyhedron_2<T> closure() const
{ Nef_polyhedron_2<T> res = *this;
res.extract_closure();
return res;

}

Nef_polyhedron_2<T> boundary() const
{ Nef_polyhedron_2<T> res = *this;
res.extract_boundary();
return res;

}
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Nef_polyhedron_2<T> regularization() const
{ Nef_polyhedron_2<T> res = *this;
res.extract_regularization() ;
return res;

}

1.6.4 Binary Set Operations

We follow Rossignac and O’Connor [RO90] and split the binaperations into three phases sub-
division — selection — simplification. The subdivision phageates the overlay of the two input
structures. This overlay has the property that each objecteX, edge, face) has exactly one object
from each input structure that supports it.  After the suisdir each object of the resulting plane
map knows its mark in each of the two input structures and leareby be qualified with respect to
each input structure. The binary set operation is then emita a Boolean predicate on these marks.
The resulting structure can be a planar partition that isarlegal Nef polyhedron due to the fact that
plane map boundary objects can have local views that caatraeémma 1.4.1. Violations are fixed
in the simplification phase without changing the represeptEnt set. This simplification makes the
plane map representation minimal with respect to the numobies objects and again consistent with
Definition 4.

The above scheme refers to the theory as presented by Nefhalweed the following general
lemma.

Lemma 1.6.1: Let Py, P; be polyhedra. Then every face B= Py Py is the union of intersections
of faces ofPy andP;.

The proof follows [Nef78, Satz 6;16]. As a consequence thepbfication just unions objects
within P to form the connected components of Nef faces.
To implement the binary set operations we use funétdatrst carry the underlying Boolean logic.

(boolean classes=
struct AND { bool operator() (bool bl, bool b2) const { return bl&&b2; } };
struct OR { bool operator() (bool bl, bool b2) const { return bll|b2; } };
struct DIFF { bool operator() (bool bl, bool b2) const { return b1&&!b2; } };
struct XOR { bool operator() (bool bl, bool b2) const
{ return (b1&&!b2) || (!b1&&b2); } };

(nef interface operations-=

Nef_polyhedron_2<T> intersection(const Nef_polyhedron_2<T>& N1) const
{ Nef_polyhedron_2<T> res(pm(),false); // empty, no frame

Overlayer D(res.pm());

D.subdivide(pm() ,N1.pm());

AND _and; D.select(_and);

res.clear_outer_face_cycle_marks();

D.simplify(Except_frame_box_edges(res.pm()));

return res;

}

104 short form for function objects.
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Join, difference, and symmetric difference follow simgahemes based @R DIFF, andXOR

(nef interface operations-=

Nef_polyhedron_2<T> join(const Nef_polyhedron_2<T>& N1) const
{ Nef_polyhedron_2<T> res(pm(),false); // empty, no frame
Overlayer D(res.pm());
D.subdivide (pm() ,N1.pm());
OR _or; D.select(_or);
res.clear_outer_face_cycle_marks();
D.simplify(Except_frame_box_edges(res.pm()));
return res;

3

Nef_polyhedron_2<T> difference(const Nef_polyhedron_2<T>& N1) const
{ Nef_polyhedron_2<T> res(pm(),false); // empty, no frame
Overlayer D(res.pm());
D.subdivide(pm() ,N1.pm());
DIFF _diff; D.select(_diff);
res.clear_outer_face_cycle_marks();
D.simplify(Except_frame_box_edges(res.pm()));
return res;

¥

Nef_polyhedron_2<T> symmetric_difference(
const Nef_polyhedron_2<T>& N1) const
{ Nef_polyhedron_2<T> res(pm(),false); // empty, no frame
Overlayer D(res.pm());
D.subdivide(pm() ,N1.pm());
XOR _xor; D.select(_xor);
res.clear_outer_face_cycle_marks();
D.simplify(Except_frame_box_edges(res.pm()));
return res;
}
#if O
Nef_polyhedron_2<T> transform(const Aff_transformation& t) const
{ Nef_polyhedron_2<T> res(pm()); // cloned
Transformer PMT(res.pm());
PMT.transform(t) ;
return res;

}
ttendif

The first face object is the one outside the bounding framesTits only hole face cycle consists of
the edges of the frame.

(nef protected members=
void clear_outer_face_cycle_marks()
{ // unset all frame marks
Decorator D(pm());
Face_iterator f = D.faces_begin();
D.mark(f) = false;
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Halfedge_handle e = D.holes_begin(f);
D.set_marks_in_face_cycle(e, false);

}

(nef interface operations-=

Nef_polyhedron_2<T> operator*(const Nef_polyhedron_2<T>& N1) const
{ return intersection(N1); }

Nef_polyhedron_2<T> operator+(const Nef_polyhedron_2<T>& N1) const
{ return join(N1); }

Nef_polyhedron_2<T> operator-(const Nef_polyhedron_2<T>& N1) const
{ return difference(N1); }

Nef_polyhedron_2<T> operator”(const Nef_polyhedron_2<T>& N1) const
{ return symmetric_difference(N1); }

Nef_polyhedron_2<T> operator!() const
{ return complement(); }

Nef_polyhedron_2<T>& operator*=(const Nef_polyhedron_2<T>& N1)
{ this = intersection(N1); return *this; }

Nef_polyhedron_2<T>& operator+=(const Nef_polyhedron_2<T>& N1)
{ this = join(N1); return *this; }

Nef_polyhedron_2<T>& operator-=(const Nef_polyhedron_2<T>& N1)
{ this = difference(N1); return *this; }

Nef_polyhedron_2<T>& operator ~=(const Nef_polyhedron_2<T>& N1)
{ this = symmetric_difference(N1); return *this; }

1.6.5 Binary Comparison Operations

All set comparison operations are reduced to binary opmrsiiollowed by an empty-set test. For two
Nef polyhedraPy, P, it holds

P.=P, < symmetricdifferencéPy,P,) = 0
PLCP, & differencéPy,P,) =0
PLC P, & differencdP;,P,) =0 A differencéP,, Pp) # 0

In our specificatiorc is operator <, and¢ is operator <. The other operations are symmetric.

(nef interface operationg-=
bool operator==(const Nef_polyhedron_2<T>& N1) const
{ return symmetric_difference(N1).is_empty(); }
bool operator!=(const Nef_polyhedron_2<T>& N1) const
{ return !operator==(N1); }
bool operator<=(const Nef_polyhedron_2<T>& N1) const
{ return difference(N1).is_empty(); }

bool operator<(const Nef_polyhedron_2<T>& N1) const
{ return difference(N1).is_empty() && !Ni.difference(*this).is_empty(); }



1.6 Top Level Implementation 33

(nef interface operations-=
bool operator>=(const Nef_polyhedron_2<T>& N1) const
{ return Ni1.difference(*this).is_empty(); }

bool operator>(const Nef_polyhedron_2<T>& N1) const
{ return Ni.difference(*this).is_empty() && !'difference(N1).is_empty(); }

1.6.6 Point location and Ray shooting

Let P be the plane map underlying our Nef polyhedron stored inthis object. The result of a point
location query with an affine point is the object of° whose embedding contains Ray shooting
queries come in two flavors. One variant starts the ray shatpnint p and determines the closest
object ofP in directiond that is in the set (determined by the selection mark). Therotariant deter-
mines the closest 1-skeleton object in directtbnThe point location and ray shooting functionality
is taken from the two point location classe pointlocator<> and PM naivepointlocator<>. All
operations can choose between the two approaches by a mgae flthe default is location as im-
plemented byPM pointlocator<>. That class uses a further subdivisionRoby a locally minimized
weight constrained triangulations (LMWT) to allow so-ealsegment walks. The LMWT is calcu-
lated on demand, when the first point location or ray shootipgration is called. The naive point
location method is based on a global examination of all abjetP to find the one that contains

(nef interface operationg-=
typedef Const_decorator Topological_explorer;
typedef CGAL::PM_explorer<Const_decorator,T> Explorer;
typedef typename Locator::0bject_handle Object_handle;
enum Location_mode { DEFAULT, NAIVE, LMWT };

void init_locator() const { ptr->init_locator(); }
const Locator& locator() const
{ assert(ptr->pl_); return *(ptr->pl_); }

The typeObjecthandleis a polymorphic handle that can reference vertices, edgekfaces. Con-
version is done by an assign operation similarly to the polyhic CGAL typeObject

(nef interface operations-=

bool contains(Object_handle h) const
{ Slocator PL(pm()); return PL.mark(h); }

bool contained_in_boundary(Object_handle h) const
{ Vertex_const_handle v;

Halfedge_const_handle e;

return ( CGAL::assign(v,h) || CGAL::assign(e,h) );
}
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The chosen point location method dependsmoin the non-naive case the locator object is initialized
by a call toinitlocator( ). The corresponding locator object is stored in the reptatien object
for further usage in iterated queries and can be accessdtelycator( ) method. The naive locate
operation requires a segment as input that intersects slkeléton of the plane map.

(nef interface operations-=

Object_handle locate(const Point& p, Location_mode m = DEFAULT) const
{
if (m == DEFAULT || m == LMWT) {
ptr->init_locator();
Extended_point ep = EK.construct_point(p);
return locator().locate(ep);
} else if (m == NAIVE) {
Slocator PL(pm(),EK);
Extended_segment s(EK.construct_point(p),
PL.point(PL.vertices_begin()));
return PL.locate(s);
}
CGAL_assertion_msg(0,"location mode not implemented.");
return Object_handle();

The ray shooting operation determines the closest objdetludit is marked and hit by a ray shot from
the pointp in directiond. The search is delegated to the corresponding member ad¢heot object.
The clasdNSET s the predicate class that stops the ray shot when a marledt @b hit. See the
manual page of the locator classes for its concept.

(nef interface operations-=
struct INSET {
const Const_decorator& D;
INSET (const Const_decorator& Di) : D(Di) {}
bool operator() (Vertex_const_handle v) const { return D.mark(v); }
bool operator () (Halfedge_const_handle e) const { return D.mark(e); }
bool operator () (Face_const_handle f) const { return D.mark(f); }
};
Object_handle ray_shoot(const Point& p, const Direction& d,
Location_mode m = DEFAULT) const
{
if (m == DEFAULT || m == LMWT) {
ptr->init_locator();
Extended_point ep = EK.construct_point(p),
eq = EK.construct_point(p,d);
return locator().ray_shoot (EK.construct_segment (ep,eq),
INSET (locator()));
} else if (m == NAIVE) {
Slocator PL(pm(),EK);
Extended_point ep = EK.construct_point(p),
eq = EK.construct_point(p,d);
return PL.ray_shoot (EK.construct_segment (ep,eq),INSET(PL));
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CGAL_assertion_msg(0,"location mode not implemented.");
return Object_handle();
}

A similar implementation is used faay shootta boundary Note that we only use a different predi-
cateINSKEL

(nef interface operations-=
struct INSKEL {
bool operator() (Vertex_const_handle) const { return true; }
bool operator () (Halfedge_const_handle) const { return true; }
bool operator () (Face_const_handle) const { return false; }
};
Object_handle ray_shoot_to_boundary(const Point& p, const Direction& d,
Location_mode m = DEFAULT) const
{
if (m == DEFAULT || m == LMWT) {
ptr->init_locator();
Extended_point ep = EK.construct_point(p),
eq = EK.construct_point(p,d);
return locator().ray_shoot (EK.construct_segment (ep,eq), INSKEL());
} else if (m == NAIVE) {
Slocator PL(pm(),EK);
Extended_point ep = EK.construct_point(p),
eq = EK.construct_point(p,d);
return PL.ray_shoot (EK.construct_segment (ep,eq), INSKEL());
}
CGAL_assertion_msg(0,"location mode not implemented.");
return Object_handle();

To examine the plane map underlying the Nef polyhedron tiee e¢en obtain a decorator object that
has read-only access pon( ). Thus, modifications can only take place via the interfaceratons of
Nef polydron2.

(nef interface operations-=
Explorer explorer() const { return Explorer(pm(),EK); }

1.6.7 The file wrapper

(Nefpolyhedron2.h)=
(CGAL Headerl
// file : include/CGAL/Nef_polyhedron_2.h
(CGAL Header?
#ifndef CGAL_NEF_POLYHEDRON_2_H
#define CGAL_NEF_POLYHEDRON_2_H

#if defined(_MSC_VER) || defined(__BORLANDC__)
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#tdefine CGAL_SIMPLE_HDS
ttendif

#include <CGAL/basic.h>

#include <CGAL/Handle_for.h>

#include <CGAL/Random.h>

#ifndef CGAL_SIMPLE_HDS

#include <CGAL/Nef_2/HDS_items.h>
#include <CGAL/HalfedgeDS_default.h>
#telse

#include <CGAL/Nef_2/HalfedgeDS_default_MSC.h>
#endif

#include <CGAL/Nef_2/PM_explorer.h>
#include <CGAL/Nef_2/PM_decorator.h>
#include <CGAL/Nef_2/PM_io_parser.h>
#include <CGAL/Nef_2/PM_overlayer.h>
//#include <CGAL/Nef_2/PM_transformer.h>
#include <CGAL/Nef_2/PM_point_locator.h>
#tinclude <vector>

#include <list>

#undef _DEBUG
#define _DEBUG 11
#include <CGAL/Nef_2/debug.h>

CGAL_BEGIN_NAMESPACE

(nef polyhedron definition
(nef polyhedron input and output

CGAL_END_NAMESPACE

#undef CGAL_SIMPLE_HDS
#endif //CGAL_NEF_POLYHEDRON_2_H

1.6.8 Visualization

At last we provide a drawing routine for Nef polyhedra in a L&E@®indow. We want to draw faces,
edges, vertices in this order, where faces are maximallpected point sets bounded by one outer
face cycle and maybe by several inner hole cycles. We draactsbjvhich are in our point set black
and objects which are not in our pointset by a light color. eNthiat we face the following problem.
Our window represents a rectangular view to our square fravheh is large enough to make the
topology on this boundary constant. Imagine making our &dig enough and then shrinking it
slowly down to zero. For each ray with slope not equal to ore rawt containing the origin there
is a valueR when the ray tip on the frame leaves its correct frame segniémte want to prevent
topological difficulties when drawing the polyhedron we é&de keep our frame radius above the
minimumRq,. Thus visualization determines th#, and sets the internal evaluation parameter to this
value. Then all points on the frame and segments containioly goints have fixed coordinates and
can be drawn. For the concrete technical details of draviagbjects see the claB#/ visualizor>.
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(window stream outpi=
static long frame_default = 100;
static bool show_triangulation = false;

template <typename T>
CGAL: :Window_stream& operator<<(CGAL::Window_stream& ws,
const Nef_polyhedron_2<T>& P)

{

typedef Nef_polyhedron_2<T> Polyhedron;

typedef typename T::RT RT;

typedef typename T::Standard_RT Standard_RT;

typedef typename Polyhedron::Topological_explorer TExplorer;
typedef typename Polyhedron::Point Point;

typedef typename Polyhedron::Line Line;

typedef CGAL::PM_BooleColor<TExplorer> BooleColor;

typedef CGAL::PM_visualizor<TExplorer,T,BooleColor> Visualizor;

TExplorer D = P.explorer();
const T& E = Nef_polyhedron_2<T>::EK;

Standard_RT frame_radius = frame_default;
E.determine_frame_radius(D.points_begin(),D.points_end(),frame_radius);
RT::set_R(frame_radius);

Visualizor PMV(ws,D); PMV.draw_map() ;

(draw the refining constrained triangulatipn

return ws;

Drawing of the constrained triangulation is done dependimghe static variablshowtriangulation.
Of course such animation requires the necessary prepnoegesth the locator object.

(draw the refining constrained triangulatip
if (show_triangulation) {

}

P.init_locator();
Visualizor V(ws,P.locator().triangulation());
V.draw_skeleton(CGAL: :BLUE) ;

The header just wraps the above operations.

(Nefpolyhedron2_Windowstream.h=
(CGAL Headerl
// file : include/CGAL/I0/Nef_polyhedron_2_Window_stream.h
(CGAL Header?
#ifndef NEF_POLYHEDRON_2_WINDOW_STREAM_H
#define NEF_POLYHEDRON_2_WINDOW_STREAM_H

#include <CGAL/Nef_polyhedron_2.h>
#include <CGAL/Nef_2/PM_visualizor.h>

CGAL_BEGIN_NAMESPACE

(window stream outpiit

CGAL_END_NAMESPACE

#endif // NEF_POLYHEDRON_2_WINDOW_STREAM_H
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1.6.9 Input and Output

Standard input and output is done by the plane map I/O Eld&m_parser.  We tag the output with
an idendifier to be able to check correct coordinate reptasen when we read it as input.

(nef polyhedron input and outpet

template <typename T>

std::ostream& operator<<
(std::ostream& os, const Nef_polyhedron_2<T>& NP)

{
os << "Nef_polyhedron_2<" << NP.EK.output_identifier() << ">\n";
typedef typename Nef_polyhedron_2<T>::Decorator Decorator;
CGAL: :PM_io_parser<Decorator> 0(os, NP.pm()); O0.print();
return os;

¥

template <typename T>
std::istream& operator>>
(std::istream& is, Nef_polyhedron_2<T>& NP)
{
typedef typename Nef_polyhedron_2<T>::Decorator Decorator;
CGAL: :PM_io_parser<Decorator> I(is, NP.pm());
if (I.check_sep("Nef_polyhedron_2<") &&
I.check_sep(NP.EK.output_identifier()) &&
I.check_sep(">")) I.read();
else {
std::cerr << "Nef_polyhedron_2 input corrupted." << std::endl;
NP = Nef_polyhedron_2<T>();
}
typename Nef_polyhedron_2<T>::Topological_explorer D(NP.explorer());
D.check_integrity_and_topological_planarity();
return is;

1.6.10 Hiding extended geometry

The plane map explorer provides an interface that masksrthpegies of our extended kernel by
reintroducing purely affine objects. We want to provide apserinterface for users who are not
interested in the detailed features of extended objects.nTdéthods of the clag¥dM explorex> allow
queries to the category of vertices and edges such as “Idexwvembedded in the affine space or on
the frame box?” or “Is an edge part of the affine structure or gfethe frame box”.

(PM_explorer.h=
(CGAL Header}
// file : include/CGAL/Nef_2/PM_explorer.h
(CGAL Header?
#ifndef CGAL_PM_EXPLORER_H
#define CGAL_PM_EXPLORER_H

#include <CGAL/basic.h>
#include <CGAL/Nef_2/PM_const_decorator.h>
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CGAL_BEGIN_NAMESPACE

(PM explorel
CGAL_END_NAMESPACE

#endif // CGAL_PM_EXPLORER_H

(PM explorel=

template <typename PMCDEC, typename GEOM>
class PM_explorer : public PMCDEC
{ typedef PMCDEC Base;
typedef PM_explorer<PMCDEC,GEOM> Self;
const GEOM* pK;
public:
typedef PMCDEC Topological_explorer;
typedef typename PMCDEC::Plane_map Plane_map;
typedef GEOM Geometry;
typedef typename GEOM::Standard_point_2 Point;
typedef typename GEOM::Standard_ray_2 Ray;

(local typedefs of explorer handles

PM_explorer(const Self& E) : Base(E), pK(E.pK) {}

Self& operator=(const Self& E)

{ Base::operator=(E); pK=E.pK; return *this; }

PM_explorer (const Plane_map& P, const Geometry& k = Geometry())
Base(P), pK(&k) {}

bool is_standard(Vertex_const_handle v) const
{ return pK->is_standard(Base::point(v)); }

Point point(Vertex_const_handle v) const
{ return pK->standard_point(Base::point(v)); }

Ray ray(Vertex_const_handle v) const
{ return pK->standard_ray(Base::point(v)); }

bool is_frame_edge(Halfedge_const_handle e) const
{ return ( face(e) == faces_begin() ||
face(twin(e)) == faces_begin() ); }

}; // PM_explorer<PMCDEC,GEOM>

(local typedefs of explorer handles

typedef typename Base::Vertex_const_handle Vertex_const_handle;

typedef typename Base::Halfedge_const_handle Halfedge_const_handle;

typedef typename Base::Face_const_handle Face_const_handle;

typedef typename Base::Vertex_const_iterator Vertex_const_iterator;

typedef typename Base::Halfedge_const_iterator Halfedge_const_iterator;

typedef typename Base::Face_const_iterator Face_const_iterator;

typedef typename Base::Halfedge_around_face_const_circulator
Halfedge_around_face_const_circulator;

typedef typename Base::Halfedge_around_vertex_const_circulator
Halfedge_around_vertex_const_circulator;

typedef typename Base::Isolated_vertex_const_iterator
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Isolated_vertex_const_iterator;
typedef typename Base::Hole_const_iterator
Hole_const_iterator;

1.7 A Demo Program

The basic idea of our demo is simple. Store some basic palghiada history list and let the user
interactively extend this list by the binary and unary ogieres. The point location and ray shooting
capabilities of the structure can be triggered by mousé&siitto the drawing window.

(Nefpolyhedron2-demo.G=
#include <CGAL/basic.h>
#ifdef CGAL_USE_LEDA
#include "xpms/nef.xpm"
#include <LEDA/pixmaps/button32/eye.xpm>
#include <LEDA/pixmaps/button32/draw.xpm>
#include <CGAL/leda_integer.h>
#include <CGAL/Extended_homogeneous.h>
#include <CGAL/Filtered_extended_homogeneous.h>
#include <CGAL/IO/Filtered_extended_homogeneous_Window_stream.h>
#include <CGAL/Nef_polyhedron_2.h>
#include <CGAL/IO0/Nef_polyhedron_2_Window_stream.h>

template <>
struct ring_or_field<leda_integer> {
typedef ring_with_gcd kind;
typedef leda_integer RT;
static RT gcd(const RT& rl, const RT& r2)
{ return ::gcd(rl,r2); }
};
#define FILTERED_KERNEL
#ifndef FILTERED_KERNEL
typedef CGAL::Extended_homogeneous<leda_integer> EKernel;
#else
typedef CGAL::Filtered_extended_homogeneous<leda_integer> EKernel;
#endif

#if defined (_MSC_VER) || defined(__BORLANDC__)
#tdefine WIN32CONFIG
#endif

(getting types in global scope
(a small interactive polyhedron editpr

int main(int argc, char* argv[])
{
/* Enable debugging by introducing prime into the product:
RP 3 EP 5/59 PM 7 NefTOP 11
Overlayer 13 PointLoc 17 ConstrTriang 19
SegSweep 23
*/
SETDTHREAD (113);
CGAL: :set_pretty_mode ( std::cerr );
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std::cerr << "using " << CGAL::pointlocationversion << std::endl;

std:

mo Program

:cerr << "using " << CGAL::sweepversion << std::endl;

(initializing the drawing window
(initializing the history
(initializing the two panels

(load

bitmaps and add buttons to parels

leda_drawing_mode dm;

Point p_down(0,0);
main_panel.display();

int x0,y0,x1,y1;
W.frame_box(x0,y0,x1,y1);
W.display_help_text("help/nef-demo") ;
Object_handle h;

for(;;) {
double x, y;
int val;
switch( W.read_event(val, x, y) ) {

case button_press_event:
p_down = Point(x,y);

ca

#ifnde

#telse

ttendif

#ifnde

#else

if (val == MOUSE_BUTTON(1)) {
std::cerr << "locating " << p_down << std::endl;
dm = W.set_mode(leda_xor_mode);
W<<CGAL: : GREEN<<p_down; W.set_mode(dm);
h = N_display.locate(p_down);
draw(h) ;

}

if (val == MOUSE_BUTTON(2)) {
std::cerr << "shooting down from " << p_down << std::endl;
dm = W.set_mode(leda_xor_mode);
W<<CGAL: : GREEN<<p_down; W.set_mode(dm);
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//h = N_display.ray_shoot(p_down,Direction(0,-1) ,Nef_polyhedron::NAIVE) ;

h = N_display.ray_shoot(p_down,Direction(0,-1));
draw (h) ;

}

if (val == MOUSE_BUTTON(3)) {
CGAL: :show_triangulation = !CGAL::show_triangulation;
win_redraw_handler (&W) ;

}

break;

se button_release_event:

if (val == MOUSE_BUTTON(1))

f WIN32CONFIG

{ dm = W.set_mode(leda_xor_mode) ;
W<<CGAL: : GREEN<<p_down; W.set_mode(dm); draw(h); }

{ win_redraw_handler(&W); }

if (val == MOUSE_BUTTON(2))

f WIN32CONFIG

{ dm = W.set_mode(leda_xor_mode);
W<<CGAL: : GREEN<<p_down; W.set_mode(dm); draw(h); }
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{ win_redraw_handler(&W); }
#endif
break;
case key_press_event:
if (val == KEY_UP) { // ZOOM IN
CGAL: :frame_default*=2;
Nef_polyhedron: :Extended_kernel::RT::set_R(CGAL::frame_default);
int r = CGAL: :frame_default+10;
W.init(-r,r,-r);
win_redraw_handler (&W) ;
}
if (val == KEY_DOWN) { // Z0OOM OUT
CGAL: :frame_default/=2;
Nef_polyhedron: :Extended_kernel::RT::set_R(CGAL::frame_default);
int r = CGAL: :frame_default+10;
W.init(-r,r,-r);
win_redraw_handler (&W) ;
}
default:
break;
}
}
#if !'defined(__KCC) && 'defined(__BORLANDC__)
return 0; // never reached
#endif
}

#else // CGAL_USE_LEDA
int main() { return 0; %}
#endif // CGAL_USE_LEDA

(getting types in global scope
typedef CGAL::Nef_polyhedron_2<EKernel> Nef_polyhedron;
typedef Nef_polyhedron::Point Point;
typedef Nef_polyhedron::Line Line;
typedef Nef_polyhedron::Direction Direction;
typedef Nef_polyhedron::0bject_handle Object_handle;
typedef Nef_polyhedron::Explorer Explorer;
typedef Nef_polyhedron::Topological_explorer TExplorer;
typedef Explorer::Vertex_const_handle Vertex_const_handle;
typedef Explorer::Halfedge_const_handle Halfedge_const_handle;
typedef Explorer::Face_const_handle Face_const_handle;

We create one drawing windoW, and two panels controlling the operatiomsinpanel oppanel
We store a history of polyhedrdiL stores the names display@dH maps the names to the existing
objects.N displaystores the current object drawn\.

(a small interactive polyhedron editge
#include <LEDA/panel.h>
#include <LEDA/list.h>
#include <LEDA/d_array.h>
#include <LEDA/file_panel.h>
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#include <LEDA/file.h>
#include <LEDA/stream.h>

static leda_panel main_panel;
static leda_panel op_panel;
static panel_item nef_menu_item;
static panel_item op_item;
static leda_string nefl;

static leda_string nef2;

static menu create_menu;

static int num;
#ifndef FILTERED_KERNEL

static leda_string dname = "./homogeneous_data";

#else

static leda_string dname = "./filtered_homogeneous_data";
#endif

static leda_string fname = "none";

static leda_string filter = "*.nef";

CGAL: :Window_stream* pW;

Nef_polyhedron* pN;

leda_list<leda_string>* pML;
leda_d_array<leda_string,Nef_polyhedron>* pMH;

static leda_string stripped(leda_string s)
{ int i = s.pos(" = "); return s.head(i); }

(initializing the drawing window=
CGAL: :Window_stream W(600,600); pW = &W;
Nef_polyhedron N_display; pN = &N_display;
leda_list<leda_string> ML; pML = &ML;
leda_d_array<leda_string,Nef_polyhedron> MH; pMH = &MH;

Redrawing the window is done viginredrawhandler. Our exit handler isvindelhandler. Opening
a panel is done bgpenpanel

(a small interactive polyhedron editpt=

void win_redraw_handler (leda_window*)

{ pW->clear(); (*pW) << (*pN); }

void win_del_handler(leda_window*)

{ leda_panel P("acknowledge");
P.text_item("");
P.text_item("\\bf\\blue Do you really want to quit~?");
P.fbutton("no",0);

P.button("yes",1);
if (P.open(main_panel) == 1) exit(0);
}

static int open_panel(leda_panel& p)
{ p.display(main_panel,0,0);
int res = p.read_mouse();
p-close();
return res;

¥



1.7 A Demo Program

44

storenew stores a new polyhedroN with namet at the beginning of our historyupdatehistory

triggers the visual history update.

(a small interactive polyhedron editpt=
static void store_new(const Nef_polyhedron& N, leda_string t)
{ leda_string k = leda_string("N%i",++num) ;
(xpMH) [k] = (*pN) = N;
pML->push_front (k+" = "+t);
win_redraw_handler (pW);

}

static void update_history()

{
nef1=pML->head () ;
nef2=pML->head () ;
main_panel.add_menu(nef_menu_item, (*pML));
op_panel.add_menu(op_item, (*pML)) ;

createis linked to the creation menu (a bitmap button). The enunmgrobthe different creation
actions which are mapped to some input operatioMbfollowed by a call to some constructor of

Nef polyhedron2.

(a small interactive polyhedron editpt=
enum { EMPTY=31, FULL, HOPEN, HCLOSED, POPEN, PCLOSED };
enum { FILE_LOAD=111, FILE_SAVE };

void create(int i)
{
if (pML->back()=="none") pML->pop_back();
Line 1; Point p;
std::1list<Point> Lp;
leda_point pd;
leda_list<leda_point> Lpd;
string_ostream sos; CGAL::set_pretty_mode(sos);
pW->clear();

switch (1) {
case HOPEN:
pW->message ("Insert Half-Space by Line");
(*pW) >> 1; sos << (7 << 1 << )’ << ’\0’;
if ( 1.is_degenerate() ) {
(*pW) .acknowledge ("Please enter non-degenerate line.");
win_redraw_handler (pW) ;
} else
store_new(Nef_polyhedron(1l,Nef_polyhedron: :EXCLUDED),sos.str());
break;
case HCLOSED:
pW->message ("Insert Half-Space by Line");
(*pW) >> 1; sos << 7[? << 1 << ]’ << ’\0’;
if ( l.is_degenerate() ) {
(*pW) .acknowledge ("Please enter non-degenerate line.");
win_redraw_handler (pW) ;
} else
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store_new(Nef_polyhedron(1l,Nef_polyhedron: : INCLUDED),sos.str());
break;
case POPEN:
pW->message ("Insert Polygon by Point Sequence");
Lpd = pW->read_polygon();
forall(pd,Lpd) Lp.push_back(Point(pd.xcoord(),pd.ycoord()));
sos << [’ << Lp.size() << "-gon"<< ’]7 << ’\0’;
store_new(Nef_polyhedron(Lp.begin(),Lp.end(),
Nef_polyhedron: :EXCLUDED) ,sos.str());
break;
case PCLOSED:
pW->message("Insert Polygon by Point Sequence");
Lpd = pW->read_polygon();
forall(pd,Lpd) Lp.push_back(Point(pd.xcoord(),pd.ycoord()));
sos << [’ << Lp.size() << "-gon"<< ']’ << ’\0’;
store_new(Nef_polyhedron(Lp.begin(),Lp.end(),
Nef_polyhedron: : INCLUDED),sos.str());
break;
default:
std::cout << "created nothing\n";
}
sos.freeze(0);
update_history();
main_panel.redraw_panel();

File input and output is done via the operatida handler.

(a small interactive polyhedron editpt=
static void read_file(leda_string fn)

{

}

std::ifstream in(fn);
Nef_polyhedron N; in >> N;
fn.replace_all(".nef","");
store_new(N,fn) ;update_history();

static bool confirm_overwrite(const char* fname)

{

#if defined(_MSC_VER) || defined(__BORLANDC__)

return true;

#else

leda_panel P;

P.buttons_per_line(2);

P.text_item("");

P.text_item(leda_string ("\\bf\\blue File\\black %s\\blue exists.",fname));
P.button("overwrite",0);

P.button("cancel",1);

return (P.open() == 0);

#endif

}

static void write_file(leda_string fname)

{
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if (is_file(fname) && 'confirm_overwrite(fname)) return;
// win_ptr->set_status_string(" Writing " + fname);
leda_string nef = stripped(nefl);
if (pMH->defined(nef)) {
std: :ofstream out(fname) ;
out << (*pMH) [nef];
} else error_handler(1l,"Nef polyhedron "+nef+" not defined.");

static void file_handler(int what)

{

file_panel FP(fname,dname);
switch (what) {
case FILE_LOAD: FP.set_load_handler(read_file);

break;
case FILE_SAVE: FP.set_save_handler(write_file);
break;
}
if (filter != "") FP.set_pattern(filter,filter);
FP.open();

We have three more operationgewjust draws the currently chosen polyhedron of our histbitgop
allows a user to combine the currently chosen polyhedromevie which is chosen in the second panel
oppanel The binary operation used is defined by the button whichesged ifmainpanel unop
just triggers the unary operation chosen by the button sefeon the currently selected polyhedron
of the history.

(a small interactive polyhedron editpr=
void view(int i)

{

¥

leda_string nef = stripped(nefl);
if (pMH->defined(nef)) {
(*pN) = (*pMH) [nef]; win_redraw_handler (pW) ;
} else error_handler(1l,"Nef polyhedron "+nef+" not defined.");

void binop(int i)

{

leda_string opl;
switch (1) A
case 30: opl="intersection"; break;
case 31: opl="union"; break;
case 32: opl="difference"; break;
case 33: opl="symmdiff"; break;
default: break;
}
op_panel.set_button_label(111,0pl);
open_panel (op_panel) ;
op_panel.flush();
leda_string argl = stripped(nefl), arg2 = stripped(nef2);
Nef_polyhedron N1 = (*pMH) [argl];
Nef_polyhedron N2 = (*pMH) [arg2];
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std::ofstream log("nef-demo.log");

if ( !log ) CGAL_assertion_msg(0,'"no output log nef-demo.log");

log << 2 << std::endl << N1 << N2 << std::endl;

log.close();
switch (i) {
case 30: *pN
case 31: *pN

N1xN2; break;
N1+N2; break;

case 32: *pN N1-N2; break;

case 33: *pN N1°N2; break;

default: return;

}

leda_string descr = opl+"("+argl+","+arg2+")";
store_new (*pN,descr) ;update_history() ;
win_redraw_handler (pW) ;

}
void unop(int i)
{
leda_string op, arg = stripped(nefl);
Nef_polyhedron N = (*pMH) [arg];
std::ofstream log("nef-demo.log");
if ( !'log ) CGAL_assertion_msg(0,"no output log nef-demo.log");
log << 1 << std::endl << N << std::endl;

log.close();
switch (i) {

case 40: op="interior"; #pN = N.interior(); break;
case 41: op="complement"; *pN = N.complement(); break;
case 42: op="closure"; *pN = N.closure(); break;
case 43: op="boundary"; *pN = N.boundary(); break;
default: return;
}

leda_string descr = op+"("+arg+")";
store_new (*pN,descr) ;update_history() ;
win_redraw_handler (pW);

Thedraw operation just marks visually the object of the plane maereafced by.

(a small interactive polyhedron editpt=
void draw(Object_handle h)
{ CGAL: :PM_visualizor<TExplorer,EKernel>
PMV (*xpW, pN->explorer () ,pN->EK,

CGAL: :PM_DefColor<TExplorer>(CGAL: :RED,CGAL: :RED,6,6) );
leda_drawing_mode prev = pW->set_mode(leda_xor_mode);
Vertex_const_handle vh; Halfedge_const_handle eh; Face_const_handle fh;
if ( CGAL::assign(vh,h) ) PMV.draw(vh);
if ( CGAL::assign(eh,h) ) PMV.draw(eh);
if ( CGAL::assign(fh,h) ) PMV.draw(fh);
pW->set_mode (prev) ;

We initialize the window to the default of the size of our fraland center it at the origin.
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(initializing the drawing window+=
W.init (-CGAL: : frame_default,CGAL::frame_default,-CGAL: :frame_default) ;
.set_show_coordinates(true);
.set_grid_mode(5);
.set_node_width(3);
.set_redraw(&win_redraw_handler);
.display(0,0);

= = = = =

We initialize the history with several simple nef polyheditee an empty one, one representing the
plane, one left of thg-axis, one above a diagonal and one defined by a simple qicadaygon.

(initializing the history=
std::1list<Point> Lp;
const int r=70;
Lp.push_back(Point(-r,-r));
Lp.push_back(Point(r,-r));
Lp.push_back(Point(r,r));
Lp.push_back(Point(-r,r));

store_new(Nef_polyhedron(),"empty") ;
store_new(Nef_polyhedron(Nef_polyhedron: :COMPLETE) ,"plane");
store_new(Nef_polyhedron(Line(Point (0,0) ,Point(0,1)),
Nef_polyhedron: : INCLUDED) ,"neg y-plane (closed)");
store_new(Nef_polyhedron(Line(Point(-2,-1),Point(2,1)),
Nef_polyhedron: :EXCLUDED) , "above diagonal (open)");
store_new(Nef_polyhedron(Lp.begin() ,Lp.end(),
Nef_polyhedron: : INCLUDED) ,"square (closed)");
if ( argc == 2 ) {
std::ifstream log( argv[1] );
if ( !'log )
CGAL_assertion_msg(0,leda_string("no input log ")+argv[1]);
int n;
log >> n;
for (int i=0; i<n; ++i) {
Nef_polyhedron Ni;
log >> Ni;
store_new(Ni,leda_string(argv[1])+leda_string("%d",i+1));
}
}

The head of our history list is displayed in the panels.

(initializing the two panels=
nef1=ML.head () ;nef2=ML.head();
nef_menu_item = main_panel.string_item("Polyhedra",nef1,ML);
main_panel.set_window_delete_handler(win_del_handler);
main_panel.buttons_per_line(10);
main_panel.set_item_width(300);
main_panel.set_frame_label("Operations on Nef Polyhedra");
main_panel.set_icon_label("Nef Polyhedra");

op_item = op_panel.string_item("Polyhedra",nef2,ML) ;
op_panel.fbutton (" ",111);
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t_frame_label("Choose second argument");
t_item_width(300);

(load bitmaps and add buttons to panets

char* p_int
char* p_uni
charx p_dif
char* p_exo
char* p_int
char* p_com
char* p_clo
char* p_bou
char* p_eye
char* p_dra

main_panel.
main_panel.

main_panel.
main_panel.
main_panel.
main_panel.

main_panel.
main_panel.
main_panel.
main_panel.

create_menu.
create_menu.
create_menu.
create_menu.
create_menu.
create_menu.
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(Nefpolyhedron2
#include <C
#include <C
#include <C
#include <C
#include <C
#include <C

#ifdef CGAL
#include <C
typedef led
template <>
struct ring
typedef r
typedef 1
static RT
{ return

er = main_panel.create_pixrect(intersection_xpm);
on = main_panel.create_pixrect(union_xpm);

f = main_panel.create_pixrect(difference_xpm) ;
r = main_panel.create_pixrect(exor_xpm);

= main_panel.create_pixrect(interior_xpm) ;
pl = main_panel.create_pixrect(complement_xpm) ;
S = main_panel.create_pixrect(closure_xpm);
nd = main_panel.create_pixrect(boundary_xpm) ;

= main_panel.create_pixrect(eye_xpm) ;
w = main_panel.create_pixrect(draw_xpm) ;

button(p_eye,p_eye, "show", 10, view);
button(p_draw,p_draw,'"new polyhedron", 11, create_menu);

button(p_inter,p_inter,"intersection", 30, binop);
button(p_union,p_union,"union", 31, binop);
button(p_diff,p_diff,"difference", 32, binop);
button(p_exor,p_exor,"symmetric difference", 33, binop);

button(p_int,p_int,"interior", 40,unop);
button(p_compl,p_compl,"complement", 41,unop);
button(p_clos,p_clos,"closure", 42,unop);
button(p_bound,p_bound, "boundary", 43,unop) ;

button("half-plane (open)", HOPEN, create);
button("half-plane (closed)", HCLOSED, create);
button("polygon (open)", POPEN, create);
button("polygon (closed)", PCLOSED, create);
button("load from disk",FILE_LOAD, file_handler);
button("save to disk",FILE_SAVE, file_handler);

program

-test.C=

GAL/basic.h>

GAL/test_macros.h>
GAL/Nef_2/redefine_MSC.h>
GAL/Extended_homogeneous.h>
GAL/Filtered_extended_homogeneous.h>
GAL/Nef_polyhedron_2.h>

_USE_LEDA
GAL/leda_integer.h>
a_integer Integer;

_or_field<leda_integer> {
ing_with_gcd kind;

eda_integer RT;

gcd(const RT& rl, comnst RT& r2)
1:ged(rl,r2);
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};

#else

#ifdef CGAL_USE_GMP

#include <CGAL/Gmpz.h>

typedef CGAL::Gmpz Integer;

template <>

struct ring_or_field<CGAL: :Gmpz> {
typedef ring_with_gcd kind;
typedef CGAL::Gmpz RT;
static RT gcd(const RT& rl, const RT& r2)
{ return CGAL::gcd(rl,r2); }

};

#else

typedef long Integer;

#endif

#endif

int main()

{
SETDTHREAD (41) ;
CGAL: :set_pretty_mode ( std::cerr );
std::cerr << "using " << CGAL::pointlocationversion << std::endl;
std::cerr << "using " << CGAL::sweepversion << std::endl;
CGAL_TEST_START;

(simple extended
(nef test suite

(filtered extended
(nef test suitg
Nef_polyhedron: :EK.print_statistics();

CGAL_TEST_END;

(simple extendee=
typedef CGAL::Extended_homogeneous<Integer> EKernel;
typedef CGAL::Nef_polyhedron_2<EKernel> Nef_polyhedron;

typedef Nef_polyhedron::Point Point;
typedef Nef_polyhedron::Direction Direction;
typedef Nef_polyhedron::Line Line;

(filtered extended=
typedef CGAL::Filtered_extended_homogeneous<Integer> EKernel;
typedef CGAL::Nef_polyhedron_2<EKernel> Nef_polyhedron;

typedef Nef_polyhedron::Point Point;
typedef Nef_polyhedron::Direction Direction;
typedef Nef_polyhedron::Line Line;

(nef test suitg=

typedef Nef_polyhedron::0bject_handle Object_handle;
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typedef Nef_polyhedron::Explorer Explorer;

typedef Explorer::Vertex_const_handle Vertex_const_handle;

typedef Explorer::Halfedge_const_handle Halfedge_const_handle;
typedef Explorer::Face_const_handle Face_const_handle;

typedef Explorer::Vertex_const_iterator Vertex_const_iterator;
typedef Explorer::Halfedge_const_iterator Halfedge_const_iterator;
typedef Explorer::Face_const_iterator Face_const_iterator;

typedef Explorer::Ray Ray;

Point p1(0,0), p2(0,1), p3(1,0), p4(-1,-1), p5(0,-1), p6(-1,0), p7(1,1);
Line 11(p2,pl); // neg y-axis
Line 12(p1,p3); // pos x-axis
Nef_polyhedron N1(11), N2(12, Nef_polyhedron::EXCLUDED),
EMPTY (Nef _polyhedron: :EMPTY) ,PLANE(Nef_polyhedron: : COMPLETE) ;
CGAL_TEST((N1xN1) == N1);
CGAL_TEST((N1*!N1) == EMPTY);
CGAL_TEST((N1+!N1) == PLANE);
CGAL_TEST((N1°N2) == ((N1-N2)+(N2-N1)));
CGAL_TEST((!(N1%N2)) == (IN1+!N2));

Nef_polyhedron N3 = Ni.intersection(N2);
/* N3 is the first quadrant including the positive y-axis
but excluding the origin and the positive x-axis */

CGAL_TEST(N3 < N1 && N3 < N2);
CGAL_TEST(N3 <= N1 && N3 <= N2);
CGAL_TEST(N1 > N3 && N2 > N3);
CGAL_TEST(N1 >= N3 && N2 >= N3);

Explorer E = N3.explorer();

Vertex_const_iterator v = E.vertices_begin();

CGAL_TEST( !E.is_standard(v) && E.ray(v) == Ray(pl,pd) );
Halfedge_const_handle e = E.first_out_edge(v);
CGAL_TEST( E.is_frame_edge(e) );

++(++v); // third vertex

CGAL_TEST( E.is_standard(v) && E.point(v) == p1l );

Vertex_const_handle v1,v2;

Halfedge_const_handle el,e2;

Face_const_handle f1,f2;

Object_handle hl,h2,h3;

hl = N3.locate(pl);

h2 = N3.locate(pl,Nef_polyhedron::NAIVE);

CGAL_TEST( CGAL::assign(vl,h1) && CGAL::assign(v2,h2) && vl == v2 );

CGAL_TEST( E.is_standard(vl) && E.point(vl) == pl );

hl = N3.locate(p2);

h2 = N3.locate(p2,Nef_polyhedron::NAIVE) ;

CGAL_TEST( CGAL::assign(el,hl) && CGAL::assign(e2,h2) );

CGAL_TEST( (el==e2 || el==E.twin(e2)) && E.mark(el) );

h1l = N3.locate(p4d);

h2 = N3.locate(p4,Nef_polyhedron::NAIVE) ;

CGAL_TEST( CGAL::assign(f1,h1) && CGAL::assign(f2,h2) &&
f1 == f2 && !'E.mark(f1) );

// shooting along angular bisector:

h1 = N3.ray_shoot(p4,Direction(1,1));

h2 = N3.ray_shoot(p4,Direction(1,1),Nef_polyhedron: :NAIVE);
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CGAL_TEST( CGAL::assign(f1,h1) && CGAL::assign(f2,h2) &&
f1 == f2 && E.mark(f1) );
// shooting along x-axis:
h1l = N3.ray_shoot(p6,Direction(1,0));
h2 = N3.ray_shoot(p6,Direction(1,0) ,Nef_polyhedron: :NAIVE);
CGAL_TEST( h1l == NULL && h2 == NULL );
// shooting along y-axis:
h1l = N3.ray_shoot(p5,Direction(0,1));
h2 = N3.ray_shoot(p5,Direction(0,1),Nef_polyhedron: :NAIVE);
e = el;
CGAL_TEST( CGAL::assign(el,hl) && CGAL::assign(e2,h2) &&
(el==e2| |el1==E.twin(e2)) && E.mark(el) );
hl = N3.ray_shoot_to_boundary(p5,Direction(0,1));
h2 = N3.ray_shoot_to_boundary(p5,Direction(0,1) ,Nef_polyhedron: :NAIVE);
CGAL_TEST( N3.contained_in_boundary(hl) && N3.contained_in_boundary(h2) );
CGAL_TEST( CGAL::assign(vl,h1) && CGAL::assign(v2,h2) && vl == v2 );
h1l = N3.ray_shoot_to_boundary(p7,Direction(0,-1));
h2 = N3.ray_shoot_to_boundary(p7,Direction(0,-1),Nef_polyhedron: :NAIVE);
CGAL_TEST( N3.contained_in_boundary(hl) && N3.contained_in_boundary(h2) );
CGAL_TEST( CGAL::assign(el,hl) && CGAL::assign(e2,h2) &&
(el==e2 || el==E.twin(e2)) );

std::1list<Point> L;

L.push_back(pl);

N3 = Nef_polyhedron(L.begin(), L.end(), Nef_polyhedron::INCLUDED) ;
E = N3.explorer();

h1l = N3.locate(pl);

h2 = N3.locate(p2);

CGAL_TEST( CGAL::assign(v1l,hl) && E.point(vl)==pl && E.mark(vl) );
CGAL_TEST( CGAL::assign(f1,h2) && !'E.mark(f1) );

L.push_back(p2);

N3 = Nef_polyhedron(L.begin(), L.end(), Nef_polyhedron::INCLUDED) ;
E = N3.explorer();

h1l = N3.locate(pl);

h2 = N3.locate(CGAL: :midpoint(pl,p2));

h3 = N3.locate(p6);

CGAL_TEST( CGAL::assign(v1l,hl) && E.point(v1l)==pl && E.mark(vl) );
CGAL_TEST( CGAL::assign(el,h2) && E.mark(el) );

CGAL_TEST( CGAL::assign(f1,h3) && !E.mark(f1) );

L.push_back(p3);

N3 = Nef_polyhedron(L.begin(), L.end(), Nef_polyhedron::INCLUDED) ;
E = N3.explorer();

h1l = N3.locate(pl);

h2 = N3.locate(CGAL: :midpoint(pl,p2));

h3 = N3.locate(p6);

CGAL_TEST( CGAL::assign(v1l,hl) && E.point(v1l)==pl && E.mark(vl) );
CGAL_TEST( CGAL::assign(el,h2) && E.mark(el) );

CGAL_TEST( CGAL::assign(f1,h3) && E.mark(f1) );

h3 = N3.locate(Point(1,1,3));

CGAL_TEST( CGAL::assign(f1,h3) && 'E.mark(f1) );

CGAL_IO_TEST(N1,N2);
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1.9 A Runtime Test

For an evaluation of Nef polyhedra we do the following. Weursa/ely create a random structure of
desired complexity. We start fromhalf-spaces in an array. We interpret the entries as thesealv

a balanced binary tree. Starting from the leaf level we comlbivo neighbored nodes in each level
into a new polyhedron by a symmetric difference operatiohe oot of the tree thereby contains
a structure of complexityD(n?) as the symmetric difference does not take away any struciiiie
result is an arrangement of the lines in the boundary of thiespaces, where each vertex, edge,
and face carries a random bit. We then evaluate the two birgeyationsntersectionandunionon
the two such structures. To get an impression of how goodxtemded approach is we compare four
different geometric treatments of the problem. We measwéme for the naive implementation with
an explicit usage of a polynomial ring number type based opAEmultiprecision integer arithmetic
(marked asaive. We do the same test on a extended kernel that uses dynautitediter techniques
(based on the CGAL double interval arithmelitervalntadvanced. As our predicate expressions
are of bounded arithmetic depth, we can program these esipnssexplicitly in unrolled code blocks.
The corresponding expressions are instantiated for tleevit data type and for the multiprecision
integer number type. The filter stage determines the re$ultiopredicates in many cases by pure
double arithmetic as long as the controled error bound gteea the correctness of the result. We
call this thefiltered approach.

Finally we compare the two instantiations of our Nef polyfoeddata type with the simpler scenar-
ios of generic polygons (LEDAat genpolygors). The type has a simpler geometric domain as it only
considers regularized polygons. This takes away some a¢oatiphs in the topology of the result of
binary operations. generic polygons are programmed arthexdoncept of simple polygonal chains
which store the boundary cycles of the faces of the planadigision. They also do not consider
boundary issues (the boundary is part of the face incideit}.t@he simpler topology should allow
faster binary operations. Thus we cannot expect to beatatzestiructure with respect to algorithmic
processing. Of course Nef polyhedra cover additionallyuigounded nature of half-spaces.

To allow any testing we fix a static boundary large enough tkenthe topology on the boundary
constant (the knowledge about the size is taken from thaqusly calculated nef polyhedron). Then
we convert the geometry to the affine bounded scenario angeunsic polygons. This gives us some
kind of competitor that competes in a simpler domain and ghafits from our knowledge. If we
just use the binary operations of generic polygons receissithey loose the competition due to the
accumulated mantissae in the multiprecision representati the polygon vertex embedding. If we
normalize the embedding to its minimal representation therexpected runtime hierarchy pops up
again. In the followingrgp refers torat.genpolygonandrgpn refers torat. genpolygonincluding
normalization after each binary operations. The lines aontimes concerning the binary overlay
of structures of a certain complexity. The first column detees the sizen of a set of half-spaces.
Such a set implies a planar arrangemem(of— 1) /2 + 2n+ 4 verticesn(n+ 1) + 2n+ 4 edges and
n(n+1)/2+ 2 faces (in the non-degenerate case including the objezaseact by the framing box).

The line marked\ presents the complexity and times for the tree-recursimthggis of the struc-
ture. Thus we measur@(n) binary symmetric difference operations on operands of@sing com-
plexity. The three column entries #V, #E, and #F presentthehnumber of nodes, uedges and faces
of the resulting arrangement (deviation from the formulasve due to degeneries are possible). The
lines marked withh andU present the results of one corresponding binary operattwrevthe result
has the complexity shown in the columns #V, #E, #F.

Note that the generic polygons are actually slower in th&®gis phase as the normalization takes
place for the whole structure and is therefore more experteian our approach. Thel entries tell
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you that we didn’t measure those times anymore as the nanaii@ed approach took just too long.
The times are measured in seconds on a SUN Ultra-Enterpdid@d with an 333 MHz UltraSPARC
processors.

| #lines| op|| #v | #E | #F | naive] filtered | rgpn | rgp |

10 A 67 121 56 0.64 | 0.065 | 0.075| 0.125
10 N 162 217 61 0.74| 0.09 | 0.08 | 0.93
10 U 160 213 60 0.75| 0.09 | 0.07 | 0.92
15 A 139 259 122 1.13| 0.125 | 0.14 | 0.33
15 N 365 495 142 1.76 0.2 0.18 | 5.73
15 U 348 458 134 || 1.72 | 0.19 | 0.16 | 6.04
20 A 230 437 209 | 231 | 0.26 |0.285| 23
20 N 622 831 241 || 289 | 0.36 0.3 | 19.2
20 U 577 744 205 | 293 | 0.36 0.3 | 196
25 A 353 678 326 || 3.19| 0.36 | 0.44 -1
25 N 965 | 1281 | 365 4.9 0.61 | 0.52 -1
25 U 981 | 1314 | 370 || 478 | 0.61 | 0.51 -1
30 A 499 964 467 | 401 | 048 | 0575 -1
30 N || 1375 | 1821 | 514 7 0.92 0.8 -1
30 U || 1410 | 1894 | 540 || 7.55 0.9 0.76 -1
40 A 862 | 1680 | 820 8.7 1.05 | 1.25 -1
40 N || 2395 | 3171 | 900 128 | 1.67 | 1.43 -1
40 U || 2509 | 3370 | 960 129 | 1.71 | 142 -1
50 A || 1326 | 2600 | 1275 || 12.1 | 154 | 1.83 -1
50 N || 3828 | 5111 | 1470 || 21.1 | 2.88 | 2.41 -1
50 U || 3809 | 5073 | 1455 || 20.7 | 2.85 | 2.35 -1
100 | A || 5149 | 10195| 5048 | 49.8 | 6.76 | 8.29 -1
100 | n || 15188| 20296 | 5826 | 92.6 | 13.5 | 13.1 -1
100 | U || 15088| 20073 | 5731 | 92.4 | 13.6 | 134 -1
150 | A || 11476| 22799 | 11325| 146 | 21.2 | 24.2 -1
150 | n || 34223| 45801 | 13214 217 | 33.7 | 39.8 -1
150 | U || 33717| 44785| 12881 | 217 | 34.1 | 40.2 -1
200 | A | 20302| 40401 | 20100| 207 | 33.8 40 -1
200 | N || 60043| 79905| 22909 | 415 66 101 -1
200 | U | 60551| 80886 | 23352| 410 | 67.1 100 -1

(Nefpolyhedron2-rt.C)=
#include <CGAL/basic.h>
#include <CGAL/Random.h>
#include <CGAL/Homogeneous.h>
#include <vector>
#include <algorithm>
#include <iomanip>
#include <CGAL/leda_integer.h>
#include <CGAL/RPolynomial.h>
#include <CGAL/Extended_homogeneous.h>
#include <CGAL/Filtered_extended_homogeneous.h>
#include <CGAL/Nef_polyhedron_2.h>
#include <CGAL/basic_constructions_2.h>
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#include
#include
#include
#include
#include

#include
#include
#include
#include
#include

template

<CGAL/Point_2.h>
<CGAL/point_generators_2.h>
<CGAL/copy_n.h>

<CGAL/random_selection.h>
<CGAL/I0/Window_stream.h>
<CGAL/I0/Nef_polyhedron_2_Window_stream.h>
<LEDA/misc.h>

<LEDA/rat_gen_polygon.h>
<LEDA/rat_window.h>

<LEDA/param_handler.h>

<>

struct ring_or_field<leda_integer> {
typedef ring _with_gcd kind;

static

leda_integer gcd(const leda_integer& il, const leda_integer& i2)

{ return ::gcd(il,i2); }

¥

typedef
typedef
typedef
typedef
typedef
typedef
typedef
typedef
typedef

CGAL: :Extended_homogeneous<leda_integer> EKernel;

CGAL: :Nef_polyhedron_2<EKernel> Nef _polyhedron;
Nef_polyhedron: :Point Point;

Nef_polyhedron::Direction Direction;

Nef_polyhedron::Line Line;

Nef_polyhedron: :Explorer PMExplorer;

CGAL: :Filtered_extended_homogeneous<leda_integer> FEKernel;
CGAL: :Nef_polyhedron_2<FEKernel> Nef_polyhedronF;

CGAL: :Creator_uniform_2<leda_integer,Point> Creator;

enum { NAIVE=0, FILTERED, GENPOLY_NORMALIZED, GENPOLY };
enum { EXOR1=0, EXOR2, INTER, UNION };

static int n, Vn[4],En[4],Fn[4];

static float tt_start, tt_exor, tt_inter, tt_union;
static float t_exor[4], t_inter[4], t_union[4];

static leda_integer R;

static leda_string input_file;

static bool verbose;

tool operation$
creating random lines

combination of lines into nef polyhedron

(
(
(determining the frame size
(
(

combination of lines into gen polygpn

int main(int argc, char* argv([]) {

(extract command line parametérs

(verbose introduction

Nef_polyhedron N1,N2,N3,N4;
Nef_polyhedronF NF1,NF2,NF3,NF4;
std::vector<Line> linesl,lines2;
(creating random lines or reading them from file
(write lines to a log fil¢

combine_and_time(lines1,lines2,N1,N2,N3,N4,"NAIVE:");
save_times (NAIVE) ;
combine_and_time(lines1,lines2,NF1,NF2,NF3,NF4,"FILTERED: ") ;
save_times (FILTERED) ;

save_structure(NF1,EX0R1); save_structure(NF2,EX0R2);



1.9 A Runtime Test 56

save_structure(NF3,INTER); save_structure (NF4,UNION);
std::ofstream polyl("nefl.log"), poly2("nef2.log");
polyl << NF1; poly2 << NF2;

polyl.close(); poly2.close();

std::ofstream poly3("nef3.log"), poly4("nefd.log");
poly3 << NF3; poly4 << NF4;

poly3.close(); poly4.close();

R = min_frame_size(NF1);

R = std::max(min_frame_size(NF2),R);
R = std::max(min_frame_size(NF3),R);
R = std::max(min_frame_size(NF4),R);

leda_rat_gen_polygon G1,G2,G3,G4;
combine_and_time_leda(linesi,lines2,G1,G2,G3,G4,true,"RGP normalized:");
save_times (GENPOLY_NORMALIZED) ;
if (n<=20) {
combine_and_time_leda(linesl1,lines2,G1,G2,G3,G4,false,"RGP:");
save_times (GENPOLY) ;
} else {
tt_exor = -2.0; tt_inter = tt_union = -1.0;
save_times (GENPOLY) ;
}

(print runtimes

if (verbose) {
(report verbose resulfs
(visualize results

}

return 0O;

(creating random lines or reading them from Jie

if ( input_file == "" ) {
linesl = std::vector<Line>(n);
lines2 = std::vector<Line>(n);
create_random_lines(n,linesl);
create_random_lines(n,lines2);

} else {
std::ifstream input(input_file);
CGAL_assertion_msg(input,'"no input log.");
input >> n;
linesl = std::vector<Line>(n);
lines2 = std::vector<Line>(n);
for (int j=0; j<n; ++j) input >> linesl[j];
for (int j=0; j<n; ++j) input >> lines2[j];

We determine a random line by a random pgiratnd a random directiod. We have to avoid that the
direction is trivial.
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(creating random linés=
void create_random_lines(int r, std::vector<Line>& lines)
{ // n random lines that intersect a square of radius r
CGAL: :Random_points_in_square_2<Point,Creator> points( r );
for (unsigned int i=0; i<lines.size(); ++i) {
int dx(0),dy(0);
while ( dx==0 && dy==0 ) {
dx = CGAL::default_random.get_int(-r,r);
dy = CGAL::default_random.get_int(-r,r);
}
Point p = *points++;
Direction d(dx,dy);
lines[i] = Line(p,d);

We create elemtary nef polyhedra in a vector and use tregumios bottom-up with the vector
entries as the leafs of the tree. We use the symmetric differ@peration for the construction of
internal nodes of the tree. We measure the time to constradttucture in the root of the tree, which
is in general an arrangement of lines where all faces areoralydmarked (according to the random
selection of half-spaces). The size of the resulting palytie is quadratic with respect to the number
of lines.

(combination of lines into nef polyhedrea

template <typename L, typename K>
void
combine(const std::vector<L>& lines, CGAL::Nef_polyhedron_2<K>& N)
{ std::vector< CGAL: :Nef_polyhedron_2<K> > V(lines.size());
int s = lines.size(),n(s);
for (int i=0; i<s; ++i) {
V[i] = CGAL::Nef_polyhedron_2<K>(lines[i]);
}
tt_start = used_time();
while (s > 1) {
for (int i = 0; i<s; i+=2) {
if ( i+l == s )
V[i/2] = V[il;
else {
V[i/2] = V[i]l = V[i+1];
std::cerr << ".";

}
}
s = s/2 + s%2;
}
tt_exor = used_time(tt_start);
N = V[0];
std::cerr << " " << n << " lines exor combined in " << tt_exor
<< std::endl;
}

We use th&ombineoperation to create one complex nef polyhedron from eacbfdigies. Then we
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measure the time used for the two binary operatiatersectionandunion

(combination of lines into nef polyhedieh=
template <class Nef>
void combine_and_time(const std::vector<Line>& linesi,
const std::vector<Line>& lines2,
Nef& N1, Nef& N2, Nef& N3, Nef& N4,
const char* title)

{

std::cerr << "\n" << title << "\n";

int n = linesl.size(); float t;

combine(lines1,N1); t = tt_exor;

combine(lines2,N2); tt_exor += t;

tt_start = used_time();

N3 = N1 * N2;

tt_inter = used_time(tt_start);

tt_start = used_time();

N4 = N1 + N2;

tt_union = used_time(tt_start);

std::cerr << n << " line arrangement inter " << tt_inter << std::endl;

std::cerr << n << " line arrangement union " << tt_union << std::endl;
}

Concerning general polygons we use the construction ofaighpdra to extract quadrangles realizing
half-spaces. We then use the bottom up tree combinationfaebe

(combination of lines into gen polygga
void combine_leda(const std::vector<Line>& lines,
leda_rat_gen_polygon& G, bool normalize=true)
{ int s = lines.size();
std::vector< Nef_polyhedronF > V(s);
std::vector< leda_rat_gen_polygon > P(s);
for (int j=0; j<s; ++j ) {
V[j] = Nef_polyhedronF(lines[j]);
}
for (int i=0; i<s; ++i) {
typedef Nef_polyhedronF::Explorer Explorer;
typedef Explorer::Face_const_iterator Face_const_iterator;
typedef Explorer::Halfedge_around_face_const_circulator
Halfedge_around_face_const_circulator;
Explorer E = V[i].explorer();
leda_list<leda_rat_point> L;
for (Face_const_iterator f = E.faces_begin(); £ != E.faces_end();
++f) {
if ( !'E.mark(f) ) continue;
Halfedge_around_face_const_circulator e(E.halfedge(f)), ee(e);
CGAL_For_all(e,ee) {
L.append(cgal_to_leda(e->vertex()->point()));
3
}
P[i] = leda_rat_gen_polygon(L);
if (normalize) P[i].normalize();
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}
tt_start = used_time();
while (s > 1) {
for (int i = 0; i<s; i+=2) {
if ( i+1 == s )

P[i/2] = P[il;
else {
P[i/2] = P[i].sym_diff(P[i+1]);

if (normalize) P[i/2] .normalize();
std::cerr << ".";

= s/2 + s2;

0]

3

G = P[0];

tt_exor = used_time(tt_start);

std::cerr << " " << lines.size() << " gen_polygons exor combined in
<< tt_exor << std::endl;

The combination of generic polygons representing haltspanto larger units follows the same
scheme as above. First create the symmetric differencetsteuof the input objects (elementary
polygons representing half-spaces). Then calculate teesection and union of the two objects.

(combination of lines into gen polygph=
void combine_and_time_leda(
const std::vector<Line>& linesl, const std::vector<Line>& lines2,
leda_rat_gen_polygon& G1, leda_rat_gen_polygon& G2,
leda_rat_gen_polygon& G3, leda_rat_gen_polygon& G4,
bool normalize, const char* title)

std::cerr << "\n" << title << "\n";

int n = linesl.size(); float t;
combine_leda(lines1,G1,normalize); t = tt_exor;
combine_leda(lines2,G2,normalize); tt_exor += t;

tt_start = used_time();

G3 = Gl.intersection(G2);

tt_inter = used_time(tt_start);

tt_start = used_time();

G4 = G1l.unite(G2);

tt_union = used_time(tt_start);

std::cerr << n << " gen_polygon inter " << tt_inter << std::endl;
std::cerr << n << " gen_polygon union " << tt_union << std::endl;

To determine the frame size is easy when we have a topolbgaatect nef polyhedron. For standard
points the coordinates are a lower bound for the frame ra#fiosnon-standard points the intersection
of the underlying lines with the angular bisectors defineneelobound for the fram radius.
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(determining the frame siz=
leda_integer min_frame_size(const Nef_polyhedronF& N)
{
typedef Nef_polyhedronF::Extended_kernel EKernel;
typedef EKernel::Standard_RT Standard_RT;
typedef Nef_polyhedronF::Explorer Explorer;
typedef Explorer::Topological_explorer TExplorer;
typedef Explorer::Vertex_const_iterator Vertex_const_iterator;
TExplorer D = N.explorer();
EKernel& E = Nef_polyhedronF::EK;
Vertex_const_iterator vit = D.vertices_begin(),
vend = D.vertices_end();
leda_integer frame_radius(0);
for (; vit !'= vend; ++vit) {
if ( E.is_standard(D.point(vit)) ) {
Point p = E.standard_point (D.point(vit));
Standard_RT m = std::max(p.hx()/p.hw(), p.hy)/p.hw());
frame_radius = std::max(frame_radius,m+1);
} else { // non-standard
Line 1 = E.standard_line(D.point(vit));
if ( abs(l.a()) !'= abs(1.b()) ) {
Standard_RT m = std::max( abs(l.c()/(1.a()+1.b())),
abs(1.c()/(1.a()-1.b()) J;

std: :max(frame_radius,m+1) ;

frame_radius
} else {
frame_radius

std: :max(frame_radius,abs(l.c()/1.a()));
}
}
}

return frame_radius;

(verbose introductioy=
SETDTHREAD (41) ;
int nv = nx(n-1)/2 + 2*n + 4;
std::cerr << CGAL::pointlocationversion << std::endl;
std::cerr << CGAL::sweepversion << std::endl;
std::cerr << "creating arrangement of " << nv << " vertices\n";

(extract command line parametges
leda_param_handler H(argc,argv,".rt",false);
H.add_parameter ("number_of_lines:-n:int:10");
H.add_parameter("file_of_lines:-i:string:");
H.add_parameter("verbose:-v:bool:false");
leda_param_handler::init_all();
H.get_parameter("-n",n);
H.get_parameter("-i",input_file);
H.get_parameter("-v", ,verbose);

(print runtimeg=
std::cerr << std::endl;
std::cout << setprecision(3);

60
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std::cout << n << " & \\EXOR & "
<< (Vn[EXOR1]+Vn[EXOR2])/2 << " & " << (En[EXOR1]+En[EX0R2])/2 << " & "
<< (Fn[EXOR1]+Fn[EXOR2])/2 << " & "
<< (t_exor[NAIVE]/2) << " & " << (t_exor[FILTERED]/2) << " & "
<< (t_exor [GENPOLY_NORMALIZED]/2) << " & " << (t_exor[GENPOLY]/2)
<< "\\\\\n";
std::cout << n << " & \\INTER & "
<< Vn[INTER] << " & " << En[INTER] << " & "
<< Fn[INTER] << " & "
<< t_inter[NAIVE] << " & " << t_inter[FILTERED] << " & "
<< t_inter [GENPOLY_NORMALIZED] << " & " << t_inter [GENPOLY]
<< "\\\\\n";
std::cout << n << " & \\UNION & "
<< Vn[UNION] << " & " << En[UNION] << " & "
<< Fn[UNION] << " & "
<< t_union[NAIVE] << " & " << t_union[FILTERED] << " & "
<< t_union[GENPOLY_NORMALIZED] << " & " << t_union[GENPOLY]
<< "\\\\ \\hline\n";

(report verbose resulfss
std::cerr << std::endl << "frame size = " << R << std::endl;
N1i.explorer() .print_statistics();
N2.explorer() .print_statistics();
N3.explorer() .print_statistics();
N4.explorer() .print_statistics();
Nef_polyhedronF::EK.print_statistics();
ISOTEST(N1,NF1)
ISOTEST(N2,NF2)
ISOTEST(N3,NF3)
ISOTEST(N4,NF4)

(write lines to a log filg=
std::ofstream log("nef-rt.log");
CGAL_assertion_msg(log,"no output log nef-rt.log");
log << n << std::endl;
for (int i=0; i<n; ++i) log << lines1[i] << " ";
log << std::endl;
for (int i=0; i<n; ++i) log << lines2[i] << " ";
log << std::endl;
log.close();

(visualize results=

CGAL: :Window_stream W(600,600) ;
.init (-CGAL: : frame_default,CGAL: : frame_default,-CGAL: :frame_default);
.set_show_coordinates(true);
.set_grid_mode(5);
.set_node_width(3);
.display(0,0);
<< N3;
.read_mouse() ;
<< N4;
.read_mouse() ;

S == = =5 = 5 5 =
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W.clear();
{
leda_rat_polygon p;
forall_polygons(p,G3)
W.draw_filled_polygon(p.to_polygon(),leda_black);
}

W.read_mouse() ;

(tool operation$=
template <typename P>
leda_rat_point cgal_to_leda(const P& p)
{ return leda_rat_point(p.hx().eval_at(R),p.hy().eval_at(R),
p.-hw()); 3}

void save_times(int i)
{ t_exor[i]=tt_exor; t_inter[i]=tt_inter; t_union[i]=tt_union; }

void save_structure(const Nef_polyhedronF& N, int i)

{
Vn[i] = N.explorer() .number_of_vertices();
En[i] = N.explorer().number_of_edges();
Fn[i] = N.explorer() .number_of_faces();

}

#define ISOTEST(n1,n2)\

assert(nl.explorer () .number_of_vertices()==\
n2.explorer () .number_of _vertices());\

assert(nl.explorer () .number_of _edges()==n2.explorer () .number_of_edges());\

assert(nl.explorer () .number_of_faces()==n2.explorer () .number_of_faces());

1.10 Printing Nef polyhedra

(Nefpolyhedron2-ps.G=
#include <CGAL/basic.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/leda_integer.h>
#include <CGAL/Extended_homogeneous.h>
#include <CGAL/Filtered_extended_homogeneous.h>
#include <CGAL/Nef_polyhedron_2.h>
#include <CGAL/IO/Nef_polyhedron_2_PS_stream.h>
#include <LEDA/stream.h>

template <>
struct ring_or_field<leda_integer> {

typedef ring_with_gcd kind;
¥
//typedef CGAL::Extended_homogeneous<leda_integer> EKernel;
typedef CGAL::Filtered_extended_homogeneous<leda_integer> EKernel;
typedef CGAL::Nef_polyhedron_2<EKernel> Nef_polyhedron;

using namespace CGAL;

int main(int argc, char* argv[]) {
// Create test point set. Prepare a vector for 1000 points.
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if (argc ==1) {
std::cout << argv[0] << " input_file\n";
return 1;

}

file_istream f(argv[1]);

if (£) {
Nef_polyhedron N;
f >> N;
ps_file PS(10,10,"nef.ps");
PS << N;

}

return O;
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2 Segment Intersection

2.1 Introduction

This document describes a generic sweep algorithm of ligmeats along the lines of the algorithm
which is part of the LEDA library. We basically transferrdgktsegment sweep algorithm as described
in the LEDA book [MN99] into our generic sweep framewaknericsweep We descibe special
adaptations and refer the user to the description in [MNB8pter 10] for a deeper understanding.

«concept » .
GenericSweepTraits

«concept »
STL Iterator

«concept »
SegmentOverlayOutput H

1
1
«concept » 1
SegmentOverlayGeometry_2 1|' M
1
1
1
1

Figure 2.1: The design of the segment overlay modul€egmenbverlaytraits implements the concept
GenericSweepTraitsThere are actually two instanckEslasegoverlaytraits and stlLsegoverlaytraits realiz-
ing Segmendverlaytraits depending on the module configuration. The three templatenpeters allow an
adaptation depending on input, output, and geometry.

To use our generic sweep framework we implement a traits hidegmenbverlaytraits which
is plugged into the clasgenericsweegT> (the bottom layer). For the concept of the paramater
please refer to clagsenericSweepTraits the appendix on page 331. For the functionality of class
genericsweepsee the manual page on page 3@dnericsweep< Segmenbverlaytraits < .. > is a
generic sweep framework for the calculation of the overlagegments.

If you browse the original algorithn'$WEEPSEGMENT Swith respect to code dependencies,
you find that it is hard-wired to several LEDA modules. Theesiof the original algorithm are the
geometric kernelvhich is used, théput interfacewhich is a list of segments, and thatput interface
which is a LEDA embedded graph. We decouple the above froraretendata types by introducing
concepts for the three units: input, output, geometry.

Theinput concepis easy. We use iterators defining an iterator range of segnieorresponding

66



2.1 Introduction 67

to the list of segments in the LEDA sweep).

The output concepts a plane map data structure like LEDA plane maps (bidickatenbedded
graphs). For an introduction refer to [MN99, chapter 8]. Biutourse there are several other standard
data structures in the literature like thlalfedge Data Structure@HDS), andDirected Cyclic Edge
Lists (DCEL). See for example the textbooks [dBvKOS97, PS85] aeddGAL HDS implementa-
tion in the manual [CGA]. Sometimes the output has to be baddy some additional bookkeeping
data structures (e.g. maps) to associate additional irftbomto the vertices and edges of the graph.

Thegeometric conceptontains the geometry used for the algorithmic decisiortkefweep: ge-
ometric types like points and segments and the primitiveaifms on them. Our correctness consid-
erations are based on affine planar geometry. However tlasgivamework works also instantiated
with other geometry models.

The genericity is achieved by encapsulating the three gisdeto three template parameters of
Segmenbverlaytraits<> which allows a user to transport his geometry, geometrimitiies and his
input and output structure into the segment sweep framewadfd will describe the concept of the
geometric types, primitives and the concept of the outpaplgrstructure below. We first give an
abstract introduction of the output produced.

The ouput of the algorithm is the result of transformatioharooutput object triggered by method
calls of the traits class. There are some methods which carsdx:to manipulate a graph structure
G = (V,E). If the implementation of those graph manipulation metHotlsws the semantic descrip-
tion below then the output graph obtains a certain structAdalitionally there is also some kind of
message passing associated with the output structurealldwss a user to refine necessary additional
information from the sweep.

Assume the output contains a graph structare (V,E) which can represent an embedded plane
map (a bidirected graph where reversal edges are paired lagic \the nodes are embedded into the
plane by associating point coordinates). We state someapiep of the output production:

O1. All end points and intersection points of segments alleccavents and trigger calls to create
new nodew € V which obtain the knowledge about their embedding via a paifithe creation
is done in the lexicographic order on points as specified by#er in the geometric traits class.

02. The sweep explores the skeleton of the planar subdivisiuced by the set of input segments
of the iterator range. Thus for each segehiere are method calls which can be used to create
edges inG such that the straight line embedding of their union comwadp tos.

03. Each halfedge € E gets to know a list of input segments supporting its strdightembedding.

O4. Each noder € V gets to know a halfedge below (vertical ray-shooting prgpewhere de-
generacies are broken with a left-closed perturbationreeh@ll edges include their left source
node during the ray shoot). Additionally each nadeV gets to know the input segments which
start at, end at or contain its embeddpajnt(v). Finally each node gets to know explicitly if it
is supported by a trivial input segment.

O5. If the edge creation operations follow the semantic ija#sen then each node has an adja-
cency list such that visiting all adjacent nodes while tiegathe adjacency list corresponds to
a counterclockwise rotation arourndthe straight line drawing d& is counterclockwiserder-
preserving. All adjacency lists additionally have the property dbaward-prefix This means
that forward-oriented edgesuild a prefix in each adjacency list.

lan edgeeis called forward-oriented whepoint(sourcée)) <|ex point(target(e)).
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«concept » «concept »
SegmentOverlaylnput SegmentOverlayGeometry_2
+: Point_2, Segnent_2
«concept » +source(s: Segnent _2): Point_2
SegmentOverlayOutput +target (s: Segnent): Point_2
T V E | Point 2 +i s_degener at e(s: Segnent): bool
— — +const ruct _segment (pl: Poi nt _2, p2: Poi nt _2): Segnent_2

+new_vertex(p: Point_2): V +orientation(s: Segment _2, p: Point_2): int
+new_hal f edge_pai r_at _source(v:V): E 1| [+conpare_xy(p1: Poi nt _2, p2: Poi nt_2): int
+link_as_target_and_append(v:V,e:E): void +i ntersection(sl: Segment 2, s2: Segnent _2): Point 2
+supporting_segnment(e:E it:1): void
+trivial _segnent(v:V,it:l): void
+starting_segment(v:V,it:1): void 02
+passi ng_segnent (v:V,it:1): void
+endi ng_segnent (v:V,it:1): void _________|
+hal f edge_bel ow(v: V,e: E): void —————— 03

Figure 2.2:The three concepts that allow adaptation of the generic segsweep. In the output concept the
abbreviations ar¥ for Vertexhandle E for Halfedgehandle andl for Iterator.

The interfaces of the three concepts are depicted in fig@e Ror the actual semantics please
consult the manual pages 8egmentOverlayOutpon page 325 an8egmentOverlayGeomeyn
page 325 in the appendix.

2.1.1 Formalizing the sweep — Invariants

We sweep the plane from left to right by a vertical li8e. Whenever we encounter an event point
we have to take actions to produce the output structure. Botlpoints of each segment and non-
degenerate intersection points of any two non-overlappagments define o@vents To ensure the
correct actions we resort to a list of invariants on which ae ely just before we encounter an event
and which we ensure by certain actions for the status thereaf

The sweep is determined by an interaction between two magar structures, an event quexis
and a sweep status struct¥& The event queuS controls the stepping dbL across the plane.
We store a point as the key of each event. The order of the®gentesponds to the lexicographical
order on all points as defined in the geometry ker¥&stores segments intersecting the sweep line
SLordered according to their intersection points from bottortop. Note that for a segmesin YS
sources) <|ex target(s) according to our lexicographic order on points.

The above description talks about vertical sweep lines aodhgtry which is left and right of the
sweep line. As soon as there are events with identicalordinates and vertical segments we have to
be more accurate. Imagine a sweep line which is slanted bygfenitésimal angle counterclockwise
thus processing the points on the vertical line bottom-upmdake accurate intuition is created by a
sweepline consisting of an infinitesimal small step downerehthe vertical ray down is right of the
current sweep position and the vertical ray up is left of theent sweep position and the horizontal
step marks the current position while going frerm to 4+ along they-axis of the coordinate system.
For an extensive treatment please refer to [MN99, chapfer 10

We treat the degenerate cases of several segments endergeating, and starting in one point
explicitly in our code. We also handle the possibility thaveral segments overlap. This implies
that just before an event the sweep line may intersect a whaobele of segments containing the
event. Some extend through it, some end there. And just thigeevent the bundle of the segments
extending though the event may be enriched by several sdgmstamnting at the event. The segments
of both bundles can be ordered according to their pointstef$ection with the sweep line. In case
of overlapping segments their point of intersection with fhweep line is identical. To break the tie



2.1 Introduction 69

Figure 2.3:Sketching the sweepline intuition in the case of degenesadihe left figure shows the sweepline
before the event gt. The right figure shows the figure just after the ever.at

we take the order on the identity of each input segmebte that due to the degeneracy events can
have multiple character.

Invariant 1: The event queuXSis a sorted sequence of itemp, x> called events, wherp is the
embedding point of the event amds an associated information lin&tartingandendingevents refer

to the endpoints of all segmentihtersectionevents are defined by the points of intersection of two
non-overlapping segments. At any sweep posi¥&@tontains all starting and ending events and all
intersection events right &L that are the result of an intersection of segments that dghiners in
YS The order inXSis the lexicographic order on point®mparexy( ) introduced by the geometry
concept.

Invariant 2: The sweep status structu¥eis a sorted sequence of items y> wheresis a segment
intersected by the sweep line. The order is defined by thegofrintersection of the segments and
the sweep line from bottom to top.

Consider any bundle of segments ending at or extending ghran event. We want to save on
geometric calculations. Therefore the information slothe items inYSis used to identify such
bundles.

Invariant 3: Let <s,y> and<s,y’> be two successing items MS The informationy is used as a
flag how the two segments are geometrically relateg.alids are overlapping at the current sweep
position theny points to its successor iters,y' > in YS If sands' intersect right of the sweep line
theny points to the corresponding eventii® Otherwise it is the null handle.

Additionally for all itemsit we know an edge in the output graph that is supported by thaesy
via a mapEdgeofit].

Invariant 4: For all intersection events and ending everpisx> in XSthe informationx is a link to
an item<s,y> in YSsuch that the segmestontainsp. For ending events the invariant is established
as soon as the segmesgntersYS

This construction allows us to shortcut from an event intordnge of interest withily Swithout
using the standard (logarithmic) search operationg®f

Lemma 2.1.1: Starting from any intersection or ending event we can iferntie bundle of seg-
ments/items inYSending at or extending through the event in time proportidadhe size of the
bundle.

2|nternally we handle segments via pointers. Then theirtitleis just the memory address.
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Proof. Consider an evertp,x> that is not only starting event. Thenis a link to an item<s,y> in
YSsuch thats containsp due to Invariant 4. lIterating locally up and down startingnfirx allows
us to identify the range of items ¥MSwhose segments contamby the marking links according to
Invariant 3. O

At last, at each event we ensure partial output correctinegddads to global output correctness
after the last event.

Invariant 5: Assume the output model’s operations are defined accordingrtspecification. Then
the overlay of all segments that are fully left of our sweee lis correctly calculated.

The following hashing idea saves again on geometric calonkand search.

Invariant 6: For each pair of segmentsl s2) in YSand intersecting right o6L which have been
neighbors inYSonce (and might have been separated afterwards) thereshaddae short-cut to the
corresponding intersection event= |IEventsls2).

Note that the algorithmic correctness of this framework twas aspects. There are global con-
siderations and local considerations. The global conaiaters concern issues like why the algorithm
terminates and why it does calculate the output we ask foe Idbal considerations concern the
aspects of the event handling. Namely, why our event hagdiimd the intialization phase of our
framework ensures the invariants stated above. Taking ibstles together we obtain the certainty
that our code module actually calculates the overlay ctyrec

For the global correctness we will see that all starting amtirey events are handled in our code
and inflated into the machinery in the initialization pha®ae exception that we have to incorporate
into our code is the occurance of trivial segments. The finalstion is if we catch all intersection
events? There’s a trivial observation why we cannot misssaich event.

Lemma 2.1.2: If we ensure that all our invariants hold at all events thercamnot miss any intersec-
tion event.

Proof. Assume we miss an intersection eventlf we miss several take the lexicographically smallest
one. Then the event just befoex was correctly treated and the two segments that ineplare
neighbors inYS But Invariant 1 tells us thatvis in XSwhich leads to a contradiction. O

Note that global termination is not a big issue in sweep fraonks. As soon as all events have
gone we stop the iteration. Note finally that if we locally gdavariant 5 just after each event then
we also know that our result is correctly calculated. We naliliwk the above insights to the code.

2.1.2 Two generic sweep traits models

We use our generic plane sweep paradigm to execute the sWéepffer two models to plug into
the genericsweepframework. For the concept s&enericSweepTraits the appendix. One based
on LEDA [MN99] and including several runtime optimizatigriee other one based purely on STL
data structures [MS96]. This design was necessary to altimguhe sweep module when CGAL is
installed without the presence of LEDA. The sweep traitsslaraps it all.

(Segmenbverlay traits.h)=
(CGAL Headey
#ifndef CGAL_SEGMENT_OVERLAY_TRAITS_H
#define CGAL_SEGMENT_OVERLAY_TRAITS_H
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#include <assert.h>

#undef _DEBUG

#define _DEBUG 23

#include <CGAL/Nef_2/debug.h>

//#define INCLUDEBOTH

#if defined(CGAL_USE_LEDA) || defined (INCLUDEBOTH)

(leda segment overlay model

#endif // defined(CGAL_USE_LEDA) || defined (INCLUDEBOTH)
#if !defined (CGAL_USE_LEDA) || defined(INCLUDEBOTH)

(stl segment overlay model

#endif // !defined(CGAL_USE_LEDA) || defined(INCLUDEBOTH)

namespace CGAL {
#ifdef CGAL_USE_LEDA
#define Segment_overlay_traits leda_seg_overlay_traits

static const char* sweepversion = "LEDA segment overlay sweep";
#else

#define Segment_overlay_traits stl_seg_overlay_traits

static const char* sweepversion = "STL segment overlay sweep";
#endif

} // namespace CGAL

#include <CGAL/generic_sweep.h>
#endif // CGAL_SEGMENT_OVERLAY_TRAITS_H

(leda segment overlay mogiel
#include <LEDA/tuple.h>
#include <LEDA/slist.h>
#include <LEDA/list.h>
#include <LEDA/map.h>
#include <LEDA/map2.h>
#include <LEDA/sortseq.h>
#include <LEDA/p_queue.h>
#include <utility>
#include <strstream>

namespace CGAL {

(leda debugging routings

(leda segment overlay traits class
} // namespace CGAL

2.1.3 The LEDA traits model

Our class obtains three template types which have to be mdéolethe corresponding concepts de-
scribed below.

(leda segment overlay traits clgss
template <typename IT, typename PMDEC, typename GEOM>
class leda_seg_overlay_traits {
public:
(leda introducing the types from the trgits
(leda internal segment type

// types interfacing the generic sweep frame:
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ITERATOR its, ite;
QUTPUT& GO;
const GEOMETRY& K;

leda order types for segments and pojnts

leda sweep data structures

leda helping operations

leda operation for keeping the intersection invariant
leda initialization of the sweép

leda iteration controj

leda handling the evept

leda postprocessing of the swéep

}; // leda_seg_overlay_traits

N~ o~~~ o~~~

The following types are introduced by the traits classes. e 8& the concept descriptions
SegmentOverlayOutpdor PMDEC and SegmentOverlayGeomeyfor GEOM. The iterator con-
cept required is that of an STL input iterator.

(leda introducing the types from the trgits

typedef IT ITERATOR;
typedef std::pair<IT,IT> INPUT;
typedef PMDEC OUTPUT;

typedef typename PMDEC::Vertex_handle Vertex_handle;
typedef typename PMDEC::Halfedge_handle Halfedge_handle;

typedef GEOM GEOMETRY;
typedef typename GEOMETRY::Point_2 Point_2;
typedef typename GEOMETRY::Segment_2 Segment_2;

We define an internal segment tyffgegmenbased on a pointer to allow two constructions. At first
we want to be able to couple the internal segment to the ingjecbh We achieve this by maintaining
both as a paitwatuple<SegmeniTERATOR in a list. Secondly our internal segment type is just a
pointer to such a pair. We can thus not only compare interegingnts geometrically by the pair’'s
first component, but also check identity by the pointer asklre

(leda internal segment type
typedef leda_two_tuple<Segment_2,ITERATOR> seg_pair;

typedef seg_pair* ISegment;
typedef leda_list<seg_pair> IList;
typedef typename IList::iterator ilist_iterator;

The predicates below are solely based on a few geometrielkaredicates. The clever observation is
the fact, that the comparison predicatepsegsat sweeplings only called with one segment contain-

ing the sweep point. We know that assertion from the spetidicaf LEDA sortseqs. Compared to

the LEDA sweep algorithm we add non-geometric sentinel segento avoid checking of boundary

cases.

(leda order types for segments and pojgts
class cmp_segs_at_sweepline : public leda_cmp_base<ISegment>
{ const Point_2& p;
ISegment s_bottom, s_top; // sentinel segments
const GEOMETRY& K;
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public:
cmp_segs_at_sweepline(const Point_2& pi,
ISegment s1, ISegment s2, const GEOMETRY& k) :
p(pi), s_bottom(sl), s_top(s2), K(k) {}

int operator() (const ISegment& isl, const ISegment& is2) const
{ // Precondition: p is identical to the left endpoint of si1 or s2.

if ( is2 == s_top || isl == s_bottom ) return -1;
if ( isl == s_top || is2 == s_bottom ) return 1;
if ( isl1 == is2 ) return 0;

const Segment_2& sl = isl->first();

const Segment_2& s2 = is2->first();

int s = 0;

if ( p == K.source(sl) ) s = K.orientation(s2,p);

else if ( p == K.source(s2) ) s = - K.orientation(sl,p);

else ASSERT(0,"compare error in sweep.");

if (s || K.is_degenerate(sl) || K.is_degenerate(s2) )
return s;

s = K.orientation(s2,K.target(sl));

if (s==0) return ( isl - is2 );

// overlapping segments are not equal

return s;

}
};

The lexicographic order on points is just transferred fromgeometric kernel.

(leda order types for segments and pojrts
struct cmp_pnts_xy : public leda_cmp_base<Point_2>
{ const GEOMETRY% K;
public:
cmp_pnts_xy(const GEOMETRY& k) : K(k) {}
int operator() (const Point_2& pl, const Point_2& p2) const
{ return X.compare_xy(pl,p2); }
I

We use several LEDA data structures. The x-strucifes an ordered sequence of items based on the
key typePoint2. For the item concept of LEDA refer to the manual [MNSU99]loe L EDA book.
We associate a link into the y-structure for intersectiod anding events to save on unnecessary
search operations withifS When we reach an event pisweepwe can thus shortcut to find an
item in YSwhich contains a segment (as its key) containirgyveep The y-structureyY Sis a sorted
sequence ofSegmentsThe associatedeqitemlink serves two purposes: (1) it bundles segments in
Y Stogether by pointing to the (lexicographic) next event viahizey contain. (2) it bundles segments
which overlap. See the LEDA book for a more elaborate dessonp

During the sweep we associate edges from the constructedtaytaph to the items in YS. We
use a hash mapapkseqitem Halfedgehandle> Edgeof for this purpose. Finally for each event point
there is a possible sequence of input segments starting avént. To maintain this sequence we use
a priority queuga.queu&Point2,1Segment SQ

When two segmentsl, s2become neighbors ifSwe check if they intersect right of the sweep
line. If they do we calculate the intersection popand insert a corresponding event iX& Now it
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can happen thatl ands2get again separated by a new segment bgbasereached. We have several
possibilities in this case. We could remove the ever again to keep the space bound implied by
the Invariant 1. However the size of the output structureansyycomprises the space for keeping the
event inXS We can even do better with respect to runtime. Instead @ficelating the geometric
intersection information whesil ands2become neighbors again we can try to recover the previously
calculated event from the two dimensional hash®2<ISegmenti Segmentseqiten> |Event

The additional members are used as a central place for aatagsteventprovides a handle on
the current event queue itemsweeps the position of the current event which is also used froen th
segment comparison objest.cmp

(leda sweep data structures

typedef leda_sortseq<Point_2,seq_item> EventQueue;
typedef leda_sortseq<ISegment,seq_item> SweepStatus;
typedef leda_p_queue<Point_2,ISegment> SegQueue;

typedef leda_map<seq_item,Halfedge_handle> AssocEdgeMap;
typedef leda_slist<ITERATOR> Isolist;

typedef leda_map<seq_item, IsoList* > AssocIsoMap;
typedef leda_map2<ISegment,ISegment,seq_item> EventHash;

seq_item event;
Point_2 p_sweep;
cmp_pnts_xy cmp;
EventQueue XS;
seg_pair sl,sh;
cmp_segs_at_sweepline SLcmp;
SweepStatus YS;
SegQueue SQ;
EventHash IEvent;
IList Internal;
AssocEdgeMap Edge_of;
AssocIsoMap Isos_of;

leda_seg_overlay_traits(const INPUT& in, OUTPUT& G,

const GEOMETRY& k)

its(in.first), ite(in.second), GO(G), K(k),

cmp (K) , XS(cmp), SLcmp(p_sweep,&sl,&sh,K), YS(SLcmp), SQ(cmp),

IEvent (0), Edge_of(0), Isos_of(0) {}

We define some code short cuts.

(leda helping operations

leda_string dump_structures() const

{

std: :ostrstream out;
out << "SQ=";
pq_item pqit;

forall_items(pqit,SQ) {

if (SQ.prio(pqit)==XS.key(XS.succ(XS.min_item())))
{ out << 8Q.inf(pqit)->first(); }
pgit = SQ.next_item(pqit);

}

seq_item sit;
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out << "\nXS=\n";
forall_items(sit,XS)

out << " " << XS.key(sit) << " " << XS.inf(sit)

<<std::endl;

out << "YS=\n";
for( sit = YS.max_item(); sit; sit=YS.pred(sit) )

out << " "<<YS.key(sit)->first()<<" "<<YS.inf(sit)<<std::endl;
out << ’\07;
leda_string res(out.str()); out.freeze(0); return res;

(leda helping operations-=
Point_2 source(ISegment is) const
{ return K.source(is->first()); }
Point_2 target(ISegment is) const
{ return K.target(is->first()); }
ITERATOR original (ISegment s) const
{ return s->second(); }

int orientation(seq_item sit, const Point_2& p) const
{ return K.orientation(YS.key(sit)->first(),p); }

bool collinear(seq_item sitl, seq_item sit2) const
{ Point_2 ps = source(YS.key(sit2)), pt = target(YS.key(sit2));
return ( orientation(sitl,ps)==0 &&
orientation(sitl,pt)==0 );

Most events trigger changes in the segment sequence alersyviiep line. We have to reflect such
changes in a test for new intersection events right of theepvliae as soon as two segments become
neighbors. The following code ensures the Invariants 2,@dluses the hash tuning of Invariant 6.
slis the successor af0in YS hence sOandslintersect right or above of the event iffrget(sl) is

not left of the line supporting0, andtarget(s0) is not right of the line supportingl In this case we
intersect the underlying lines.

(leda operation for keeping the intersection invarigat
void compute_intersection(seq_item sit0)
{
seq_item sitl = YS.succ(sit0);
if ( sit0 == YS.min_item() || sitl == YS.max_item() ) return;
ISegment sO = YS.key(sitO);
ISegment s1 = YS.key(sitl);
int or0 = K.orientation(sO->first(),target(sl));
int orl = K.orientation(sl->first(),target(s0));
if ( or0 <= 0 && orl1 >=0 ) {
seq_item it = IEvent(YS.key(sit0),YS.key(sitl));
if ( it==0 ) {
Point_2 q = K.intersection(s0->first(),s1->first());
it = XS.insert(q,sit0);
}
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YS.change_inf (sit0, it);
}
}

Event Handling

We start with the knowledge that our invariants from Secfidnl hold. First we create a new vertex
in the ouput structure. Then we work in four phases: (1) Wallgathe ingoing bundle which ends at
v. (2) We communicate all the knowledge about the new vertg¥M8have to deal with the segments
starting afp.sweep (4) We clean up to reestablish missing invariants.

(leda handling the eveji=
void process_event()

{

Vertex_handle v = GO.new_vertex(p_sweep) ;
seq_item sit = XS.inf (event);

(leda handling ending and passing segmgnts

(leda completing additional information of the new vejtex
(leda inserting new segments starting at ngdes

(leda enforcing the invariants for YS

We first have to locate the bundle going throyméweep We deviate from the implementation of the
LEDA algorithm SWEEPSEGMENTSn one respect. For each segmentriwe store a bidirected
edge pair extending along the segment. When we reach an goentwe connect these edges to
the newly created node. Note that this change is necessgouifise halfedge data structures for
the output. The original approach used temporarily incatepkedge pairs (only forward directed
halfedges) and coupled and embedded them in a postprogedsise. But space minimally main-
tained halfedges like those of the CGAL HDS can only existding

If there is a non-nil itersit = XSinf (even} associated witlevent key(sit) is either an ending
or passing segment. We usi as an entry point to compute the bundle of segments ending at o
passing througlp.sweep In particular, we compute the firgiffirst) and the successositsucqg) and
predecessors(t pred) items.

(leda handling ending and passing segmists
seq_item sit_succ(0), sit_pred(0), sit_pred_succ(0), sit_first(0);
if (sit == nil)
(leda check psweep in Y5

/* If no segment contains p_sweep then sit_pred and sit_succ are
correctly set after the above locate operation, if a segment
contains p_sweep sit_pred and sit_succ are set below when
determining the bundle.*/

if (sit != nil) { // key(sit) is an ending or passing segment
(leda determine upper bundle item_siticg
(leda hash upper intersection evint
(leda walk ingoing bundle and trigger graph updates
(leda reverse continuing bundle edyes
} // if (sit !'= nil)
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As sit==nil we do not know if a segment stored ¥5does contaimp.sweep We have to query
YSwith a trivial segmen{p.sweepp.sweep to find out. Two results are possible. Either a segment
referenced hereafter ksit constains the event point or we determine the two segmeiotgeeadnd
below p.sweepn sitpred andsitsucc

(leda check psweep in YB=
{

Segment_2 s_sweep = K.construct_segment(p_sweep,p_sweep);

seg_pair sp(s_sweep,ITERATOR());

sit_succ = YS.locate( &sp );

if ( sit_succ != YS.max_item() &&

orientation(sit_succ,p_sweep) == 0 )

sit = sit_succ;

else A
sit_pred = YS.pred(sit_succ);
sit_pred_succ = sit_succ;

}

We first walk up as long as the event is contained in the segre@erenced viait.

(leda determine upper bundle item_sitic¢=
while ( YS.inf(sit) == event ||
YS.inf(sit) == YS.succ(sit) ) // overlapping
sit = YS.succ(sit);
sit_succ = YS.succ(sit);
seq_item sit_last = sit;

We hash the upper event according to Invariant 6.

(leda hash upper intersection eviest
seq_item xit = YS.inf(sit_last);
if (xit) {

ISegment s1 = YS.key(sit_last);
ISegment s2 = YS.key(sit_succ);
IEvent(s1,s2) = xit;

We walk the ingoing bundle down again and trigger the edgsimdpcalls for all items in the bundle
(except overlapping segments). Note that after this codelclive have: (i) the bundle is empty if
sucdsitpred) == sitfirst==sitsucg or (ii) the bundle is not empty Hitfirst!= sitsucc

The actions on the bundle are easy to specify. We have to gieiedge per segment to the newly
created node except when two segments overlap. Note thatikd¢op-down over the bundle implies
the order-preserving embedding of the graph. Note also heywasgs the messages about the segments
supporting the event via the corresponding methods of thgubobject.

(leda walk ingoing bundle and trigger graph updates
bool overlapping;
do {
ISegment s = YS.key(sit);
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seq_item sit_next = YS.pred(sit);
overlapping = (YS.inf(sit_next) == sit);
Halfedge_handle e = Edge_of[sit];
if ( l'overlapping ) {
G0.link_as_target_and_append(v,e);
}
GO.supporting_segment (e,original(s));
if ( target(s) == p_sweep ) { // ending segment
if ( overlapping ) YS.change_inf(sit_next,YS.inf(sit));
YS.del_item(sit);
GO.ending_segment (v,original(s));
} else { // passing segment
if ( YS.inf(sit) != YS.succ(sit) )
YS.change_inf(sit, seq_item(0));
GO.passing_segment (v,original(s));
}
sit = sit_next;
}
while ( YS.inf(sit) == event || overlapping ||
YS.inf(sit) == YS.succ(sit) );
sit_pred = sit;
sit_first = sit_pred_succ = YS.succ(sit_pred); // first item of bundle

We have to ensure that segments that continue through themsiat have a reversed order withts
whenpsweephas been passed. This ensures the correct ordéBwith respect to Invariant 2. Some
complication stems from overlapping segments. Their dodsed on identity may not be changed.

(leda reverse continuing bundle edies

while ( sit != sit_succ ) {
seq_item sub_first = sit;
seq_item sub_last = sub_first;

while (YS.inf(sub_last) == YS.succ(sub_last))
sub_last = YS.succ(sub_last);

if (sub_last != sub_first)
YS.reverse_items(sub_first, sub_last);

sit = YS.succ(sub_first);

}
// reverse the entire bundle
if (sit_first !'= sit_succ)

YS.reverse_items(YS.succ(sit_pred),YS.pred(sit_succ));

For the new nod& we pass some information to the output structure. We podtdtiedge below, we
post all trivial input segments supporting the node. Weialiteat information from the hash structure
Isosof filled during the initialization phase.

(leda completing additional information of the new veftex

assert(sit_pred) ;
G0.halfedge_below(v,Edge_of [sit_pred]);
if ( Isos_of[event] '= 0 ) {
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const IsoList& IL = *(Isos_of[event]);

slist_item iso_it;

for (iso_it = IL.first(); iso_it; iso_it=IL.succ(iso_it) )
GO.trivial_segment(v,IL[iso_it] );

delete (Isos_of[event]); // clean up the list

We insert all segments starting @sweepinto YSand create the links withily Sto mark items with
overlapping segments.

(leda inserting new segments starting at ngees
ISegment next_seg;
pg_item next_it = SQ.find_min();
while ( next_it &&
(next_seg = SQ.inf(next_it), p_sweep == source(next_seg)) ) {
seq_item s_sit = YS.locate_succ(next_seg);
seq_item p_sit = YS.pred(s_sit);

if ( YS.max_item() !'= s_sit &&
orientation(s_sit, source(next_seg) ) ==
orientation(s_sit, target(next_seg) ) ==
sit = YS.insert_at(s_sit, next_seg, s_sit);
else
sit = YS.insert_at(s_sit, next_seg, seq_item(nil));
assert (YS.succ(sit)==s_sit);

if ( YS.min_item() !'= p_sit &&
orientation(p_sit, source(next_seg) ) ==
orientation(p_sit, target(next_seg) ) ==
YS.change_inf(p_sit, sit);
assert(YS.succ(p_sit)==sit);

[N o]

[N o]

XS.insert (target (next_seg), sit);
GO.starting_segment(v,original (next_seg));

// delete minimum and assign new minimum to next_seg
SQ.del_min();

next_it = SQ.find_min();

In contrast to the original LEDA segment intersection alfpon SWEEPSEGMENTSwe create
“semi-open” edges starting at tkgentnode and supported by the input segment. The iteration again
ensures the correct order-preserving embedding at thertlyrthandled node.

(leda inserting new segments starting at ngde=
for( seq_item sitl = YS.pred(sit_succ); sitl != sit_pred;
sitl = YS.pred(sitl) ) {
if ( ¥YS.inf(sitl) !'= YS.succ(sitl) ) { // non-overlapping
Edge_of[sitl] = GO.new_halfedge_pair_at_source(v);
} else {
Edge_of[sitl] = Edge_of[ YS.succ(sitl) ];
}
}

sit_first = YS.succ(sit_pred);
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Depending on the outgoing bundle we determine possiblesetéons between new neighbors; if
sitpredis no longer adjacent to its former successor we changetéssection event to 0. Note that
the following chunk finishes Invariant 1 with the help of thetitndcomputentersectior ).

(leda enforcing the invariants for YS
assert(sit_pred); assert(sit_pred_succ);
seq_item xit = YS.inf(sit_pred);
if ( xit ) {
ISegment sl = YS.key(sit_pred);
ISegment s2 = YS.key(sit_pred_succ);
IEvent(s1,s2) = xit;
YS.change_inf (sit_pred, seq_item(0));

}

compute_intersection(sit_pred);

sit = YS.pred(sit_succ);

if (sit != sit_pred)
compute_intersection(sit);

Initialization

We realize the propositions of the invariants at the begigrin our sweep initialization phase. We
insert all segment endpoints iNKS insert sentinels intyS and exploit the fact that insert operations
into the X-structure leave previously inserted points @mgjed to achieve that any pair of endpoints
p andq with p==q are identical (if the geometric point type supports thisegPnerate segments
are stored in a list associated to their events. The knowleddgut their existence is transferred to the
corresponding output object as soon as it is constructed.

(leda initialization of the sweep=
void initialize_structures()

{

ITERATOR it_s;
for ( it_s=its; it_s != ite; ++it_s ) {
Segment_2 s = *it_s;
seq_item itl = XS.insert( K.source(s), seq_item(nil));
seq_item it2 = XS.insert( K.target(s), seq_item(nil));
if (it1 == it2) {
if ( Isos_of[it1l] == 0 ) Isos_of[itl] = new Isolist;
Isos_of[it1]->push(it_s);
continue; // ignore zero-length segments in SQ/YS

}
Point_2 p = XS.key(itl);
Point_2 q = XS.key(it2);

Segment_2 si;
if ( K.compare_xy(p,q) < 0 )

s1 = K.construct_segment(p,q);
else

s1 = K.construct_segment(q,p);

Internal.append(seg_pair(sl,it_s));
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SQ.insert(K.source(sl),&Internal[Internal.last()]);
}
// insert a lower and an upper sentinel segment
YS.insert (&sl,seq_item(nil));
YS.insert (&sh,seq_item(nil));

Note the invariants of the sweep loop. Téxenthas to be set before the event action.

(leda iteration contro)=
bool event_exists()

{
if (!XS.empty()) {
// event is set at end of loop and in init
event = XS.min();
p_sweep = XS.key(event);
return true;
}

return false;

¥

void procede_to_next_event()
{ XS.del_item(event); }

The structure is finished as soon as all events have beeadre®s we always created edges in pairs
and respected the adjacency list order we have no compigtiase as in [MN99, chapter 10].

(leda postprocessing of the sweep
void complete_structures() {}
void check_invariants() {}
void check_final() {}

(leda debugging routings:
#ifdef _DEBUG
#define PIS(s) (s->first())
#endif

Runtime Analysis

We shortly give a runtime analysis of the above implementiatiAssumeJ (S) to be the embedded
(undirected) graph created by a probimstantiation of our sweep framework. Lrebe the number of
input segments of the input sgtn, be the number of nodes bf(S), ne be the number of (undirected)
edges ofU(S). In the presence of overlapping segmentsnlet=3 ¢ eqge otu (s Se Wheress is the
number of segments i8 supporting edge of U(S). Note that during the sweep the whole graph
is constructed and explored. Then obviously all graph edlaperations like creation, and support
messaging take tim@(ny + ne).

3The output methods have to be constant time operations ebiftect semantics.
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The sweep initialization takes tim@(nlogn). There aren, events and at each event the sweep
status structures are manipulated a constant number of.tiRess again through the event handling
routine. All segments are inserted int&and deleted fronYSonce (during the whole sweep) and
therefore that cost adds up @(nlog|YS). The removal fromSQadds upO(nlogn). Finally all
events are inserted and deleted once and this @kesS log|Xq). When subsequences ¥Bare
explored and swapped, this cost can again be dedicated ¢éxplaration of the graph and is therefore
subsumed in th®(n, + ne) from above.

We have to bound the size ¥SandYS Natural bounds arX§ = O(ny) (the number of nodes)
and|Y S = O(n) (the number of segments). Therefore accumulating all oiizyve we obtai®(n, +
ne+ nlogn+nylog(n+ny)) = O(ny + ne+ (n+ny) log(n+ny)). Note thatne andn, can be quadratic
inn.

Lemma 2.1.3: Assume thah, n, ne are defined as above then the runtime of the sweep algorithm is

O(ny+ Ne+ (N+ny) log(n+ny)).

2.1.4 The STL traits model

We present an alternative module purely based on STL datetstes. As the STL has no hashing
support we omit all the optimization used in the LEDA apptoaédditionally we cannot use any
links from events into the y-structure. As STL maps have reomanipulating operations like
reverseitemsof LEDA sortse we have to delete and reinsert ranges of segments at eVaetefore
no shortcuts can be stored to minimize search operatioténWiS

(stl segment overlay modet
#include <list>
#include <map>
#include <string>
#include <strstream>

namespace CGAL {

template <typename IT, typename PMDEC, typename GEOM>
class stl_seg_overlay_traits {
public:

(stl introducing the types from the trajts

(stl internal segment type

// types interfacing the generic sweep frame
ITERATOR its, ite;

OUTPUT& GO;

const GEOMETRY& K;

stl order types for segments and pojnts

stl sweep data structurgs

stl helping operations

stl operation for keeping the intersection invariant
stl initialization of the sweép

stl iteration contro}

stl handling the eveirt

stl postprocessing of the sweep

}; // stl_seg_overlay_traits

} // namespace CGAL

N~~~ o~ o~~~
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The following types are introduced by the traits classes.

(stl introducing the types from the trajts

typedef IT ITERATOR;
typedef std::pair<IT,IT> INPUT;
typedef PMDEC OUTPUT;

typedef typename PMDEC::Vertex_handle Vertex_handle;
typedef typename PMDEC::Halfedge_handle Halfedge_handle;

typedef GEOM GEOMETRY;
typedef typename GEOMETRY::Point_2 Point_2;
typedef typename GEOMETRY::Segment_2 Segment_2;

Similar to the LEDA implementation we obtain internal seghse by pointers to
pair<SegmeniTERATOR.

(stl internal segment types

typedef std::pair<Segment_2,ITERATOR> seg_pair;
typedef seg_pairx* ISegment;
typedef std::list<seg_pair> IList;

typedef typename IList::const_iterator ilist_iterator;

The STL uses strict order type objects. The predicate is a@mphted in analogy to
cmpsegsat sweepline

(stl order types for segments and pojmts
class lt_segs_at_sweepline
{ const Point_2& p;
ISegment s_bottom, s_top; // sentinel segments
const GEOMETRY& K;
public:
1lt_segs_at_sweepline(const Point_2& pi,
ISegment s1, ISegment s2, const GEOMETRY& k)
p(pi), s_bottom(sl), s_top(s2), K(k) {}
1t_segs_at_sweepline(const 1t_segs_at_sweepline& 1t)
p(lt.p), s_bottom(lt.s_bottom), s_top(lt.s_top), K(1t.K) {}

bool operator() (const ISegment& isl, const ISegment& is2) const

{

if ( is2 == s_top || isl == s_bottom ) return true;
if ( isl == s_top || is2 == s_bottom ) return false;
if ( isl1 == is2 ) return false;

// Precondition: p is contained in sl or s2.
const Segment_2& sl = isl->first;

const Segment_2& s2 = is2->first;

int s = 0;

if ( K.orientation(sl,p) == 0 )

s = K.orientation(s2,p);
else if ( K.orientation(s2,p) == 0 )
s = - K.orientation(s1,p);
else ASSERT(0,"compare error in sweep.");
if ( s || K.is_degenerate(sl) || K.is_degenerate(s2) )

return ( s < 0 );
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s =K
if (s
// ov
retur
}
};
struct 1
{ const
public:
lt_pnts
1t_pnts

.orientation(s2,K.target(s1));

==0) return ( isl - is2 ) < 0;
erlapping segments are not equal
n (s <0);

t_pnts_xy

GEOMETRY& K;

_xy(const GEOMETRY& k) : K(k) {}
_xy(const lt_pnts_xy& 1t) : K(1t.K) {}

int operator() (const Point_2& pl, const Point_2& p2) const

{ retur

¥

n K.compare_xy(pl,p2) < 0; }

84

We need three main STL data structures. The x-struc{@is an ordered set based on the key type
Point2. The y-structure is a sorted sequencd®fgments During the sweep we associate edges
from the constructed output graph to these segments. ¥iftaleach event point there is a possible
sequence of input segments starting at the event. To nmaithigi sequence we use a STL multimap.

(stl sweep da

ta structurgs

typedef std::map<ISegment, Halfedge_handle, lt_segs_at_sweepline>

typedef
typedef

typedef
typedef
typedef
typedef

typedef
typedef
typedef

event_it
Point_2
EventQue
seg_pair
SweepSta
SegQueue
IList

stl_seg_
const
its(in

typename SweepStatus::iterator
typename SweepStatus::value_type

std::1ist<ITERATOR>

std::map<Point_2, IsolList*, lt_pnts_xy>
typename EventQueue::iterator

typename EventQueue::value_type

std::multimap<Point_2, ISegment, lt_pnts_xy>
typename SegQueue::iterator
typename SegQueue::value_type

erator event;
p_sweep;
ue XS;
sl,sh;
tus YS;
5Q;
Internal;
overlay_traits(const INPUT& in, OUTPUT& G,

GEOMETRY& k)
.first), ite(in.second), GO(G), K(k),

SweepStatus;
ss_iterator;
ss_pair;
Isolist;
EventQueue;
event_iterator;
event_pair;

SegQueue;
seg_iterator;
ps_pair;

XS(1lt_pnts_xy(K)), YS(1lt_segs_at_sweepline(p_sweep,&sl,&sh,K)),

SQ(1t_

pnts_xy(K)) {}

We have similar helpersources), target(s), original(s), orientation ), collinear( ) as in the LEDA
framework. We don't list them again.
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(stl helping operations=

std::string dump_structures() const

{

}

std: :ostrstream out;

out << "EventQueue:\n";

typename EventQueue::const_iterator sitl;

for(sitl = XS.begin(); sitl != XS.end(); ++sitl)
out << " " << sitl->first << std::endl;

out << "SegQueue:\n";
typename SegQueue::const_iterator sit2;
for(sit2 = SQ.begin(); sit2 != SQ.end(); ++sit2)
out << " " <K< git2->first << " " << sit2->second
<< "M <K< git2->first << std::endl;

out << "SweepStatus:\n";
typename SweepStatus::const_iterator sit3;
for( sit3 = YS.begin(); sit3 != YS.end(); ++sit3 )
out << sit3->first << " " << &*x(sit3->second) << std::endl;
std: :string res(out.str()); out.freeze(0); return res;

Point_2 source(ISegment is) const

{

return K.source(is->first); }

Point_2 target(ISegment is) const

{

return K.target(is->first); }

ITERATOR original (ISegment s) const

{

return s->second; }

int orientation(ss_iterator sit, const Point_2& p) const

{

return K.orientation(sit->first->first,p); }

bool collinear(ss_iterator sitl, ss_iterator sit2) const

{

Point_2 ps = source(sit2->first), pt = target(sit2->first);
return ( orientation(sitl,ps)==0 &&
orientation(sitl,pt)==0 );

Again there’s a&omputantersectionoperations. Only the hash optimization is left out.

(stl operation for keeping the intersection invarigst
void compute_intersection(ss_iterator sit0)

{

// Given an item [sitO| in the Y-structure compute the point of

// intersection with its successor and (if existing) insert it into
// the event queue and do all necessary updates.

ss_iterator sitl = sit0O; ++sitl;

if ( sit0 == YS.begin() || sitl == --YS.end() ) return;
const Segment_2& s0 = sit0->first->first;
const Segment_2& sl sitl->first->first;
int or0 = K.orientation(sO0,K.target(s1));
int orl = K.orientation(sl,K.target(s0));
if (or0 <= 0 && orl1 >=0 ) {
Point_2 q = K.intersection(s0,s1);
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XS.insert (event_pair(q,0)); // only done if none existed!!!
}
}

Event handling in this version is similar to the LEDA implemt&tion, only that most algorithmic
decisions are now based on geometric predicate evaluation.

(stl handling the evelt=
void process_event()

{

Vertex_handle v = GO.new_vertex(p_sweep) ;

ss_iterator sit_succ, sit_pred, sit_first, sit;

Segment_2 s_sweep = K.construct_segment (p_sweep,p_sweep);
seg_pair sp(s_sweep,ITERATOR());

sit_succ = YS.upper_bound (&sp);

sit = sit_succ; --sit;

(stl handling ending and passing segments

(stl completing additional information of the new veitex

(stl inserting new segments starting at nodes

(stl enforcing the invariants for ¥jS

We cannot reverse the bundle pasgisyveep but have to delete all and reinsert them.

(stl handling ending and passing segmests
/* |sit| is determined by upper bounding the search for the
segment (p_sweep,p_sweep) and taking its predecessor.
if the segment associated to |sit| contains |p_sweep| then
there’s a bundle of segments containing |p_sweep].
We compute the successor (|sit_succ)|) and
predecessor (|sit_pred|) items. */

if ( sit == YS.begin() || orientation(sit,p_sweep) != 0 ) {
sit_pred = sit;
sit = YS.end();

}

/* If no segments contain p_sweep then sit_pred and sit_succ are
correctly set after the above locate operation, if a segment
contains p_sweep sit_pred and sit_succ are set below when
determining the bundle.*/

if ( sit != YS.end() ) { // sit->first is ending or passing segment
// Determine upper bundle item:

/* Walk down until [sit_pred|, close edges for all segments
in the bundle, delete all segments in the bundle, but
reinsert the continuing ones */

std::1list<ISegment> L_tmp;
bool overlapping;
do {
ISegment s = sit->first;
ss_iterator sit_next(sit); --sit_next;
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overlapping = (sit_next != YS.begin()) && collinear(sit,sit_next);
Halfedge_handle e = sit->second;
if ( overlapping ) {

} else {

GO.link_as_target_and_append(v,e);

/* in this case we close the output edge |e| associated to
|sit| by linking |v| as its target and by appending the
twin edge to |v|’s adjacency list. */

}

GO.supporting_segment (e,original(s));
if ( target(s) == p_sweep ) {

GO.ending_segment (v,original(s));
} else { // passing segment, take care of the node here!

L_tmp.push_back(s);
GO.passing_segment (v,original(s));
}
sit = sit_next;
}
while ( sit != YS.begin() && orientation(sit,p_sweep) == 0 );
sit_pred = sit_first = sit;
++sit_first; // first item of the bundle

/* Interfaceproposition for next chunk:
- succ(sit_pred) == sit_first == sit_succ
- bundle not empty: sit_first != sit_succ
*/
// delete and reinsert the continuing bundle
YS.erase(sit_first,sit_succ);
typename std::list<ISegment>::const_iterator lit;
for ( lit = L_tmp.begin(); lit '= L_tmp.end(); ++1lit ) {
YS.insert(sit_pred,ss_pair (*lit,Halfedge_handle()));
}
} // if (sit != ss_iterator() )

Node data association is similar again.

(stl completing additional information of the new veltex
assert( sit_pred != YS.end() );
GO0.halfedge_below(v,sit_pred->second);
if ( event->second != 0 ) {
const IsoList& IL = *(event->second);
typename IsolList::const_iterator iso_it;
for (iso_it = IL.begin(); iso_it !'= IL.end(); ++iso_it)
GO.trivial_segment(v,*iso_it);
delete (event->second);

The insertion phase is even simpler.
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(stl inserting new segments starting at nodes
ISegment next_seg;
seg_iterator next_it = SQ.begin();
while ( next_it != SQ.end() &&
( next_seg = next_it->second, p_sweep == source(next_seg)) ) {

YS.insert (ss_pair(next_seg,Halfedge_handle()));
GO.starting_segment (v,original (next_seg));
// delete minimum and assign new minimum to next_seg
SQ.erase(SQ.begin());
next_it = SQ.begin();
}
// we insert new edge stubs, non-linked at target
ss_iterator sit_curr = sit_succ, sit_prev = sit_succ;

for( --sit_curr; sit_curr != sit_pred;
sit_prev = sit_curr, --sit_curr ) {
if ( sit_curr != YS.begin() && sit_prev != --YS.end() &&

collinear(sit_curr,sit_prev) ) // overlapping
sit_curr->second = sit_prev->second;
else {
sit_curr->second = GO.new_halfedge_pair_at_source(v);
3
3

sit_first = sit_prev;

For the intersection invariant we always calculate.

(stl enforcing the invariants for &
// compute possible intersections between |sit_pred| and its
// successor and |sit_succ| and its predecessor
compute_intersection(sit_pred);
sit = sit_succ; --sit;
if (sit != sit_pred)
compute_intersection(sit);

We realize the propositions of the invariants at the begigrin our sweep initialization phase. We
insert the endpoints of the segments iK8and store an internal segment for each non trivial segment.
We store a geometric object and the input interator inlaternal list. Then we store the internal
segment associated to its starting event in our segmene@@uA trivial segment is associated to
the corresponding event in the x-structure. To finish thialigation we have to insert two sentinel
segments into the y-structure which avoids boundary checlksy YSsearch. AlsdSQ obtains a
trailing sentinel which is never reached during our itenatbverXS

(stl initialization of the sweep=
void initialize_structures()
{
/* INITIALIZATION
- insert all vertices into the x-structure
- insert sentinels into y-structure
- exploit the fact that insert operations into the x-structure
leave previously inserted points unchanged to achieve that
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any pair of endpoints $p$ and $q$ with |p == ql| are identical

*/
ITERATOR it_s;
for ( it_s=its; it_s != ite; ++it_s ) {

const Segment_2& s = *it_s;
event_iterator itl = (XS.insert(event_pair(K.source(s),0))).first;
event_iterator it2 = (XS.insert(event_pair(K.target(s),0))).first;
// note that the STL only inserts if key is not yet in XS
if (itl1 == it2) {
if ( it1->second == 0 ) itl->second = new IsoList;
it1->second->push_front(it_s);
continue; // ignore zero-length segments regarding YS

}
Point_2 p = itl->first;
Point_2 q = it2->first;
Segment_2 si;
if ( K.compare_xy(p,q) < 0 )

sl = K.construct_segment(p,q) ;
else

sl = K.construct_segment(q,p);

Internal.push_back(seg_pair(sl,it_s));
SQ.insert(ps_pair(K.source(s1),&Internal.back()));

// insert a lower and an upper sentinel segment to avoid special
// cases when traversing the Y-structure
YS.insert(ss_pair(&sl,Halfedge_handle()));

YS.insert (ss_pair(&sh,Halfedge_handle()));

Note the invariants of the sweep loop. Tésenthas to be set before the event action.

(stl iteration contro}=
bool event_exists()
{
if (!XS.empty()) {
// event is set at end of loop and in init
event = XS.begin();
p_sweep = event->first;
return true;
}

return false;

¥

void procede_to_next_event()
{ XS.erase(event); }

(stl postprocessing of the sweep
void complete_structures() {}
void check_invariants() {}
void check_final() {}

89



2.2 Test Cases - Models for Geometry Kernels and Output 90

2.2 Test Cases - Models for Geometry Kernels and Output

The following models fulfill the requirements of the traitegs concept used in the above segment
overlay framework (LEDAor STL). See the appendix for the conc&agmentOverlayOutput

2.2.1 The LEDA segment sweep traits model

As the algorithm originally was hardwired to the LEDA typé tadaptation is not too hard. Note
however that we have to integrate some information stonaigethe OUTPUT structure. The OUT-
PUT is thus a pair: a parameterized graph plus a node mapiaisgedges to nodes.

(leda.overlaytraits.n)=
#ifndef LEDA_OVERLAY_TRAITS_H
#define LEDA_OVERLAY_TRAITS_H

#include <LEDA/rat_kernel.h>
#include <LEDA/graph.h>
#include <LEDA/slist.h>

template <typename T>

ostream& operator<<(ostream& os, const leda_slist<T>& s)
{ return os; }

template <typename T>

istream& operator>>(istream& is, leda_slist<T>& s)

{ return is; }

(LEDA OUTPUT modg!
(LEDA GEOMETRY modpgl

#endif // LEDA_OVERLAY_TRAITS_H

(LEDA OUTPUT modekE=
template <typename ITERATOR>
class leda_graph_decorator {
public:
typedef leda_node Vertex_handle;
typedef leda_edge Halfedge_handle;
typedef leda_rat_point Point_2;

typedef GRAPH< Point_2, leda_slist<ITERATOR> > Graph;
typedef leda_node_map<Halfedge_handle> Below_map;
Graph& G;

Below_map& M;

leda_graph_decorator (Graph& Gi, Below_map& Mi) : G(Gi), M(Mi) {}

Vertex_handle new_vertex(const Point_2& p)
{ return G.new_node(p); }

void link_as_target_and_append(Vertex_handle v, Halfedge_handle e)
{ Halfedge_handle erev = G.reversal(e);
G.move_edge(e,G.cyclic_adj_pred(e,G.source(e)),v);
G.move_edge (erev,v,G.target (erev));

}

Halfedge_handle new_halfedge_pair_at_source(Vertex_handle v)
{ Halfedge_handle e_res,e_rev, e_first = G.first_adj_edge(v);



2.2 Test Cases - Models for Geometry Kernels and Output

if ( e_first == nil ) {
e_res = G.new_edge(v,v);
e_rev = G.new_edge(v,v);
} else {
e_res = G.new_edge(e_first,v,LEDA::before);
e_rev = G.new_edge(e_first,v,LEDA::before);

G.set_reversal(e_res,e_rev);
return e_res;

}
void supporting_segment(Halfedge_handle e, ITERATOR it)
{ G[e] .append(it); }

void trivial_segment (Vertex_handle v, ITERATOR it)
{13

void halfedge_below(Vertex_handle v, Halfedge_handle e)
{ MIv] =e; }
void starting_segment(Vertex_handle v, ITERATOR it)

{}
void passing_segment(Vertex_handle v, ITERATOR it)
{}
void ending_segment (Vertex_handle v, ITERATOR it)
{}

}; // leda_graph_decorator

(LEDA GEOMETRY modek
class leda_geometry {
public:
typedef leda_rat_point Point_2;
typedef leda_rat_segment Segment_2;

leda_geometry() {}

Point_2 source(const Segment_2& s) const
{ return s.source(); }
Point_2 target(const Segment_2& s) const
{ return s.target(); }
Segment_2 construct_segment(const Point_2& p, const Point_2& q) const
{ return Segment_2(p,q); }
int orientation(const Segment_2& s, const Point_2& p) const
{ return ::orientation(s,p); }
bool is_degenerate(const Segment_2& s) const
{ return s.is_trivial(); }
int compare_xy(const Point_2& pl, const Point_2& p2) const
{ return Point_2::cmp_xy(pl,p2); }
Point_2 intersection(const Segment_2& sl1, const Segment_2& s2) const
{ Point_2 p;
sl.intersection_of_lines(s2,p);
return p;

}
}; // leda_geometry
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2.2.2 The visualization model

We visualize the sweep by means of our generic sweep obsevirh obtains messages at four
events: after initialization, just before a sweep everdt after a sweep event, and after completion.
We visualize in a LEDA window. After the intialization we dvall input segments. Before the event
we place the sweep line at the event point. After the eventnaw @ll created edges ending at the
event. The following claskdavisualizationcan be plugged into the sweep observer class. For the
model segsenericSweepVisualizatian the appendix (Section 11.1.7).

(leda.overlay.visualization.h=
#ifndef LEDA_OVERLAY_VISUALIZATION_H
#define LEDA_QOVERLAY_VISUALIZATION_H

#include <LEDA/rat_window.h>

template <class GENSWEEPTRAITS>
class leda_visualization {

leda_window W;
public:

typedef leda_window VDEVICE;

typedef typename GENSWEEPTRAITS::Halfedge_handle Halfedge_handle;
typedef typename GENSWEEPTRAITS: :Vertex_handle Vertex_handle;
typedef typename GENSWEEPTRAITS::0UTPUT Graph;

typedef typename GENSWEEPTRAITS::Segment_2 Segment_2;

typedef typename GENSWEEPTRAITS::Point_2 Point_2;

typedef typename GENSWEEPTRAITS::ISegment ISegment;

leda_visualization() : W(Q)
{ W.set_show_coordinates(true);
W.init(-50,50,-50,1);
W.set_node_width(3);
W.set_line_width(2);
W.display(Q);
}
void draw(const Point_2& p, leda_color c)
{ W.draw_filled_node(p.xcoordD(),p.ycoordD(),c); }

void draw(const Segment_2& s, leda_color c)
{ W.draw_segment (s.xcoordiD(),s.ycoordiD(),
s.xcoord2D(),s.ycoord2D(),c);}

void post_init_animation(GENSWEEPTRAITS& gpst)
{ typename GENSWEEPTRAITS::ITERATOR it;
for (it = gpst.its; it != gpst.ite; ++it )
if ( (*it).is_trivial() )
draw((*it) .source(),leda_blue);
else
draw(*it,leda_blue);
W.read_mouse() ;

}

void draw_sl(const leda_point& p)

{ leda_drawing_mode mold = W.set_mode(leda_xor_mode) ;
W.draw_filled_node(p,leda_red);
W.draw_vline(p.xcoord(),leda_red);
W.set_mode(mold);
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}

void pre_event_animation(GENSWEEPTRAITS& gpst)
{ draw_sl(gpst.p_sweep.to_point()); }

void post_event_animation(GENSWEEPTRAITS& gpst)
{ typename GENSWEEPTRAITS: :0UTPUT: :Graph& G(gpst.G0.G);
Halfedge_handle e;
Vertex_handle v = G.last_node();
forall_out_edges(e, v) {
if ( source(e)!=target(e) ) {
draw(leda_rat_segment (G[source(e)],G[target(e)]),leda_black);
}
}
draw(gpst.p_sweep,leda_black);
W.read_mouse() ;
draw_sl(gpst.p_sweep.to_point());
}

void post_completion_animation(GENSWEEPTRAITS& gpst)
{ typename GENSWEEPTRAITS: :0UTPUT: :Graph& G(gpst.G0.G);
Halfedge_handle e;
forall_edges(e,G) {
draw(leda_rat_segment (G[source(e)],G[target(e)]),leda_black);
}
Vertex_handle v;
forall_nodes(v,G) {
draw(G[v],leda_black);
}
}

VDEVICE& device() { return W; }
};
#endif //LEDA_OVERLAY_VISUALIZATION_H

2.2.3 Testing the generic LEDA sweep

(leda.segmenbverlay-test.g=
#include <LEDA/rat_window.h>
#include "Segment_overlay_traits.h"
#include "leda_overlay_traits.h"
#include "leda_overlay_visualization.h"
#include <LEDA/stream.h>
#include <LEDA/param_handler.h>

using namespace CGAL;

typedef leda_list<leda_rat_segment>::iterator Seg_iterator;
typedef CGAL::Segment_overlay_traits< Seg_iterator,
leda_graph_decorator<Seg_iterator>, leda_geometry>
leda_seg_sweep_traits;
typedef leda_visualization<leda_seg_sweep_traits> leda_seg_vis;
typedef CGAL::generic_sweep<leda_seg_sweep_traits> leda_seg_sweep;
typedef CGAL::sweep_observer<leda_seg_sweep,leda_seg_vis> leda_seg_sweep_obs;

int main(int argc, char** argv)
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// SETDTHREAD(23);

leda_param_handler P(argc,argv,".overlay");
P.add_parameter ("inputfilel:-i:string:el");
leda_param_handler::init_all();

leda_string f1;

P.get_parameter("-i",f1);

leda_seg_sweep_obs 0Obs;
leda_list<leda_rat_segment> L;
leda_rat_segment s;
ifstream if1(f1);
if (if1) {

ifl >> L;

forall (s,L)

if ( s.is_trivial() ) Obs.device() << s.source().to_point();
else Obs.device() << s.to_segment();

}

while (Obs.device()>>s) {
L.append(s);

}

ofstream of ("input.log");
forall(s,L) of << s;

of .close();
cout << "Starting " << CGAL::sweepversion << endl;
leda_seg_sweep_traits::0UTPUT: :Graph G;

leda_seg_sweep_traits::0UTPUT: :Below_map E_below(G);
leda_seg_sweep_traits::0UTPUT 0(G,E_below);

leda_seg_sweep SI(leda_seg_sweep_traits::INPUT(L.begin(),L.end()),0);
Obs.attach(SI);

SI.sweep();

cout << "Edges and Segments:\n";

leda_edge e;

forall_edges(e,G) {

cout <<" ("<<G[source(e)].to_point()<<G[target(e)].to_point()<< ") ";

leda_slist< leda_list<leda_rat_segment>::iterator >& SL(G[el);
slist_item it;
for ( it = SL.first(); it; it=SL.succ(it) )
cout << *(SL[it]) << " ",
cout << endl;
3
cout << "\nNodes and Edges below\n";
leda_node v;
forall_nodes(v,G) {
cout <<" "<<G[v]<k" ";
if ( E_below([v] ) {
leda_edge e = E_below[v];
cout << "("<<G[source(e)]<<G[target(e)]<< ")\n";
} else
cout << "nil\n";
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Obs.device() .read_mouse();
return O;

}

We want to compare the runtimes of the two instantiationsusfgeneric segment overlay and ad-
ditionally the original LEDA 4.1 codsSWEEPSEGMENTS The inputs are randomly distributed
segments in a square. The runtimes are in seconds on an 2@ Hz.

#segs LEDAclassic LEDA generic STL generic

100 0.14 0.19 0.29
200 0.67 0.94 1.53
400 2.59 3.37 5.54
800 12.3 15.68 24.95
1600 55.42 70.9 103.1

(leda.segmenbverlay-rt.o=
#define INCLUDEBOTH // to allow comparison
#include "Segment_overlay_traits.h"
#include "leda_overlay_traits.h"
#include <LEDA/param_handler.h>
#include <LEDA/random_rat_point.h>
#include <LEDA/plane_alg.h>

typedef leda_list<leda_rat_segment>::iterator Seg_iterator;
typedef CGAL::leda_seg_overlay_traits< Seg_iterator,
leda_graph_decorator<Seg_iterator>,leda_geometry>
leda_seg_sweep_traits;
typedef CGAL::generic_sweep<leda_seg_sweep_traits> leda_seg_sweep;

typedef CGAL::stl_seg_overlay_traits< Seg_iterator,
leda_graph_decorator<Seg_iterator>,leda_geometry>
stl_seg_sweep_traits;
typedef CGAL::generic_sweep<stl_seg_sweep_traits> stl_seg_sweep;

template <typename T>
bool equal(const leda_list<T>& L1, const leda_list<T>& L2)
{ leda_list<T>::const_iterator itl,it2;
for (itl = L1l.begin(), it2 = L2.begin();
itl !'= Li.end() && it2 '= L2.end();
++itl, ++it2 )

if ( *itl '= %it2 ) return false;
return (itl == Ll.end()) && (it2 == L2.end());
}
#define OUTPUT(t) \
if (!t ) cerr <<" "<<#t<<" = "<<(t)<< endl;
int main(int argc, char** argv)
{
//SETDTHREAD (23) ;
int n = 100;
if (arge > 2 ) {
cout << "usage: " << argv[0] << " #segments\n";
return 1;

}
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if (argec == 2 ) {
n = atoi(argv([1]);
}

cout << "\\begin{tabular}[t]{1111}\n";
cout << "\\#segs & LEDA classic & LEDA generic & STL generic \\\\ \\hline\n";
for (int 1 = 1; i < 6; n*=2,++1 ) {
leda_list<leda_rat_point> LP;
leda_list<leda_rat_segment> L;
leda_rat_segment s;
random_points_in_square(2+%n,100,LP);
list_item pitl = LP.first(),pit2 = (pitl ? LP.succ(pitl) : 0);
while ( pitl1&&pit2 ) {
L.append(leda_rat_segment (LP[pit1],LP[pit2]));
pitl = LP.succ(pit2);
pit2 = (pitl ? LP.succ(pitl) : 0);

}

ofstream of ("input.log");

of << L;

of.close();

leda_seg_sweep_traits::0UTPUT: :Graph G1,G2;

leda_seg_sweep_traits::0UTPUT: :Below_map E1(G1),E2(G2);
leda_seg_sweep_traits::0UTPUT 01(G1,E1),02(G2,E2);
GRAPH<leda_rat_point,leda_rat_segment> GO;

float t0 = used_time();
SWEEP_SEGMENTS(L, GO, true) ;
t0 = used_time(t0);

leda_seg_sweep SSW1(leda_seg_sweep_traits::INPUT(L.begin(),L.end()),01);
float t1 = used_time();

SSW1.sweep();

t1l = used_time(t1);

stl_seg_sweep SSW2(leda_seg_sweep_traits::INPUT(L.begin(),L.end()),02);
float t2 = used_time();

SSW2.sweep();

t2 = used_time(t2);

cout << m << " & "M << t0 << " & "M << tl << " g " << £2 << "\\\\\n";
leda_list<leda_rat_point> EP1,EP2;

leda_node v;

forall_nodes(v,G1) EP1.append(Gi[v]);

forall_nodes(v,G2) EP2.append(G2[v]);

leda_list<leda_rat_segment> ES1,ES2;

leda_edge e;

forall_edges(e,G1)
ES1.append(leda_rat_segment (Gl [source(e)],Gl[target(e)]));

forall_edges(e,G2)
ES2.append(leda_rat_segment (G2[source(e)] ,G2[target(e)]));

QUTPUT (equal (EP1,EP2)) ;

QUTPUT (equal (ES1,ES2)) ;

} // end of for
cout << "\\end{tabular}\n";
return 0O;
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2.2.4 A CGAL segment sweep traits model

We define a traits model for the segment overlay sweep whitduledes the overlay of CGAL 2-
dimensional kernel segments. We have

e input is an iterator range of CGAL segments

e output is a halfedge data structure decorator creating\vhday of the segments in the deco-
rated HDS.

(HDS.decorator.h=
#ifndef CGAL_HDS_DECORATOR_H
#define CGAL_HDS_DECORATOR_H

#include <CGAL/basic.h>
#include <CGAL/PM_decorator_simple.h>

template <typename HDS, typename I>
class HDS_decorator : public CGAL::PM_decorator_simple<HDS> {

public:
typedef CGAL::PM_decorator_simple<HDS> Base;
typedef HDS Plane_map;
typedef typename Base::Point_2 Point_2;

typedef typename Base::Vertex_handle Vertex_handle;
typedef typename Base::Halfedge_handle Halfedge_handle;
typedef I ITERATOR;

HDS_decorator (HDS& H) : Base(H) {}

Vertex_handle new_vertex(const Point_2& p) const
{ Vertex_handle v = Base::new_vertex();
v->point() = p; return v; }
void link_as_target_and_append(Vertex_handle v, Halfedge_handle e) const
{ Base::link_as_target_and_append(v,e); }

Halfedge_handle new_halfedge_pair_at_source(Vertex_handle v) const
{ return Base::new_halfedge_pair_at_source(v,Base::BEFORE); }

void supporting_segment (Halfedge_handle e, ITERATOR it) comst {}
void trivial_segment (Vertex_handle v, ITERATOR it) const {}

void halfedge_below(Vertex_handle v, Halfedge_handle e) const {}
void starting_segment(Vertex_handle v, ITERATOR it) const {}
void passing_segment (Vertex_handle v, ITERATOR it) const {}

void ending_segment (Vertex_handle v, ITERATOR it) const {}

}; // HDS_decorator
#endif // CGAL_HDS_DECORATOR_H

2.2.5 Affine geometry wrapper

(Affinegeometry.h=
#ifndef CGAL_AFFINE_GEOMETRY_H
#define CGAL_AFFINE_GEOMETRY_H

#include <CGAL/basic.h>
#include <CGAL/Point_2.h>
#include <CGAL/intersections.h>
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#include <CGAL/squared_distance_2.h>
CGAL_BEGIN_NAMESPACE

template <typename R>

struct Affine_geometry : public R {

typedef typename R::Point_2 Point_2;
typedef typename R::Segment_2  Segment_2;
typedef typename R::Direction_2 Direction_2;

=cl=c = "I~

typedef typename :Line_2 Line_2;
typedef typename :RT RT;
typedef typename R::FT FT;

Affine_geometry() : R() {}
Affine_geometry(const Affine_geometry& Gi) : R(GI) {}

Point_2 source(const Segment_2& s) const
{ typename R::Construct_source_point_2 _source
construct_source_point_2_object();
return _source(s); }

Point_2 target(const Segment_2& s) const
{ typename R::Construct_target_point_2 _target
construct_target_point_2_object();
return _target(s); }

int orientation(const Point_2& pl, const Point_2& p2, const Point_2& p3) const
{ typename R::0rientation_2 _orientation =
orientation_2_object();
return static_cast<int> ( _orientation(pl,p2,p3) );

}

bool leftturn(const Point_2& pl, const Point_2& p2, const Point_2& p3) const
{ return (orientation(pl,p2,p3) > 0); }

bool is_degenerate(const Segment_2& s) const
{ typename R::Is_degenerate_2 _is_degenerate =
is_degenerate_2_object();
return _is_degenerate(s); }

int compare_xy(const Point_2& pl, const Point_2& p2) const
{ typename R::Compare_xy_2 _compare_xy =
compare_xy_2_object () ;
return static_cast<int>( _compare_xy(pl,p2) );

}

int compare_x(const Point_2& pl, const Point_2& p2) const
{ typename R::Compare_x_2 _compare_x =
compare_x_2_object();
return static_cast<int>( _compare_x(pl,p2) );

}

int compare_y(const Point_2& pl, const Point_2& p2) const
{ typename R::Compare_y_2 _compare_y =
compare_y_2_object();
return static_cast<int>( _compare_y(pl,p2) );

¥

bool first_pair_closer_than_second(const Point_2& p1i,
const Point_2& p2, const Point_2& p3, const Point_2& p4) const
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{ return ( squared_distance(pl,p2) < squared_distance(p3,p4) ); }

bool strictly_ordered_along_line(
const Point_2& pl, const Point_2& p2, const Point_2& p3) const
{ typename R::Are_strictly_ordered_along line_2 _ordered =
are_strictly_ordered_along_line_2_object();
return _ordered(pl,p2,p3);
}

Segment_2 construct_segment(const Point_2& p, const Point_2& q) const
{ typename R::Construct_segment_2 _segment =
construct_segment_2_object();
return _segment(p,q); }

int orientation(const Segment_2& s, const Point_2& p) const
{ typename R::0Orientation_2 _orientation =
orientation_2_object();
return static_cast<int> ( _orientation(source(s),target(s),p) );

}

bool contains(const Segment_2& s, const Point_2& p) const
{ typename R::Has_on_2 _contains = has_on_2_object();
return _contains(s,p);

}

Point_2 intersection(
const Segment_2& sl1, const Segment_2& s2) const
{ typename R::Intersect_2 _intersect =
intersect_2_object();
typename R::Construct_line_2 _line =
construct_line_2_object();
Point_2 p;
CGAL: :0bject result =
_intersect(_line(sl),_line(s2));
if ( !'CGAL::assign(p, result) )
CGAL_assertion_msg(false,"intersection: no intersection.");
return p;

}
// additional interface for constr triang:

Direction_2 construct_direction(
const Point_2& pl, const Point_2& p2) const
{ typename R::Construct_direction_of_line_2 _direction =
construct_direction_of_line_2_object();
typename R::Construct_line_2 _line =
construct_line_2_object();
return _direction(_line(p1,p2)); }

bool strictly_ordered_ccw(const Direction_2& di,
const Direction_2& d2, const Direction_2& d3) const
{ return d2.counterclockwise_in_between (d1, d3); }

// additional interface for point location:

}; // Affine_geometry<R>

CGAL_END_NAMESPACE
#endif //CGAL_AFFINE_GEOMETRY_H
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2.2.6 Testing the CGAL sweep

(cgalLsegmenbverlay-test.G=
#include <CGAL/basic.h>
#include <fstream>
#include <list>
#include <algorithm>
#include <CGAL/Cartesian.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/leda_integer.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/function_objects.h>
#include <CGAL/Join_input_iterator.h>
#include <CGAL/copy_n.h>
#include <CGAL/Halfedge_data_structure_default.h>
#include "Segment_overlay_traits.h"
#include "HDS_decorator.h"
#include "Affine_geometry.h"

// GEQOMETRY:

typedef CGAL::Homogeneous<leda_integer> Kernel;
//typedef CGAL::Cartesian<double> Kernel;

typedef CGAL::Affine_geometry<Kernel> Aff_kernel;
typedef Kermel::Point_2  Point_2;

typedef Kernel::Segment_2 Segment_2;

// INPUT:
typedef std::list<Segment_2>::const_iterator SIterator;

// OUTPUT:
typedef CGAL::Halfedge_data_structure_default<Point_2> HDS;
typedef HDS_decorator<HDS,SIterator> HDS_dec;

// SWEEP INSTANTIATION:
typedef CGAL::Segment_overlay_traits<SIterator,HDS_dec,Aff_kernel>
CGAL_seg_sweep_traits;
typedef CGAL::generic_sweep<CGAL_seg_sweep_traits> CGAL_seg_sweep;
typedef CGAL::Creator_uniform_2<int,Point_2> Pnt_creator;
typedef CGAL::Creator_uniform_2<Point_2, Segment_2> Seg_creator;
typedef CGAL::Random_points_in_square_2<Point_2,Pnt_creator> Pnt_iterator;
typedef CGAL::Join_input_iterator_2< Pnt_iterator,Pnt_iterator,Seg_creator>
Seg_iterator;
using std::cout;
using std::endl;
int main(int argc, char** argv)
{
SETDTHREAD (23) ;
CGAL: :set_pretty_mode ( cout );
std::list<Segment_2> L;
std::list<Segment_2>::iterator lit;
Segment_2 s;
if (arge !'= 1) {
std::ifstream if1( argv[1]);
std::cout << "INPUT:\n";
if ( if1)
while (if1 >> s) {
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L.push_back(s);
cout << s << " ",
}
cout << endl;

}

Pnt_iterator p1(100),p2(100);

Seg_iterator sit(pl,p2);

for (int i = 0; i < 100; ++i,++sit)
L.push_back(*sit);

// CGAL: :copy_n(sit,100, std::back_inserter(L));

std::ofstream of ("input.log");

for (1lit = L.begin(); lit!= L.end(); ++1it)
of << x1it;

of.close();

cout << "Starting " << CGAL::sweepversion << endl;

HDS G;

CGAL_seg_sweep_traits::0UTPUT P(G);

CGAL_seg_sweep SI(CGAL_seg_sweep: :INPUT(L.begin(),L.end()),P);
SI.sweep();

cout << "\nVertices\n";

HDS: :Halfedge_iterator eit;

HDS: :Vertex_iterator vit;

for( vit=G.vertices_begin(); vit != G.vertices_end();
++vit ) {
cout <<" "<<vit->point() << endl;
}

cout << "Edges:\n";

for( eit=G.halfedges_begin(); eit != G.halfedges_end();
++(++eit) ) {
cout <<" "<< eit->opposite()->vertex()->point() << "," <<
eit->vertex()->point() << endl;
}

return 0;

(randomoverlay-test.f.=
#define CGAL_USE_LEDA
#include "Segment_overlay_traits.h"
#include "leda_overlay_traits.h"
#include "leda_overlay_visualization.h"
#include <LEDA/stream.h>
#include <LEDA/rat_window.h>
#include <LEDA/param_handler.h>
#include <LEDA/random_rat_point.h>

typedef leda_list<leda_rat_segment>::iterator Seg_iterator;
typedef CGAL::Segment_overlay_traits< Seg_iterator,
leda_graph_decorator<Seg_iterator>, leda_geometry>
leda_seg_sweep_traits;
typedef leda_visualization<leda_seg_sweep_traits> leda_seg_vis;
typedef CGAL::generic_sweep<leda_seg_sweep_traits> leda_seg_sweep;
typedef CGAL::sweep_observer<leda_seg_sweep,leda_seg_vis> leda_seg_sweep_obs;
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Test Cases - Models for Geometry Kernels and Output

int main(int argc, char** argv)

{

// SETDTHREAD(23);

leda_param_handler P(argc,argv,".overlay");
P.add_parameter ("inputfile:-i:string:");
P.add_parameter("segs:-n:int:100");
leda_param_handler::init_all();
leda_string f1;

int n;

P.get_parameter("-i",f1);
P.get_parameter("-n",n);

leda_window W;
W.init (-500,500,-500) ;
W.set_show_coordinates(true);
W.display(Q);
leda_list<leda_rat_segment> L;
leda_list<leda_rat_point> LP;
leda_rat_segment s;
leda_rat_point p,po;
ifstream if1(f1);
if (if1) {
ifl >> L;
forall (s,L)
if ( s.is_trivial() ) W << s.source().to_point();
else W << s.to_segment();
} else {
random_points_in_square(n, n, LP);
bool first = true;
forall(p,LP) {
if (first) { po = p; first = false; }
else {
L.append(leda_rat_segment(p,po)); first=true;
W << leda_rat_segment(p,po);

X

}
}
ofstream of ("input.log");
of << L;
of .close();
cout << "Starting " << CGAL::sweepversion << endl;
leda_seg_sweep_traits::0UTPUT: :Graph G;

leda_seg_sweep_traits::0UTPUT: :Below_map E_below(G);
leda_seg_sweep_traits::0UTPUT 0(G,E_below);

leda_seg_sweep SI(leda_seg_sweep_traits::INPUT(L.begin(),L.end()),0);

//0bs.attach(SI);
SI.sweep();

cout << "\nNodes and Edges below\n";
leda_node v;
forall_nodes(v,G) {
cout <<" "<<G[v]<<" ",
if ( E_below[v] ) {
leda_edge e = E_below[v];
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cout << "("<<G[source(e)]<<G[target(e)I<< ")\n";
} else
cout << "nil\n";
}
W.read_mouse() ;
return O;

¥
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3 Plane Map Overlay

3.1 The manual page

Plane Map Overlay ( PM_overlayer )

1. Definition

An instanceO of data typePM.overlayek PMD, GEO> is a decorator object offering plane map overlay calcu-
lation. Overlay is either calculated from two plane mapsront a set of segments. The result is stored in a
plane magP that carries the geometry and the topology of the overlay.

The two template parameters allow to adapt the overlay Elon to different scenarios. The template pa-
rameterPMD has to be a model conforming to our plane map decorator coddpPpecorator The concept
describes the interface how the topological informatiamed inP can be extracted. The geome®¥EOhas to
be a model conforming to the concépverlayerGEO2

The overlay of a set of segmerfiss stored in a plane map= (V,E,F). Vertices are either the endpoints of
segments (trivial segments are allowed) or the result ofradegenerate internal intersection of two segments.
Between two vertices there’s an edge if there’s a segmenstipgports the straight line embeddingesdind if
there’s no vertex in the relative interior of the embeddihg.o

The faces refer to the maximal connected open point setegilinar subdivision implied by the embedding
of the vertices and edges. Faces are bounded by possiblaktaee cycleSincluding isolated vertices. The
overlay process in the methateatecreates the objects, the topology of the result and alloiskdhe plane
map objects to input segments by means of a data accessameéfthed starts from zero- and one-dimensional
geometric objects i and produces a plane m&wvhere each point of the plane can be assigned to an object
(vertex, edge, or face) ¢.

The overlay of two plane mag3 = (M, E;,F) has the additional aspect that we already start from twogplan
subdivisions. We use the indéx 0,1 defining the reference 8, unindexed variables refer to the resulting
plane magP. The 1-skeleta of the two maps subdivide the edges and faties complementary structure into
smaller units. This means vertices and edged ofin split edges dP;_; and face cycles d? subdivide faces

of P,_j. The 1-skeleto®’ of P is defined by the overlay of the embedding of the 1-skelef aihdP; (Take a
trivial segment for each vertex and a segment for each edfjeasmthe overlay definition of a set of segments
above). The faces & refer to the maximal connected open point sets of the plaratigision implied by the
embedding of’. Each object from the output tup{¥, E, F) has asupportingobjectu; in each of the two input
structures. Imagine the two maps to be transparencieshwgcstack. Then each point of the plane is covered
by an object from each of the input structures. This suppation from the input structures to the output
structure defines an information flow. Each supporting dhjeof u (i = 0,1) carries an attributenark(u;).
After the subdivision operation this attribute is assagietb the output objeat by mark(u,i).

1For the definition of plane maps and their concepts see theahpage oPMConstDecoratar

105



3.1 The manual page 106

2. Generalization

PMD |<1ﬁ|

PM.overlayekPMD, GEO> |

3. Types

PM.overlayekPMD, GEO> ::Decorator the plane map decorateMD.

PM.overlayekPMD, GEG> ::Planemap the plane map type decorated BiyID.

PM.overlayekPMD, GEO>:: Geometry the geometry kernébEQ.

PM.overlayekPMD, GEO> :: Point the point type of the geometric kern@recondition
Point equalsPlanemap:: Point

PM.overlayekPMD, GEO> ::Segment the segment type of the geometric kernel.

PM.overlayekPMD, GEO> ::Mark the attribute type of plane map objects.

4. Creation

PM.overlayekPMD,GEQ> O(Planemap P, Geometry g= Geometry));

Ois a decorator object manipulatiffy

5. Operations

template <typename Forwardterator, typename Objeatataaccessor

void

void

QcreatefForward.iterator start, Forward.iterator end Objectdataaccessof A)

produces irP the plane map consistent with the overlay of the segmemts fne iterator range
[start end. The data accesséyallows to initialize created vertices and edges with resfmec
the segments in the iterator rangerequires the following methods:

void supporting segment (Halfedge handle e, Forward_iterator it)

void trivial_segment(Vertex handle v, Forward_iterator it)

void starting segment(Vertex handle v, Forward_iterator it)

void passing segment(Vertex handle v, Forward_iterator it)

void ending_segment(Vertex.handle v, Forward_iterator it)
wheresupportingsegments called for each non-trivial segmesit supporting a newly created
edgee, trivial_segments called for each trivial segmenit supporting a newly created vertex
v, and the three last operations are called for each nomdtrségmentit starting at/passing
through/ending at the embedding of a newly created vertéRXrecondition Forward.iterator
has value typ&egment

QsubdividePlanemap PQ Planemap P)

constructs the overlay of the plane ma&andP1in P, where all objects (vertices, halfedges,
faces) ofP areenrichedby the marks of the supporting objects of the two input strted: e.g. let
vbe avertex supported by a nod&in POand by a facél in P1andDO, D1 be decorators of type
PM.decoratoron PO,P1. ThenO.mark(v,0) = DOmark(v0) andO.mark(v,1) = D1mark(f1).

template <typename Selection

void

QselectBelectiod predicate

sets the marks of all objects according to the selectionipaézpredicate Selectiorhas to be a
function object type with a function operator

Mark operator () (Mark mO, Mark ml)

For each objeat of P enriched by the marks of the supporting objects accorditige@revious
proceduresubdivide after this operatio®.mark(u) = predicate( O.mark(u,0),O.mark(u,1) ).
The additional marks are invalidated afterwards.
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template <typename Keepdge

void Qsimplify(Keepedge keep
simplifies the structure o according to the marks of its objects. An edgeeparating two
facesfl andf2 and equal markmark(e) == mark(f1) == mark(f2) is removed and the faces
are unified. An isolated vertexin a facef with mark(v) == mark(f) is removed. A vertex
with outdegree two, two collinear out-edgeke2 and equal marksark(v) == mark(el) ==
mark(e2) is removed and the edges are unified. The data acdessprequires the function call
operator
bool operator () (Halfedge handle e)
that allows to avoid the simplification for edge pairs refexed bye.
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3.2 Implementation

In this section we present a software module for the overfasegments and plane maps. We first
give a formal introduction to the notions and difficultiesncerning overlay and support. We then
present the overlay calculation of a set of segments. We $toowe use a generic sweep module
to produce the 1-skeleton of the output plane map. In a diffiesection we show how to add face
objects to the 1-skeleton to complete the output structline.second operation concerns the overlay
of two plane maps. We use the same generic sweep module with\simore elaborate adaptation
to obtain again the 1-skeleton of the overlay. The face prtioln phase will be the same as before. In
case of the second overlay operation our sweep adds a trahgféormation assigned to the objects
of the two input plane maps to corresponding objects in thputistructure. This allows us to use the
module for binary set operations on plane map structuresh Set operations use a selection phase
on the transferred information items. The selection phasiescibed below in an additional section.
The last section in this document concerns structural siicggion of the output plane map. We will
see that there can be substructures in the output plane ratapath be simplified without losing any
information when the plane map is interpreted as a point set.

3.2.1 Notions and definitions

Figure 3.1:The overlay of a set of segments and of two plane maps. Théidefe shows a set of dashed
segmentsy; is an isolated vertex; is an endpoint in the interior of another segmemnts a vertex supported
by two endpointsy; is the intersection of the relative interior of two segmeiitse edges are drawn with solid
line segments. One bounded face is greyed. The right figurestne 1-skeleta of two plane maps. Degenerate
situations are identical vertices, vertices in the intesicedges, and overlapping edges.

If we consider our overlay process as a transformation aftiopjects to output objects then we
can define the support relation as follows.

Definition 5 (support): Consider an algorithrT that transforms a set of input objeddo a set of
output objectd where eacla € A andb € B represents a subset Bf. We say thag supports bif b
is a subset o& with respect to the represented point sets.

We will anchor this notion in the following.

Overlay of a set of segments For a segmené = (p,q), p = sourcds), q = target(s) andp,
g are called the endpoints ef Let us consides as a disjoint union of its endpoints and its relative
interior relints. A set of segments partitions the plane into cells of different dimensions.r Each
pointr € R? it can happen that
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() ris equal to some endpoiptof some segmerg, or
(i) ris part of the relative interior of some segmenor
(iii) ris not part of any segment at all.

Note that (i) and (ii) do not exclude each other. Now consitier geometric structure built by all
segments. Theverlayof all segments is the subdivision of all pointsi with respect to the three
criteria (i) to (iii) above including their topological rghiborhood and the knowledge how parts of the
segments irs support the cells of the subdivision.

We store the overlay dbin a plane mag® = (V,E,F) in the standard way. For each pomin
(i) there is a vertex in V where the endpoint of the segment supports the vertaxislfdditionally
in the relative interior of some other segment accordingdi}ahien this segment also suppoxtsFor
each point in (i) that is the unique intersection point &f tielative interior of two segments (that do
not overlap) there is a vertex i and the relative interior of each of the two segments suppbett
vertex. Between any two verticesVhthere is a uedgein E if there is a segmergthat supports the
straight line embedding af according to (ii) and there is no further vertex in the rektinterior of
e. The latter can happen for several segments that overlag.pgimt of (iii) belongs to one of the
maximal connected sétsf R? — Sthat form the faces dP and is thus not supported by any segment
at all.

Overlay of two plane maps LetR = (M,E;,F),i = 0,1 be two plane map structures. The over-
lay of two plane map®s, P; is the plane map representing the subdivision of the plane obtained by
interpreting the skeleton objects®@faccording to their embedding as trivial and non-trivialreegts,
constructing the overlay of these segments and adding tles.ffo make this structure really helpful
we explore the support relation between objed®andP.

In general, each poiniin the plane is supported by that object of a plane map whasesuond-
ing point set containg. The support relation betwedhandP comes in two steps. Each 1-skeleton
object of R relates to the endpoint or relative interior of a segment$haports a skeleton object in
P. Reversely, each object &f (vertex, edge, or face) is supported by a unique supportijecoin
each of the two structurd® (i = 0,1). We show that this relation is well-defined.

Lemma 3.2.1: Any object of P has exactly one supporting object in each offhe

Proof. Obviously, each point of the plane is supported by an objeEt.ar herefore, we only have to
argue why no two objects d¢& can support one object &. For vertices this is trivial. For a uedge
ein P there can be only one uedge or one fac®adhat support®e: assume that the embeddingeof
covers points from more than one objectRf Then,e either contains a vertex or crosses an edge in
its interior. But then, the corresponding subdivision veblidve prevented the creationedih P in the
first place.

For a facef of P there can be only one fadé of P, that supportsf: assume otherwise, thdt
contains points from different objects Bf As f is an open connected point set it has to cover points
of at least one boundary object from the 1-skeletoR oBut this object is part of the 1-skeleton Bf
and can therefore never be partfof O

In our implementation we determine the support relationnia phases. Any vertexin V can
be supported by a vertex, a uedges, or a facef; of B. If vis supported by; or ¢ we obtain this
information in a plane sweep process. Assumevligsupported by a fack (thenvis supported by a
vertexvi_j). During the sweep process the determination of a suppdtti®hard, as the face objects

2path connected in the strong topological sense.
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are not in reach. We determirfein a postprocessing phase by a simple iteration over alicesrt
Any edgeein E can be supported by a uedgeor a facef; of B. A possible support bg is handled
during the sweep process. In casie part of a facef; (againeis then supported by an edge ;) we
also determind; in the postprocessing phase.

The support for a facé in F can be determined as follows. Assume that each directedesidge
E knows the faced; supporting points in a small neighborhood on its left side 0,1). Then,f can
determine its two supporting facdsvia any edge in its boundary cycle. We will enrich the edges of
E by such support information and use it afterwards to traregteibutes fromf; to f.

3.2.2 The class design

We start with the design of the class object. Our genericlay@tass can be adapted via two interface
concepts. We interface the underlying plane map via a plaagedacoratoPMDEC, we interface the
underlying geometry via a geometry kert@EOM. We inherit fromPMDEC to obtain its interface
methods.

(PM overlayel=
template <typename PM_decorator_, typename Geometry_>
class PM_overlayer : public PM_decorator_ {
typedef PM_decorator_ Base;
typedef PM_overlayer<PM_decorator_,Geometry_> Self;
const Geometry_& K; // geometry reference

public:
typedef PM_decorator_ Decorator;
typedef typename Decorator::Plane_map Plane_map;
typedef Geometry_ Geometry;

typedef typename Geometry::Point_2 Point;
typedef typename Geometry::Segment_2 Segment;
typedef typename Decorator::Mark Mark;

(handles, iterators, and circulators from Decorayor
(info type to link edges and segmeénts

PM_overlayer(Plane_map& P, const Geometry& g = Geometry())
Base(P), K(g) {}

(subdivision

(selection

(simplification

(helping operations

}; // PM_overlayer<PM_decorator_,Geometry_>

(handles, iterators, and circulators from Decora}er
#define USING(t) typedef typename Decorator::t t
typedef typename Decorator::Base Const_decorator;
USING (Halfedge_handle);
USING(Vertex_handle) ;
USING(Face_handle);
USING(Vertex_iterator) ;
USING (Halfedge_iterator);
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USING(Face_iterator) ;

USING (Halfedge_const_handle) ;
USING(Vertex_const_handle);
USING(Face_const_handle);
USING(Halfedge_const_iterator);
USING(Vertex_const_iterator);
USING(Face_const_iterator);

USING (Halfedge_around_vertex_circulator);
USING (Halfedge_around_face_circulator);
USING(Hole_iterator) ;
USING(Isolated_vertex_iterator);

#undef USING

// C++ is really friendly:

#define USECMARK(t) const Mark& mark(t h) const { return Base::mark(h); }
#define USEMARK(t) Mark& mark(t h) const { return Base::mark(h); }
USEMARK (Vertex_handle)

USEMARK (Halfedge_handle)

USEMARK (Face_handle)

USECMARK (Vertex_const_handle)

USECMARK (Halfedge_const_handle)

USECMARK (Face_const_handle)

#tundef USEMARK

#undef USECMARK

3.2.3 Overlay calculation of a list of segments

We want to calculate the plane mBgepresenting the overlay of a sebf segments, some of which
may be trivial. This task is basically split tavo phases

overlay of segments— the calculation of the 1-skeletd? = (V,E) of a plane map via the overlay
of the segments i plus the calculation of a mapalfedgebelow:V — E

face creation — the completion of the 1-skeletd? to a full plane mag® = (V, E, F) by creating all
faces while using the information of the mhglfedgebelow

For the overlay process we use the generic segment sweedaraslpresented in the technical re-
port [MSO01]. There we presented a generic cl@sgmenbverlaytraits realizing a generic sweep
framework. To instantiate it we have to provide three congmds (input, output, geometry). In this
instance the input is an iterator pair, the geometry is fodwd from the current class scope. Only for
the output type we have to work a little more. We define a ciig€ from segsthat fits the output
concept ofSegmenobverlaytraits and at the same time is a model for elowinfo concept required
for the facet creation in Section 3.2.5. (See Figure 3.2.)

On creation an object of tyg@MQ from segseferences a plane map via a decor&a@nd obtains
a data accessor objdatof typeDA. PMQfromsegsas a model o6egmentOverlayOutptriggers the
correct update operations on the output plane map duringvteep. See the output concept in Figure
3.2. The method part O1 @egmentOverlayOutpiiakes care of the plane map extension by new
vertices and edges. The part O2 allows to obtain informdimm the creation of the objects is linked
to the input interators. In the implementation RO from segswe forward this interface to methods
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«concept »

- D SegmentOverlayOQutput
+ V, E |, Point_2

+new_vertex(p: Point_2): V

+new_hal f edge_pai r_at _source(v:V): E J 01
+link_as_target_and_append(v:V,e:E): void

+supporting_segnent(e:Eit:1): void

+trivial _segment(v:V,it:1): void

+starting_segment (v:V,it:1): void 02

+passi ng_segnment (v: V,it:1): void

+hal f edge_bel om(v: V, e: E): void ————03
«concept »

> Below_info
+ V, E

+hal f edge_bel ow(v: V): E

1
1
1
1
1
1
1
1
1
1
1 +endi ng_segnment (v: V,it:1): void
1
1
1
1
1
1
1
1
1
1

-- PMO_from_segs |
+PMO_from segs(G PMD, D: DA) |

Figure 3.2:PMQfromsegsrealizes theDutputconcept of the generic sweep module andBaéowinfo con-
cept for the facet creation phase. In the figuegtexhandle Halfedgehandle andlterator have been replaced
by the short symbol¥, E, andl.

of the data accessor of type DA. Finally, part O3 can be usamblflect the additional information
required for the facet creation. An edgé¢hat is immediately below a vertexis stored in the vertex
object in a temporarily assigned data slot and can be rettiefter the sweepPMQfromsegsas a
Belowinfo model can thus afterwards deliver the halfedigéfedgebelow(v) for any vertexv of the
plane map.

At this point our readers should take the module

generic_sweep< Segment_overlay traits<PMO_from_segs<... >... >>

as a black box producing the 1-skeletonPfwith the properties required in Section 3.2.5. The
specification ofSegmenbverlaytraits guarantees these propertiesRobecausd®MQ from.segsfits
the requirements of the output concepSafgmenbverlaytraits.

(PM traits classes for segment overjay
template <typename PMD, typename I, typename DA>
struct PMO_from_segs {
typedef PMD Decorator;

typedef typename Decorator
typedef typename Decorator
typedef typename Decorator

::Vertex_handle Vertex_handle;
::Halfedge_handle Halfedge_handle;
::Point Point;

const Decorator& G;

DA& D;

PMO_from_segs (const Decorator& Gi, DA& Di)
G(Gi),D(Di) {}

(PMO_from_segs segment overlay model interface
(PMO_from_segs face creation model interface
(PMO_from_segs additional interfage

}; // PMO_from_segs

The creation of new objects is forwarded to thecoratorobjectG. The methods o are members
as described in theM.decoratorconcept. The following methods are called during the sweés a
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event points. The first three methods trigger object cradtid®. We associate &lalfedgehandle

to each vertew via its generic storage sl@enPt& info(v). We use a scheme in analogy to LEDA
[MN99, chapter 13], where information (in form of a built-or class type) is stored directly in the

pointer if it has size not larger than the size of a standandiwibit does not fit, the pointer is used to

reference a newly allocated information object on the hddme scheme is bundled in a class called
geninfT>. For more information see that manual page in the appendix.

(PMO_from_segs segment overlay model interfaee

Vertex_handle new_vertex(const Point& p)

{ Vertex_handle v = G.new_vertex(p);
geninfo<Halfedge_handle>::create(G.info(v));
return v;

}

void link_as_target_and_append(Vertex_handle v, Halfedge_handle e)

{ G.link_as_target_and_append(v,e); }

Halfedge_handle new_halfedge_pair_at_source(Vertex_handle v)

{ Halfedge_handle e =
G.new_halfedge_pair_at_source(v,Decorator: :BEFORE) ;
return e;

}

The treatment of the new objects is forwarded toE#eobjectD. Only the below link is stored via
G. The following methods allow us to hook methoddbinto the plane sweep process.

(PMO_from_segs segment overlay model interfaees
void supporting_segment (Halfedge_handle e, I it) const
{ D.supporting_segment (e,it); }

void trivial_segment(Vertex_handle v, I it) const
{ D.trivial_segment(v,it); }

void starting_segment(Vertex_handle v, I it) const
{ D.starting_segment(v,it); }

void passing_segment (Vertex_handle v, I it) const
{ D.passing_segment(v,it); }

void ending_segment(Vertex_handle v, I it) const
{ D.ending_segment (v,it); }

void halfedge_below(Vertex_handle v, Halfedge_handle e) const
{ geninfo<Halfedge_handle>::access(G.info(v)) = e; }

PMQfromsegsfits also the conce@elowinfo for the face creation defined in Section 3.2.5.

(PMO_from_segs face creation model interfaee
Halfedge_handle halfedge_below(Vertex_handle v) const
{ return geninfo<Halfedge_handle>::access(G.info(v)); }

We finally add a clean up operation discarding the temporanage.
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(PMO_from_segs additional interfage=
void clear_temporary_vertex_info() const
{ Vertex_handle v;
for(v = G.vertices_begin(); v!= G.vertices_end(); ++v)
geninfo<Halfedge_handle>::clear(G.info(v));

Now, the overlay creation is trivial. Just create an outpetadator objectOut working on
the plane map maintained M overlayerand plug it into the segment sweep overlay framework
Segmenbverlaytraits. The used geometry is just forwarded frétivLoverlayer. Thecreatemethod
of PM overlayeris parameterized by the iterator typerward.iterator and the data accessor class
Objectdataaccessor

Note that thehalfedgebelowinformation collected during the sweep is associated withver-
tices of the output map. The corresponding obj€tt triggers the output creation during the
sweep and provides the halfedge-below information for #ee fcreation ircreatefaceobjectd ).
Outcleartemporaryvertexinfo( ) just discards the temporarily allocated information s(otgernally
assigned to the vertices) on the heap.

(subdivision=
template <typename Forward_iterator, typename Object_data_accessor>

void create(Forward_iterator start, Forward_iterator end,
Object_data_accessor& A) const

{

typedef PMO_from_segs<Self,Forward_iterator,Object_data_accessor>
Output_from_segments;
typedef Segment_overlay_traits<
Forward_iterator, Output_from_segments, Geometry> seg_overlay;
typedef generic_sweep< seg_overlay > seg_overlay_sweep;
typedef typename seg_overlay::INPUT input_range;
Qutput_from_segments Out(*this, A);
seg_overlay_sweep SO0S( input_range(start, end), Out, K);
S0S.sweep();
create_face_objects(Out);
Out.clear_temporary_vertex_info() ;

We summarize the calculated overlay properties and aatiifhe costs of face creation in Section
3.2.5 and of the plane sweep description. (see Lemma 2.1.3).

Lemma 3.2.2: Assume thaS = set|[start end) is a set of segments amdis a data accessor with
the required methods (of constant cost). Themeatgstart,end A) constructs inP = (V,E,F) the
overlay plane map o6 Letn be the number of segments & 1n, = |V|, ne = |E|, andne the sum
of the support multiplicity of each edge over all edges. Ttenruntime of the overlay process is
dominated by the plane sweep and is thereff®, + n. + (n+ny)log(n+ny)).
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3.2.4 Overlay calculation of two plane maps

We calculate the overlal? of two plane map$; andP;. Both input structures are two correctly
defined plane maps including incidence, geometric embggddimd markers. In the following we use
the indexi = 0,1 showing a reference 8 = (V;, E;, F); non-indexed variables refer &

The 1-skeleta of the two mapg% and P, subdivide the edges and faces of the complementary
structures into smaller units. This means vertices anddfB can split edges oP;_; and face
cycles ofP, subdivide faces oP;_j. The 1-skeletor® = (V,E) of P is defined by the overlay of the
embedding of the 1-skeleta Bf andP; (Take a trivial segment for each vertex and a segment for each
edge and use the overlay definition of a set of segments abadel)tionally, we require thaP’ has
the correct order in each adjacency list such that it is epdeserving regarding the embedding of the
vertices.

Finally, the faces oP refer to the maximal connected open point sets of the plantadigsion
implied by the embedding . The construction of the facé&sfrom P’ is described in Section 3.2.5.
Each objecu from the output tuplgV, E,F) has asupportingobjectu;,i = 0,1 in each of the two
input structures. Imagine the two maps to be transparensiasked one on top of the other. Then
each point of the plane is covered by an object from each ofrjat structures. We analyse the
support relation from input to output in order to transfe #itributes fromy; to u.

According to our specification each objegiof P, carries an attributemark(u;) (mark: (V, UE; U
F) — Mark). We associate this information with the output objedty mark(u,i) (an overloaded
functionmark: (VUEUF) x {0,1} — Mark). This two-tuple of information per object can then be
processed by some combining operation to a single valai(u) lateron.

We fix the followinginput properties for our structure$’. Both plane mapéV;, E;, ) consist of
vertices, edges, and faces whose topology is accessiblarlyylane map interface and additionally
each objecty; carries an attributenark(u;). The plane maps have arder-preservinggmbedding and
their adjacency lists havefarward prefix Actually we do not use this property of the input plane
maps at this point but it is a general invariant of our plang steuctures that makes some intermediate
actions more efficient. The overlay process consisthigfe phases The 1-skeletorP’ is produced
by segment overlay. Afterwards we create the face objedtmllf, we analyse the support relation
and transfer the marks of the input objects to the outputotdje

overlay of segments— We use our generic segment overlay framework to calculseverlay of
a set of segmentS. The setS consists of all segments that are the embedding of edgEs in
and additionally trivial segments representing all isedavertices irV;. The output structure
P’ = (V,E) of the sweep phase is just the 1-skeleton of the output plapePrbut of course in-
cluding an order-preserving embedding and a forward-pnefilke adjacency lists. The objects
of the 1-skeleton carry additional structural information

I1. Each vertew in V knows a halfedge € E : e = halfedgebelow(v) which is determined
by the property that a vertical ray shot franalong the negativg-axis hitse first. Degen-
eracies are broken with a perturbation scheme: during thehaoting all edges include
their source vertex.

I2. For each objecti € V UE there is a mapping to the supporting 1-skeleton objectseof th
input structures. The support information is incompletéhwiéspect to face support.

Swe use a general attribute set, though with respect to NghpdraMark := {true, false}.
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face creation — The next phase after the sweep has to complete the plan® vl basically have
to create the face objects and construct their incidencetstie. The face creation is done as
presented in Section 3.2.5 and uses only I1.

attribute transfer — The final transfer of marks uses the embedding of the veidewflP and the
additional information 11 and 12 to defimaark(u, i) for all objectsuin P.

(subdivision+=

void subdivide(const Plane_map& PO, const Plane_map& P1) const
{
Const_decorator PI[2];
PI[0] = Const_decorator(P0); PI[1] = Const_decorator(P1);
(filling the input segment list
(sweeping the segments and creating the faces
(transfering the marks of supporting objects
}

Temporary information associated with objects

We have to associate temporary information with the objetthe output plane map. In this section
we abstractly use sets in a pseudo code notation to undénknerigin of plane map objects. The
objects from these sets are realized by the correspondimdiéhtypes (and therefore their type does
not allow to mark their origin). Undefined objects are detdetvia default handles.

At first we interpret the input 1-skeleta geometrically. WWélect a set of trivial and non-trivial
segmentsS. For each edge i we add a non-trivial segment ®and for each isolated vertex Gf
we add a trivial segment 8 We store the origin of the objects 8via a function

From : S— (V071 U EQ]_) X {O, 1}

From(s) = {

(vi,i) if sis atrivial segment refering to an isolated vertgfrom B,
(e,i) if sis a non-trivial segment refering to an edgdrom P.

Fromis implemented as a hash mBmm whose domain are iterators (with value type segment) and
whose value is a structueginfo with membersy, €, i storing the above pairs.

(info type to link edges and segmeésts
struct Seg_info { // to transport information from input to output

Halfedge_const_handle e;
Vertex_const_handle v;
int i;
Seg_info() : i(-1) {}
Seg_info(Halfedge_const_handle e_, int i_)
{ e=e_; i=i_; }
Seg_info(Vertex_const_handle v_, int i_)
{ v=v_; i=i_; }
Seg_info(const Seg_info& si)
{ e=si.e; v=si.v; i=si.i; }
Seg_info& operator=(const Seg_info& si)
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{ e=si.e; v=si.v; i=si.i; return *this; }
LEDA_MEMORY (Seg_info)
}

(info type to link edges and segments=
typedef std::list<Segment> Seg_list;
typedef typename Seg_list::const_iterator Seg_iterator;
typedef std::pair<Seg_iterator,Seg_iterator> Seg_it_pair;

In the first phase we fill the segment input list with a nonitlissegment underlying each edge and
with a trivial segment for each isolated vertex of the twoumnptructures. Additionally, we store
hashed links from the iterators to the edges/vertices te sheir origin.

(filling the input segment lisE=
Seg_list Segments; int i;
CGAL: :Unique_hash_map<Seg_iterator,Seg_info> From;
for (i=0; i<2; ++i) {
Vertex_const_iterator v;
for(v = PI[i].vertices_begin(); v != PI[i].vertices_end(); ++v)
if ( PI[i].is_isolated(v) ) {
Segments.push_back(segment (PI[i],v));
From[--Segments.end()] = Seg_info(v,i);
}
Halfedge_const_iterator e;
for(e = PI[i].halfedges_begin(); e != PI[i].halfedges_end(); ++e)
if ( is_forward_edge(PI[il,e) ) {
Segments.push_back(segment (PI[i],e));
From[--Segments.end()] = Seg_info(e,i);
}

During the sweep phase we collect additional informatiotemporary information containers asso-
ciated with the objects € VUEUF of P.

assodnfo(u) creates the temporary object on the heap
discardinfo(u)  discards the object and frees the memory

Within these objects we store the following pair of markibtttes (indexed by):
Mark mark(u, i) fori=0,1anduec VUEUF
For each vertex we collectskeleton suppoiinformation.

Vi suppvertexV v inti) the vertex fronmV; supportingv if it exists, else undefined.
E; supphalfedgéV v,inti) the edge fronk; supportinge if it exists, else undefined.

And for each edge we want to know

E; supphalfedgéE e int i) the edge fronk; supportinge if it exists, else undefined.
Mark incidentmark(E einti) the mark of the face fror® supporting a small neighborhood left@f
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The information is collected during the sweep phase by asponding model of the output concept
used in our generic sweep framework. We show more detaitseafhformation association. We use
a trick via generic pointer&enPtr(equalsvoids). Each objecu of P has such a slot accessible via
GenPt& info(u). We use the pointer to reference an object storing the teampanformation until
the postprocessing does not need it anymore. We have toeetimtrwe do not mess around with
the memory. The temporary information is collected durimg $weep operation. After the selection
operation the temporary information is discarded. To awigerflous indirection for the temporary
information we use a scheme in analogy to LEDA [MN99, chaf®r where information (in form
of a built-in or class type) is stored directly in the poinieit has size not larger than the size of a
standard word. If it does not fit, the pointer is used to refeeea newly allocated information object
on the heap. This scheme leaves the vertex, halfedge, amalfgects minimal in the sense that we
only have one additional pointer in each of them. The scherhandled in a class callegninfxT>.
For more information see that manual page in the appendix.

We associate the following class to a veriex The methods below are added to the interface
of PML.overlayer. vertexinfo can store the possible supporting skeleton objestgop esuppof the
input plane maps, marka corresponding to the two supporting objects and a halfedgdowof the
output structure that is vertically below

(helping operations=
struct vertex_info {
Mark m[2];
Vertex_const_handle v_supp[2];
Halfedge_const_handle e_supp[2];
Halfedge_handle e_below;
vertex_info()
{ v_supp[0]=v_supp[1]=Vertex_const_handle();
e_supp[0]=e_supp[1]=Halfedge_const_handle(); }
LEDA_MEMORY (vertex_info)
};
void assoc_info(Vertex_handle v) const
{ geninfo<vertex_info>::create(info(v)); }
void discard_info(Vertex_handle v) const
{ geninfo<vertex_info>::clear(info(v)); }
vertex_info& ginfo(Vertex_handle v) const
{ return geninfo<vertex_info>::access(info(v)); }
Mark& mark(Vertex_handle v, int i) const
{ return ginfo(v).m[i]; }
Vertex_const_handle& supp_vertex(Vertex_handle v, int i) const
{ return ginfo(v).v_supp[il; }
Halfedge_const_handle& supp_halfedge(Vertex_handle v, int i) const
{ return ginfo(v).e_supplil; }

Halfedge_handle& halfedge_below(Vertex_handle v) const
{ return ginfo(v).e_below; }

For each halfedge we store the following class. Again weigeoan interface ilPM.overlayer. The
halfedgeinfo objects store information common to both halfedge twinfofmation for the uedge)
and information only concerning one halfedge. In the firsiecae store the information only in the
halfedge determined by the smaller memory address whiclesratcess unique. We provide storage
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esuppfor the possible two input edges supporting an output etigaiarksm of the two input objects
supporting an output edge, and temporary storaféor the marks of the two input faces supporting
points in a small neighborhood of the edge. The booleanfilagjust caches the geometric property
if an edge is forward oriented (the source is lexicograplyicanaller than the target).

(helping operations+=
struct halfedge_info {

Mark m[2];

Mark mf[2];
Halfedge_const_handle e_supp[2];
bool forw;

halfedge_info()

{ m[0]=m[1]=mf [0]=mf [1]=Mark();
e_supp[0]=e_supp[1]=Halfedge_const_handle();
forw=false; }

LEDA_MEMORY (halfedge_info)

};

void assoc_info(Halfedge_handle e) const

{ geninfo<halfedge_info>::create(info(e));
geninfo<halfedge_info>::create(info(twin(e))); }

void discard_info(Halfedge_handle e) const
{ geninfo<halfedge_info>::clear(info(e));
geninfo<halfedge_info>::clear(info(twin(e))); }

halfedge_info& ginfo(Halfedge_handle e) const
{ return geninfo<halfedge_info>::access(info(e)); }

Mark& mark (Halfedge_handle e, int i) const
// uedge information we store in the smaller one
{ if (&*e < &x(twin(e))) return ginfo(e).m[i];
else return ginfo(twin(e)) .m[i]; }

Halfedge_const_handle& supp_halfedge(Halfedge_handle e, int i) const
// uedge information we store in the smaller one
{ if (&*e < &x(twin(e))) return ginfo(e).e_supplil;

else return ginfo(twin(e)).e_suppl[il; }

Mark& incident_mark(Halfedge_handle e, int i) const
// biedge information we store in the halfedge

{ return ginfo(e) .mf[i]; }

bool& is_forward(Halfedge_handle e) const

// biedge information we store in the halfedge
{ return ginfo(e).forw; }

A face just obtains two mark slots.

(helping operations+=

struct face_info {
Mark m[2];
face_info() { m[0]=m[1]=Mark(); }
LEDA_MEMORY (face_info)

}

void assoc_info(Face_handle f) const

{ geninfo<face_info>::create(info(f)); }
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void discard_info(Face_handle f) const
{ geninfo<face_info>::clear(info(f)); }

face_info& ginfo(Face_handle f) const
{ return geninfo<face_info>::access(info(f)); }

Mark& mark(Face_handle f, int i) const
{ return ginfo(f) .m[i]; }

Finally we provide an operation cleaning up the temporatnbates allocated above.

(helping operations+=
void clear_associated_info_of_all_objects() const
{
Vertex_iterator vit;
for (vit = vertices_begin(); vit != vertices_end(); ++vit)

discard_info(vit);

Halfedge_iterator hit;

for (hit = halfedges_begin(); hit !'= halfedges_end(); ++hit)
discard_info(hit);

Face_iterator fit;

for (fit = faces_begin(); fit != faces_end(); ++fit)
discard_info(fit);

The sweep instantiation

We have to provide the three components (input, output, ggginnecessary to instantiate the traits
model Segmenbverlaytraits for our generic plane sweep framework. The input is an iberpair,
the geometry is forwarded from the current class scope. @nlthe output type we have to work a
little more. We define a cla3MQfrompm below which allows us to track the support relationship
from input objects (segments handled via iterators) to titpud objects (vertices and halfedges) via
the call-back methods triggered during the sweep. Ple&setoethe description adbegmenbverlay-
traits.

The methods oPMQfrompmfit the output concept requirements®gmenoverlaytraits. The
functionality is such that the skeleton is created and thmpeu information is associated with the
newly created objectsPMQfrompmis a class template on the global implementation scope as the
usage of local class types (within the scopePd overlayel) is not allowed by some current C++
compilers.

Note that we forward a reference to our hash riapm to the output decorator object. Thus we
can update the support linkage from output skeleton objdatgerators to input objects on the fly
when the sweep frameworks calls the corresponding metHdeM@ frompm

(PM traits classes for segment overjay=
template <typename PMD, typename IT, typename INFO>
struct PMO_from_pm {
(importing decorators, handles, and point type from PMD
const Decorator& G;
const Const_decorator* pGI[2];
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«concept »
SegmentOverlayOQutput

+ V, E |, Point_2

+new_vertex(p: Point_2): V
+new_hal f edge_pai r_at _source(v:V): E J 01
+link_as_target_and_append(v:V,e:E): void

+supporting_segnent(e:E it:1): void

+trivial _segment(v:V,it:1): void

+starting_segment (v:V,it:1): void 02

+passi ng_segnment (v: V,it:1): void

+endi ng_segment (v: V,it:1): void |

+hal f edge_bel om(v: V, e: E): void ————03
«concept »

> Below_info
+ V, E

+hal f edge_bel ow(v: V): E

PMO_from_pm

+PMO_f rom pn( G PMD, G0: PMD*, GL: PMD*, from FROM) |

Figure 3.3:PMQfrompmrealizes th@utputconcept of the generic sweep module anddbtwinfo concept
for the facet creation phase. In the figivertexhandle Halfedgehandle andlterator have been replaced by
the short symbol¥, E, andl.

CGAL: :Unique_hash_map<IT,INF0>& M;
PMO_from_pm(const Decorator& Gi,

const Const_decorator* pGO,
const Const_decorator* pGl,

CGAL: :Unique_hash_map<IT,INF0>& Mi)

{ pGI[0]=pGO; pGI[1]=pGl; }

o~~~ o~

PMO_from_pm topological updates
PMO_from_pm vertical ray shoot knowledye
PMO_from_pm support knowledge
PMO_from_pm face creation data access

}; // PMO_from_pm

(importing decorators, handles, and point type from PD
PMD Decorator;

typedef
typedef
typedef
typedef
typedef
typedef
typedef

typename
typename
typename
typename
typename
typename

PMD: :Const_decorator Const_decorator;
Decorator::Vertex_handle Vertex_handle;
Decorator::Halfedge_handle Halfedge_handle;

Decorator: :Vertex_const_handle Vertex_const_handle;
Decorator::Halfedge_const_handle Halfedge_const_handle;

Decorator: :Point Point;

¢ G(Gi) ,M(Mi)

New vertices and halfedges are created in the plane map wtta corresponding creation methods
of the decorator. Note that we initialize a temporary stersigt in the objects by a call tssodnfo.

(PMO_from_pm topological updates
Vertex_handle new_vertex(const Point& p) const

{ Vertex_handle v

= G.new_vertex(p);

G.assoc_info(Vv);
return v;

¥

void link_as_target_and_append(Vertex_handle v, Halfedge_handle e) const
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{ G.link_as_target_and_append(v,e); }

Halfedge_handle new_halfedge_pair_at_source(Vertex_handle v) const

{ Halfedge_handle e =
G.new_halfedge_pair_at_source(v,Decorator: :BEFORE) ;
G.assoc_info(e);
return e;

}

The halfedge vertically below a vertex is stored in a slothaf temporarily associated information
container of typevertexinfo. Access is done via theM_overlayeroperationhalfedgebelow( ).

(PMO_from_pm vertical ray shoot knowledge
void halfedge_below(Vertex_handle v, Halfedge_handle e) const
{ G.halfedge_below(v) = e; }

For a new halfedge we get to know all segmentst that support it. We store the information via the
decorator. There can be at most two input segments suppeniredge.

(PMO_from_pm support knowledge
void supporting_segment (Halfedge_handle e, IT it) const
{ INFO& si = M[it];
assert( si.e != Halfedge_const_handle() );
G.supp_halfedge(e,si.i) = si.e;
G.is_forward(e) = true;

For a vertexv we get to know support information. There are three basiexads supported by an
isolated vertexy is supported by a vertex from one input structure which heislent edges (starting
or ending) during the sweep, grcomes to lie in the relative interior of an input edge. In eithase

one of the following operations attributes the correct supmformation.

(PMO_from_pm support knowledge-=
void trivial_segment (Vertex_handle v, IT it) const
{ INFO& si = M[it];
assert( si.v != Vertex_const_handle() );
G.supp_vertex(v,si.i) = si.v;
}
void starting_segment(Vertex_handle v, IT it) const
{ INFO& si = M[it];
G.supp_vertex(v,si.i) = pGI[si.i]->source(si.e);

}

void ending_segment(Vertex_handle v, IT it) const
{ INFO& si = M[it];

G.supp_vertex(v,si.i) = pGI[si.i]->target(si.e);
}
void passing_segment(Vertex_handle v, IT it) const
{ INFO& si = M[it];

G.supp_halfedge(v,si.i) = si.e;
}
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PMQfrompm also provides data access in the face creation phase. ohedis operation that
redirects the access RM.overlayerobjectG.

(PMO_from_pm face creation data access
Halfedge_handle halfedge_below(Vertex_handle v) const
{ return G.halfedge_below(v); }

Now, creating the overlay is a trivial plugging of types i@ generic plane sweep framework, a
creation of the sweep object with input, output and geommtfgrences, and a final execution of the
sweep. Afterwards, the faces are created.

(sweeping the segments and creating the faees
typedef PMO_from_pm<Self,Seg_iterator,Seg_info> Output_from_plane_maps;
typedef Segment_overlay_traits<
Seg_iterator, Output_from_plane_maps, Geometry> pm_overlay;
typedef generic_sweep< pm_overlay > pm_overlay_sweep;
Output_from_plane_maps Out (*this,&PI[0],&PI[1],From);
pm_overlay_sweep SO0S(Seg_it_pair(Segments.begin(),Segments.end()),0ut,K);
S0S.sweep();
create_face_objects(0Out);

Transfering the marks

After the sweep and the face creation the input for this pleseplane mag = (V,E,F) enriched
by additional information attributed to the 1-skeletonemitg ofP. The output vertices i are linked
to their supporting skeleton input objects (vertices angesil The output edges i are linked to
their supporting input edges. The support knowledge wisipeet to input faces is still missing. In
the following we analyse this support but do not store it ex}. Instead we only transfer the marks.
There are several properties of the constructed subdiviBiwhich help us to do this.

¢ the vertices are constructed in the order of the sweep. Batitg them in their construction
order we can rely on the fact that we iterate according todRiedgraphic order of their em-
bedding.

¢ the halfedges out of a vertaxare ordered aroundcounterclockwise (with respect to the em-
bedding of their target). We can therefore use a forwardtitem to propagate face information
from bottom to top (on forward oriented edges).

e the first facefacesbegin ) in the list of all faces is the unbounded face. This holdsFoPy,
andP;.

(transfering the marks of supporting objects

(initialize the outer face objekt
Vertex_iterator v, vend = vertices_end();
for (v = vertices_begin(); v != vend; ++v) {

(determine mark of face belowy v
(complete marks of vertex v
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(handle all forward oriented edges starting ih v
}
(transfer the marks to face objekts

The transfer of face support marks is based on the follownawaty f

Vi

Figure 3.4:The face supportiteration unrolled. We examine a posiiaithin the plane maj® and try to find
the support by a fac§ in the plane maj®. We have two verticeg; andv, fromV with their forward-oriented
edge bundle. The face that suppagutaith respect td® can be determined by following the dotted path until
the outer unbounded face Bfis reached.

Fact 2: Let pbe a point of the plane not part of the 1-skeletofo€ be a point within the unbounded
face of B, andp be any curve fronp to g not containing any vertex df. Assumep intersects an
edgee of the 1-skeleton oP, and lete be the first such edge when followipgfrom pto g. Then,p
is part of the face incident te If p does not intersect the 1-skeleton, theis part of the unbounded
face ofP.

The above fact is a consequence of the connectedness proptre faces of. We now consider
point p as part ofP. For p we consider a special pathas depicted in Figure 3.4. We walk down
along a vertical ray (in direction of the negatiyaxis). If we cross a bundle of edges incident to a
vertexv the path turns just below the lowest edge and follows the $bwedge in parallel until it is
just belowv. We iterate this construction until it ends in a painin the unbounded face &f. Each
edgee that is crossed by is supported by an edge either frd®nor from P,_;. In the former case
the first such edge determines the fdceupportingp. If there is no such edge thamis supported
by the unbounded face &. We want to determine face support for many vertices andssdbas
we do not want to pay such a walk for each query pgintinstead we associate with each edge
face support knowledge in the two slaotsrk(e, i) andincidentmark(e,i). The idea is that these slots
store the knowledge obtained from a reversal walk fopto p. Whenever our patp crosses an edge
ein P that is supported by an edgein P, then we associate the mark knowledge plus the mark of
the supporting faces from (of a small neighborhood left and right ef with e. If the information
is already constructed for all edges below a query ppine can obtain the support information in
constant time.

We now come to the coding. We want to complete the supportsrarka vertexv and the edges
of the adjacency list of that are forward orientéd Consider to followp reversely with a pen starting
in g. Thenmbelow2] always stores the marks of the facedpthat support the position of the pen.

4Backward oriented edges have forward oriented twins.
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In the beginningm.belowji] stores the mark of the fadgbelowv. Note that we obtain both marks for
i =0, 1 either from the outer input faces surrounding the planes®apr from the halfedge below.

If ebelowexists then it was already treated as a forward oriented eflgeertex already handled in
the vertex iteration.

(initialize the outer face objefE=
Face_iterator f = faces_begin(); assoc_info(f);
for (i=0; i<2; ++i) mark(f,i) = PI[i].mark(PI[i].faces_begin());

Note that the iteration over all verticashas the invariant that eitherhas no halfedge below, or
if it has a halfedgeebelow then ebelow has all marks correctly assignethdrk(ebelow;i) and
incidentmark(ebelow i) are set for both = 0,1). Note that each vertexof P knows the halfedge
below it, thus the face support marks can be initialized imstant time.

(determine mark of face below=
Halfedge_handle e_below = halfedge_below(v);
Mark m_below[2];
if ( e_below != Halfedge_handle() ) {
for (int i=0; i<2; ++i) {
m_below[i] = incident_mark(e_below,i);
}
} else { // e_below does not exist
for (int i=0; i<2; ++i)
m_below[i] = PI[i].mark(PI[i].faces_begin());

If the vertexv is not supported by a skeleton objectRthen it is supported by a face. We obtain the
mark of the face fronmbelowin this case.

(complete marks of vertex=
for (i=0; i<2; ++i)
if ( supp_halfedge(v,i) != Halfedge_const_handle() ) {
mark(v,i) = PI[i].mark(supp_halfedge(v,i));

} else if ( supp_vertex(v,i) != Vertex_const_handle() ) {
mark(v,i) = PI[i].mark(supp_vertex(v,i));

} else {
mark(v,i) = m_belowl[i];

}

We have to complete the mark information for all edge®.0¥We do the job for all forward oriented
edges in the adjacency list of each vertexHow does a halfedge of P obtain mark information
with respect to the two input structur® We just have to determine the supporting objects (edge or
face) from each of both. It is either supported by two overiag edgesey, e; or only supported by
one edges and one facd; ;. Note that a supporting edgeallows access to its mark and to the two
faces incident to it and its twin. The supporting edgef e can be obtained viaupphalfedgée,i).

If eis not supported by an edgefhthen the mark of the input face can be obtained fratmelowi].
Each supporting input edgg of e changesnbelowji] for the next output edge in the bundle iteration.

If eis not supported by an edge hthen the supporting face determines the mark ahd the two
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incidentmark entries. The invariant for all edgesn the iteration below is: ik is not supported by
an edges of B thenmbelow|i] contains the mark of the face supportam F.

(handle all forward oriented edges starting ijgw
if ( is_isolated(v) ) continue;
Halfedge_around_vertex_circulator
e(first_out_edge(v)), hend(e);
CGAL_For_all(e,hend) {
if ( is_forward(e) ) {
Halfedge_const_handle ei;
bool supported;
for (int i=0; i<2; ++i) {
supported = ( supp_halfedge(e,i) !'= Halfedge_const_handle() );
if ( supported ) {
ei = supp_halfedge(e,i);
incident_mark(twin(e),i) =
PI[i] .mark(PI[i].face(PI[i].twin(ei)));
mark(e,i) = PI[i] .mark(ei);
incident_mark(e,i) = m_below[i] =
PI[i] .mark(PI[i].face(ei));
} else { // no support from input PI[i]
incident_mark(twin(e),i) = mark(e,i) = incident_mark(e,i) =
m_below[i];
}
}

} else break;

}

The last chunk of this section transfers the support markkeddace object. For all bounded faces
f we just transfer the marks from the bounding face cycle toféloe. As all edge® carry the
incidentmark(e, i) attribute this completes the structure.

(transfer the marks to face objeits

for (f = ++faces_begin(); f != faces_end(); ++f) { // skip first face
assoc_info(f);

for (i=0; i<2; ++i) mark(f,i) = incident_mark(halfedge(f),i);
}

We can now summarize the calculated overlay properties,nieiate the costs of face creation as
described in the next section and the analysis of the swespiggon in Lemma 2.1.3.

Lemma 3.2.3: Assume thaP; andP; are plane maps whose embedding is order-preserving and the
adjacency lists have a forward prefix, thewbdivid¢Py, P;) constructs inP = (V,E,F) the overlay
plane map oy andP; and each objeat € V UE UF carries the mark informatiomark(u,i) from
the corresponding supporting object of the input plane map.

Letn; be the size oR, andn be the size oP. Then the runtime of the overlay process is dominated
by the plane sweep of the skeleton object®p&ndP; and is therefor®((ny 4+ ny + n)log(ng + Ny +
n).
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3.2.5 Creating face objects

Input to this section is the 1-skeleton of a plane Rag: (V, E) whose embedding mrder-preserving
and whose adjacency lists havdoaward-prefix The objective of this section is treate the face
objectsthat complete®’. The correct output structur@ = (V,E,F) of this section is a plane map
with the property that there are face objeétn F corresponding to maximal connected point sets
which are a result of the partitioning of the plane by the ékstonP’. All faces are defined via their
bounding face cycles. Each face object has one halfedgénliokhe one unique outer face cycle (if
existing), a list of halfedges each of which representsimtéiole face cycles and a list of isolated
vertices that represent trivial face cycles. To assign &otes to face objects we need to know two
properties of the plane map skeleton:

¢ for each face cycle we need to know if it is an outer face cycke laole face cycle.

¢ for two face cycledcl andfc2 we need to know if we can connect them by a path in the plane
which does not cross any other face cycle.

We adapt an idea from [dBvKOS97]. The path connectivity mgklisjoint face cycles bounding
the same face, can be modeled by a vertical visibility grajpth@ minimal vertice® of each face
cycle. We create faces and assign face cycles based ondpisriyr and transfe?’ to P thereby.

Let C be a set of face cycles of the plane map skeleton. For each dace c let
MinimalHalfedgéc] be the halfedges whose target vertex has minimal coordinates (lexicographi
cally). LetFaceCyclée] be the face cycle containirgg We examine the following implicitly defined
graphG. Each face cycle d? is a node ofG. Let us link two face cycles; andc, by an undirected
edge ofG if targetMinimalHalfedgéc;]) has a vertical view down to an edge @f (in P). Note
that face cycles consist of halfedges and thus we have to teethe correct one of the two paired
halfedges respecting the embedding when looking at fackesxyour faces are left of the directed
halfedges, thus consider the bidirected twins to be segghtay an infinitesimal distance, then the
visibility is uniquely defined). Note that the embedding ofaae cyclec at its minimal halfedge
gives us the criterion to separate outer face cycles andfdctecycles. Whenever the underlying line
segments oé = MinimalHalfedgéc| andnexie) form a left turnc is an outer face cycle. When they
form a right turn the vertetarget(e) has a free view down and thedelongs to a hole.

Note that we do not explicitly model the visibility graph. stead the recursive behavior of the
operationdetermingace ) used below imitates a DFS walk on the visibility graph. In tbkowing
method we have the vertical visibility coded via a data asee3 providing for all verticess € V the
knowledge about the halfedge belewD.halfedgebelow(v) either provides the halfedge Bfthat is
hit first by a vertical ray downwards or an uninitialized legge if there is none.

The following template type parametBelowinfo has to fit the concef@elowinfo of the Figures
3.2and 3.3.

(helping operations+=
template <typename Below_info>
void create_face_objects(const Below_info& D) const

{
CGAL: :Unique_hash_map<Halfedge_handle,int> FaceCycle(-1);
std::vector<Halfedge_handle> MinimalHalfedge;
(link halfedges to face cycles and determine minimal hagdg

Sminimal with respect to the lexicographic order of the paiobrdinates of their embedding
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c2
right turn

left turn

Figure 3.5:Face cycles bounding a face. c1 is the outer face cycle, ¢arzBc4 are hole cycles, ¢5 is an
isolated vertex. The minimal vertices of each face cyclalerigins of the dashed vertical arrows down.

(create face objects for outer face cycles and create Jinks
(link holes and isolated vertices to face objects
}

We iterate all halfedges and assign a number for each fade. citter the iteration for a halfedge
the number of its face cycle FaceCyclée] and for a face cycle we knowMinimalHalfedgéc|.

(link halfedges to face cycles and determine minimal hagdg
int i=0;
Halfedge_iterator e, eend = halfedges_end();
for (e=halfedges_begin(); e !'= eend; ++e) {
if ( FaceCyclel[e] >= 0 ) continue; // already assigned
Halfedge_around_face_circulator hfc(e),hend(hfc);
Halfedge_handle e_min = e;
CGAL_For_all(hfc,hend) {
FaceCycle[hfc]=i; // assign face cycle number
if ( K.compare_xy(point(target(hfc)), point(target(e_min))) < 0 )
e_min = hfc;

}

MinimalHalfedge.push_back(e_min); ++ij;

We now know the number of face cycleand we have a minimal halfedgdor each face cycle. We
just check the geometric embeddingeénd nexie) to characterize the face cycle (outer or hole).
Note that the two edges cannot be collinear due to the miityrl e (the lexicographic minimality
of the embedding of its target vertex). Outer face cyclesiolface objects right away. Hole cycles
whosehalfedgebelowinformation is undefined are associated with the uniquerdate. After this
chunkf_outer is the first face objectacesbegin ) in the list of all face objects, and all outer face



3.2 Implementation 129

cycles have face objects with temporary mark informatiotsséxpanded.

(create face objects for outer face cycles and create Jigks
Face_handle f_outer = new_face();
for (int j=0; j<i; ++j) {
Halfedge_handle e = MinimalHalfedgel[j];

Point pl = point(source(e)),
p2 = point(target(e)),
p3 = point(target (next(e)));
if ( K.leftturn(p1l,p2,p3) ) { // leftturn => outer face cycle

Face_handle f = new_face();
link_as_outer_face_cycle(f,e);
}
}

Now, the only halfedges not linked are those on hole faceesydiVe use a recursive scheme to find
the bounding cycle providing the face object and finallyaterover all isolated vertices to link them
accordingly to their containing face object. Note that iis fimal iteration all halfedges already have
face links. This ensures termination. The recursive oeratetermineface(e,...) returns the face
containing the hole cycle & (see the specification in the next section). As a postcamdibif this
chunk we have all edges and isolated vertices linked to fafects, and all face objects know their
bounding face cycles.

(link holes and isolated vertices to face objests
for (e = halfedges_begin(); e != eend; ++e) {
if ( face(e) != Face_handle() ) continue;

Face_handle f = determine_face(e,MinimalHalfedge,FaceCycle,D);
link_as_hole(f,e);

}
Vertex_iterator v, v_end = vertices_end();
for (v = vertices_begin(); v != v_end; ++v) {

if ( !is_isolated(v) ) continue;
Halfedge_handle e_below = D.halfedge_below(v);
if ( e_below == Halfedge_handle() )
link_as_isolated_vertex(f_outer,v);
else
link_as_isolated_vertex(face(e_below),vV);

When we calldetermingface(e, ... ) we know that the halfedgeis not yet linked to a face object and
thus, no halfedge in its face cycle is linked. Thus we jumgtrinimal halfedge and look down. If
we see nirvana then we have to link the unlimited faceter. If we see a halfedge we ask for its face.
If it does not have one we recurse. Note that the target veftéxe minimal halfedge actually has a
view downwards as we examine a hole face cycle. The mdthk@shole does the linkage between
the face object and all edges of the face cycle. Its costéslii the size of the face cycle. Note also
that we do the linking bottom up along the recursion staclkafbvisited hole cycles. Thus, we visit
each hole face cycle only once as afterwards each edge afdbesycle is incident to a face.
Look at our example in Figure 3.5. Wheetermingaceis called for an edge of face cycle c3,

then the procedure first finds an edge of c4. If c4 was not disiét by an earlier call, then the method
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recurses to c4 before it finds the correct face object via tierdace cycle cl.

(helping operations+=
template <typename Below_info>
Face_handle determine_face(Halfedge_handle e,
const std::vector<Halfedge_handle>% MinimalHalfedge,
const CGAL::Unique_hash_map<Halfedge_handle,int>& FaceCycle,
const Below_info& D) const

Halfedge_handle e_min = MinimalHalfedge[FaceCycle[el];

Halfedge_handle e_below = D.halfedge_below(target(e_min));

if ( e_below == Halfedge_handle() ) // below is nirwana
return faces_begin();

Face_handle f = face(e_below);

if (f != Face_handle()) return f; // has face already

f = determine_face(e_below, MinimalHalfedge, FaceCycle,D);

link_as_hole(f,e_below);

return f;

The explanations of the recursion conditiondetermingaceshould convince you that:

Lemma 3.2.4: Assume thaP’ is the 1-skeleton of a plane map whose embedding is ordeeqwiag
and the adjacency lists have a forward prefix. Let additigredl vertices know the halfedge visible
along a vertical ray shot down, theneatefaceobjectg ) completes? as a plane map with runtime
linear in the size of the 1-skeleto®'.

3.2.6 Selecting marks

For the selection we just iterate over all objects, read thekmrefering to the two input structures,
apply our selection operation, and store the mark back mgmbject. At this place, we discard the
additional information which was accumulated during thbdiusion. The flexibility of the opera-
tion is achieved by a template type parame&etection An objectpredicateof type Selectionmust
provide a binary function operator returning a new mark obj&€he runtime of the selection phase is
obviously linear in the size of the plane mBpThe methodliscardinfo just discards the temporarily
allocated information containers associated to the ahject

(selection=
template <typename Selection>
void select(Selection& predicate) const
{
Vertex_iterator vit = vertices_begin(),
vend = vertices_end();
for( ; vit !'= vend; ++vit) {
mark(vit) = predicate(mark(vit,0) ,mark(vit,1));
discard_info(vit);
}
Halfedge_iterator hit = halfedges_begin(),
hend = halfedges_end();
for(; hit != hend; ++(++hit)) {
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mark (hit) = predicate(mark(hit,0) ,mark(hit,1));
discard_info(hit);

}

Face_iterator fit = faces_begin(),

fend = faces_end();

for(; fit != fend; ++fit) {
mark(fit) = predicate(mark(fit,0) ,mark(fit,1));
discard_info(fit);

}

}

Note that after this phase the plane map output has againgheproperties of the overlay calculation
operation from Section 3.2.4.

Lemma 3.2.5: The selection phase has runtime linear in the size of theepiaamp.

3.2.7 Simplification of attributed plane maps

Figure 3.6:The possible configurations for simplification.

In this section we examine the task to simplify a given plamg@ o reach a minimimal represen-
tation (minimimal number of objects of the plane map struestwhile the underlying attributed point
set stays the same). There are three situations where orimagime to simplify the structure (see
Figure 3.6):

1. Avertexv which is incident to two edgess, e, both supported by the same line where all three
objects have the same mark can be unified into one edge withanging the stored point set.
(Figure 3.6,A)

2. A uedgee which has the same mark as the two faéeand f, incident to it does not contribute
any structural information and thus can be removed (FigL6e33.

3. A vertexv where all the edges of its adjacency list and also all indidieces have the same
mark as the vertex also carries no structural informatiaguie 3.6,C,D).

If we first remove edges of the second case then the verticessefthree have no incident edges
at all and thus can be easily identified as isolated vertidesses surounding face has the same mark.
The first case does only play a role if one of the faces incittetite edge carries a different mark than
the edge.

We can thus easily formulate the simplification routine. ldger, there are some problems with
the update operations of the plane map structure. How canairgam the face objects and incidence
links to halfedges and vertices if we are unifying faces bigtiteg edges? The trivial way does not
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work within our time bound. We cannot afford to maintain thed objects in a correct status in each
step of the simplification, as this would mean to repeate@haie total face cycles.

Note that we cannot just discard all faces and recreate tséng @ similar scheme as the one
based on thiaalfedgebelowinformation due to the fact that referenced edges might hetatkin the
simplification process. Thereby, face creation as destribeSection 3.2.5 is not possible without
a new sweep. We take a different approach. We use a unifichisbory stored in a partition data
structure instead of the geometrically definmlfedgebelowinformation as a criterium for linking
face cycles to face objects.

All face cycles (edges and isolated vertices) reference édjects. When we have to unify two
different faces due to the deletion of an edge separating,thve store this fact by a union operation
in a partition data structure. The face that is finally assigto all the face cycles of the faces in one
block is the one associated with the canonical item of theko{obtained by the find operation).

(simplification=

template <typename Keep_edge>

void simplify(const Keep_edge& keep) const

{
typedef typename CGAL::Partition<Face_handle>::item partition_item;
CGAL: :Unique_hash_map<Face_iterator,partition_item> Pitem;
CGAL: :Partition<Face_handle> FP;
(initialize blocks corresponding to faces
(simplify via non-separating halfedges
(recollect face cycles per blocks
(simplify via vertices
(remove superflous face objects

We assign one partition item to each face object and makaeheaccessible to the face via a hash
map. During the assignment of face cycles to face objectsiweny use links from skeleton objects
like vertices and edges to faces. We therefore can dischfatal cycle entries in the faces (the links
from face objects to skeleton objects).

(initialize blocks corresponding to faces
Face_iterator f, fend = faces_end();
for (f = faces_begin(); f!= fend; ++f) {
Pitem[f] = FP.make_block(f);
clear_face_cycle_entries(f);

}

Now we take care of the simplification critereon (2.) of pa@d.1We only iterate halfedge pairs
(uedges). When the marks of the incident faces agree witm#rk of the uedge, we union the items
of the faces if they are different. Special treatment is iregufor incident vertices if they become
isolated when their last icident uedge is deleted.

(simplify via non-separating halfedges
Halfedge_iterator e = halfedges_begin(), en,
eend = halfedges_end();
for(; en=e, ++(++en), e != eend; e=en) {
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if ( keep(e) ) continue;
if ( mark(e) == mark(face(e)) &&
mark (e) == mark(face(twin(e))) ) {

if ( !FP.same_block(Pitem[face(e)],
Pitem[face(twin(e))]) ) {
FP.union_blocks( Pitem[face(e)],
Pitem[face(twin(e))] );

}

if ( is_closed_at_source(e) ) set_face(source(e),face(e));
if ( is_closed_at_source(twin(e)) ) set_face(target(e),face(e));
delete_halfedge_pair(e);

Now we recollect all face cycles and assign them to the fagecolb that refers to the partition item
obtained by a find operation. In each face cycle we deternhiednalfedgee min whose target has a
minimal embedding (with respect to the lexicographic oxepoints). Ifeminandnext{emin) form

a left turn they are part of an outer face cycle, otherwise lndla face cycle. We associate all edges
in the face cycle withf.

(recollect face cycles per blogks
CGAL: :Unique_hash_map<Halfedge_handle,bool> linked(false) ;
for (e = halfedges_begin(); e != eend; ++e) {
if ( linked[e] ) continue;
Halfedge_around_face_circulator hfc(e),hend(hfc);
Halfedge_handle e_min = e;
Face_handle f = FP.inf (FP.find(Pitem[face(e)]));
CGAL_For_all(hfc,hend) {
set_face(hfc,f);
if ( K.compare_xy(point(target(hfc)), point(target(e_min))) < 0 )
e_min = hfc;
linked[hfc]=true;
}
Point p1l

point (source(e_min)),

p2 = point(target(e_min)),

p3 = point(target (next(e_min)));
if ( K.orientation(pl,p2,p3) > 0 ) set_halfedge(f,e_min); // outer
else set_hole(f,e_min); // store as inner

After the previous simplification we still have to take caféhe vertex related simplifications (1.) and
(3.). In case that a vertex has outdegree two, that the twiddnt edges are embedded collinearly,
and that all three objects have the same mark, we remove ttex\®y joining the two uedges into
one. In case that a vertex is isolated and its mark agreeshétimcident face we remove the vertex.
Otherwise, we anchor the vertex in the face by adding it tagbkated vertex list. Note that the face
link of each isolated vertex was either already set in the taeation phase, or in the chugimplify
via non-separating halfedgesvhen the last incident edge was deleted.
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(simplify via vertices=
Vertex_iterator v, vn, vend = vertices_end();
for(v = vertices_begin(); v != vend; v=vn) {
vn=v; ++vn;
if ( is_isolated(v) ) {
if ( mark(v) == mark(face(v)) ) delete_vertex_only(v);
else set_isolated_vertex(face(v),v);
} else { // v not isolated
Halfedge_handle e2 = first_out_edge(v), el = previous(e2);
Point pl = point(source(el)), p2 = point(v),
p3 = point(target(e2));
if ( has_outdeg_two(v) &&
mark (v) == mark(el) && mark(v) == mark(e2) &&
(K.orientation(pl,p2,p3) == 0) )
merge_halfedge_pairs_at_target(el);

Finally we discard all face objects that have been victimsnification but do not represent the unified
face.

(remove superflous face objects
Face_iterator fn;
for (f = faces_begin(); f != fend; f=fn) {
fn=f; ++fn;
partition_item pit = Pitem[f];
if ( FP.find(pit) != pit ) delete_face(f);
}

The following operations just wrap some basic primitivesciimake our code more readable.

(helping operations+=
Segment segment (const Const_decorator& N,
Halfedge_const_handle e) const
{ return X.construct_segment (
N.point (N.source(e)),N.point (N.target(e))); }
Segment segment (const Const_decorator& N,
Vertex_const_handle v) const
{ Point p = N.point(v);
return K.construct_segment(p,p); }
bool is_forward_edge(const Const_decorator& N,
Halfedge_const_iterator hit) const
{ Point pl = N.point(N.source(hit));
Point p2 = N.point(N.target(hit));
return (K.compare_xy(pl,p2) < 0); 1}

The following analysis of the partition data structure i do Tarjan [Tar83].

Fact 3: A sequence ofn union and find operations starting fromsingleton blocks can be done in
time O(ma(m,n)) with a partition data structure that is based on union by eamkpath compression.
In this time bound is the very slowly growing inverse of a suitably defined Ackann function.
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We can therefore summarize the runtime of the simplificatiction.

Lemma 3.2.6: Assume thatP is a plane map with the properties cited in the introductiébrihes
section. Then the methamplify( ) runs in timeO(n a(kn,n)) wheren is the size oP, knis a bound
for the number of face unifications and find operations, @iglthe function mentioned above.

Proof. The number of edges and facesRoE linear inn. The number of union operations is bounded
by the number of faces, and the number of find operations iadeli by three timésthe number of
edges plus the number of faces. O

Note that after the simplification the plane map output hasratihe input properties of the overlay
calculation operation from Section 3.2.4.

(helping operations+=
void assert_type_precondition() const
{ typename PM_decorator_::Point pl; Point p2;
assert_equal_types(pl,p2); }

(PM_overlayer.h=
(CGAL Headey
#ifndef CGAL_PM_OVERLAYER_H
#define CGAL_PM_OVERLAYER_H

#include <CGAL/basic.h>

#include <CGAL/Unique_hash_map.h>

#include <CGAL/Partition.h>

#include <CGAL/Nef_2/Segment_overlay_traits.h>
#include <CGAL/Nef_2/geninfo.h>

#undef _DEBUG

#define _DEBUG 13

#include <CGAL/Nef_2/debug.h>

#tifndef CGAL_USE_LEDA
#define LEDA_MEMORY(t)
ttendif

CGAL_BEGIN_NAMESPACE

(PM traits classes for segment overjay
(PM overlaye}

CGAL_END_NAMESPACE
#endif // CGAL_PM_QOVERLAYER_H

3.3 Test snippets

3.3.1 A Demo of the overlayer

(PM_overlayer-demo.&=
#include <CGAL/basic.h>
#include <CGAL/leda_integer.h>
#include <CGAL/Homogeneous.h>

8look for thefind( ) andsameblock( ) operations above. The latter uses two find operations.



3.3 Test snippets 136

#include <CGAL/I0/Window_stream.h>
#include <CGAL/Nef_2/HalfedgeDS_default.h>
#include <CGAL/Nef_2/HDS_items.h>

#include <CGAL/Nef_2/PM_decorator.h>
#include <CGAL/Nef_2/PM_io_parser.h>
#include <CGAL/Nef_2/PM_overlayer.h>
#include <CGAL/Nef_2/PM_visualizor.h>
#include <CGAL/test_macros.h>

#include "Affine_geometry.h"

// GEOMETRY:

typedef CGAL::Homogeneous<leda_integer> Hom_kernel;
typedef CGAL::Affine_geometry<Hom_kernel> Aff_kernel;
typedef Aff_kernel::Segment_2 Segment;

// PLANE MAP:

struct HDS_traits {
typedef Aff_kernel::Point_2 Point;
typedef bool Mark;

};
typedef HalfedgeDS_default<HDS_traits,HDS_items> HDS;
typedef CGAL::PM_decorator< HDS > PM_dec;

typedef CGAL::PM_overlayer< PM_dec, Aff_kernel > PM_aff_overlayer;
typedef PM_dec::Halfedge_handle Halfedge_handle;
typedef PM_dec::Vertex_handle Vertex_handle;

// INPUT:
typedef std::list<Segment>::const_iterator Iterator;

struct Object_DA {
const PM_dec& D;
Object_DA(const PM_dec& Di) : D(Di) {}
void supporting_segment (Halfedge_handle e, Iterator it) const
{ D.mark(e) = true; }
void trivial_segment (Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }
void starting_segment(Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }
void passing_segment (Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }
void ending_segment (Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }

¥

struct BOP {
bool operator () (const bool& bl, const bool& b2) const
{ return b1]||b2; }

I

int main(int argc, char* argv[])

{
SETDTHREAD (331) ;
CGAL: :set_pretty_mode(cerr);
CGAL: :Window_stream W;
W.init(-50,50,-50,1);
W.set_show_coordinates(true);
W.display(Q);
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HDS H[2], HO;
char C[2] = { ’0’,°17 };
for (int i=0; i<2; ++i ) {
W.message ("insert segments to construct a map.");
PM_aff_overlayer PMOV(H[i],Aff_kernel());
CGAL: :PM_visualizor<PM_aff_overlayer,Aff_kernel> V(W,PMOV);
std::list<Segment> L;
Segment s;
std::string fname;
if (arge == 2 ) {
fname = std::string(argv[1]);
fname += C[il;
std::ifstream log(fname.c_str());
while ( log >> s ) { L.push_back(s); W << s; }
}
while ( W >> s ) L.push_back(s);
fname = std::string(argv[0]);
fname += ".log";
fname += C[i];
std::ofstream log(fname.c_str());
for (Iterator sit = L.begin(); sit != L.end(); ++sit)
log << *sit << " ";
log.close();
Object_DA ODA(PMOV);
PMOV.create(L.begin(),L.end(),0DA);
CGAL: :PM_io_parser<PM_aff_overlayer>: :dump (PMOV) ;
V.draw_skeleton();
W.read_mouse() ;
W.clear();
}
PM_aff_overlayer PMOV(HO,Aff_kernel());
CGAL: :PM_visualizor<PM_aff_overlayer,Aff_kernel> V(W,PMQOV);
PMOV. subdivide (H[0],H[1]);
BOP bop;
PMOV.select (bop) ;
PMOV.simplify();
V.draw_skeleton();
CGAL: :PM_io_parser<PM_aff_overlayer>: :dump (PMOV);
W.read_mouse() ;
return O;

3.3.2 A Test of the overlayer

(PM_overlayer-test.¢=
#include <CGAL/basic.h>
#include <CGAL/leda_integer.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/I0/Window_stream.h>
#include <CGAL/Nef_2/HalfedgeDS_default.h>
#include <CGAL/Nef_2/HDS_items.h>
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#include <CGAL/Nef_2/PM_decorator.h>
#include <CGAL/Nef_2/PM_io_parser.h>
#include <CGAL/Nef_2/PM_overlayer.h>
#include <CGAL/Nef_2/PM_visualizor.h>
#include <CGAL/test_macros.h>
#include "Affine_geometry.h"

// GEOMETRY:

typedef CGAL::Homogeneous<leda_integer> Hom_kernel;
typedef CGAL::Affine_geometry<Hom_kernel> Aff_kernel;
typedef Aff_kernel::Point_2 Point;

typedef Aff_kernel::Segment_2 Segment;

// PLANE MAP:

struct HDS_traits {
typedef Aff_kernel::Point_2 Point;
typedef bool Mark;

¥
typedef CGAL::HalfedgeDS_default<HDS_traits,HDS_items> HDS;
typedef CGAL::PM_decorator< HDS > PM_dec;

typedef CGAL::PM_overlayer< PM_dec, Aff_kernel > PM_aff_overlayer;
typedef PM_dec::Halfedge_handle Halfedge_handle;
typedef PM_dec::Vertex_handle Vertex_handle;

// INPUT:
typedef std::list<Segment>::const_iterator Iterator;

struct Object_DA {
const PM_dec& D;
Object_DA(const PM_dec& Di) : D(Di) {}
void supporting_segment (Halfedge_handle e, Iterator it) const
{ D.mark(e) = true; }
void trivial_segment (Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }
void starting_segment (Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }
void passing_segment (Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }
void ending_segment(Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }

s

struct BOP {
bool operator() (const bool& bl, const bool& b2) const
{ return b1l||b2; }
s
int main(int argc, char* argv[])
{
SETDTHREAD(131); // 13 = PM overlayer debug on
CGAL: :set_pretty_mode(cerr);
CGAL_TEST_START;

//#define PMOVISUAL

#tifdef PMOVISUAL
CGAL: :Window_stream W;
W.init(-50,50,-50,1);
W.set_show_coordinates(true);
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W.display(Q);
#endif

HDS H[2], HO, HOC;

std::list<Segment> LO,L1,L2;
LO.push_back(Segment (Point (-5,-5) ,Point(5,-5)));
LO.push_back(Segment (Point (5,-5) ,Point(5,5)));
LO.push_back(Segment (Point (5,5) ,Point (-5,5)));
LO.push_back(Segment (Point (-5,5) ,Point (-5,-5)));
LO.push_back(Segment (Point (0,0) ,Point (0,0)));
PM_aff_overlayer PMOVO(H[O],Aff_kernel());
Object_DA ODAO(PMQOVO) ;
PMOVO.create(LO.begin(),L0.end () ,0DAO) ;

//CGAL: :PM_io_parser<PM_aff_overlayer>: :dump (PMOVO) ;

L1.push_back(Segment (Point (-5,-5) ,Point(0,-5)));
L1.push_back(Segment (Point (0,-5) ,Point(0,0)));
L1.push_back(Segment (Point (0,0) ,Point(-5,0)));
L1.push_back(Segment (Point (-5,0) ,Point(-5,-5)));
L1.push_back(Segment (Point (-2,-2),Point(-2,-2)));
PM_aff_overlayer PMOV1(H[1],Aff_kernel());

Object_DA QODA1(PMQOV1);
PMOV1.create(L1.begin(),L1.end () ,0DA1);

//CGAL: :PM_io_parser<PM_aff_overlayer>: :dump(PMOV1);

PM_aff_overlayer PMOV(HO,Aff_kernel());
PMOV.subdivide (H[0],H[1]);

BOP bop;

PMOV.select (bop);

PMOV.simplify();

L2.insert(L2.end () ,L0.begin(),L0.end());
L2.insert(L2.end(),L1.begin(),Ll.end());
PM_aff_overlayer PMOV2(HOC,Aff_kernel());
Object_DA ODA2(PMQOV2);
PMOV2.create(L2.begin(),L2.end() ,0DA2);
CGAL_TEST(PMOV.number _of_vertices()==8);
CGAL_TEST (PMOV.number_of_edges()==8) ;
CGAL_TEST(PMOV.number _of_faces()==3);

#ifdef PMOVISUAL
CGAL: :PM_visualizor<PM_aff_overlayer,Aff_kernel> V(W,PMQOV);
CGAL: :PM_io_parser<PM_aff_overlayer>: :dump (PMQV);
V.draw_skeleton();
W.read_mouse() ;

#endif
CGAL_TEST_END;
return O;

¥
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4 Constrained Triangulations

4.1 Introduction

We first introduce the notions or triangulation and constraj segments. Then we present the algo-
rithmic ideas to construct a constrained triangulation Ipjame sweep algorithm. In the next section
the concrete implementation is shown.

Definition 6 (Triangulation [PS85]): A planar subdivision is a triangulation if all its bounded
regions are triangles. A triangulation of a finite Satf points is a planar graph(S) with the max-
imum number of edges, which is equivalent to saying The) is obtained by joining the points of
S by non-intersecting straight line segments so that evagipneinternal to the convex hull @is a
triangle.

Definition 7 (Constrained Triangulation): Let Sbe a finite set of segments which have no pairwise
common points except in their endpoints. A constrainechgugationCT(S) is a triangulation of
the endpoints of the segmentsSrsuch that each non-trivial segment®€orresponds to an edge in
CT(9). Note that we allow trivial segments.

We sweep the edges and vertices of of a plane @ap (V,E) to compute the constrained
triangulation CT(G) := CT(S = segmen(E) U point(V))%. Actually we extendG;, until finally
Gout =CT(Gin).

What does this mean? We want to obtain a triangulation of ¢t getpoint(\V) which addition-
ally obeys the constraints given by the segmeetgnentE) of the graph. In the following description
we identify the vertices with their positions and the edgéh the segments spanned by the positions
of their end points.

If the graph only contains isolated vertices we calculatestandard triangulation given by the
standard sweep triangulation algorithm. (see for examplesaription in the LEDA book [MN99]).
This triangulation has the property that any vertical lirseibdivides the triangulation into a correctly
constructed part left of it and the rest. (Fixihgust remove all triangles which are intersected by it in
their interior or which are right of it). This is just the rdsaf the invariant kept during the sweep.

So what is different if we calculate the constrained tridation? Our sweeplin&L contains all
edges (segments) that currently intersect it ordered hyititersection points from bottom to top. We
use a sorted sequence to store the edges. Let's conceptiailyfy the line with the data structure.
Note that edges might touch in their endpoints as we work amr@ctly embedded plane map. Also
the vertices do not come to lie in the interior of a non-adjheelge. We sweep the gra@hand extend
it by additional edges to create the triangulation. Eachtigeige encountered during the sweep from

1we slopily writepoint(V) for the set of all embedding points of the vertice¥iandsegmen(E) for the set of segments
spanned by the end vertices of the edges.in
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—oo0 10 o0 (along the x-axis) enterSL that stores its position in the sweepline. At the top and the
bottom of SLwe use sentinel segments to avoid the handling of boundagscaNote that with the
above idea all edges in the sweepline are already conneiaddoe cycles (paths) in the extended
graph. At the end of the sweep we remove the sentinel edges.

What is our basic invariant? We have already calculated recbconstrained triangulation of all
vertices and edges that are fully left of the sweepline iclg a closure implied by the sweepline.
Let’s first assume that we don't face degeneracies like equabrdinates or vertical segments. We
will comment on the removal of this restriction later.

Definition 8 (Restricted Constrained Triangulation): Let SL be the vertical sweepline defined by
an event poinp in the plane. Leg§ < SU C Sbe the finite set of segments already handled completely
(all vertices and edges of our input graph fully leftSif). Let JSL be the set of segments spanned
by edges intersectin§L, but restricted to the closed halfplane left®f We define the restricted
contrained triangulation of the edges encountered so fae®r [< S :=CT(§< SHuSSL). Ac-
cordingly we talk about the plane m&)j< SL] restricted to the closed halfplane left®f, consisting

of all vertices in the closed halfplane and edges connettiaq.

Note thatCT[< SL] is a valid constrained triangulation that has a part of itfdruSL We store
this triangulation in a special way. All triangulation edge&hich are finished are already stored in
our output graphs[< SU. Finished here means that they connect verticeS[i SU totally left of
SL The missing edges completir@g[< SL] to CT(§< SY) can be seen as stored implicitly in our
structures. We will explain this in a moment.

Figure 4.1: The triangles already finished during a sweep. Constraisggments are black. Additional
triangulation edges are grey.

When looking at the actions at a sweep event we'll see thatxendG[< SJ in a way that it
always represents a maximal subgraph of the final trianigalatt holds for example thab[< S is
connected. Each edgén SLis connected i< S to the edgess representing the successor edge in
SL Actually there’s a face cyclé = ey,... ,e& wheree; = nex{twin(es)) ande, =previouge) in our
bidirected representation & which proves connectivity. See figure 4.2. This chain of edugs the
additional property that it can be split into two x-monot@#tsC, = e,... , andC, = e,1,... ,&
where the vertexyjs = sourcée ;1) is a point of maximal x-coordinate visible by any point 8h
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segmertes) [< SU

SL

‘ Psweep

segmerte)[< SU

Figure 4.2:The chain between two segments3hat a pointp.

betweere and its successax in SL. Moreover the slope of the lines that support the edg€} ind
C, is non-increasing.

We associate the ed@gs = .1 with sourcews to e to allow fast access into the chain for any
pair of neigbored segments BL. By e,is we have a starting point for a visibility search along the
X-monotone chains in whichjis is an extreme vertex.

We come back to our representation @f (S< SLj). CT(§< Sl) consists of the explicitly
constructed parG[< SU and an implicitly possible triangulation between each péiedgese, es
as depicted dashed in figure 4.2. Just contadet segmente)< SL) to all vertices ofC, and
symmetricallytarget(segmen(tes)[< SL]) to all vertices ofC; and both viaSL

We will show for the event handling procedure that we keepetk@icit and implicit structure
consistent. Thus when reaching the end of our scenery whdyeoor global sentinel edges are
present (which frame the whole scenery) then the explicit gfaG contains the correct constrained
triangulation of the input.

Invariants

We recapitulate our implementation invariants:

1. All edges intersecting the vertical line through the eatrevent point are stored 8L ordered
according to their intersection points bottom-up. We adwtsh links from these edges to their
item inSLrealized by a hash m&LItem This map serves also as a flag of the edges intersected
by the sweepline. We set this flag when entering and resethietdefault when leavin§L

2. For two edge®, e that are neighbors 5L we maintain the chain of edg€s= ey,..., &
stored as a face cycle in the output graph whemercde;) == sourcdes) andtarget(ex) ==
sourcée). When closingG[< SU with our implicit construction, then we obtain a valid con-
strained triangulation of the objects in the closed hatisgaft of SL

3. Each edge in SLknows a vertex,s visible by any point orSL betweene and its successor
e in SL We realize this knowledge by associating an eégec C to it with sourcevjs. By
&iis We have a starting point for a visibility search along theirliiain which vjs is an extreme
vertex.

All kinds of degeneracies like equal x-coordinates andics@rsegments can be integrated into the
code if you imagine to twist the whole scenery clockwise byirdimitesimal angle. This implies
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that vertices are ordered lexicographically and vertieghsents belong to a starting bundle of edges.
Segments touching in one point are handled explicitly bytenaiion over all edges starting in a vertex
of the input graph.

4.2 Implementation

We use our generic sweep framework but open the algoriththeton by three template parameters
of the sweep traits clagsonstrainedriang traits<>. See the concefenericSweepTraitthat has to
be implemented in the appendix section 11.1.6. We want torfaxt the manipulation of the plane
map, the geometric types and predicates used and the adtioh ean be invoked on the additionally
created triangulation edges @T. Thus we add a concept for a plane map decorBtdDEC, a
concept for a geometric kernBIEOMand a concept for a new-edge data acceN$WVEDGE Note
that the class provides the types and members according tgetheric plane sweep traits concept
GenericSweepTraits

«concept » |

| generic_sweep GenericSweepTraits

| Constrained_triang_traits =~ [ - {¢$[---------=-=--- 1

«concept » |

[ CGAL::PM_decorator PMDecorator

«concept »
AffineGeometryTraits_2

[ CGAL::Affine_geometry

«concept » |

[ CGAL::Do_nothing NewEdge

Figure 4.3:The design of the constrained triangulation mod@enstrainedriangtraits<> implements the
concepGenericSweepTraitd he three template parameters allow an adaptation of the/wutput plane map,
the geometry, and the processing of new edges.

(class Constrainedriang-traits)=

template <typename PMDEC, typename GEOM,
typename NEWEDGE = Do_nothing>
class Constrained_triang_traits : public PMDEC {
public:
(type definition for the class scope
(order predicate definition
(local types for the sweep
(helping operations
(ct event handling
(ctinitialization)
(ct cleaning up
(ct checking
}; // Constrained_triang_traits<PMDEC,GEOM,NEWEDGE>
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(Constrainedtriang_traits.h)=
(CGAL Header}

// file : include/CGAL/Nef_2/Constrained_triang_traits.h

(CGAL Header?
#ifndef CGAL_PM_CONSTR_TRIANG_TRAITS_H
#define CGAL_PM_CONSTR_TRIANG_TRAITS_H

#include <CGAL/basic.h>

#include <CGAL/Unique_hash_map.h>
#include <CGAL/generic_sweep.h>
#include <CGAL/Nef_2/PM_checker.h>
#include <string>

#include <map>

#include <set>

#undef _DEBUG

#define _DEBUG 19

#include <CGAL/Nef_2/debug.h>

(some predefinitions
(class Constrainedriang-traits)

#endif // CGAL_PM_CONSTR_TRIANG_TRAITS_H
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The geometry conce@EOM allows us to import the geometric types idonstrainedriang traits

and offers the necessary predicates as methodsAfieeGeometryTrait2 in the appendix for the
concept description. The plane map decor&MDEC exports the handle, iterator and circulator
types into the class scope and provides all plane map etiglorand manipulation methods. See
PMDecoratorin the appendix for the concept description. We inherit frBMDEC to obtain its
methods into the class scope.

(type definition for the class scope
typedef Constrained_triang_traits<PMDEC,GEOM,NEWEDGE> Self;

typedef

PMDEC

Base;

// the types interfacing the sweep:

typedef
typedef
typedef

typedef
typedef
typedef

typedef
typedef
typedef
typedef
typedef
typedef
typedef
typedef

NEWEDGE
typename
GEOM

typename
typename
typename

typename
typename
typename
typename
typename
typename
typename
typename
Halfedge

INPUT;

PMDEC: :Plane_map OUTPUT;

GEQM:
GEQM:
GEOM:

Base:
Base:
Base:
Base:
Base:
Base:
Base:
Base:

GEOMETRY;

:Point_2 Point;
:Segment_2  Segment;
:Direction_2 Direction;

:Halfedge_handle Halfedge_handle;
:Vertex_handle Vertex_handle;
:Face_handle Face_handle;
:Halfedge_iterator Halfedge_iterator;
:Vertex_iterator Vertex_iterator;
:Face_iterator Face_iterator;
:Halfedge_base Halfedge_base;
:Halfedge_around_vertex_circulator

around_vertex_circulator;

We have two sentinel edges which are minimum and maximumriom@ler by identity, we store them
in a reference. Note that we need access to our plane mapattecand to our geometric kernel. The
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point p determines the sweepline position.

(order predicate definitioy=

class 1lt_edges_in_sweepline : public PMDEC
{ const Point& p;

const Halfedge_handle& e_bottom;

const Halfedge_handle& e_top;

const GEOMETRY& K;
public:
1t_edges_in_sweepline(const Point& pi,

const Halfedge_handle& el, const Halfedge_handle& e2,

const PMDEC& D, const GEOMETRY& k)

PMDEC(D), p(pi), e_bottom(el), e_top(e2), K(k) {}

lt_edges_in_sweepline(const lt_edges_in_sweepline& 1t)

PMDEC(1t), p(1t.p), e_bottom(lt.e_bottom), e_top(lt.e_top), K(1t.K) {}
Segment seg(const Halfedge_handle& e) const
{ return K.construct_segment (point(source(e)),point(target(e))); }

int orientation(Halfedge_handle e, const Point& p) const

{ return K.orientation(point(source(e)),point(target(e)),p); }
(function call member for order of two halfedges

}; // lt_edges_in_sweepline

The order predicate on edges is only based on point equalitytbee orientation predicate on points.
We have two sentinel edges which are minimum and maximum inocder by identity. For all
geometric cases we have the precondition that the sourtexvefr one of the edges is equal to the
current event poinp.sweep The order predicate is only used in search operatiqnsateepand for
the insertion of new edges starting there, thus our reqantis legal.

(function call member for order of two halfedges
bool operator() (const Halfedge_handle& el, const Halfedge_handle& e2) const
{ // Precondition:
// [[pl]l is identical to the source of either [[el]] or [[e2]].

if (el == e_bottom || e2 == e_top) return true;

if (e2 == e_bottom || el == e_top) return false;

if ( el == e2 ) return O;

int s = 0;

if ( p == point(source(el)) ) s = orientation(e2,p);

else if ( p == point(source(e2)) ) s = - orientation(el,p);

else error_handler(1l,"compare error in sweep.");

if (s || source(el) == target(el) || source(e2) == target(e2) )

return ( s < 0 );
s = orientation(e2,point(target(el)));
if (s==0) error_handler(1l,"parallel edges not allowed.");
return ( s < 0 );

The order predicate on vertices maps to the lexicograpltierarn their embedding.
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(order predicate definitiopt-=

class lt_pnts_xy : public PMDEC

{ const GEOMETRY& K;

public:
1t_pnts_xy(const PMDEC& D, const GEOMETRY& k) : PMDEC(D), K(k) {}
1t_pnts_xy(const 1lt_pnts_xy& 1t) : PMDEC(1lt), K(1t.K) {}
int operator() (const Vertex_handle& vl, const Vertex_handle& v2) const
{ return K.compare_xy(point(vl),point(v2)) < 0; }

}; // lt_pnts_xy

We use an STL map for tHeLand a set for theventQ. Note that we use the iterators for local move-
ment inSL but also as handles to the items therein which store thedu@febjects. Whenever we
talk about items we misuse iterators for that concept. We stlvays the forward oriented halfedges.

(local types for the sweeg
typedef std::map<Halfedge_handle, Halfedge_handle, 1lt_edges_in_sweepline>
Sweep_status_structure;
typedef typename Sweep_status_structure::iterator ss_iterator;
typedef typename Sweep_status_structure::value_type ss_pair;
typedef std::set<Vertex_iterator,lt_pnts_xy> Event_Q;
typedef typename Event_Q::const_iterator event_iterator;

const GEOMETRY& K;
Event_Q event_Q;
event_iterator event_it;
Vertex_handle event;
Point p_sweep;

Sweep_status_structure SL;
CGAL: :Unique_hash_map<Halfedge_handle,ss_iterator> SLItem;

const NEWEDGE& Treat_new_edge;
Halfedge_handle e_low,e_high; // framing edges !
Halfedge_handle e_search;

Constrained_triang_traits(const INPUT& in, OUTPUT& out, const GEOMETRY& k)
: Base(out), K(k), event_Q(1lt_pnts_xy(*this,K)),
SL(1t_edges_in_sweepline(p_sweep,e_low,e_high,*this,K)),
SLItem(SL.end()), Treat_new_edge(in)
{ 1}

4.2.1 Event Handling

We have to traverse a vertexof our input graph by the sweepline. Let’s first assume thians
isolated vertexappearing between two edgesSh. Note that between the two edgess we have

a local chain of edges connecting = sourcde) andv, = sourcées) which is similar to the global
convex hull chain of the unconstrained triangulation peofol Note that this chain can be even empty
if vi = vo. In between the segments in the sweepline we know a veyterf maximal coordinates
which is visible from any point oi$L betweene andes. What happens if we encounter a new event
v (a vertex ap.sweep? We locate the edgebelowv, and its successa:. We obtain the correatis
and an edge,s out of v;s which is in the face cycle partly visible from Then we determine the
visible chain of edges starting &;s as seen fromr. Both ends are determined either by a non-visible



4.2 Implementation

148

edge or by an edge intersecting the sweepline (thus eqealrte;). For all the edges in the chain we
have to produce new triangles with apex

e //V

Wis

v

C

v

L

Wis

Wis

C
L

Wis

A ending bundle

B starting bundle

C ending and starting bundle

D isolated node

Figure 4.4:The four sweep configurations

Now the general case where the veniean be theenter of a star of edgedote that all edges are
embedded aroundin counterclockwise order. This means that some subsequarttie adjacency
listis a sequence of starting edges and the correspondinglement is the sequence of ending edges.
For the actions we have to consider four configurations asishio figure 4.4. Note that in cask
we encounter an ending bundle. We have to triangulate up ewd dlong the limiting edges along
the arrows as long as the edges are visible or until they assicig the sweepline. We also have to
remove the ending edges from the sweepline. For the ed§é Ielow the sweep point we have to
update the event vertexas its visible entry vertex into the graph. In c&eve have only a starting
bundle of edges. We first have to linKat the sweep point) to the visible vertexs in the edge chain
connecting the segments above and below the sweep poim.\Wéstart the same actions as in case
A along the chain of visible edges. Finally we insert all stariedges intdSL. The case€ andD
are combinations of the above. Ghwe first act as irA and then as i8. The isolated vertex iD is
handled as ifB but there are no edges starting.

o b§v[eérf(

SL

A p_sweefbetween two segments

Bsweeps target of one segment

[Csweeps target of two segments

Figure 4.5:The three geometric configurations\ot p sweepwith respect tee andes and the face cycle in
between before the triangular extension.

What are we doing concerning our invariants?

e Between each pair of edgese; in SLwe extend the chain where the targeteddr e; is the
event vertex oe is just belowp sweep by triangles with apex. Now v becomes the visible
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vertex in at least one face cycle between two edgé&i.irSee figure 4.5v can be isolated as in
A, or connected t& by constraining edges asBor B. There's a symmetric case fBrwhen
target(e;) == v. The latter cases can occur combined if the ending bundldggsconsists of
more than one edge.

If you look into the code below, convince yourself that theaids are afterwards again x-
monotone and follow our slope criterion. Note also that ieeo& we connectv to G[< Sl
by new triangles and thus the whole graph is again connected.

Now look at figure 4.6 for the situation after the event. Intiatee cases our implicit structure
CT[< SU is again consistently defined betweeandes. Note that combinations of the cases
B andC are possible if the outgoing bundle of edges consists of ithane one edge.

¢ We remove the edges endingwatrom SL and reset th&LIitemlink to the default; we insert
some edges starting @ainto SLand set th&SLItemlink accordingly. Thus invariant 1 holds.

¢ We have to adjust the visibility information of those edge$L that are below or above or
that have just been inserted irfi. Thus invariant 3 is ensured.

s &s
SL SL
) Psweep= Wis
Psweep= Wjs
Psweep= Wis
Sis Sis
b——o |
e
]
e
A p_sweepbetwenn two segments [Bsweeps source of one segment [Csweeps source of two segments

Figure 4.6:The three geometric configurations\oét p. sweepwith respect tee andes and the visible vertex
invariant after the insertion of new edges.

Now let's do some coding. For the visibility predicate we tise geometric orientation test
provided by the geometric kernel.

(ct event handling=
bool edge_is_visible_from(Vertex_handle v, Halfedge_handle e)

{
Point p = point(v);
Point pl = point(source(e));
Point p2 = point(target(e));
return ( K.orientation(pl,p2,p)>0 ); // leftturn

The following operations are used to enrich the output plaiag@ by all the edges completing the
triangulation. We only create triangles looking backwamhf an event. We always start from an
edgee apexlinking the event vertex to the up to now triangulated plareppmWe triangulate away
from eapexuntil we can't see the examined face cycle edge or until thye edosses the sweepline
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from left to right. For the visibility test we use the abovedgicate, for the "edge-crosses-sweepline”
test we can use our m&lItemas a flag.

(ct event handlingt-=
void triangulate_up(Halfedge_handle& e_apex)
{

Vertex_handle v_apex = source(e_apex);

while (true) {
Halfedge_handle e_vis = previous(twin(e_apex));
bool in_sweep_line = (SLItem[e_vis] != SL.end());

bool not_visible = !edge_is_visible_from(v_apex,e_vis);
if ( in_sweep_line || not_visible) {

return;
}

Halfedge_handle e_back = new_bi_edge(e_apex,e_vis);
if ( !is_forward(e_vis) ) make_first_out_edge(twin(e_back));
e_apex = e_back;

3
}

void triangulate_down(Halfedge_handle& e_apex)
{
Vertex_handle v_apex = source(e_apex);
while (true) {
Halfedge_handle e_vis = next(e_apex);
bool in_sweep_line = (SLItem[e_vis] != SL.end());

bool not_visible = !edge_is_visible_from(v_apex,e_vis);
if ( in_sweep_line || not_visible) {

return;
}

Halfedge_handle e_vis_rev = twin(e_vis);
Halfedge_handle e_forw = new_bi_edge(e_vis_rev,e_apex);
e_apex = twin(e_forw);

In this chunk we provide the operation for triangulation o tegion left between two edgesipper
andelower with sourcev in the ending bundle of vertex Note thatv can see the whole chain of
edges calculated so far betweanget(e upper) andtarget(elower).

(ct event handlingt-=
void triangulate_between(Halfedge_handle e_upper, Halfedge_handle e_lower)
{
// we triangulate the interior of the whole chain between
// target(e_upper) and target(e_lower)
assert (source(e_upper)==source(e_lower));

Halfedge_handle e_end = twin(e_lower);
while (true) {
Halfedge_handle e_vis = next(e_upper);
Halfedge_handle en_vis = next(e_vis);
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if (en_vis == e_end) return;
e_upper = twin(new_bi_edge(twin(e_vis),e_upper));

Now the main action. We combine the four cases shown in figufénda compact form. To start the
event handling correct we expect that the embedding of thettaertices of the edges in the adjacency
lists are counterclockwise order-preserving. We expeattttie adjacency lists can be split in a first
part only consisting of edgeswherepoint(sourcde)) is smaller thampoint(target(e)) (lexicographic
ordering of points) and into a part where the opposite hoBisth parts can be empty. The edges
ehlow andehhigh store the extreme edges of the ending bundle. Both are sieigdine iteration
through the adjacency list aventif the ending bundle is non-empty, or to an edge that has to be
constructed and that linksventto the already constructed triangulati@i< SL|. Both ehlow and
ebhigh are manipulated by thieiangulateup/downoperations and are finally part of the ché&irof
visible edges. Thereforghlow is the visibility edge for the edge beloswentreferenced visit pred.

(ct event handlingt-=
void process_event()
{
Halfedge_handle e, ep, eb_low, eb_high, e_end;
if ( !is_isolated(event) ) {
e = last_out_edge(event);
ep = first_out_edge(event);
X
ss_iterator sit_pred, sit;
/* PRECONDITION:
only ingoing => e is lowest in ingoing bundle
only outgoing => e is highest in outgoing bundle
ingoing and outgoing => e is lowest in ingoing bundle */
eb_high = e_end = ep;
eb_low = e;
(determine a handle sppred into Sl
(delete ending bundle, insert starting bunidle
triangulate_up(eb_high) ;
triangulate_down(eb_low);
sit_pred->second = eb_low;

Givene an edge in the adjacency list ofSLItenfe] is an iterator pointing int&L (and not past the
end==SLend)) iff eis an edge in the bundle of edges ending &with respect to the sweep). In
the latter case-—SLltenje] is an iterator pointing to the edge bel@went If SLItenie] ==SLend )
then we have no entry point in®Land have to quer§L by a call toupperbound The edges search
is a loop edge with the propergourcée search) == target(esearcl). We use it for the geometric
search ifSL The search is only executed when #wentis not connected t&[< SL.

(determine a handle sjired into Sh=

if ( e != Halfedge_handle() ) {
point (target (e_search)) = p_sweep; // degenerate loop edge
sit_pred = SLItem[e];
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if ( sit_pred !'= SL.end()) sit = --sit_pred;
else sit = sit_pred = --SL.upper_bound(e_search);
} else { // event is isolated vertex
point(target (e_search)) = p_sweep; // degenerate loop edge
sit_pred = --SL.upper_bound(e_search);
}

We iterate the adjacency listockwisestarting ate, thus we first encounter the ending bundle (if
existing), then the starting bundle (if existing).

(delete ending bundle, insert starting bunge
bool ending_edges(0), starting_edges(0);
while ( e != Halfedge_handle() ) { // walk adjacency list clockwise
if ( SLItem[e] != SL.end() )
(handling ending edgés
else
(handling starting edges
if (e == e_end) break;
e = cyclic_adj_pred(e);
}
if (!ending_edges)
(create link to constrained triangulation

Whene is directed backwards, thearget(twin(e)) == event For each wedge between two ending
edges we triangulate the whole face. We also delete all greiges fronSLand mark the edges as
such.

(handling ending edgés
{
if (ending_edges) triangulate_between(e,cyclic_adj_succ(e));
ending_edges = true;
SL.erase(SLItem[e]);
link_bi_edge_to(e,SL.end());
// not in SL anymore

For starting edges we insert them irBhand keep track of the last edghhigh of the ending bundle.
For the newly inserted edge their source is the visible xerte

(handling starting edges=
{
sit = SL.insert(sit,ss_pair(e,e));
link_bi_edge_to(e,sit);
if ( !starting_edges ) eb_high = cyclic_adj_succ(e);
starting_edges = true;

The last chunk of this section codes the case wiesentis not connected t&[< SLU. We first
determine the visible vertex and a candidate edge for litgisearch along a chain of edges bounding
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the face which containsvent Note that we sethlow andehhighto the newly created edge such that
we can triangulate “away” from them afterwards.

(create link to constrained triangulatioze
{
Halfedge_handle e_vis = sit_pred->second;
Halfedge_handle e_vis_n = cyclic_adj_succ(e_vis);
eb_low = eb_high = new_bi_edge(event,e_vis_n);

Take the time to check that in the combined code the promiseadiants are kept.

4.2.2 Initialization

After initialization we want to have all our invariants \éliRemember tha left of the sweepline
has to be a valid constrained triangulation, all edgessptging the sweepline are 8L and we have
a hashed shortcut to their item. Finally for each area in betwiwo edges which are neighbors in the
sweepline we want to know an edge visible from any point ofafea. Now what should happen to
achieve this. We consider the vertex with minimal coordisads the initial contrained triangulation.
We have to insert all edges in its adjacency list into the pliee and set the marks and visibility
properties. And to avoid special cases we insert two sdrgitges encompassing the whole scenery
in a symbolic wedge. Note that the outgoing bundle can bempthich case we just start with the
wedge.

Now our basic invariants hold: the explicit triangulatiarjust the vertexvent all outgoing edges
are part ofSL, andG[< S| is connected.

(ctinitialization)=
void link_bi_edge_to(Halfedge_handle e, ss_iterator sit) {
SLItem[e] = SLItem[twin(e)] = sit;

}
void initialize_structures()
{
for ( event=vertices_begin(); event != vertices_end(); ++event )

event_{].insert(event); // sorted order of vertices

event_it = event_Q.begin();

if ( event_Q.empty() ) return;
event = *event_it;

p_sweep = point(event);

(insert all edges starting at event
(create sentinels for visibility seargh

// we move to the second vertex:
procede_to_next_event () ;
event_exists(); // sets p_sweep for check invariants

We insert all edges in the adjacency listefentinto SL. All are marked to be irSL by a call to
link_biLedgeto. Thereby we obtain also a hashed shortcut BitoIn the wedge between two edges
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andes which are neighbors iBLeach edgeis also the entry point for a visibility search in the wedge
betweere andes.

(insert all edges starting at event
if ( 'is_isolated(event) ) {
Halfedge_around_vertex_circulator
e(first_out_edge(event)), eend(e);
CGAL_For_all(e,eend) {
ss_iterator sit = SL.insert(ss_pair(e,e)).first;
link_bi_edge_to(e,sit);
}
}

We create two sentinel edges and insert them Bito They are sentinels by identity and not by
geometry. The identity is checked in the order predicatSloand thereby all insertions are done
between them in the geometric order definedtlsdgesn sweepline Additionally as the two sentinel
edgeselow andehigh are marked to be in the sweepline for the whole time of the pwe=never
run out of the wedge during our visibility searcheslow and ehigh start ateventand extend to a
symbolic vertex.tmp. We use one vertex for both edges. Also we insert a loop edgarchatv.tmp
which we use for lookup withifsLin our event handling procedure. All edges adjacenttrap are
removed in the postprocessing step. Note that we don't tineadrtificial edges by the new-edge data
accessor.

(create sentinels for visibility seargt
Vertex_handle v_tmp = new_vertex(); point(v_tmp) = Point();
e_high = Base::new_halfedge_pair (event,v_tmp);
e_low = Base::new_halfedge_pair(event,v_tmp);
// this are two symbolic edges just accessed as sentinels
// they carry no geometric information
e_search = Base::new_halfedge_pair(v_tmp,v_tmp);
// this is just a loop used for searches in SL
ss_iterator sit_high = SL.insert(ss_pair(e_high,e_high)).first;
ss_iterator sit_low = SL.insert(ss_pair(e_low,e_low)).first;
// inserting sentinels into SL
link_bi_edge_to(e_high, sit_high);
link_bi_edge_to(e_low , sit_low);
// we mark them being in the sweepline, which they will never leave

Now for the iteration control. We iterate over all verticés,the order given by the coordinates
assigned to the vertices. We seentin the initialization and at the end of each event handlingsah
We stop whereventQ is empty.

(ct event handlingt-=
bool event_exists()
{ if ( event_it '= event_Q.end() ) {
// event is set at end of loop and in init
event = *event_it;
p_sweep = point(event);
return true;
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return false;

}

void procede_to_next_event()
{ ++event_it; }

At the end we remove the frame from our structure. This is tmdypair of edges spanning the initial
wedge.

(ct cleaning up=
void complete_structures()

{
if (e_low != Halfedge_handle()) {
delete_vertex(target(e_search));
} // removing sentinels and e_search

}

During the development we check if the adjacency lists ofedtices have the correct adjacency list
embedding. The final check can do the test if the result of angep is a correct triangulation. As
we don’t delete edges or vertices from the output and domltaty vertex, all constraining edges
and all vertices are in triangulation. If we check the oufgiuticture to be a triangulation according to
[MNS*99] we have a checking module for our constrained triaguiesiveep.

(ct checking=
void check_ccw_local_embedding() const
{ PM_checker<PMDEC,GEOM> C(*this,K);
C.check_order_preserving_embedding(event) ;

}

void check_invariants()

{

#ifdef CGAL_CHECK_EXPENSIVE
if ( event_it == event_{.end() ) return;
check_ccw_local_embedding() ;

#endif

}

void check_final()

{

#tifdef CGAL_CHECK_EXPENSIVE

PM_checker<PMDEC,GEOM> C(*this,K); C.check_is_triangulation();
#endif
}

The following operations interface the plane map decordote also that the edge data accessor
allows to treat the newly created edges of the triangulation

2apart from the temporary one which we delete at the end
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«concept »
NewEdge
+: Hal fedge_handl e
+oper at or (e: Hal f edge_handl e&): voi d

Figure 4.7:The data accessor concéjgwEdgeor the treatment of newly created edges.

(helping operations=
Halfedge_handle new_bi_edge(Vertex_handle v1, Vertex_handle v2)
{ // appended at vl and v2 adj list
Halfedge_handle e = Base::new_halfedge_pair(vl,v2);
Treat_new_edge(e) ;
return e;
}
Halfedge_handle new_bi_edge(Halfedge_handle e_bf, Halfedge_handle e_af)
{ // ccw before e_bf and after e_af
Halfedge_handle e = Base::new_halfedge_pair(e_bf,e_af,Halfedge_base(),
Base: :BEFORE, Base::AFTER);
Treat_new_edge(e) ;
return e;
}
Halfedge_handle new_bi_edge(Vertex_handle v, Halfedge_handle e_bf)
{ // appended at v’s adj list and before e_bf
Halfedge_handle e = Base::new_halfedge_pair(v,e_bf,Halfedge_base(),
Base: :BEFORE) ;
Treat_new_edge(e);
return e;
}
Segment seg(Halfedge_handle e) const
{ return K.construct_segment (point(source(e)),point(target(e))); }
Direction dir(Halfedge_handle e) const
{ return K.construct_direction(point(source(e)),point(target(e))); }
bool is_forward(Halfedge_handle e) const
{ return K.compare_xy(point(source(e)),point(target(e))) < 0; 1}

4.2.3 Correctness and Running Time

At the end only the sentinels are 8L G[< S already consists of the constrained triangulation of
the input structure. The two parts of the ch@ibetween the source of the sentinels just consist of the
upper and lower convex hull chain between the lexicographiallest and the lexicographic largest
vertex. The convexity follows from the slope property. Dwyithe sweep we once encountered any
vertex and any edge and integrated it into the constrainadgulation according to our invariants.
Thus completeness is trivial.

The size of the constrained triangulation of a set of segsisnif the same order as the uncon-
strained triangulation of the segment end points. The sweegedure takes time for the production
of the output which is known to be linear in size. The only &ddal cost at each event is the in-
sertion of the segments starting at an event point where wa ie based dictionary to store these.
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This costs logarithmic time per segment to insert. We end itiptive standar@(nlogn) time bound
wheren = |§. The space is dominated by the size of the produced o@mjt

(some predefinitions
#tifndef LEDA_ERROR_H
static void error_handler (int n, const char* s)
{ std::cerr << s << std::endl;
exit(n);
}
#endif

struct Do_nothing {
Do_nothing() {}

template <typename ARG>

void operator() (ARG&) const {}
I

4.2.4 Visualization via the generic sweep observer

(Constrainedtriang_anim.h=
(CGAL Headerl
// file : include/CGAL/Nef_2/Constrained_triang_anim.h
(CGAL Header?
#ifndef CGAL_PM_CONSTR_TRIANG_ANIM_H
#define CGAL_PM_CONSTR_TRIANG_ANIM_H

#include <CGAL/Nef_2/PM_visualizor.h>

template <class GT>
class Constrained_triang_anim {

CGAL: :Window_stream _W;

public:
typedef CGAL::Window_stream VDEVICE;
typedef typename GT::GEOMETRY GEOM;
typedef typename GT::Base PMDEC;
typedef typename PMDEC: :Point Point;

Constrained_triang_anim() : _W(400,400)
{ _W.set_show_coordinates(true); _W.init(-120,120,-120,5); _W.display(); }
VDEVICE& device() { return _W; }
void post_init_animation(GT& gpst)
{
PM_visualizor<PMDEC,GEOM> V(_W,gpst);
V.point (V.target (gpst.e_search)) = Point(-120,0);
// to draw we have to embed the virtual search vertex
V.draw_skeleton(CGAL: :BLUE) ;
_W.read_mouse();

}

void pre_event_animation(GT& gpst)

{1

void post_event_animation(GT& gpst)

{ PM_visualizor<PMDEC,GEOM> V(_W,gpst);
V.draw_ending_bundle(gpst.event,CGAL: : GREEN) ;
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_W.read_mouse();

}

void post_completion_animation(GT& gpst)
{ _W.clear();
PM_visualizor<PMDEC,GEOM> V(_W,gpst);
V.draw_skeleton(CGAL: :BLACK) ;
_W.read_mouse(); }

};
#endif // CGAL_PM_CONSTR_TRIANG_ANIM_H

4.3 A Test of the plane map triangulation

We produce a simple homogeneous kernel, a plane map and egmartt overlay sweep to create an
input structure for the constrained triangulation alduorit

(Constrainedtriang-test.G=
#include <CGAL/basic.h>
#include <CGAL/leda_integer.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Point_2.h>
#include "Affine_geometry.h"
#undef CGAL_CFG_NO_TMPL_IN_TMPL_PARAM
#include <CGAL/Nef_2/HalfedgeDS_default.h>
#include <CGAL/Nef_2/HDS_items.h>
#include <CGAL/Nef_2/PM_decorator.h>
#include <CGAL/Nef_2/Constrained_triang_traits.h>
#include <CGAL/Nef_2/Constrained_triang_anim.h>
#include <CGAL/Nef_2/Segment_overlay_traits.h>
#include <CGAL/test_macros.h>

// KERNEL:

typedef CGAL::Homogeneous<leda_integer> Hom_kernel;
typedef CGAL::Affine_geometry<Hom_kernel> Aff_kernel;
typedef Aff_kernel::Segment_2 Segment;

// HALFEDGE DATA STRUCTURE:
struct HDS_traits {
typedef Aff_kernel::Point_2 Point;
typedef bool Mark;
};
typedef CGAL::HalfedgeDS_default<HDS_traits,HDS_items> HDS;
typedef CGAL::PM_decorator< HDS > PM_dec;
typedef PM_dec::Halfedge_handle Halfedge_handle;
typedef PM_dec::Vertex_handle Vertex_handle;
typedef PM_dec::Halfedge_const_handle Halfedge_const_handle;

// SEGMENT OVERLAY:
template <typename PMDEC, typename I>
class PM_dec_output : public PMDEC {
public:

typedef PMDEC Base;
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};

typedef typename Base::Plane_map Plane_map;
typedef typename Base::Point Point;

typedef typename Base::Vertex_handle Vertex_handle;
typedef typename Base::Halfedge_handle Halfedge_handle;
typedef I ITERATOR;

PM_dec_output (HDS& H) : Base(H) {}
PM_dec_output (const PM_dec_output& P) : Base(P) {}

Vertex_handle new_vertex(const Point& p) const
{ Vertex_handle v = Base::new_vertex();
v->point() = p; return v; }
void link_as_target_and_append(Vertex_handle v, Halfedge_handle e) const
{ Base::link_as_target_and_append(v,e); }

Halfedge_handle new_halfedge_pair_at_source(Vertex_handle v) const
{ return Base::new_halfedge_pair_at_source(v,Base::BEFORE); }

void supporting_segment(Halfedge_handle e, ITERATOR it) const {}
void trivial_segment (Vertex_handle v, ITERATOR it) const {}
void halfedge_below(Vertex_handle v, Halfedge_handle e) const {}
void starting_segment (Vertex_handle v, ITERATOR it) const {}
void passing_segment (Vertex_handle v, ITERATOR it) const {}
void ending_segment (Vertex_handle v, ITERATOR it) comst {}

// PM_dec_output

typedef std::list<Segment>::const_iterator Seg_iterator;
typedef CGAL::Segment_overlay_traits< Seg_iterator,

PM_dec_output<PM_dec,Seg_iterator>, Aff_kernel> PM_seg_overlay;

typedef CGAL::generic_sweep<PM_seg_overlay> PM_seg_overlay_sweep;

// CONSTRAINED TRIANGULATIONS:

typedef CGAL::Constrained_triang_traits<PM_dec,Aff_kernel> CTT;

typedef CGAL::generic_sweep<CTT> Constrained_triang_sweep;

typedef CGAL::Constrained_triang_anim<CTT> CTA;

typedef CGAL::sweep_observer<Constrained_triang_sweep,CTA> CTS_observer;
// MAIN PROGRAM:

int main(int argc, char* argv[])

{

// SETDTHREAD(19);
CGAL: :set_pretty_mode ( cerr );
HDS H;
Aff_kernel AK;
CTS_observer 0Obs;
Obs.device() .message("Insert segments to triangulate.");
std::1list<Segment> L;
Segment s;
if ( argc == 2 ) {
std::ifstream log(argv([1]);
while ( log >> s ) { L.push_back(s); Obs.device() << s; }
}
while ( Obs.device() >> s ) L.push_back(s);
std: :string fname(argv([0]);
fname += ".log";
std::ofstream log(fname.c_str());
for (Seg_iterator sit = L.begin(); sit != L.end(); ++sit)
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log << *sit << " ";
log.close();
PM_seg_overlay: :QUTPUT D(H) ;
PM_seg_overlay_sweep 0V(PM_seg_overlay::INPUT(L.begin(),L.end()),D,AK);
CTT::INPUT I;
Constrained_triang_sweep CT(I,H,AK);
Obs.attach(CT);
0V.sweep();
CT.sweep();
return O;
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5 Plane Map Point Location

5.1 The Manual Page

5.1.1 Naive point location in plane maps ( PMhaive_point_locator )

1. Definition

An instancePL of data typePM.naivepointlocatoPMD,GEO> encapsulates naive point location queries
within a plane maf. The two template parameters are specified via concBpE must be a model of the con-
ceptPMDecoratoras described in the append@EO must be a model of the concefstfineGeometryTraitd

as described in the appendix. For a specification of planesree@ also the conceptiBMConstDecoratar

2. Generalization

\ PMD }ﬁ

| PM.naivepointlocator<PMD, GEO> |

3. Types
PM.naivepointlocatorkPMD, GEO> :: Decorator

equalsPMD.
PM.naivepointlocator<PMD, GEO> ::Planemap

the plane map type decorated Dgcorator
PM.naivepointlocator<PMD, GEO> ::Mark

the attribute of all objects (vertices, edges, faces).
PM_naivepointlocatorkPMD, GEO> :: Geometry

equalsGEOQ.
PM_naivepointlocator<PMD, GEO»> :: Point

the point type of the geometry kernel.
RequirementGeometry: Point2 equalsPlanemap:: Point

PM.naivepointlocator<PMD, GEO> :: Segment
the segment type of the geometry kernel.

Local types are handles, iterators and circulators of thdoviing kind: Vertexconsthandle
Vertexconstiterator, Halfedgeconsthandle Halfedgeconstiterator, Faceconsthandle Faceconstiterator.
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PM_naivepointlocatorkPMD, GEO> :: Objecthandle

a generic handle to an object of the underlying plane map.Kirteof the
object(vertex halfedgeface can be determined and the object assigned by
the three functions:

bool assigiiVertexconsthandlek h, Objecthandle 9

bool assigiiHalfedgeconsthandle h, Objecthandle 9

bool assigifFaceconsthandl& h, Objecthandle g

where each function returmisie iff the assignment ob to h was valid.

4. Creation
PM.naivepointlocator<kPMD,GEQ> PL(const Plangnap& P, const Geomet& k = Geometry));
constructs a point locator working ¢h

5. Operations
Mark PLmarkO©bjecthandle h

returns the mark associated to the object
Objecthandle  PLUocateGegment)s

returns a generic handheo an object (vertex, halfedge, face) of the underlying elanrap
P which contains the poinp = ssource ) in its relative interior.starget ) must be a
point such thas intersects the 1-skeleton Bf

template <typename Objeqgiredicate

Objecthandle  PLrayshootSegment,Objectpredicate M
returns an Objecthandle o which can be converted to a/ertexconsthandle
Halfedgeconsthandle Faceconsthandle has described above. The object prediddte
has to have function operators
bool operatof ) (const Vertey Halfedge/Faceconsthandlek ).
The object returned is intersected by the segmantd has minimal distance ssource )
andM(h) holds on the converted object. The operation returns thichanidleNULL if
the ray shoot alongdoes not hit any objedt of P with M(h).

6. Implementation

Naive query operations are realized by checking the intimse points of the 1-skeleton of the plane map
with the query segments This method takes time linear in the sizef the underlying plane map without any
preprocessing.

5.1.2 Point location in plane maps via LMWT ( PM_point_locator )

1. Definition

An instancePL of data typePM _pointlocator<PMD, GEO> encapsulates point location queries within a plane
map P. The two template parameters are specified via concePdD must be a model of the concept
PMDecoratoras described in the appendiXxGEO must be a model of the concepffineGeometryTrait®

as described in the appendix. For a specification of planesree@ also the conceptiBMConstDecoratar

2. Generalization
\ PMD }<1ﬁ|
‘ PM.naivepointlocatoPMD, GEO> }<1—|‘
| PM.pointlocator<PMD, GEO> |
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3. Types
All local types ofPM.naivepointlocator are inherited.

4. Creation

PM_pointlocator<PMD, GEQG> PL(const Planenapk P, const Geomet& k = Geometry));
constructs a point locator working ¢h

5. Operations
const Decoratof. PLtriangulation()

access to the constrained triangulation structure thagerimposed t®.
Objecthandle  PUocatePoint p)

returns a generic handketo an object (vertex, halfedge, face) Bfwhich contains the
point p in its relative interior.

template <typename Objeqiredicate
Objecthandle  PLrayshootSegment,Objectpredicate M

returns an Objecthandle o which can be converted to a/ertexconsthandle
Halfedgeconsthandle Faceconsthandle has described above. The object prediddte
has to have function operators

bool operatof ) (const Vertey Halfedge/Faceconsthandle ) const

The object returned is intersected by the segraand has minimal distance &source )
andM(h) holds on the converted object. The operation returns thichanidleNULL if
the ray shoot alongdoes not hit any objedt of P with M(h).

6. Implementation

The efficiency of this point location module is mostly basedheuristics. Therefore worst case bounds are
not very expressive. The query operations take up to liriear for subsequent query operations though they
are better in practise. They trigger a one-time initial@atvhich needs worst ca&(n?) time though runtime
tests often show subquadratic results. The necessary &pate query structure is subsumed in the storage
spaceO(n) of the input plane map. The query times are configurationoiéget. If LEDA is present then point
location is done via the slap method based on persistemuigries. Therfp (n) = O(log(n)). If CGAL is not
configured to use LEDA then point location is done via a segmaifk in the underlying convex subdivision
of P. In this caseTp(n) is the number of triangles crossed by a walk from the boundatiie structure to
the query point. The time for the ray shooting operaflgyin) is the time for the point locatiofiy (n) plus

the time for the walk in the triangulation that is superimg$o the plane map. Let's consider the plane map
edges as obstacles and the additional triangulation edgesaobstacle edges. Let's call the sum of the lengths
of all edges of the triangulation its weight. If the calceltriangulation approximateshe minimum weight
triangulation of the obstacle set then the stepping quitiena random direction of the ray shot is expected to

beO(y/n).

5.2 Implementation

This section describes two point location and ray shootimglutes working in plane maps that are
decorated according to our plane map decorator model. Tdtariwdule offers naive point location
without any preprocessing of the plane map. The second raadehdlements point location and ray
shooting for the case of iterated queries and trades quesy fior a one time preprocessing phase.

1The calculation of general minimum-weight-triangulasas conjectured to be NP-complete and locally-minimum-
weight-triangulations that we use are considered goodoappations.
2The number of non-obstacle edges crossed until an obstgteig hit.
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In the center of our approach is a constrained triangulaifcthe obstacle set (the input plane map).
For the point location we offer an optimal solution with respto space and runtime based on a slap
subdivision with persistent dictionaries from LEDA. As CGAlemands to minimize cross library
dependency we offer a default fall-back solution based dksaa the triangulation. For ray shooting
in general obstacle sets the theory recommends to use mimiweight triangulations. However as
minimum weight triangulations are difficult to calculate vestrict our effort to optimize the weight
of the constrained triangulation only locally. We will pegg the corresponding theoretical basics in
the section where we explain the construction of the tritatgnn. We start with the naive module and
append the triangulation module.

5.2.1 Pointlocation and ray shooting done naively

In this section we implement the claB§ . naivepointlocator<> that wraps naive point location func-
tionality. We first sketch the class design consisting ofltwal types and the interface. Then we
present the two main interface operations for point locatiod ray shooting.

A point locator PM naivepointlocator<> is a generalization of a plane map decorator
PM.decorator where we inherit the decorator interface. We obtain the ggnmused for point loca-
tion from Geometry.

(Naive point locatoy=

template <typename PM_decorator_, typename Geometry_>
class PM_naive_point_locator : public PM_decorator_ {
protected:
typedef PM_decorator_ Base;
typedef PM_naive_point_locator<PM_decorator_,Geometry_> Self;
const Geometry_& K;
public:
(PL naive local types
(PL naive helpers
(PL naive interfacg
}; // PM_naive_point_locator<PM_decorator_,Geometry_>

We transport types frol®PM.decorator and Geometryinto the local scope. A CGAIObjectis a
general wrapper class for any type. Unwrapping can be dguesaye by means of C++ dynamic
casts. Thebjecthandletype is just a generalized CGADbjectwhere we add th&lULL equality
test.

(PL naive local types=

typedef PM_decorator_ Decorator;
typedef typename Decorator::Plane_map Plane_map;
typedef typename Decorator::Mark Mark;
typedef Geometry_ Geometry;
typedef typename Geometry_::Point_2 Point;

typedef typename Geometry_::Segment_2  Segment;
typedef typename Geometry_::Direction_2 Direction;

class Object_handle
: public CGAL::0bject {
typedef CGAL::0bject Base;
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public:
Object_handle() : Base() {}
Object_handle(const CGAL::0bject& o) : Base(o) {}
Object_handle(const Object_handle& h) : Base(h) {}
Object_handle& operator=(const Object_handle& h)
{ Base::operator=(h); return *this; }
bool operator==(CGAL_NULL_TYPE n) const
{ assert(n == 0); return Base::is_empty(); }
}; // Object_handle

(PL naive local typest-=
#define USING(t) typedef typename PM_decorator_::t t
USING(Vertex_handle) ;
USING (Halfedge_handle);
USING(Face_handle);
USING(Vertex_const_handle);
USING(Halfedge_const_handle);
USING(Face_const_handle);
USING(Vertex_iterator) ;
USING (Halfedge_iterator);
USING(Face_iterator) ;
USING(Vertex_const_iterator);
USING(Halfedge_const_iterator);
USING(Face_const_iterator);
USING (Halfedge_around_vertex_circulator);
USING(Halfedge_around_vertex_const_circulator);
USING(Halfedge_around_face_circulator);
USING(Halfedge_around_face_const_circulator);
#undef USING

The naive interface provides construction, access to thiéwtes of typeMark, point location,
and ray shooting. Note that the ray shooting is paramettiigea template predicate that allows
adaptation of the termination criterion of the ray-shot.

(PL naive interface=
PM_naive_point_locator() : Base() {}

PM_naive_point_locator(const Plane_map& P, const Geometry& k = Geometry())
Base(const_cast<Plane_map&>(P)), K(k) {}

const Mark& mark(Object_handle h) const
{ Vertex_const_handle v;

Halfedge_const_handle e;

Face_const_handle f;

if ( assign(v,h) ) return mark(v);

if ( assign(e,h) ) return mark(e);

if ( assign(f,h) ) return mark(f);

CGAL_assertion_msg(0,

"PM_point_locator: :mark: Object_handle holds no object.");
#if !defined(__BORLANDC__)

return mark(v); // never reached
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#endif
}

(NPL location method
(NPL ray shooting methgd

(PL naive interfacg+=
// C++ is really friendly:
#define USECMARK(t) const Mark& mark(t h) const { return Base::mark(h); }
#define USEMARK(t) Mark& mark(t h) const { return Base::mark(h); }
USEMARK (Vertex_handle)
USEMARK (Halfedge_handle)
USEMARK (Face_handle)
USECMARK (Vertex_const_handle)
USECMARK (Halfedge_const_handle)
USECMARK (Face_const_handle)
#undef USEMARK
#undef USECMARK

Point location

The following point location scheme runs in linear time witih any preprocessing. The segmeis
required to intersect the skeleton of our plane rRapVe just check if the locatiop = sourcés) is
part of the embedding of any vertex or uedge of the 1-skeletéh Themakeobject ) operation just
wraps the vertex or halfedge into a CGAL object.

(NPL location methog=

Object_handle locate(const Segment& s) const
{
if (number_of_vertices() == 0)
CGAL_assertion_msg(0,"PM_naive_point_locator: plane map is empty.");
Point p = K.source(s);
Vertex_const_iterator vit;
for(vit = vertices_begin(); vit != vertices_end(); ++vit) {
if ( p == point(vit) ) return make_object(vit);
}
Halfedge_const_iterator eit;
for(eit = halfedges_begin(); eit != halfedges_end(); ++(++eit)) {
// we only have to check each second halfedge
if ( K.contains(segment(eit),p) )
return make_object(eit);
}
Vertex_const_handle v_res;
Halfedge_const_handle e_res;
(NPL determine closest object intersecting s
if ( e_res != Halfedge_const_handle() )
return make_object ((Face_const_handle) (face(e_res)));
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else
return make_object ((Face_const_handle) (face(v_res)));

If pis located in the interior of a facEwe can identifyf only by any object in its boundary. We do
this by a thought ray shoot alorsghrough all obstacles of the 1-skeleton. Note that we are uinit
at least one object of the 1-skeleton of the plane mapgLet starget( ). We check the intersection
points of the segmergwith all skeleton objects. As soon as we find an object we psistore the
object that gives possibly access to the face contaipjrand iterate.

An edgee that intersects in its relative interior is trivial to handle. In this case yust clip s by
the intersection point and go on with our search to possibly di closer edge tp.

Isolated vertices are easy to treat too. They can be chedkextlg as they carry a link to their
incident face. Non-isolated vertices don't carry the fadermation directly. There we have to find
an incident edge whose incident face intersactstuitively whens contains a non-isolated vertex
we use a symbolic perturbation scheme. Let's assume thalimation is down along the negative
y-axis. We just shift the whole scene infinitesimally left. efbwe only hit edges. But of course the
closest edge ir\(v)3 has to be determined not by proximity but by the direction ddes inA(v).
Now we are interested in an edgef A(v) that has a minimal counterclockwise anglest@ bounds
the wedge containing. See figure 5.1.

.///E///

S

S

internal intersection intersecting a non-isolated ver

Figure 5.1:Configurations of and the 1-skeleton d¥

Assumed to be a direction anchored n The operatioroutwedgév, d, collinear) returns the
halfedgee bounding a wedge in between two neighbored edges in theeadjpdist ofv that contains
d. If d extends along an edge thets this edge. Id extends into the interior of such a wedge tleen
is the first edge hit whed is rotated clockwise. As a precondition we aghkot to be isolated.

(PL naive helpers=

Halfedge_const_handle out_wedge(Vertex_const_handle v,
const Direction& d, bool& collinear) const

{
assert(!is_isolated(v));
collinear=false;
Point p = point(v);
Halfedge_const_handle e_res = first_out_edge(v);
Direction d_res = direction(e_res);

Sthe adjacency list of.
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Halfedge_around_vertex_const_circulator el(e_res),ee(el);
CGAL_For_all(el,ee) {
if ( K.strictly_ordered_ccw(d_res, direction(el), d) )
e_res = el; d_res = direction(e_res);

}

if ( direction(cyclic_adj_succ(e_res)) == d ) {
e_res = cyclic_adj_succ(e_res);
collinear=true;

}

return e_res;

We use the above operation when the vertex is not isolated.

(NPL determine closest object intersectingss
Segment ss = s; // we shorten the segment iteratively
Direction dso = K.construct_direction(K.target(s),p), d_res;
CGAL: :Unique_hash_map<Halfedge_const_handle,bool> visited(false);
for(vit = vertices_begin(); vit != vertices_end(); ++vit) {
Point p_res, vp = point(vit);
if ( K.contains(ss,vp) ) {

ss = K.construct_segment(p,vp); // we shrink the segment
if ( is_isolated(vit) ) {
v_res = vit; e_res = Halfedge_const_handle();
} else { // not isolated
bool dummy;
e_res = out_wedge(vit,dso,dummy) ;
Halfedge_around_vertex_const_circulator el(e_res),ee(el);
CGAL_For_all(el,ee)
visited[el] = visited[twin(el)] = true;
/* e_res is now the counterclockwise maximal halfedge out
of v just before s */
if ( K.orientation(p,vp,point(target(e_res))) < 0 ) // right turn
e_res = previous(e_res);
// correction to make e_res visible from p

Now we treat the left case of figure 5.1. We check if the cursegimenssintersects a halfedge and
shorten it accordingly. Note that the edgeesis chosen such thai is left of it. The visited flags
allow us to skip all edges that have already been examinédeincto vertices ors which saves the
geometric computations.

(NPL determine closest object intersecting-=
for (eit = halfedges_begin(); eit != halfedges_end(); ++eit) {
if ( visited[eit] ) continue;
Point se = point(source(eit)),
te = point(target(eit));
int ol = K.orientation(ss,se);
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int 02 = K.orientation(ss,te);

if ( ol == -02 && // internal intersection
K.orientation(se,te,K.source(ss)) !=
K.orientation(se,te,K.target(ss)) ) {

Point p_res = K.intersection(s,segment(eit));

ss = K.construct_segment (p,p_res);

e_res = (02 > 0 7 eit : twin(eit));

// 02>0 => te left of s and se right of s => p left of e
visited[eit] = visited[twin(eit)] = true;

Ray shooting

The ray shooting has to determine a closest oljéeertex, halfedge, face) of our plane nRgvhich
fulfills the predicateM. We first locate the source poipt= ssource ) by our point location method.

If we already hit an object that fulfills then we are done. Otherwise we look for vertices or halfedges
alongs.

(NPL ray shooting methge:

template <typename Object_predicate>
Object_handle ray_shoot(const Segment& s, const Object_predicate& M) const
{
assert( !'K.is_degenerate(s) );
Point p = K.source(s);
Segment ss(s);
Direction d = K.construct_direction(K.source(s),K.target(s));
Object_handle h = locate(s);
Vertex_const_handle v;
Halfedge_const_handle e;
Face_const_handle f;
if ( assign(v,h) && M(v) ||
assign(e,h) && M(e) ||
assign(f,h) && M(f) ) return h;
h = Object_handle();
NPL segment s contains verfex

(NPL segment s intersects halfefige
return h;

Look at a vertew at positionpvon segmens. If M(v) we can shortes and iterate. If noM(v) then
a ray shoot along can still hit an object at whereM is fulfilled in form of an outgoing edge or the
face in a wedge between two edges. At each vertex we look onlthé part ofs betweenpv and
starget( ).

(NPL segment s contains vertex
for (v = vertices_begin(); v != vertices_end(); ++v) {
Point pv = point(v);
if ( !K.contains(ss,pv) ) continue;
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if (M) ) o
h = make_object(v); // store vertex
ss = K.construct_segment(p,pv); // shorten
continue;

}

// now we know that v is not marked but on s
bool collinear;
Halfedge_const_handle e = out_wedge(v,d,collinear);
if ( collinear ) {
if ( M(e) ) |
h = make_object(e);
ss = K.construct_segment (p,pv);
}
continue;
}
if ( M(face(e)) ) {
h = make_object(face(e));
ss = K.construct_segment (p,pv) ;
}
} // all vertices

171

All halfedges can shortesswhen intersecting the segment in its interior and when tifedige fulfills

M.

(NPL segment s intersects halfefige
Halfedge_const_iterator e_res;
for(e = halfedges_begin(); e != halfedges_end(); ++(++e)) {
Segment es = segment(e);
int ol = K.orientation(ss,K.source(es));
int 02 = K.orientation(ss,K.target(es));
if (ol == -02 && o1 '= 0 &&
K.orientation(es, K.source(ss)) ==
- K.orientation(es, K.target(ss)) ) {
// internal intersection

Point p_res = K.intersection(s,es);
e_res = (02 >0 7 e : twin(e));
// 02 > 0 => te left of s and se right of s => p left of e
if ( M(e_res) ) {
h = make_object(e_res);
ss = K.construct_segment(p,p_res);
} else if ( M(face(twin(e_res))) ) {
h = make_object(face(twin(e_res)));
ss = K.construct_segment (p,p_res);
}
}
}

Correctness and Runtimes

We summarize the facts in a lemma.
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Lemma 5.2.1: If the segmens intersects the skeleton &f then pointlocation(s) returns a generic
handleh to the object (vertex, halfedge, face) whose embeddingamplane contains the sourcef
The running time is linear in the size of the plane nfap

If the segments intersects the skeleton &f thenray shoo{s, M) determines a generic handle
h which is NULL if no object of P that intersectss fulfills M(h)* and which can be converted to
a corresponding vertex, halfedge, or face otherwise. Indtier case the object fulfillM(h) and
additionally has minimal distance spurcds). The running time is linear in the size of the plane
map.

Proof. For the point location case note that we iterate over allatbjef the skeleton dP twice. If
p = sourcgs) is contained in a skeleton object thetis determined already ifNPL locate in one
of the two iterations. Ilfpis contained in the plane in between the 1-skeleton thenldsest skeleton
object alongs defines the face. If the closest object is a vertex we deterhiis vertex in the vertex
iteration of (NPL determine closest object intersectinjg &or non-isolated vertices we also iterate
over all edges in the adjacency list of the verticesqtwedgé )) to determine a halfedge visible
from p alongs. If the closest object is a halfedge intersectsm its iterior the halfedge iteration
of (NPL determine closest object intersectingdees the job. As all geometric tests take constant
time this gives us the linear runtime bound. Note that stgrifom s we only shorters. Due to our
preconditions indeed is shortened at least once. This ensures that we@btaibject which allows
us to obtain the face containiny

For the ray shooting note that [f already is contained in an object marked correctly then the
point location already determines this object. If not thesinailar iteration over all objects now only
considering the predicatd does the job. If no object is determined theis theNULL handle. The
runtime stays linear. O

(PL naive helperst-=
Segment segment (Halfedge_const_handle e) const
{ return K.construct_segment (point(source(e)), point(target(e))); }
Direction direction(Halfedge_const_handle e) const
{ return K.construct_direction(point(source(e)),point(target(e))); }

template <class Handle>
Object_handle make_object(Handle h) const
{ return CGAL: :make_object(h); }

(PL naive interfack+=

5.2.2 Point location and ray shooting based on constrainediangulations

Our second point location structure is based on a convexissioth of the plane map by means of
a constrained triangulati®n We create the point location structure starting from a@larap. The
edges and isolated vertices of the plane map are our obsticM/e reference the plane map again via
a decorator. We present the class layout, and the impletimnts the two main interface operations

“Note that the predicat®! is defined on vertex, halfedge, and face handles for perfocmaeasons. However we
sloppily writeM(h) on a generic handle wrapping one of the above.

5The constrained triangulation of plane map is a triangoihatif the vertices such that all edges are part of the triangu-
lation
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locate( ) andray.shoo{ ). The construction of the constrained triangulation andititegration of
persistent dictionaries as a location structure is showherfollowing sections.

The main class is derived from the naive point location clagsherit its primitive methods. The
classPM _pointlocator decorates the input plane mBp We store the additional triangulation via an
additional decoratoCT in the local scope. Note that we talk about two plane map tires here.
The plane map decorated by thihis object which we also call the input structure and the planp ma
storing the constrained triangulation of the input streetuMe have to maintain links such that each
object inCT knows the object ofthis that supportsit. We use an optional point location structure
based on persistent dictionaries that is configurationmtdge. All properties of that optional module
are explained in section 5.2.6.

(Triangulation point locatoy=

template <typename PM_decorator_, typename Geometry_>
class PM_point_locator : public
PM_naive_point_locator<PM_decorator_,Geometry_> {
protected:
typedef PM_naive_point_locator<PM_decorator_,Geometry_> Base;
typedef PM_point_locator<PM_decorator_,Geometry_> Self;
Base CT;
(TPL persistent module membjrs
public:
(TPL local types
protected:
(TPL protected membeérs
public:
(TPL interfacé
}; // PM_point_locator<PM_decorator_,Geometry_>

(TPL local types=
#define USING(t) typedef typename Base::t t
USING(Decorator) ;
USING(Plane_map) ;
USING (Mark) ;
USING(Geometry) ;
USING(Point) ;
USING(Segment) ;
USING(Direction) ;
USING(Object_handle);
USING(Vertex_handle) ;
USING(Halfedge_handle);
USING(Face_handle) ;
USING(Vertex_const_handle);
USING(Halfedge_const_handle);
USING(Face_const_handle);
USING(Vertex_iterator) ;
USING (Halfedge_iterator);
USING(Face_iterator) ;

6an objecta supports if embeddinga) containsembeddingo).
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USING(Vertex_const_iterator);

USING (Halfedge_const_iterator);
USING(Face_const_iterator);
USING(Halfedge_around_vertex_circulator) ;
USING(Halfedge_around_vertex_const_circulator);
USING(Halfedge_around_face_circulator);

USING (Halfedge_around_face_const_circulator);
#undef USING

Our constrained triangulatio@ T decorates the 1-skeleton of a plane map consisting justro€es
and edges. We save the face objects there. Each wedie® T is linked to an object of typ®F_pair
which stores the input vertex supportingnd potentially an incident face of the input plane map if
v is isolated (before the triangulation process). Each tghe of CT is linked to an object of type
EF_pair which stores the input halfedge supportimgnd the face incident tein the input structure.

(TPL local types+=
typedef std::pair<Vertex_const_handle,Face_const_handle> VF_pair;
typedef std::pair<Halfedge_const_handle,Face_const_handle> EF_pair;

We associate the above pair structures to the skeletontshjiecthe availabl€&senPtrslot. We have
one additional pointer in each object that we can use for tearp information. We use a special

classgeninfofor the expansion and the access. See the manual pagaiofoin the appendix for its
usage.

(TPL protected membeérs
Vertex_const_handle input_vertex(Vertex_const_handle v) const
{ return geninfo<VF_pair>::const_access(CT.info(v)).first; }

Halfedge_const_handle input_halfedge(Halfedge_const_handle e) const
{ return geninfo<EF_pair>::const_access(CT.info(e)).first; }

Face_const_handle input_face(Halfedge_const_handle e) const
{ return geninfo<EF_pair>::const_access(CT.info(e)).second; }

The public interface provides construction, access to tiieetlying triangulation, point location, and
ray shooting. Note that the ray shooting is parameterized teynplate predicate that allows adapta-
tion of the termination criterion of the ray shooting walk.

(TPL interfacé=

PM_point_locator() {
(TPL persistent module default ijit
}

PM_point_locator(const Plane_map& P, const Geometry& k = Geometry());

“PM_point_locator();

const Decorator& triangulation() const { return CT; }

(TPL location methog
(TPL ray shooting methgd

Object_handle walk_in_triangulation(const Point& p) const;
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Construction and Destruction

We use a constrained triangulation of the input plane map tay shooting walks. We leave the input
structureP unchanged. Therefore we clone the structure into one whiglextend to a constrained
triangulation. The cloning can be enriched by actions orctbeed objects via a data accessor. See
the description of the operatiaoneskeletorin the manual page d*MDecoratorfor the concept of
this data accessor. Our data acceszallink taoriginal does the linkage of input objects to cloned
objects. Additionally it takes care that the cloned objéetsw the faces incident to their supporting
input objects. For the used data association method seeaheainpage ofieninfa

(TPL local types+=
struct CT_link_to_original : Decorator { // CT decorator

const Decorator& Po;

CT_link_to_original(const Decorator& P, const Decorator& Poi)
: Decorator(P), Po(Poi) {}

void operator () (Vertex_handle vn, Vertex_const_handle vo) const

{ Face_const_handle f;
if ( Po.is_isolated(vo) ) f = Po.face(vo);
geninfo<VF_pair>::create(info(vn));
geninfo<VF_pair>::access(info(vn)) = VF_pair(vo,f);

}

void operator() (Halfedge_handle hn, Halfedge_const_handle ho) const

{ geninfo<EF_pair>::create(info(hn));
geninfo<EF_pair>::access(info(hn)) = EF_pair(ho,Po.face(ho));

}
};

Note that we have two decorators: thihis object decorates the plane mRpthe internal decorator
CT works on a cloned plane map on the heap. We extend the clopexbentation to a constrained tri-
angulation. Afterwards we locally optimize the weight of #tonstrained triangulation to obtain a bet-
ter expected performance for the ray shooting walk. Seenpéementation ominimizeweightCT/( )

for more information on this. Depending on the presenceEDA we also create an additional point
location structure based on the slap method using LEDASigtent dictionaries. Se&PL persistent
module pm init in section 5.2.6 for further information.

(TPL constructioh=

template <typename PMD, typename GEO>

PM_point_locator<PMD,GEQ>::

PM_point_locator(const Plane_map& P, const Geometry& k)
Base(P,k), CT(*(new Plane_map),k)

{
CT.clone_skeleton(P,CT_link_to_original (CT,*this));
triangulate_CT();
minimize_weight_CT();
(TPL persistent module pm ihit

}

Destruction mirrors the allocations with@T above. We discard the extended information slots in all
objects (vertices and halfedges). Then we discard all thjé&inally we free the memory for tHeT
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plane map on the heap. Optionally we clean up the memory gdgrgstent module.

(TPL destructioh=
template <typename PMD, typename GEO>
PM_point_locator<PMD,GE0>::
“PM_point_locator()
{
Vertex_iterator vit, vend = CT.vertices_end();
for (vit = CT.vertices_begin(); vit != vend; ++vit) {
geninfo<VF_pair>::clear (CT.info(vit));
}
Halfedge_iterator eit, eend = CT.halfedges_end();
for (eit = CT.halfedges_begin(); eit != eend; ++eit) {
geninfo<EF_pair>::clear(CT.info(eit));
}
CT.clear();
delete &(CT.plane_map());
(TPL persistent module destructjon

Point location

The following chunk interfaces the basic point locationdlagepending on the presence of LEDA.
LOCATEIN_TRIANGULATIONS eitherwalkin_triangulationor a call to the persistent point location
structure in(TPL persistent module membgce section 5.2.6.

(TPL location methop=

Object_handle locate(const Point& p) const
{
Object_handle h = LOCATE_IN_TRIANGULATION(p);
Vertex_const_handle v_triang;
if ( assign(v_triang,h) ) {
return input_object(v_triang);
}
Halfedge_const_handle e_triang;
if ( assign(e_triang,h) ) {
Halfedge_const_handle e = input_halfedge(e_triang);
if ( e == Halfedge_const_handle() ) // inserted during triangulation
return make_object (input_face(e_triang));
int orientation_ = K.orientation(segment(e),p);
if ( orientation_ == 0 ) return make_object(e);
if ( orientation_ < 0 ) return make_object(face(twin(e)));
if ( orientation_ > 0 ) return make_object(face(e));
}

assert(0); return h; // compiler warning

The following functionwalkin triangulation(q) provides a fall-back solution to point location. It
returns anObjecthandle fwhich is either a vertex with point(v) == q or a halfedgee wheree
containsq in its relative interior, or one of the two triangles inciden e (or twin(e) respectively)
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containsg. This semantics is equivalent to the function from the gengoint location framework
programmed by Sven Thiel [Thi99] which allows us to obtaira#{ddge or vertex that contairgsor
that is vertically belowg.

We walk from the embedding = point(v) of the first vertexv = verticesbegin( ) of our structure
to the pointg that we expect to lie in the interior of the triangulation. @Weamine the skeleton of the
triangulation. We can thereby hit vertices and edges, ttterla two ways. We walk along an edge
e whensegmente) ands = pq overlap, or we cross in its relative interior. Our walk is thus an
iteration storing a vertex or an edge and a flag how we travbesa. We store the oriented halfedge
e either in direction ok or such thag is left of e.

(TPL interfacé+=
enum object_kind { VERTEX, EDGE_CROSSING, EDGE_COLLINEAR };

(TPL walk in triangulation=
template <typename PMD, typename GEO>
CGAL_TYPENAME_MSVC_NULL PM_point_locator<PMD,GEQ0>::0bject_handle
PM_point_locator<PMD,GEQ>: :walk_in_triangulation(const Point& q) const
{

Vertex_const_handle v = CT.vertices_begin();
Halfedge_const_handle e;
Point p = CT.point(v);
if ( p == q ) return make_object(v);
Segment s = K.construct_segment(p,q);
Direction dir = K.construct_direction(p,q);
object_kind current = VERTEX;
while (true) switch ( current ) {
case VERTEX:
(TPL segment walk via a vertex
break;
case EDGE_CROSSING:
(TPL segment walk via a crossing edige
break;
case EDGE_COLLINEAR:
(TPL segment walk via a collinear edge
break;
3
#if !defined(__BORLANDC__)
return Object_handle(); // never reached warning acceptable
#endif
}

We walk alongs and hit a vertexv. If we have reached) we are done. Otherwise we walk the
adjacency list to find either the wedge between two edges kiieahave leave the vertex or we find a
halfedge collinear t@. The adjacency list walk is encapsulatedbut wedge We obtain a halfedge
eout out ofv, either collinear or bounding the wedge rightsofif eoutis collinear tosit is the next
object. Otherwise we take the edgex{eout) closing the wedge to a triangle which we certainly hit
next on our walk along.
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(TPL segment walk via a vertex
{

if ( CT.point(v) == q )
return make_object(v); // stop walking at q
bool collinear;
Halfedge_const_handle e_out = CT.out_wedge(v,dir,collinear);
if (collinear) // ray shoot via e_out
{ e = e_out; current = EDGE_COLLINEAR; }
else // ray shoot in wedge left of e_out
{ e = CT.twin(CT.next(e_out)); current = EDGE_CROSSING; }

When we cross an edgefrom right to left it could be that is on e, or contained in the incident
triangle right of it. If neither is true we continue througdtetincident triangle left oé. There we can
hit one of two other edges or the vertex opposite.tdlote however that this vertex can lie beyand
on the directed line througp andq.

(TPL segment walk via a crossing edige
{
if ( !(K.orientation(CT.segment(e),q) > 0) ) // q not left of e
return make_object(e);
Vertex_const_handle v_cand = CT.target(CT.next(e));
int orientation_ = K.orientation(p,q,CT.point(v_cand));
switch( orientation_ ) {
case 0: // collinear
if ( K.strictly_ordered_along_line(p,q,CT.point(v_cand)) )
return make_object(e);
v = v_cand; current = VERTEX; break;
case +1: // leftturn
e = twin(next(e)); current = EDGE_CROSSING; break;
case -1:
e = twin(previous(e)); current = EDGE_CROSSING; break;

Hitting a collinear edge is easy to treat. If it does not contgits target is the next object.

(TPL segment walk via a collinear edge
{
if ( K.strictly_ordered_along_line(

CT.point (CT.source(e)),q,CT.point (CT.target(e))) )
return make_object(e);
v = CT.target(e); current = VERTEX;
}

Correctness and Runtime

We summarize the execution properties of the above codecimmaé.
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Lemma 5.2.2: Point location in a plane méapof sizeO(n) based on the persistent module determines
the object (vertex, halfedge, face) containipgn expected timeD(logn). The fall back solution
walkin_triangulation(p) determines the object (vertex, halfedge, face) contaipiimgtime O(n).

Proof. We omit the details of the persistent point location packafjee elaborate treatment can be
found in [Thi99]. The constrained triangulati@il of the input plane map is asymptotically not
larger than the plane map(n). We sketch the intuition about the persistent point locaticodule
(PPL). The PPL partitions the plane into at most421 slaps defined by vertical lines through the
n vertices of CT. The stripes between the lines and the lines are considarsthjps. Each slap is
subdivided into convex patches by objectdG3. The patches are stored in a (persistent) dictionary
via their bounding skeleton objects. A location within apstan be determined within logarithmic
query time. Now a point location can be done in ti®g logn) first by a binary search for the correct
slap and second by a query of the corresponding dictiondrg.cbnstruction of the PPL can be done
in O(nlogn) by the plane sweep framework described in [Thi99] and is usesction 5.2.6. The
partially persistent dictionary implementation of S. Tlsiys within the linear space bound®and
CT.

For thewalkin triangulation(q) query operation note that the initialization is well definatfe
start with the first vertex of the triangulation. Then eaehdtion reaches eitheror one of the states
VERTEX EDGECROSSINGEDGECOLLINEAR Convince yourself by revisiting the code chunks
that each of the possible three configurations covers athgétic possibilities that the segment walk
alongscan encounter. O

Ray shooting

The ray shooting along a segmentorks as follows. We first locatp = ssource ) in our underlying
triangulation. We might hit a vertex, an edge or a face. Intttangulation we do a segment walk
starting inp alongs similar to the one irwalkin triangulation( ). Only that we have the additional
termination criterion of the object predicdie We examine the skeleton of the triangulation. We can
thereby hit vertices and edges, the latter in two kinds. W& al@ang an edge whensegmene) and
s overlap, or we crose in its relative interior. Our walk is an iteration storing artex or an edge
and a flag how we traverse them. We store the oriented halfeittyer in direction ofs or such that
starget( ) is left of e.

First we have to get to a starting point by point location. i iterate until we hit an object of
our input structure as determined by the object predivhte

(TPL ray shooting methge:=

template <typename Object_predicate>
Object_handle ray_shoot(const Segment& s, const Object_predicate& M) const
{

CGAL_assertion( !K.is_degenerate(s) );

Point p = K.source(s), q = K.target(s);

Direction d = K.construct_direction(p,q);

Vertex_const_handle v;

Halfedge_const_handle e;

object_kind current;

Object_handle h = LOCATE_IN_TRIANGULATION(p);

(TPL ray shoot initializatiop

while (true) switch ( current ) {
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case VERTEX:
(TPL ray shoot hits a vertéx
break;
case EDGE_CROSSING:
(TPL ray shoot hits a crossing edge
break;
case EDGE_COLLINEAR:
(TPL ray shoot hits a collinear edye
break;
}
// assert(0); return h; // compiler warning

}

If we hit a vertex we are done.

(TPL ray shoot initializatiop=
if ( assign(v,h) ) {
current = VERTEX;
}

If the result is a halfedge, it can containp or e (or its twin) can bound the triangle that contaimi
its interior.

(TPL ray shoot initializatiop+=
if ( assign(e,h) ) {
int orientation_ = K.orientation( segment(e), p);
if ( orientation_ == 0 ) { // p on segment
(edge e contains the starting point p
} else { // p not on segment, thus in triangle
if ( orientation_ < 0 ) e = CT.twin(e);
// now p left of e
(edge e bounds the triangle containing p
}
}

In this case we have to handle the casesgbatrlapssegmente) or that we shoot into a face adjacent
toe.

(edge e contains the starting poirj=p
if ( 4 == CT.direction(e) )
{ current = EDGE_COLLINEAR; }
else if ( d == CT.direction(CT.twin(e)) )
{ e = CT.twin(e); current = EDGE_COLLINEAR; }
else { // crossing
current = EDGE_CROSSING;
if ( !'(K.orientation(CT.segment(e),q)>0) ) // not leftturn
e = CT.twin(e);
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If the triangle (underlying face) which contaipsfulfills M we return it. Otherwise we have to find
the object (vertex or edge) hit by the ray shoot frpralongs. Note that it might be thag is totally
contained in the triangle in which case we returnigLL handle.

(edge e bounds the triangle containingp
if ( M(input_face(e)) ) // face mark
return make_object(input_face(e));
Point pl = CT.point(CT.source(e)),
p2 = CT.point(CT.target(e)),
p3 = CT.point(CT.target (next(e)));

int orl = K.orientation(p,q,pl);
int or2 = K.orientation(p,q,p2);
int or3 = K.orientation(p,q,p3);

if ( orl == 0 && !'K.leftturn(pl,p2,q) )

{ v = CT.source(e); current = VERTEX; }

else if ( or2 == 0 && !'K.leftturn(p2,p3,q) )

{ v = CT.target(e); current = VERTEX; }

else if ( or3 == 0 && !'K.leftturn(p3,pl,q) )

{ v = CT.target(CT.next(e)); current = VERTEX; }

else if ( or2 > 0 && orl < 0 && !'K.leftturn(pl,p2,q) )
{ e = CT.twin(e); current = EDGE_CROSSING; }

else if ( or3 > 0 && or2 < 0 && !'K.leftturn(p2,p3,q) )
{ e = CT.twin(CT.next(e)); current = EDGE_CROSSING; }
else if ( orl > 0 && or3 < 0 && !'K.leftturn(p3,pl,q) )
{ e = CT.twin(CT.previous(e)); current = EDGE_CROSSING; }
else return Object_handle();

Now we are on our walk along. If we hit a vertexv with M(v) we have found the right object.
Otherwise it could be that we have reacloedf not we walk the adjacency list to find either the wedge
between two edges via which we leave the vertex or we find adigéf collinear t®. The adjacency
list walk is encapsulated inutwedge ). We obtain a halfedgeout out of v, either collinear or
bounding the wedge right & Note that if the wedge represents a fdcevith M(f) we are done.
Otherwise we take the edgexteout) closing the wedge to a triangle which we certainly hit next on
our walk alongs.

(TPL ray shoot hits a vertés
{
Vertex_const_handle v_org = input_vertex(v);
if ( M(v_org) ) return make_object(v_org);
if ( CT.point(v) == q ) return Object_handle();
// stop walking at q, or determine next object on s:
bool collinear;
Halfedge_const_handle e_out = CT.out_wedge(v,d,collinear);
if (collinear) // ray shoot via e_out
{ e = e_out; current = EDGE_COLLINEAR; }
else { // ray shoot in wedge left of e_out
if ( M(input_face(e_out)) )
return make_object(input_face(e_out));
e = CT.twin(CT.next(e_out)); current = EDGE_CROSSING;
}
}
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When we cross an edgewe can find either the edge or its incident face fulfillimg Note however
that edges that were created during the triangulation psoaes supported by the input face which
they split. Thus we just ignore them in this case. If neitheredge nor the face fulfiM we continue
through the triangle tha bounds. There we can hit one of two other edges or the verteasite to

e

(TPL ray shoot hits a crossing edge
{

if ( K.orientation(CT.segment(e),q) == 0 )
return Object_handle();

Halfedge_const_handle e_org = input_halfedge(e);

if ( e_org != Halfedge_const_handle() ) { // not a CT edge
if ( M(e_org) ) return make_object(e_org);
if ( M(face(e_org)) ) return make_object(face(e_org));

}

Vertex_const_handle v_cand = CT.target(CT.next(e));

int orientation_ = K.orientation(p,q,CT.point(v_cand));
switch( orientation_ ) {
case O:
v = v_cand; current = VERTEX; break;
case +1:
e = CT.twin(CT.next(e)); current = EDGE_CROSSING; break;
case -1:
e = CT.twin(CT.previous(e)); current = EDGE_CROSSING; break;

If we hit a collinear edge we check if the edge was inserteithduhe triangulation process. If it is
a triangulation edge we examine the underlying face, otiserwe check the edge itself. The next
object is its target vertex.

(TPL ray shoot hits a collinear edye
{
Halfedge_const_handle e_org = input_halfedge(e);
if ( e_org == Halfedge_const_handle() ) { // a CT edge
if ( M(input_face(e)) )
return make_object(input_face(e));
} else { // e_org is not a CT edge
if ( M(e_org) )
return make_object(e_org);
}
if ( K.strictly_ordered_along_line(
CT.point (CT.source(e)),q,CT.point (CT.target(e))) )
return Object_handle();
v = CT.target(e); current = VERTEX;

Correctness and Runtimes

The following lemma summarizes the properties of the rayetihg operation.
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Lemma 5.2.3: If the segmens is non-degenerate, theay shoo{s,M) determines a generic handle
h which is NULL if no object of P that intersectss fulfills M(h)” and which can be converted to
a corresponding vertex, halfedge, or face otherwise. Indtier case the object fulfillM(h) and
additionally has minimal distance 8ourcés). The query time is that of the point location plus the
time for the walk inCT.

Proof. The starting point is always the point location @f = sourcés). If the ob-
ject u that containsp does not fulfill M(u), then a walk in the triangulation is started in
(TPL ray shoot. This iteration is determined by one of the three geometoaofigurations
VERTEXEDGECROSSINGEDGECOLLINEAR We only have to ensure that the iteration termi-
nates correctly. In each case we either look for an ohjéut by a ray alongs for which M(u) holds,
or we check if we have to end our walk as we have reached target(s). O

Note that we cannot bound the stepping for the ray shootirlg besides the trivial linear bound (the
size of the plane map and the triangulation). However we aitdl some theory and heuristic tests
below that provide the hope that the walk is much cheaper.

Finally there are two operations for the objects in the gairs¢d triangulation that return the
corresponding objects from the input plane map that sugpen.

(TPL protected membeérs=

Object_handle input_object(Vertex_const_handle v) const
{ return make_object(input_vertex(v)); }
Object_handle input_object(Halfedge_const_handle e) const
{ Halfedge_const_handle e_org = input_halfedge(e);

if ( e_org != Halfedge_const_handle() )

return make_object( e_org );
// now e_org is not existing
return make_object( input_face(e) );

5.2.3 The constrained triangulation

We calculate the constrained triangulation of the clonesglei&n by our constrained triangulation
sweep as presented in chapter 4. The classstrainedriang traits<> obtains three traits models
PMDEC, GEOM, andNEWEDGEoOnN instantiation. The two former parameters are the logatdy
PM . decoratorandGeometry The latter is the data accessor type implemented below.

All edges of the cloned skeleton carry links to the edgeB.ofWe mark additional triangulation
edges by a default link tblalfedgeconsthandlg ) that can be checked after the triangulation process
to separate input halfedges (obstacles) from trianguldtadfedges. We forward input face links from
existing edges of the triangulation to newly created eddé®reby each newly created edge knows
the face that it splits into triangles. This information @dation and transfer is done by means of
CT_newedge

The following function operatooperator( )(Halfedgehandle& ) attributes the newly created tri-
angulation edge in CT by an additionaEF_pair in a similar way as the cloning process did it for
the input edges. Asdoes not have a supporting halfedgéPiit obtains the default handle.obtains

"Note that the predicat®! is defined on vertex, halfedge, and face handles for perfocmaeasons. However we
sloppily writeM(h) on a generic handle wrapping one of the above.
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the mark information from a face that supports it with respedhe input structure. The face usually
comes from an adjacent edge®T. If there is none, then we obtain is from the source which was
isolated in the input structure befoeavas created.

(TPL protected membeérs=
struct CT_new_edge : Decorator {
const Decorator& _DP;
CT_new_edge(const Decorator& CT, const Decorator& DP)
Decorator(CT), _DP(DP) {}
void operator() (Halfedge_handle& e) const
{ Halfedge_handle e_from = previous(e);
Face_const_handle f;
if ( is_closed_at_source(e) ) // source(e) was isolated before
f = geninfo<VF_pair>::access(info(source(e))) .second;
else
f = geninfo<EF_pair>::access(info(e_from)).second;
mark(e) = _DP.mark(f);
geninfo<EF_pair>::create(info(e));
geninfo<EF_pair>::create(info(twin(e)));
geninfo<EF_pair>::access(info(e)) .first =
geninfo<EF_pair>::access(info(twin(e))) .first =
Halfedge_const_handle();
geninfo<EF_pair>::access(info(e)) .second =
geninfo<EF_pair>::access(info(twin(e))).second = f;
}
¥

Now completingCT into a full triangulation is a trivial instantiation of theveep class. We plug
the types intoConstrainedriang traits, and that type into our generic sweep framework. Then we
create the sweep object and trigger the sweep. Note also lkdvansport references to the plane map
structure and the geometric kernel on construction.

(TPL protected membeérs=
void triangulate_CT() const

{

typedef CGAL::Constrained_triang_traits<
Decorator,Geometry,CT_new_edge> NCTT;
typedef CGAL::generic_sweep<NCTT> Constrained_triang_sweep;
CT_new_edge NE(CT,*this);
Constrained_triang_sweep T(NE,CT.plane_map(),K); T.sweep();
}

5.2.4 Minimizing the triangulation weight

For a plane map or a triangulation let its weight be the surmhefléngth of all edges. After the
calculation of the constrained triangulation we minimiaedlly the weight of the triangulation by a
sequence of flipping operations starting from all non-a@iséd edges. We first motivate the follow-
ing procedure by some theory and some experiments.
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Ray shooting by line walks in planar triangulations are wwoese expensive. Agarwal et al
[AAS95] show that such a walk can have linear costs in the gizhe triangulation though
the shoot does not hit any obstacle edge. Aronov and Fortume B1 [AF97] that average
case stepping cost for random lines can be bounde@(kyn) for plane maps of siza if we
use triangulations of minimal weight. Unfortunately suchrigulations are hard to construct in
general. For general points sets the problem is conjectorbd NP-hard. In simple polygons
there’s aO(n®) solution by dynamic programming which is hardly practic@hus currently
only approximation or even heuristics offer practical siolus.

Note that the delaunay triangulation of a point set of $iza general can be a bad approx-
imation of the minimal weight triangulation [Kir80] but itas been shown to be@(logn)
approximation [Lin86] if the points are universally distited. However we have no such
result for the constrained case.

Heuristic results on the approximation of minimum weigkarigulation are presented by Dick-
erson et al. in [DMM95]. They present results that proposeige local minimal weight
triangulations as an approximations of the general undgiveblem.

The running time of the following flipping algorithm is worsase quadratic though runtime
tests seem to show a subquadratic runtime for random ffpitse quadratic bound for the
worst case runtime is based on a result of Hurtado et al. [HWere they show that the
graph of triangulations of a simple polygon is connectedaasithe complexity ad(n?). Note
that the termination is guaranteed due to the fact that fon gaadrangle of points we can only
choose the minimal diagonal once, thus we never cycle.

(TPL protected membeérs=

void minimize_weight_CT() const

{

if ( number_of_vertices() < 2 ) return;

std::list<Halfedge_handle> S;

/* We maintain a stack |S| of edges containing diagonals
which might have to be flipped. */

int flip_count = O;

(insert all non constrained edges in S

while ( !S.empty() ) {
Halfedge_handle e = S.front(); S.pop_front();
Halfedge_handle r = twin(e);
Halfedge_const_handle e_org = input_halfedge(e);
if ( e_org != Halfedge_const_handle() )

continue;

(continue if quadrilateral with diagonal e is non-conyex
(flip if there’s a lighter edge

We insert all non-constrained edges into our stacRn edge is not constrained if it has no link to a
corresponding supporting input edgefn

8see the runtime results for the flipping number in [DMM95]
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(insert all non constrained edges in=S

Halfedge_iterator e;

for (e = CT.halfedges_begin(); e != CT.halfedges_end(); ++(++e)) {
Halfedge_const_handle e_org = input_halfedge(e);
if ( e_org != Halfedge_const_handle() )

continue;

S.push_back(e);

}

A non-constrained edge can only be flipped if it is the diagafiaa convex quadrilateral. We can
continue if it is not.

(continue if quadrilateral with diagonal e is non-conyex
Halfedge_handle el = next(r);
Halfedge_handle e3 = next(e);
// el,e3: edges of quadrilateral with diagonal e

Point a = point(source(el));
Point b = point(target(el));
Point ¢ = point(source(e3));
Point d = point(target(e3));
if (! (K.orientation(b,d,a) > 0 && // leftturn

K.orientation(b,d,c) < 0) ) // rightturn
continue;

We check if for our non-constrained edgéhe complementary diagonal has less weight. If yes we
flip e.

(flip if there’s a lighter edge=
if ( K.first_pair_closer_than_second(b,d,a,c) ) { // flip

Halfedge_handle e2 = next(el);
Halfedge_handle e4 = next(e3);
S.push_back(el);
S.push_back(e2);
S.push_back(e3);
S.push_back(e4);
flip_diagonal(e);
flip_count++;

5.2.5 The file wrapper

(PM_pointlocator.h=
(CGAL Headerl
// file : include/CGAL/Nef_2/PM_point_locator.h
(CGAL Header?
#ifndef CGAL_PM_POINT_LOCATOR_H
#define CGAL_PM_POINT_LOCATOR_H

#include <CGAL/basic.h>
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#include <CGAL/Unique_hash_map.h>

#include <CGAL/Object.h>

#include <CGAL/Nef_2/Constrained_triang_traits.h>
#undef _DEBUG

#define _DEBUG 17

#include <CGAL/Nef_2/debug.h>

#include <CGAL/Nef_2/geninfo.h>

(Conditional persistent point location inclusipn

CGAL_BEGIN_NAMESPACE

(Naive point locatoy
(Triangulation point locatoy
(TPL constructioh

(TPL destructioh

(TPL walk in triangulation

CGAL_END_NAMESPACE
#endif // CGAL_PM_POINT_LOCATOR_H

5.2.6 Point location with persistent dictionaries

We add a dynamically allocated point location structureypietPointLocatokT> working on the
constrained triangulation of the claB#/A pointlocator. The used persistent dictionaries are part of
LEDA starting version 4.2.

(Conditional persistent point location inclusipa
#ifdef CGAL_USE_LEDA
#include <LEDA/basic.h>
#if __LEDA__ > 410
#define USING_PPL
#include <CGAL/Nef_2/PM_persistent_PL.h>
#endif
#endif

The point location framework is added to the point locatitass only if the necessary modules are
present. The traits cla®®M persistentPL traits is defined below. The point location framework
PointLocatoris described in Sven Thiel's masters thesis [Thi99].

(TPL persistent module membgss
#ifdef USING_PPL
typedef PM_persistent_PL_traits<Base> PMPPLT;
typedef PointLocator<PMPPLT> PMPP_locator;
PMPP_locator* pPPL;
#define LOCATE_IN_TRIANGULATION pPPL->locate_down
#else
#define LOCATE_IN_TRIANGULATION walk_in_triangulation
#endif
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The first parameter dPMPRIlocator is the graph structure worked on, the second is a traits class
object. We forward a reference to the geometric kekhtat we already obtained for th¢his object
of type PM pointlocator.

(TPL persistent module pm ihiE
#tifdef USING_PPL
pPPL = new PMPP_locator (CT,PMPPLT(K));
#endif

(TPL persistent module default ijet
#ifdef USING_PPL
pPPL = 0;
#endif

(TPL persistent module destructiaa
#ifdef USING_PPL
delete pPPL; pPPL=0;
#endif

(Triangulation point locatoy+=
#ifdef USING_PPL

static const char* pointlocationversion = "point location via pers dicts";
#else
static const char* pointlocationversion = "point location via seg walks";
#endif

The rest of this section describes a traits model for theigierg point location framework as devel-
oped by Sven Thiel [Thi99]. We adapt his framework for pootdtion via persistent dictionaries
within the constrained triangulation. Thereby we obtainetdy runtime bound than the fall-back
methodwalk in_triangulation( ).

The clasPM persistentPL traits transports a bunch of types and methods into the point tmtati
data structurdPointLocatorof S. Thiel. Note that the class references a plane map andraajgc
kernel, that we both forward on construction.

(class PMpersistentPL traits)=
template <typename PMPL>
struct PM_persistent_PL_traits
{

(PP types in local scope

(PP iterators and conversion

(PP edge categorization

(PP x-structure interface

(PP curve interfacg
(PP generic location and postprocessjng
(PP constructioh
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(PM_persistentPL.h)=
(CGAL Headerl

// file : include/CGAL/Nef_2/PM_persistent_PL.h

(CGAL Header?

#ifndef CGAL_PM_PERSISTENT_PL_H

#define CGAL_PM_PM_PERSISTENT_PL_H
#include <CGAL/Nef_2/gen_point_location.h>
(class PMpersistentPL traits)

#endif // CGAL_PM_PM_PERSISTENT_PL_H
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The type mapping is trivial. For the persistent point lozative need the interface typ&saph Node

Edge We additionally introduce the geometry.

(PP types in local scope=
typedef PMPL Graph;
typedef typename PMPL::Vertex_const_handle

typedef typename PMPL::Halfedge_const_handle Edge;

typedef typename PMPL::Face_const_handle
typedef typename PMPL::0bject_handle

typedef typename PMPL::Geometry Geometry;
typedef typename PMPL::Point Point;
typedef typename PMPL::Segment  Segment;
const Geometry* pK;

We store a reference to the geometric kernel in the traitscla

(PP constructioh=
PM_persistent_PL_traits() : pK(0) {}
PM_persistent_PL_traits(const Geometry& k)
virtual “PM_persistent_PL_traits() {}
virtual void sweep_begin(const Graph&) {}
virtual void sweep_moveto(const XCoord&) {}
virtual void sweep_end() {}
virtual void clear() {}

(PP iterators and conversiges

Object_handle;

typedef typename PMPL::Vertex_const_iterator Nodelterator;

NodeIterator Nodes_begin(const Graph& G) const { return G.vertices_begin(); }

NodeIterator Nodes_end(const Graph& G) const { return G.vertices_end(); }
Node toNode(const Nodelterator& nit) const { return nit; }

typedef typename PMPL::Halfedge_around_vertex_const_circulator HAVC;
struct IncEdgelterator {
HAVC _start, _curr;

bool met;

IncEdgelterator() {}

IncEdgelterator (HAVC c)
_start(c), _curr(c), met(false) {}
IncEdgelterator& operator++()
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{ if (_curr==_start)
if ('met) { met=true; ++_curr; }
else { _curr=HAVC(); }
else ++_curr;
return *this;
}
bool operator==(const IncEdgelterator& it2) const
{ return _curr==it2._curr; }
bool operator!=(const IncEdgelterator& it2) const
{ return ! (*this==it2); }
};
Edge toEdge(const IncEdgelterator& eit) const { return eit._curr; }
IncEdgelterator IncEdges_begin(const Graph& G, const Node& n)
{ return IncEdgelterator (HAVC(G.first_out_edge(n))); }
IncEdgelterator IncEdges_end(const Graph& G, const Node& n)
{ return IncEdgelterator(); }

(PP edge categorizatiges
enum EdgeCategory
{ StartingNonVertical, StartingVertical, EndingNonVertical, EndingVertical };

Node opposite(const Graph& G, const Edge& e, const Node& u)
{ if ( G.source(e) == u ) return G.target(e);
else return G.source(e); }

EdgeCategory ClassifyEdge(const Graph& G, const Edge& e, const Node& u)
{
Point p_u = G.point(u);
Point p_v = G.point(opposite(G,e,u));
int cmpX = pK->compare_x(p_u, p_v);
if ( cmpX < 0 ) return StartingNonVertical;
if ( cmpX > 0 ) return EndingNonVertical;
int cmpY = pK->compare_y(p_u, p_v);
assert(cmpY != 0);
if ( cmpY < 0 ) return StartingVertical;
return EndingVertical;

The generic persistent point location framework maintalaps of the graph skeleton ordered by the
x-coordinates of the embedding of the nodes. We mak@divé type representing its x-coordinate
and usecomparex from the kernel to sort them.

(PP x-structure interface=
typedef Point XCoord;
const XCoord getXCoord(const Point& p) const
{ return p; }
const XCoord getXCoord(const Graph& G, const Node& n) const
{ return G.point(n); }
class PredLessThanX {
const Geometry* pK;
public:
PredLessThanX() : pK(0) {}
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PredLessThanX (const Geometry* pKi) : pK(pKi) {}
PredLessThanX(const PredLessThanX& P) : pK(P.pK)
{3
int operator() (const XCoord& x1, const XCoord& x2) const
{ return pK->compare_x(x1,x2) < 0; }
};
PredLessThanX getLessThanX() const { return PredLessThanX(pK); }

In our case curves are segments. We obtain them from the geokernel.

(PP curve interface=
// Curve connected functionality:
typedef Segment Curve;

Curve makeCurve(const Point& p) const

{ return pK->construct_segment(p,p); }

Curve makeCurve(const Graph& G, const Node& n) const

{ return makeCurve(G.point(n)); }

Curve makeCurve(const Graph& G, const Edge& e) const

{ Point ps = G.point(G.source(e)), pt = G.point(G.target(e));
Curve res(G.point(G.source(e)),G.point(G.target(e)));
if ( pK->compare_xy(ps,pt) < 0 ) res = pK->construct_segment(ps,pt);
else res = pK->construct_segment(pt,ps);
return res;

}

struct PredCompareCurves {

const Geometry* pK;

PredCompareCurves() : pK(0) {}

PredCompareCurves (const Geometry* pKi) : pK(pKi) {}
PredCompareCurves (const PredCompareCurves& P) : pK(P.pK) {}

int cmppntseg(const Point& p, const Curve& s) const
{
if ( pK->compare_x(pK->source(s),pK->target(s)) != 0 ) // !vertical
return pK->orientation(pK->source(s),pK->target(s), p);
if ( pK->compare_y(p,pK->source(s)) <= 0 ) return -1;
if ( pK->compare_y(p,pK->target(s)) >= 0 ) return +1;
return 0O;

}

int operator() (const Curve& sl1, const Curve& s2) const
{

Point a = pK->source(sl);

Point b = pK->target(sl);

Point ¢ = pK->source(s2);

Point d = pK->target(s2);

if ( a==b )
if ( ¢c==d ) return pK->compare_y(a,c);
else return cmppntseg(a, s2);

if ( c==d ) return -cmppntseg(c, s1);
// now both are non-trivial:
int cmpX = pK->compare_x(a, c);
if ( cmpX < 0 )
return - pK->orientation(a,b,c);
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if ( cmpX > 0 )
return pK->orientation(c,d,a);
int cmpY = pK->compare_y(a, c);
if ( cmpY < 0 ) return -1;
if ( cmpY > 0 ) return +1;
// cmpX == cmpY == 0 => a == ¢
return pK->orientation(c,d,b);
}
3
PredCompareCurves getCompareCurves() const
{ return PredCompareCurves(pK); }

The generic location typ&enericLocationis defined in the generic point location framework. The
framework allows us to introduce a postprocessing phage thfe actual location phase. From the
location phase we obtain two locations in two slaps, whidh regigbored in the x-structure. The
second locatiorL_plus is non-nil if the first slap has width zero and is defined by aenatlan x-
coordinatex. ThenL plusreturns an edgejust belowx+ €. This allows us to extract the face that we
search frome.

(PP generic location and postprocessjeg
typedef GenericLocation<Node, Edge> Location;
typedef Object_handle QueryResult;

virtual Object_handle
PostProcess(const Location& L, const Location& L_plus,
const Point& p) const
{ /* we only get an L_plus (non-nil) if L is ABOVE a vertex
in which case we want to extract the face from the edge
below (p+epsilon) available via L_plus. */
if (!L_plus.is_nil()) { assert(L_plus.is_edge());
return CGAL: :make_object (Edge(L_plus));
} else {
if ( L.is_edge() ) {
return CGAL: :make_object (Edge(L));
}
if ( L.is_node() ) {
Node v(L); assert( v != Node() );
return CGAL: :make_object(v);
}
return Object_handle();
}

5.3 A Test Case

(PM_pointlocator-test.0=
#include <CGAL/basic.h>
#include <CGAL/leda_integer.h>
#include <CGAL/Homogeneous.h>
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#include "Affine_geometry.h"

#include <CGAL/Nef_2/HalfedgeDS_default.h>
#include <CGAL/test_macros.h>

#include <CGAL/Nef_2/HDS_items.h>

#include <CGAL/Nef_2/PM_const_decorator.h>
#include <CGAL/Nef_2/PM_decorator.h>
#include <CGAL/Nef_2/PM_io_parser.h>
#include <CGAL/Nef_2/PM_visualizor.h>
#include <CGAL/Nef_2/PM_overlayer.h>
#include <CGAL/Nef_2/PM_point_locator.h>

// KERNEL:

typedef CGAL::Homogeneous<leda_integer> Hom_kernel;
typedef CGAL::Affine_geometry<Hom_kernel> Aff_kernel;
typedef Aff_kernel::Segment_2 Segment;

// HALFEDGE DATA STRUCTURE:
struct HDS_traits {
typedef Aff_kernel::Point_2 Point;
typedef bool Mark;
};
typedef CGAL::HalfedgeDS_default<HDS_traits,HDS_items> Plane_map;
typedef CGAL::PM_const_decorator<Plane_map> CDecorator;
typedef CGAL::PM_decorator<Plane_map> Decorator;
typedef CGAL::PM_overlayer<Decorator,Aff_kernel> PM_aff_overlayer;

typedef CDecorator::Halfedge_const_handle Halfedge_const_handle;

typedef CDecorator::Vertex_const_handle Vertex_const_handle;
typedef CDecorator::Face_const_handle Face_const_handle;
typedef Decorator::Halfedge_handle Halfedge_handle;
typedef Decorator::Vertex_handle Vertex_handle;

// INPUT:

typedef std::list<Segment>::const_iterator Iterator;

struct Object_DA {
const Decorator& D;
Object_DA(const Decorator& Di) : D(Di) {}
void supporting_segment (Halfedge_handle e, Iterator it) const
{ D.mark(e) = true; }
void trivial_segment (Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }
void starting_segment(Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }
void passing_segment (Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }
void ending_segment (Vertex_handle v, Iterator it) const
{ D.mark(v) = true; }

¥

// POINT LOCATION:

typedef CGAL::PM_naive_point_locator<Decorator,Aff_kernel> PM_naive_PL;
typedef CGAL::PM_point_locator<Decorator,Aff_kernel> PM_triang_PL;
typedef PM_naive_PL::0bject_handle Object_handle;

void print(0Object_handle h)
{

Vertex_const_handle v;
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}

Halfedge_const_handle e;

Face_const_handle f;

if (assign(v,h)) cout << " ohandle = vertex " << PV(v) << endl;

if (assign(e,h)) cout << " ohandle = halfedge " << PE(e) << endl;

if (assign(f,h)) cout << " ohandle = face " << PE(f->halfedge()) << endl;

// struct INSET { bool operator()(bool b) const { return b; } };
struct INSET {

};

const CDecorator& D;

INSET (const CDecorator& Di) : D(Di) {}

bool operator() (Vertex_const_handle v) const { return D.mark(v); }
bool operator() (Halfedge_const_handle e) const { return D.mark(e); }
bool operator () (Face_const_handle f) const { return D.mark(f); }

int main(int argc, char* argv[])

{

SETDTHREAD(17);
CGAL: :set_pretty_mode(cerr);
CGAL: :Window_stream W;
W.init(-50,50,-50,1);
W.display(Q);
W.message ("Insert segments to create a map.");
Plane_map H;
PM_aff_overlayer PMOV(H,Aff_kernel());
CGAL: :PM_visualizor<PM_aff_overlayer,Aff_kernel> V(W,PMOV);
std::1list<Segment> L;
Segment s;
if (argec == 2 ) {
std::ifstream log(argv([1]);
while ( log >> s ) { L.push_back(s); W << s; }
}
while ( W >> s ) L.push_back(s);
std: :string fname(argv([0]);

fname += ".log";
std::ofstream log(fname.c_str());
for (Iterator sit = L.begin(); sit != L.end(); ++sit)

log << *sit << " ",
log.close();

Object_DA ODA(PMQOV);
PMOV.create(L.begin(),L.end(),0DA);
V.draw_skeleton();

W.message("Insert one segment for point location");
PM_naive_PL PL1(H);

PM_triang_ PL PL2(H);

Object_handle h;

W >> s;

CGAL: :PM_io_parser<PM_aff_overlayer>: :dump (PMQV);
h = PL1.locate(s);

print(h);

h = PL2.locate(s.source());

print (h);

h = PL1.ray_shoot(s,INSET(PL1));

194
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h = PL2.ray_shoot (s, INSET(PL2));
W.read_mouse() ;

return O;
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6 Polynomials in one Variable

6.1 The Manual Page

6.1.1 Polynomials in one variable ( RPolynomial )

1. Definition

An instancep of the data typ&PolynomiatNT> represents a polynomigl= ag+ ai;x+ . ..agx% from the ring
NT[x]. The data type offers standard ring operations and a sigratipe which determines the sign for the
limit processx — oo,

NT[x] becomes a unique factorization domain, if the number ffjeis either a field type (1) or a unique
factorization domain (2). In both cases there’s a polynbdiidsion operation defined.

2. Types
RPolynomia¢NT> ::NT the component type representing the coefficients.
RPolynomia¢NT> ::constiterator a random access iterator for read-only access to the cestfieector.

3. Creation

RPolynomiatNT> p;
introduces a variablp of type RPolynomia¢NT> of undefined value.

RPolynomiatNT> p(NT a0;
introduces a variable of type RPolynomiad NT> representing the constant polynomial
ap.

RPolynomiadNT> p(NT aQ NT al);
introduces a variablp of type RPolynomia¢NT> representing the polynomiad + a;x.

RPolynomiadNT> p(NT aQ NT al NT a2);
introduces a variablp of typeRPolynomiatNT> representing the polynomiad + a;x+
8.2X2.

template <class Forwardterator>

RPolynomiatNT> p(Forwarditerator first, Forward.iterator las;

introduces a variablp of type RPolynomiatNT> representing the polynomial whose co-
efficients are determined by the iterator range, i.e(dgt= «first,a; = x+-+first,...ag =
it), where++it ==lastthenp stores the polynomial; + axx+ ... agxd.

4. Operations
int p.degree() the degree of the polynomial.

197
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const N plunsigned int]i  the coefficienty; of the polynomial.

constiterator pbegin() a random access iterator pointin@ggo

constiterator pend() a random access iterator pointing beyagnd

NT pevalatNT R evaluates the polynomial &

CGAL::Sign psign() returns the sign of the limit process for o (the sign of the leading
coefficient).

bool piszero() returns true ifp is the zero polynomial.

RPolynomiadNT> p.abs() returns-p if p.sign( ) == NEGATIVEandp otherwise.

NT pcontent() returns the content pf(the gcd of its coefficients)Precondition
RequiredNT to provide agdcoperation.

Additionally RPolynomiatNT> offers standard arithmetic ring opertions like —, x, +=, —=, *=. By means

of the sign operation we can also offer comparison predicage , >, <,>. Wherep; < p; holds iff sign(p; —
p2) < 0. This data type is fully compliant to the requirements ofALGiumber types.

RPolynomia¢dNT> pl/ p2 implements polynomial division gil andp2. if p1 = p2xp3thenp2is
returned. The result is undefinedo8 does not exist itNT[x]. The correct
division algorithm is chosen according to a traits cleaag or_field<NT>
provided by the user. Ifing.or_field<NT>::kind == ringwith.gcd then
the division is done byseudo divisiorbased on aycd operation ofNT.

If ringor_field<NT>::kind== field.with.div then the division is done by
euclidean divisiorbased on the division operation of the fi&d.
NotethatNT = int quickly leads to overflow errors when using this opera-
tion.

Non member functions

RPolynomiatNT> gcdRPolynomiatNT> p1, RPolynomiadNT> p2)

returns the greatest common divisor @f and p2. Note that NT = int
quickly leads to overflow errors when using this operati®necondition
RequireaNT to be a unique factorization domain, i.e. to providgde op-
eration.

void pseuddaiv(RPolynomiatNT> f, RPolynomia¢NT> g, RPolynomia¢dNT>& g,

RPolynomiatNT>& r, NT& D)

implements division with remainder on polynomials of thegrNT[x]: D x
f = gxqg+r. Precondition NT is a unique factorization domain, i.e., there
exists agcdoperation and an integral division operationdn.

void euclideardiv(RPolynomiatdNT> f, RPolynomia¢dNT> g, RPolynomia¢dNT>& q,
RPolynomiatNT>& r)

implements division with remainder on polynomials of thegiNT[X]: f =
g=* g+ r. Precondition NT is a field, i.e., there exists a division operation
onNT.

5. Implementation

This data type is implemented as an item type via a smartgrascheme. The coefficients are stored in a vector
of NT entries. The simple arithmetic operations— take timeO(d = T(NT)), multiplication is quadratic in
maximal degree of the arguments tinTedNT), whereT (NT) is the time for a corresponding operation on two
instances of the ring type.

Range template
template <class Forwardterator>
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typename stditerator traits<Forward.iterator> ::valuetype
gcdof rangeForwarditerator its, Forward.iterator ite)
calculates the greates common divisor of the set of numbers
{xits, x++its, ... ,xit} of type NT, where ++it ==ite and NT is the
value type ofForwarditerator. Precondition there exists a pairwise gcd
operatiorNT gcdNT,NT) andits ! = ite.

6.2 Introduction

We present the implementation of a simple polynomial tiRilynomialin one variable. The in-
terface is specified in the manual page on page 197.Ndebe a either a field number type or an
Euclidean ring number tyde We useNT[X] to represent the polynomial ring in one variable. For a
polynomial p = zid:oaix‘ € NT[x] we store its coefficients along its rising exponetueff(i] = & in

a vector of sized + 1. We keep the invariant that; # 0 and do not allow modifying access to the
coefficients via the interface. Flexibility in the creatiohpolynomials is achieved via iterator ranges
which can specify a sequence of coefficients of a polynorii@ offer basic arithmetic operations like
+,—,*, as well as destructive self modifying operations-, —=, x=. When working destructively
we need a cloning scheme to cope with the alias effects of omenon representation referenced by
several handles. For number types that are fields or Eudlidiegs we also offer polynomial division.
For the field types this can be done directly by so called Haal division. For the number types
that are Euclidean rings we provide it via so called pseudsidn. Based on that operation we also
provide a gcd-operation on the ritI[x].

* 1
yRef _counted K}--------- !

Handle_for ~~~7[~"""" Ref_counted |

L\ NS Zr N

RPolynomial s-- RPolynomial_rep |
+. size_type +coef f: std::vector<NT> |
+ iterator
+: const_iterator

#RPol ynom al (d: si zet ype)

+RPol ynomi al (ao: NT)

+RPol ynomni al (a0: NT, al: NT)

+RPol ynoni al (a0: NT, al: NT, a2: NT)

+RPol ynoni al (start:|Iterator,end:|terator)

Figure 6.1:Some details of the handle scherRolynomiarep<NT> is derived fronRef countedand thereby
a model of the template parameferof Handlefor<T>. It stores the coefficients in an STL vectooeff.
RPolynomiatNT> is derived fromHandlefor< RPolynomiatep<NT> >. A Refcountedobject carries the
reference variabléjandlefor<T> provides the copy construction and assignment mechanisms.

Implementation

Polynomials are implemented by using a smart-pointer seheRirst we implement the common
representation class storing BT vector. The whole smart-pointer scheme is shown in Figute 6.
For the representation class we keep the invariant thatdbficent vectorcoeff is always reduced

such that the highest-order entry is nonzero except wheddbeee is zero. In this case we allow a

1An Euclidean ring type is a ring that additionally offersidien with remainder and as such is a unique factorization
domain.



6.2 Introduction 200

zero entry. By doing so the degree of the polynomial is alveaesfsizg ) — 1. To keep our invariant
we reducethe coefficient representation after each constructionaaitdmetic modification, which
basically means we shrink the coefficient vector until tte éntry is nonzero or until the polynomial
is constant.

(general rep template=
template <class pNT> class RPolynomial_rep : public Ref_counted

{
(storage members and types
(rep interfacé

3

The coefficients are stored in an STL vector. Its resizingajmns are usefull when dealing with
polynomials of different degree.

(storage members and types
typedef pNT NT;

typedef std::vector<NT> Vector;

#else

typedef CGAL::vector_MSC<NT> Vector;

#endif

typedef typename Vector::size_type size_type;
typedef typename Vector::iterator iterator;

typedef typename Vector::const_iterator const_iterator;
Vector coeff;

The interface allows direct initialization up to degree 13d &ia iterator ranges for higher degree.

(rep interfacé=
RPolynomial_rep() : coeff() {3}
RPolynomial_rep(const NT& n) : coeff(l) { coeff[0]=n; }
RPolynomial_rep(const NT& n, const NT& m) : coeff(2)
{ coeff[0]=n; coeff[1]=m; }
RPolynomial_rep(const NT& a, const NT& b, const NT& c) : coeff(3)
{ coeff[0]=a; coeff[1]l=b; coeff[2]=c; }
RPolynomial_rep(size_type s) : coeff(s,NT(0)) {}

template <class Forward_iterator>

RPolynomial_rep(Forward_iterator first, Forward_iterator last SNIHACK)
: coeff(first,last) {}

#else

template <class Forward_iterator>

RPolynomial_rep(Forward_iterator first, Forward_iterator last SNIHACK)
: coeff()

{ while (first!=last) coeff.push_back(*first++); }

#endif

Thepopback( ) operation of the STL vector nicely supports teducd ) method.
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(rep interface+=
void reduce()
{ while ( coeff.size()>1 && coeff.back()==NT(0) ) coeff.pop_back(); }

(rep interface+=
friend class RPolynomial<pNT>;
friend class RPolynomial<int>;
friend class RPolynomial<double>;
friend std::istream& operator >> CGAL_NULL_TMPL_ARGS
(std::istream&, RPolynomial<NT>&);

Now for the general template class derived from the genenidie type wrapping the smart pointer
architecture.

(the polynomial class template

template <class pNT> class RPolynomial :
public Handle_for< RPolynomial_rep<pNT> >
{

(interface types
(protected interface
(construction and destruction
(public interfacé
(friend functions and operatiohs
(self modifying operations
(offset multiplication

3

The iterator is obtained from the vector data type.

(interface types=
public:
typedef pNT NT;
typedef Handle_for< RPolynomial_rep<NT> > Base;
typedef RPolynomial_rep<NT> Rep;
typedef typename Rep::Vector Vector;
typedef typename Rep::size_type size_type;
typedef typename Rep::iterator iterator;

typedef typename Rep::const_iterator const_iterator;

We provide a bunch of operations to implement the arithmaterations. Theeduce ) ensures our
invariant that the leading coefficient is nonzero. The statemberR. is used for the evaluation of a
set of polynomials at a constant value.

(protected interface=
protected:
void reduce() { ptr->reduce(); }
Vector& coeffs() { return ptr->coeff; }
const Vector& coeffs() const { return ptr->coeff; }
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RPolynomial (size_type s) : Base( RPolynomial_rep<NT>(s) ) {}
// creates a polynomial of degree s-1

static NT R_; // for visualization only

Each constructor creates a representation object on theedmehinitializes it according to the speci-
fication. Assignment is handled by the handle base classhwhigt creates an additional link to the
representation objectopyonwrite( ) allows us to single out a cloned representation object when w
want to manipulate the value of a polynomial without alide&s.

(construction and destructiQes
public:
RPolynomial ()
: Base( RPolynomial_rep<NT>() ) {}

RPolynomial (const NT& a0)

: Base(RPolynomial_rep<NT>(a0)) { reduce(); }
RPolynomial (const NT& a0, const NT& al)

: Base(RPolynomial_rep<NT>(a0,al)) { reduce(); }

RPolynomial (const NT& a0, const NT& al,const NT& a2)
: Base(RPolynomial_rep<NT>(a0,al,a2)) { reduce(); }

template <class Forward_iterator>
RPolynomial (Forward_iterator first, Forward_iterator last)
: Base(RPolynomial _rep<NT>(first,last)) { reduce(); }

#else

#define RPOL(I)\

RPolynomial (I first, I last) : \
Base(RPolynomial_rep<NT>(first,last SNIINST)) { reduce(); }
RPOL(const NTx*)

RPOL(const intx*)

RPOL (const doublex*)

#tundef RPOL
#endif // CGAL_SIMPLE_NEF_INTERFACE

There are also specialized construtors for the builtingypeanddoublethat we don't show.

(construction and destruction-=
RPolynomial (double n) : Base(RPolynomial_rep<NT>(NT(n))) { reduce(); }
RPolynomial (double nl, double n2)
: Base(RPolynomial_rep<NT>(NT(n1),NT(n2))) { reduce(); }

RPolynomial(int n) : Base(RPolynomial_rep<NT>(NT(n))) { reduce(); }
RPolynomial (int nl, int n2)
: Base(RPolynomial_rep<NT>(NT(n1),NT(n2))) { reduce(); }

RPolynomial (const RPolynomial<NT>& p) : Base(p) {}

protected: // accessing coefficients internally:
NT& coeff(unsigned int i)
{ CGAL_assertion(!ptr->is_shared() && i<(ptr->coeff.size()));



6.2 Introduction 203

return ptr->coeff[i];
}
public:

In this chunk we present the method interfaceR#folynomiat>. The array operators offer read-
only access. For manipulation we offer a protected mettaEff(int), that is only for internal use.
Evaluation, sign, and content are simple to realize.

(public interfacé=
const_iterator begin() const { return ptr->coeff.begin(); }
const_iterator end() const { return ptr->coeff.end(); }

int degree() const
{ return ptr->coeff.size()-1; }

const NT& operator[](unsigned int i) const
{ CGAL_assertion( i<(ptr->coeff.size()) );
return ptr->coeff[i]; }

const NT& operator[](unsigned int i)
{ CGAL_assertion( i<(ptr->coeff.size()) );
return ptr->coeff[i]; }

NT eval_at(const NT& r) const

{ CGAL_assertion( degree()>=0 );
NT res = ptr->coeff[0], x = r;
for(int i=1; i<=degree(); ++i)
{ res += ptr->coeff[i]l*x; x*=r; }
return res;

}

CGAL: :Sign sign() const

{ const NT& leading_coeff = ptr->coeff.back();
if (leading_coeff < NT(0)) return (CGAL::NEGATIVE);
if (leading_coeff > NT(0)) return (CGAL::POSITIVE);
return CGAL: :ZERO;

}

bool is_zero() const
{ return degree()==0 && ptr->coeff[0]==NT(0); }

RPolynomial<NT> abs() const
{ if ( sign()==CGAL::NEGATIVE ) return -*this; return *this; }

NT content() const
{ CGAL_assertion( degree()>=0 );

return gcd_of _range(ptr->coeff.begin() ,ptr->coeff.end());
}

(public interfacé+=
#else // CGAL_SIMPLE_NEF_INTERFACE

NT content() const

{ CGAL_assertion( degree()>=0 );
iterator its=ptr->coeff.begin(),ite=ptr->coeff.end();
NT res = *its++;
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for(; its!=ite; ++its) res =

(*its==0 ? res : ring_or_field<NT>::gcd(res, *its));
if (res==0) res = 1;
return res;

}
ttendif
static void set_R(const NT& R) { R_ = R; }

(friend functions and operatioie

friend RPolynomial<NT>
operator - CGAL_NULL_TMPL_ARGS (const RPolynomial<NT>&);

friend RPolynomial<NT>
operator + CGAL_NULL_TMPL_ARGS (const RPolynomial<NT>&,
const RPolynomial<NT>&);

friend RPolynomial<NT>
operator - CGAL_NULL_TMPL_ARGS (const RPolynomial<NT>&,
const RPolynomial<NT>&);

friend RPolynomial<NT>
operator * CGAL_NULL_TMPL_ARGS (const RPolynomial<NT>&,
const RPolynomial<NT>&);

friend

RPolynomial<NT> operator / CGAL_NULL_TMPL_ARGS
(const RPolynomial<NT>& pl, const RPolynomial<NT>& p2);

static RPolynomial<NT> gcd
(const RPolynomial<NT>& pl, const RPolynomial<NT>& p2);

static void pseudo_div
(const RPolynomial<NT>& f, const RPolynomial<NT>& g,
RPolynomial<NT>& q, RPolynomial<NT>& r, NT& D);

static void euclidean_div
(const RPolynomial<NT>& f, const RPolynomial<NT>& g,
RPolynomial<NT>& q, RPolynomial<NT>& r);

friend double to_double
CGAL_NULL_TMPL_ARGS (const RPolynomial<NT>& p);

We allow self manipulating operations of a polynomial. Ntitat we have to ensure that we avoid
alias effects by a clone call when several front end handi@# p one backend rep.

(self modifying operations
RPolynomial<NT>& operator += (const RPolynomial<NT>& pl)
{ copy_on_urite();
int d = std::min(degree(),pl.degree()), i;
for(i=0; i<=d; ++i) coeff(i) += p1[il;
while (i<=pl.degree()) ptr->coeff.push_back(pl[i++]);
reduce(); return (*this); }
RPolynomial<NT>& operator -= (const RPolynomial<NT>& p1l)
{ copy_on_write();
int d = std::min(degree(),pl.degree()), ij;
for(i=0; i<=d; ++i) coeff(i) -= p1[il;
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while (i<=pl.degree()) ptr->coeff.push_back(-pl[i++]);
reduce(); return (*this); }

RPolynomial<NT>& operator *= (const RPolynomial<NT>& pl)
{ (xthis)=(xthis)*pl; return (*this); }

RPolynomial<NT>& operator /= (const RPolynomial<NT>& p1l)
{ (#this)=(xthis)/pl; return (*this); }

We need the same operations with arguments of tgrest N to avoid ambiguity errors with the
compiler. We do not show their similar definition.

(self modifying operations-=

RPolynomial<NT>& operator += (const NT& num)
{ copy_on_write();
coeff(0) += (NT)num; return *this; }

RPolynomial<NT>& operator -= (const NT& num)
{ copy_on_write();
coeff(0) -= (NT)num; return *this; }

RPolynomial<NT>& operator *= (const NT& num)

{ copy_on_urite();
for(int i=0; i<=degree(); ++i) coeff(i) *= (NT)num;
reduce(); return *this; }

RPolynomial<NT>& operator /= (const NT& num)

{ copy_on_write(); CGAL_assertion(num!=0);
for(int i=0; i<=degree(); ++i) coeff(i) /= (NT)num;
reduce(); return *this; }

Arithmetic Ring Operations

Next we come to the implementation of basic arithmetic ojimma. The negation is trivial. We just
iterate over the coefficient array and invert each sign.

(polynomial implementatige=

template <class NT>

RPolynomial<NT> operator - (const RPolynomial<NT>& p)

{
CGAL_assertion(p.degree()>=0);
RPolynomial<NT> res(p.coeffs() .begin(),p.coeffs().end());
typename RPolynomial<NT>::iterator it, ite=res.coeffs().end();
for(it=res.coeffs().begin(); it!=ite; ++it) *it = -*it;
return res;

Addition p1+ p2is also easy. Just add all coefficients of the two monomialls the same degree.
Note however that the polynomials themselves might haferdifit degree, such that we have to copy
all coefficients in the rangmin(dp;, dp2) + 1 up tomaxdp1,dy2) into the result. Afterwards we have
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to reduce the coefficient vector. The subtraction routireyrametric. We only have to deal with the
different sign ofp2.

(polynomial implementatiga-=
template <class NT>
RPolynomial<NT> operator + (const RPolynomial<NT>& pil,
const RPolynomial<NT>& p2)

{
typedef typename RPolynomial<NT>::size_type size_type;
CGAL_assertion(pl.degree()>=0 && p2.degree()>=0);
bool pld_smaller_p2d = pl.degree() < p2.degree();
int min,max,i;
if (pld_smaller_p2d) { min = pl.degree(); max
else { max = pl.degree(); min
RPolynomial<NT> p( size_type(max + 1));
for (i = 0; i <= min; ++i ) p.coeff(i) = p1[il+p2[i];
if (pild_smaller_p2d) for (; i <= max; ++i ) p.coeff(i)=p2[i];
else /* pld >= p2d */ for (; i <= max; ++i ) p.coeff(i)=pll[i];
p.reduce();
return p;

p2.degree(); }
p2.degree(); }

Subtraction is symmetric to the addition.

(polynomial implementatiga-=
template <class NT>
RPolynomial<NT> operator - (const RPolynomial<NT>& pl,
const RPolynomial<NT>& p2)

{
typedef typename RPolynomial<NT>::size_type size_type;
CGAL_assertion(pl.degree()>=0 && p2.degree()>=0);
bool pld_smaller_p2d = pl.degree() < p2.degree();
int min,max,i;
if (pld_smaller_p2d) { min = pl.degree(); max
else { max = pl.degree(); min
RPolynomial<NT> p( size_type(max+1) );
for (i = 0; i <= min; ++i ) p.coeff(i)=p1[i]-p2[il;
if (pld_smaller_p2d) for (; i <= max; ++i ) p.coeff(i)= -p2[il;
else /* pld >= p2d */ for (; i <= max; ++i ) p.coeff(i)= pi[il;
p.reduce();
return p;

p2.degree(); }
p2.degree(); }

Multiplication is also straightforward. The degree foraulells us thatplx* p2 has degree
pldegre€ ) + p2degred ). We just allocate a polynomiag of corresponding size initialized to zero
and add the products of all monomigi&i] « p2[j] for 0 <i < dp1, 0 < j < dp slotwise toa;., .

(polynomial implementatigr-=
template <class NT>
RPolynomial<NT> operator * (const RPolynomial<NT>& p1l,
const RPolynomial<NT>& p2)
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typedef typename RPolynomial<NT>::size_type size_type;
CGAL_assertion(pl.degree()>=0 && p2.degree()>=0);
RPolynomial<NT> p( size_type(pl.degree()+p2.degree()+1) );
// initialized with zeros
for (int i=0; i <= pl.degree(); ++i)

for (int j=0; j <= p2.degree(); ++j)

p.coeff(i+j) += (p1[il*p2[j1);

p-reduce();
return p;

Polynomial Division and Reduction

Next we implement polynomial division operations. See #t&books of Cohen [Coh93] or Knuth
[Knu98] for a thourough treatment. The result of our diwis@mperationp;/p, in NT[x] is defined as
the polynomialps such thatp; = p2ps. In case there is no such polynomial the result is undefined.

The implementation obperator/ depends on the number type plugged into the template. To
provide the division we implement two division operatiggseudadiv and euclideandiv. The first
operation works with ring number types providinged operation, so callednique factorization do-
mains The second operation works with polynomials diield number types. To separate our number
types we introduce a traits class providing tags to chooseoothe other code variant. In the header
file of RPolynomialthere are three predefined class tygag or_field dontknow ring with.gcd, and
fieldwith.div. As a prerequisite a user has just to specialize the clagsldeaning or_field<> to the
number type that she wants to plug ilR&olynomiat>. For the LEDA integer type this can be done
as follows

template <>

struct ring or_field<leda_integer> {
typedef ring with_gcd kind;
static leda_integer gcd(const leda_integer& a, const leda_integer& b)
{ return ::gcd(a,b); }

¥

In case of a Euclidean ring the classg or field<RT> has to provide the gcd operation of tRIl
operands as a static methédBased on this number type fl&Polynomiakledainteger> provides
the division operation with the help gseudaliv based on thgcd operation ofledainteger. For
users not providing theng_ or_field<> specialization an error message is raised.

(polynomial implementatigr-=
template <class NT>
RPolynomial<NT> divop (const RPolynomial<NT>& pl,
const RPolynomial<NT>& p2,
ring or_field_dont_know)
{
CGAL_assertion_msg(0,"\n\
The division operation on polynomials requires that you\n\
specify if your number type provides a binary gcd() operation\n\

2This makes life easier when working with compilers that |denig-lookup.
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or is a field type including an operator/().\n\

You do this by creating a specialized class:\n\

template <> class ring_or_field<yourNT> with a member type:\n\
typedef ring_with_gcd kind; OR\n\

typedef field_with_div kind;\n");

return RPolynomial<NT>(); // never reached

The division operator is implemented depending on the nuryipe NT. Our number type traits
ring-or_field<NT> provides a tag type to specialize it via three overloadechoustdivop( ) that are
implemented below.

(polynomial implementatigr-=
template <class NT> inline
RPolynomial<NT> operator / (const RPolynomial<NT>& pl,
const RPolynomial<NT>& p2)
{ return divop(pl,p2,ring_or_field<NT>::kind()); }

Field Number Types

We first implement standard polynomial division. Startingnfi polynomialsf andg we determine
two polynomialsq andr such thatf = g+ g+r whered, < d.

(polynomial statics=
template <class NT>
void RPolynomial<NT>::euclidean_div(
const RPolynomial<NT>& f, const RPolynomial<NT>& g,
RPolynomial<NT>& q, RPolynomial<NT>& r)
{
r = f; r.copy_on_write();
int rd=r.degree(), gd=g.degree(), qd(0);
if (rd < gd ) { q = RPolynomial<NT>(NT(0)); }
else { qd = rd-gd+1; q = RPolynomial<NT>(size_t(qd)); }
while ( rd >= gd ) {
NT S = r[rd] / glgdl;
qd = rd-gd;
q.coeff(qd) += S;
r.minus_offsetmult(g,S,qd);
rd = r.degree();
}
CGAL_postcondition( f==q*g+r );

We need an operation which allows us to subtract a polynoswidlich is the product of a polynomial

p=75%,ax and a monomiam = b¥. The result ismp= % ¥b&x whered = 0 for 0< i < k

and&,x = g for 0 <i < d. We implement this by shifting the coefficients pfby k places while
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multiplying them byb and leave the lowek entries of the resulting polynomial zero.

(offset multiplication=
void minus_offsetmult(const RPolynomial<NT>& p, const NT& b, int k)
{ CGAL_assertion(!ptr->is_shared());
RPolynomial<NT> s(size_type(p.degree()+k+1)); // zero entries
for (int i=k; i <= s.degree(); ++i) s.coeff(i) = b*p[i-k];
operator-=(s) ;

}

Now we can just specializéivopin its third argument:

(polynomial implementatigr-=
template <class NT>
RPolynomial<NT> divop (const RPolynomial<NT>& pl,
const RPolynomial<NT>& p2,
field_with_div)
{ CGAL_assertion(!p2.is_zero());
if (pl.is_zero()) return O0;
RPolynomial<NT> q,r;
RPolynomial<NT>::euclidean_div(pl,p2,q,r);
CGAL_postcondition( (p2*qg+r==pl) );
return q;

Unique factorization domains

Polynomial division avoiding using the notion of an invetisat is present in fields, is not so trivial. We
first introduce the algebraic notions necessary for sonrdtie results. We start with the introduction

of divisibility and greatest common divisors. Lt zid;oaix‘, g= zidio bix' be polynomials otlegree
df anddy. We assume thieading coefficient @ andbg, to be nonzero and thereby degree defining.

Definition 9: A commutative ringg_ with unit 1 and containing no zero divisors is callediategrity
domain An integrity domain where every nonzero element is eithamiior has a unique representa-
tion® as a product of primes is callecuaique factorization domain

The integer<Z are our default example of a unique factorization domaine &mample for a ring
that is no unique factorization domainZg 47 which contains the zero divisor 2.

Definition 10: Let ® be an integrity domaink = QuotR), X* = X — {0}. Leta,b € K*.
(1) a|gb "adividesbin®” :< JceR:b=ac
(2) aNKb = a.|gib/\b‘gia

Letd € K*. dis called gcd(a,b) &

(1) dlgand|gb
(2) Vce KX':clganc|gb=c|gd

d is determined uniquely except for multiplication with umit

3Uniqueness up to permutations and multiplication withsinit
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The following lemma assures that we can dividBy g in the integral domain when we accept an
expansion off by a power of the leading coefficient of

Lemma 6.2.1: Let X be a ring andf,g € R[x],g # 0. Letb be the leading coefficient af. Then
there are polynomialg,r € R [x], such that

b°f =qg+r

where either = 0 orr # 0 andd, < dy and the integes= 0 if f =0 ands= max{0,ds —dg+ 1} if
f £ 0. If bis no zero divisor iR thenq andr are uniquely defined.

Proof. Existence— In casef = 0 andf # 0,ds < dq the pairqg = 0,r = f is a trivial solution. Let
f #0, A(f,g) :=d;f —dyg > 0. We show the existence gfr by induction onA(f,g). Letq,r exist
for polynomialsf,g, f # 0,A(f,g) < Ao,Ao > 0. Now letf € R[], f # 0,A(f,g) = Ap anda be the
leading coefficient of . We look atf’ := bf — ax*g. Either f' = 0 or f' # 0 butdy < df,A(f',9) <

No. By the induction hypothesis there areq € ®[x] such that® f = ¢'g+r' where either’ =0

orr # 0 anddy < dg and the non-negative integsr< ds — dg. Thusb®+1f = (bax + ¢ )g+r'.

Because of + 1 < df —dy+ 1 the existence af andr is clear.

Uniqueness— Let b be no zero divisor ink, and assume that there is another representation
b*f = g+ where either = 0 or f"# 0 anddy < dg. By subtracting one from the other we obtain
(g—§)g=TF—r. As thebis no zero divisor inR the degree formula tells us that dgg- §)g =
degq— ¢) +dg > dg. Thusr—r # 0 and de¢f —r) > dg. On the other hand=r is the difference of
two polynomials of degree smaller thdg and therefore d€g —r) < dg. From the contradiction we
obtaing—§=f-r=0. O

See any algebra book like [RSV84] for more details. Knuth yB&] calls the algorithm based on
the above lemm@seudo-division According to this lemma one can determigendr within the
ring without resorting to the quotient field. We follow thenstruction in the proof in reverse order to
reducef down tor. We useminusoffsetmultfor the reduction fronf to f'.

(polynomial statics+=
template <class NT>
void RPolynomial<NT>: :pseudo_div(
const RPolynomial<NT>& f, const RPolynomial<NT>& g,
RPolynomial<NT>& q, RPolynomial<NT>& r, NT& D)

int fd=f.degree(), gd=g.degree();

if ( fd<gd )

{ g9 = RPolynomial<NT>(0); r = £; D = 1;
CGAL_postcondition(RPolynomial<NT> (D) *f==q*g+r); return;

}

// now we know fd >= gd and f>=g

int qd=fd-gd, delta=qd+1, rd=£fd;

q = RPolynomial<NT>( size_t(delta) );

NT G = g[gd]l; // highest order coeff of g

D = G; while (--delta) D*=G; // D = G~delta

RPolynomial<NT> res = RPolynomial<NT>(D)*f;

while (qd >= 0) {
NT F = res[rd]; // highest order coeff of res
NT t = F/G; // ensured to be integer by multiplication of D
q.coeff(qd) = t; // store q coeff
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res.minus_offsetmult(g,t,qd);
if (res.is_zero()) break;
rd = res.degree();

qd = rd - gd;
}
r = res;
CGAL_postcondition(RPolynomial<NT> (D) *f==q*g+r) ;
}

Finally we specializelivopfor unique factorization domains.

(polynomial implementatiga-=
template <class NT>
RPolynomial<NT> divop (const RPolynomial<NT>& pl, const RPolynomial<NT>& p2,
ring_with_gcd)

{ CGAL_assertion(!p2.is_zero());
if (pl.is_zero()) return 0;
RPolynomial<NT> q,r; NT D;
RPolynomial<NT>: :pseudo_div(pl,p2,q,r,D);
CGAL_postcondition( (p2*q+r==p1*RPolynomial<NT>(D)) );
return q/=D;

For the reduction of polynomials we finally implement theagest common divisor method as in-
troduced by Euclid. For two elemenasb € ® Euclids algorithm uses the reduction gat) ~«
gcdb,a modb).

Definition 11: For a polynomialf = zidzoaix‘ we define itscontentas con{ f) = gcd(ay, . .. ,aq4) and
its primitive partas pg f) = f/cont(f).

Again the content of a polynomial is only unique up to muitigtion by units of®. Note that
cont(f) is a divisor of all coefficients of in ® and therefore the division is reducing the representa-
tion of f such that contpp(f)) = 1. The following lemma tells us something about the comfmwsit
of the gcd of two polynomials from the contents and the piimiparts. A polynomial whose content
is 1 is calledprimitive.

Lemma 6.2.2 (Gauss):The product of twagprimitive polynomials f andg over a unique factoriza-
tion domain is agairprimitive. Moreover letf andg be two general polynomials over a unigue
factorization domain®. Then contgcd(f,g)) ~« gcd(cont(f),cont(g)) and pggcd f,g)) ~&

ged(pp(f), pp(g))-

Proof. Let f = zid;oaixi,g = Zidio bix be primitive polynomials. We show for any pringeof the
domain that it does not divide all the coefficientsfofg. For both polynomials we chose the smallest
indices j andk for which p does divide(a;); and (b;);. We then examine the coefficient oK of

f-o:
ajbc+aj b1+ -+ aj1kbo +aj- 1Pk + - - + Aobiy

As p divides only the first term and none of the following termpsjoes not divide the sum.
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From the above we can deduce for general polynonfia@adg that pg( fg) ~« pp(f)pp(g). The
productfg can be decomposed &g = cont( f)pp( f)cont(g)pp(g) = cont(f)cont(g)pp(g)pp(f) and
fg=cont(fg)pp(fg). Thereby we can deduce that cofhg) ~« cont(f)cont(g).

Now assume thdi~ ¢ gcd(f,g) and thusf = hF andg = hGfor some polynomial& andG from
R [X]. By the previous result we get cqift) ~« cont(h)cont(F) and contg) ~« cont(h)cont(G) and
thereby contgcd( f,g)) ~ 4 cont(h) ~« gcdg (cont(f),cont(g)). The latter equality follows from the
fact that gcg (cont(F),cont(G)) ~ 1 due to the properties d¢ifin the decomposition of andg. A
similar argument shows that (grd(f,g)) ~% gcd(pp(f),pp(g)). O

This result simplifies the problem and allows us to keep the sf the coefficients of the polyno-
mials as small as possible. An elaborate treatment of thie tam be found in [Coh93, Knu98].

By the above lemma we obtain the following strategy. FirtudateF = gcdy (cont(f),cont(g))
by the gcd routine on the ring number typd. Reduce both polynomials by their content to their
primitive partsf° = pp(f) andg® = pp(g).

Then reduce gdd°,9°) ~ gcd(g’, f° modg®). However our pseudo-divisiopseudadiv
only allows reductions of the forniDf°,g°) to (g°,Df° modg°) where D = b® as described
above. This is ok though as g&if®,g°) ~ gcdg (cont(Df°),cont(g)) ged(pp(Df°),pp(9°)) ~«
gcdg (D, 1)ged(f?,9°) ~¢ ged(f°,g°). The final result of the Euclidean reduction delivers=
gcd(f°,g°). We obtain the desired result gddg) = F - d°.

(polynomial statics+=
template <class NT>
RPolynomial<NT> RPolynomial<NT>::gcd(
const RPolynomial<NT>& pl, const RPolynomial<NT>& p2)
{
if ( pl.is_zero() )
if ( p2.is_zero() ) return RPolynomial<NT>(NT(1));
else return p2.abs();
if ( p2.is_zero() )
return pl.abs();

RPolynomial<NT> f1 = pl.abs();
RPolynomial<NT> f2 = p2.abs();
NT fic = fl.content(), f2c = f2.content();
f1 /= fic; £2 /= f2c;
NT F = ring_or_field<NT>::gcd(flc,f2c);
RPolynomial<NT> q,r; NT M=1,D;
bool first = true;
while ( ! f2.is_zero() ) {
RPolynomial<NT>: :pseudo_div(f1,f2,q,r,D);
if (!'first) Mx=D;
r /= r.content();
f1=£2; f2=r;
first=false;

}
return RPolynomial<NT>(F)*f1l.abs();

The rest of this section just implements all kinds of comgaaripredicates based on our sign evalua-
tion.
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(polynomial implementatiga-=
template <class NT>
inline RPolynomial<NT>
gcd(const RPolynomial<NT>& pl, const RPolynomial<NT>& p2)
{ return RPolynomial<NT>::gcd(pl,p2); }

template <class NT> bool operator ==
(const RPolynomial<NT>& pl, const RPolynomial<NT>& p2)
{ return ( (p1-p2).sign() == CGAL::ZERQ ); }

template <class NT> bool operator !=
(const RPolynomial<NT>& pl, const RPolynomial<NT>& p2)
{ return ( (p1-p2).sign() != CGAL::ZERO ); }

template <class NT> bool operator <
(const RPolynomial<NT>& pl, const RPolynomial<NT>& p2)
{ return ( (p1-p2).sign() == CGAL::NEGATIVE ); }

template <class NT> bool operator <=
(const RPolynomial<NT>& pl, const RPolynomial<NT>& p2)
{ return ( (p1-p2).sign() != CGAL::POSITIVE ); }

template <class NT> bool operator >
(const RPolynomial<NT>& pl, const RPolynomial<NT>& p2)
{ return ( (p1-p2).sign() == CGAL::POSITIVE ); }

template <class NT> bool operator >=
(const RPolynomial<NT>& pl, const RPolynomial<NT>& p2)
{ return ( (p1-p2).sign() != CGAL::NEGATIVE ); }

#ifndef _MSC_VER

template <class NT> CGAL::Sign
sign(const RPolynomial<NT>& p)
{ return p.sign(); }

#endif // collides with global CGAL sign

#tifndef _MSC_VER

// lefthand side

template <class NT> RPolynomial<NT> operator +
(const NT& num, const RPolynomial<NT>& p2)

{ return (RPolynomial<NT>(num) + p2); }

template <class NT> RPolynomial<NT> operator -
(const NT& num, const RPolynomial<NT>& p2)

{ return (RPolynomial<NT>(num) - p2); }

template <class NT> RPolynomial<NT> operator *
(const NT& num, const RPolynomial<NT>& p2)

{ return (RPolynomial<NT>(num) * p2); }

template <class NT> RPolynomial<NT> operator /
(const NT& num, const RPolynomial<NT>& p2)

{ return (RPolynomial<NT>(num)/p2); }

// righthand side

template <class NT> RPolynomial<NT> operator +
(const RPolynomial<NT>& pl, const NT& num)

{ return (p1l + RPolynomial<NT>(num)); }

template <class NT> RPolynomial<NT> operator -
(const RPolynomial<NT>& pl, const NT& num)

{ return (pl - RPolynomial<NT>(num)); }

template <class NT> RPolynomial<NT> operator *
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(const RPolynomial<NT>& pl, const NT& num)

{ return (p1l * RPolynomial<NT>(num)); }

template <class NT> RPolynomial<NT> operator /
(const RPolynomial<NT>& pl, const NT& num)

{ return (pl / RPolynomial<NT>(num)); }

// lefthand side

template <class NT> bool operator ==

(const NT& num, const RPolynomial<NT>& p)

{ return ( (RPolynomial<NT>(num)-p).sign() == CGAL::ZERO );}
template <class NT> bool operator !=

(const NT& num, const RPolynomial<NT>& p)

{ return ( (RPolynomial<NT>(num)-p).sign() != CGAL::ZERO );}
template <class NT> bool operator <

(const NT& num, const RPolynomial<NT>& p)

{ return ( (RPolynomial<NT>(num)-p).sign() == CGAL::NEGATIVE );}
template <class NT> bool operator <=

(const NT& num, const RPolynomial<NT>& p)

{ return ( (RPolynomial<NT>(num)-p).sign() != CGAL::POSITIVE );}
template <class NT> bool operator >

(const NT& num, const RPolynomial<NT>& p)

{ return ( (RPolynomial<NT>(num)-p).sign() == CGAL::POSITIVE );}
template <class NT> bool operator >=

(const NT& num, const RPolynomial<NT>& p)

{ return ( (RPolynomial<NT>(num)-p).sign() != CGAL::NEGATIVE );}

// righthand side

template <class NT> bool operator ==

(const RPolynomial<NT>& p, const NT& num)

{ return ( (p-RPolynomial<NT>(num)).sign() == CGAL::ZERO );}
template <class NT> bool operator !=

(const RPolynomial<NT>& p, const NT& num)

{ return ( (p-RPolynomial<NT>(num)).sign() != CGAL::ZERO );}
template <class NT> bool operator <

(const RPolynomial<NT>& p, const NT& num)

{ return ( (p-RPolynomial<NT>(num)).sign() == CGAL::NEGATIVE );}
template <class NT> bool operator <=

(const RPolynomial<NT>& p, const NT& num)

{ return ( (p-RPolynomial<NT>(num)).sign() != CGAL::POSITIVE );}
template <class NT> bool operator >

(const RPolynomial<NT>& p, const NT& num)

{ return ( (p-RPolynomial<NT>(num)).sign() == CGAL::POSITIVE );}
template <class NT> bool operator >=

(const RPolynomial<NT>& p, const NT& num)

{ return ( (p-RPolynomial<NT>(num)).sign() != CGAL::NEGATIVE );}

#endif // _MSC_VER CGAL_CFG_MATCHING_BUG_2

Finally we offer standard 1/0O operations.

(polynomial implementatiga-=

template <class NT>
void print_monomial(std::ostream& os, const NT& n, int i)

{
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if (i==0) os << n;

if (i==1) os << n << "R";

if (i>1) os << n << "R™" << i;
}
#define RPOLYNOMIAL_EXPLICIT_OUTPUT
// 1/0

template <class NT>
std::ostream& operator << (std::ostream& os, const RPolynomial<NT>& p)
{
int i;
switch( os.iword(CGAL: :I0: :mode) )
{
case CGAL::I0::ASCII
os << p.degree() << 7 7
for(i=0; i<=p.degree(); ++i)
os << pl[i] << 7 7;
return os;
case CGAL::I0::BINARY :
CGAL: :write(os, p.degree());
for(i=0; i<=p.degree(); ++i)
CGAL: :write(os, p[il);
return os;
default:
#ifndef RPOLYNOMIAL_EXPLICIT_OUTPUT
os << "RPolynomial(" << p.degree() << ", ";
for(i=0; i<=p.degree(); ++i) {
os << pl[il;
if (i < p.degree()) os << ", ";
}
os << ")";
#else
print_monomial (os,p[p.degree()],p.degree());
for(i=p.degree()-1; i>=0; --i) {
if (p[il'=NT(0)) { os << " + "; print_monomial(os,plil,i); }
}
#endif
return os;
}
}

template <class NT>
std::istream& operator >> (std::istream& is, RPolynomial<NT>& p)

{

int i,d;

NT c;

switch( is.iword(CGAL::I0::mode) )

{

case CGAL::I0::ASCII

is >> d;
if (d < 0) p = RPolynomial<NT>();
else {

typename RPolynomial<NT>::Vector coeffs(d+1);
for(i=0; i<=d; ++i) is >> coeffs[i];

215
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p = RPolynomial<NT>(coeffs.begin(),coeffs.end());
}
break;
case CGAL::I0::BINARY :
CGAL: :read(is, d);
if (d < 0) p = RPolynomial<NT>();
else {
typename RPolynomial<NT>::Vector coeffs(d+1);
for(i=0; i<=d; ++1i)
{ CGAL: :read(is,c); coeffsl[il=c; }
p = RPolynomial<NT>(coeffs.begin(),coeffs.end());
}
break;
default:
CGAL_assertion_msg(0,"\nStream must be in ascii or binary mode\n");
break;
}

return is;

¥

We finally give the file wrapper for our definition and implentegion part.

(RPolynomial.h=
(CGAL Headey
#ifndef CGAL_RPOLYNOMIAL_H
#define CGAL_RPOLYNOMIAL_H

#include <CGAL/basic.h>

#include <CGAL/kernel_assertions.h>
#include <CGAL/Handle_for.h>
#include <CGAL/number_type_basic.h>
#include <CGAL/number_utils.h>
#include <CGAL/I0/io.h>

#undef _DEBUG

#define _DEBUG 3

#include <CGAL/Nef_2/debug.h>

#if defined(_MSC_VER) || defined(__BORLANDC__)
#include <CGAL/Nef_2/vector_MSC.h>

#define CGAL_SIMPLE_NEF_INTERFACE

#define SNIHACK ,char,char

#define SNIINST ,’c’,’c’

#else

#include <vector>

#define SNIHACK

#define SNIINST

#endif

class ring_or_field_dont_know {};
class ring_with_gcd {};

class field_with_div {};

template <typename NT>

struct ring or_field {
typedef ring_or_field_dont_know kind;
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mplate <>
ruct ring_or_field<int> {
typedef ring _with_gcd kind;
typedef int RT;
static RT gcd(const RT& a, const RT& b)
{ if (a == 0)
if (b == 0) return 1;
else return CGAL_NTS abs(b);
if (b == 0) return CGAL_NTS abs(a);
// here both a and b are nonzero
int u = CGAL_NTS abs(a);
int v = CGAL_NTS abs(b);
if (u < v) v = viu;
while (v != 0)
{ int tmp = u % v;

u = v;
v = tmp;

}

return u;

}

template <>
struct ring_or_field<long> {

};

typedef ring_with_gcd kind;
typedef long RT;
static RT gcd(const RT& a, const RT& b)
{ if (a == 0)
if (b == 0) return 1;
else return CGAL_NTS abs(b);
if (b == 0) return CGAL_NTS abs(a);
// here both a and b are nonzero
int u = CGAL_NTS abs(a);
int v = CGAL_NTS abs(b);
if (u < v) v = viu;
while (v != 0)
{ int tmp = u % v;

u = v;
v = tmp;
}
return u;
}

template <>
struct ring_or_field<double> {

};

typedef field_with_div kind;
typedef double RT;

static RT gcd(const RT&, const RT&)
{ return 1.0; }

CGAL_BEGIN_NAMESPACE
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template <class NT> class RPolynomial_rep;
template <class NT> class RPolynomial;

(gcd of range
(common prototype statements
(general rep template

(the polynomial class template

template <class NT> NT RPolynomial<NT>::R_;
int RPolynomial<int>::R_;

double RPolynomial<double>::R_;

(special operations required by CGAL

(polynomial implementatign

(polynomial statics

CGAL_END_NAMESPACE
#endif // CGAL_RPOLYNOMIAL_H

Finally we provide a gcd calculation routine for a sequentcaumbers. This routine requires the
existence of gcdoperation as provided by our number type traitg or_field<NT>.

(gcd of range=

template <class Forward_iterator>
typename std::iterator_traits<Forward_iterator>::value_type
gcd_of _range(Forward_iterator its, Forward_iterator ite)
{ CGAL_assertion(its!=ite);
typedef typename std::iterator_traits<Forward_iterator>::value_type NT;
NT res = *its++;
for(; its!=ite; ++its) res =
(*¥its==0 ? res : ring or_field<NT>::gcd(res, *its));
if (res==0) res = 1;
return res;

Now for some CGAL specific number type regirements.

(special operations required by CGXE
template <class NT> double to_double
(const RPolynomial<NT>& p)
{ return (CGAL::to_double(p.eval_at(RPolynomial<NT>::R_))); }

template <class NT> bool is_valid
(const RPolynomial<NT>& p)
{ return (CGAL::is_valid(p[0]1)); }

template <class NT> bool is_finite
(const RPolynomial<NT>& p)
{ return CGAL::is_finite(p[0]); }

template <class NT> CGAL::io_Operator
io_tag(const RPolynomial<NT>&)
{ return CGAL::io_Operator(); }
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Now the prototypes which have to be declared due to a frieatérstent in the rep class.

(common prototype statemeyss

template <class NT> RPolynomial<NT>
operator - (const RPolynomial<NT>&) ;
template <class NT> RPolynomial<NT>

operator + (const RPolynomial<NT>&, const RPolynomial<NT>&);

template <class NT> RPolynomial<NT>

operator - (const RPolynomial<NT>&, const RPolynomial<NT>&);

template <class NT> RPolynomial<NT>

operator * (const RPolynomial<NT>&, const RPolynomial<NT>&);

template <class NT> inline RPolynomial<NT>

operator / (const RPolynomial<NT>&, const RPolynomial<NT>&);

#ifndef _MSC_VER

template<class NT> CGAL::

Sign

sign(const RPolynomial<NT>& p) ;

#endif // collides with global CGAL sign

template <class NT>

double

to_double(const RPolynomial<NT>& p) ;

template <class NT> bool

is_valid(const RPolynomial<NT>& p) ;

template <class NT> bool

is_finite(const RPolynomial<NT>& p) ;

template<class NT>

std::ostream& operator << (std::ostream& os, const RPolynomial<NT>& p);

template <class NT>

std::istream& operator >> (std::istream& is, RPolynomial<NT>& p);

#ifndef _MSC_VER
// lefthand side
template<class NT> inline

RPolynomial<NT> operator

(const NT& num, const RPolynomial<NT>& p2);

template<class NT> inline

RPolynomial<NT> operator

(const NT& num, const RPolynomial<NT>& p2);

template<class NT> inline

RPolynomial<NT> operator

(const NT& num, const RPolynomial<NT>& p2);

template<class NT> inline

RPolynomial<NT> operator

(const NT& num, const RPolynomial<NT>& p2);

// righthand side
template<class NT> inline
(const RPolynomial<NT>&
template<class NT> inline
(const RPolynomial<NT>&
template<class NT> inline
(const RPolynomial<NT>&
template<class NT> inline
(const RPolynomial<NT>&

// lefthand side
template<class NT> inline

RPolynomial<NT> operator
pl, const NT& num);
RPolynomial<NT> operator
pl, const NT& num);
RPolynomial<NT> operator
pl, const NT& num);
RPolynomial<NT> operator
pl, const NT& num);

bool operator ==

(const NT& num, const RPolynomial<NT>& p);
template<class NT> inline bool operator !=
(const NT& num, const RPolynomial<NT>& p);

219



6.3 A Test of RPolynomial 220

template<class NT> inline bool operator <
(const NT& num, const RPolynomial<NT>& p);
template<class NT> inline bool operator <=
(const NT& num, const RPolynomial<NT>& p);
template<class NT> inline bool operator >
(const NT& num, const RPolynomial<NT>& p);
template<class NT> inline bool operator >=
(const NT& num, const RPolynomial<NT>& p);

// righthand side
template<class NT> inline bool operator ==
(const RPolynomial<NT>& p, const NT& num);
template<class NT> inline bool operator !=
(const RPolynomial<NT>& p, const NT& num);
template<class NT> inline bool operator <
(const RPolynomial<NT>& p, const NT& num);
template<class NT> inline bool operator <=
(const RPolynomial<NT>& p, const NT& num);
template<class NT> inline bool operator >
(const RPolynomial<NT>& p, const NT& num);
template<class NT> inline bool operator >=
(const RPolynomial<NT>& p, const NT& num);

#endif // _MSC_VER

6.3 A Test of RPolynomial

We test in different settings concerning instantiation bantypes and operator argument types. We
basically usdedainteger, int, anddouble

(RPolynomial-test.=
#include <CGAL/basic.h>
#ifndef _MSC_VER
#include <CGAL/RPolynomial.h>
#else
#include <CGAL/RPolynomial_MSC.h>
#endif
#include <CGAL/test_macros.h>

#ifdef CGAL_USE_LEDA

#include <CGAL/leda_integer.h>

typedef leda_integer Integer;

template <>

struct ring_or_field<leda_integer> {
typedef ring_with_gcd kind;
typedef leda_integer RT;
static RT gcd(const RT& r1l, const RT& r2)
{ return ::gcd(rl,r2); }

¥

#else

#ifdef CGAL_USE_GMP
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#include <CGAL/Gmpz.h>

typedef CGAL::Gmpz Integer;

template <>

struct ring_or_field<CGAL: :Gmpz> {
typedef ring _with_gcd kind;
typedef CGAL::Gmpz RT;
static RT gcd(const RT& r1l, const RT& r2)
{ return CGAL::gcd(r1,r2); }

¥

#else

typedef int Integer;

#endif

#endif

using namespace CGAL;

#ifdef _MSC_VER

#define MSCCAST(n) static_cast<RP>(n)

#define RPolynomial RPolynomial_MSC
CGAL_DEFINE_ITERATOR_TRAITS_POINTER_SPEC(Integer)

typedef std::iterator_traits<int*>::iterator_category iiii;
#else

#define MSCCAST(n) n

#endif

#define PRT(t1,t2) std::cout<<"testing instances "<<#t1<<" "<<#t2<<std::endl

int main()
{
//SETDTHREAD (3) ; CGAL: :set_pretty_mode ( std::cerr );
CGAL_TEST_START;
{ PRT(Integer,Integer);
typedef Integer NT; typedef RPolynomial<Integer> RP;
(test sequenge

{ PRT(int,Integer);
typedef int NT; typedef RPolynomial<Integer> RP;
(test sequenge

{ PRT(double, Integer) ;
typedef double NT; typedef RPolynomial<Integer> RP;
(test sequenge

{ PRT(int,int);
typedef int NT; typedef RPolynomial<int> RP;
(test sequenge

{ PRT(double, int);
typedef double NT; typedef RPolynomial<int> RP;
(test sequenge

3

CGAL_TEST_END;

(test sequenges
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RP::NT seql[4] = { 0, 1, 2, 0 };

RP pl, p2(NT(1)), p3(NT(1),NT(1)), p4(5,2), p5(-2,5), p6(4,1),
p7(3,0), p8(seq,seq+d);

RP p10(-1,0,1), p11(-1,1), pl12(1,1);

NT r1(2), r2(-2);

CGAL_TEST(pl.degree()==-1);
CGAL_TEST(p2.degree()==0);

CGAL_TEST (p4.degree()==1);

CGAL_TEST (p7.degree()==0);

CGAL_TEST (p8.degree()==2);
CGAL_TEST((-(-p4)) == p4);
CGAL_TEST((-(-p7)) == p7);

CGAL_TEST( (p4+p5) == RP(3,7));
CGAL_TEST((p4-p5) == RP(7,-3));

RP::NT prod[3] = { -10, 21, 10 };
CGAL_TEST ((p4#*p5) == RP(prod,prod+3)) ;
CGAL_TEST((p2*p3) == p3);

MSCCAST (r1)+p3;

p3+MSCCAST (r1);

CGAL_TEST ((MSCCAST(r1)+p3) == RP(3,1));
CGAL_TEST ((MSCCAST(r1)-p3) == RP(1,-1));

CGAL_TEST ( (MSCCAST(r1)#*p3) == RP(2,2));
CGAL_TEST ((p3+MSCCAST(r1)) == RP(3,1));
CGAL_TEST ((p3-MSCCAST(r1)) == RP(-1,1));
CGAL_TEST ((p3*MSCCAST(r1)) == RP(2,2));

CGAL_TEST(p2 '= p3);
CGAL_TEST(p2 < p3);
CGAL_TEST(p2 <= p3);
CGAL_TEST(p5 > p4);
CGAL_TEST(p5 >= p4);

CGAL_TEST (MSCCAST(r1) != p2);
CGAL_TEST (MSCCAST(r2) < p2);
CGAL_TEST (MSCCAST(xr2) <= p2);
CGAL_TEST (MSCCAST(r1) > p2);
CGAL_TEST (MSCCAST(r1) >= p2);
CGAL_TEST (p2 != MSCCAST(r1));
CGAL_TEST (p2 > MSCCAST(r2));
CGAL_TEST(p2 >= MSCCAST(r2));
CGAL_TEST (p2 < MSCCAST(r1));
CGAL_TEST (p2 <= MSCCAST(r1));

CGAL_TEST (CGAL_NTS sign(p5)==+1);
CGAL_TEST (CGAL_NTS sign(-p5)==-1);
CGAL_TEST (CGAL_NTS sign(p2)==+1);
CGAL_TEST(CGAL_NTS sign(-p2)==-1);
p3 += p2;

p3 -= p2;

p3 *= p5;

p3 += MSCCAST(r1);

p3 -= MSCCAST(r1);

p3 *= MSCCAST(r2);

RP::NT D;
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RP q1(17),92(5),q3,94;

RP: :pseudo_div(ql,92,93,94,D);

CGAL_TEST (MSCCAST(D) *q1==q2xq3+q4) ;

RP: :pseudo_div(-ql,q92,93,94,D);
CGAL_TEST (MSCCAST (D) ¥-q1==q2%q3+q4) ;

RP: :pseudo_div(ql,-q92,93,94,D);
CGAL_TEST (MSCCAST(D) *q1l==-q2%q3+q4) ;

RP: :pseudo_div(-ql1,-92,93,94,D);
CGAL_TEST (MSCCAST (D) *-ql==-q2*q3+q4) ;

RP qq1(5),qq2(17),993,994;

RP: :pseudo_div(qql,qq2,q993,994,D);
CGAL_TEST (MSCCAST(D) *qql==qq2*qq3+qq4) ;
RP: :pseudo_div(-qql,992,993,994,D);
CGAL_TEST (MSCCAST (D) *-qql==qq2*qq3+qq4) ;
RP: :pseudo_div(qql,-qq2,993,994,D);
CGAL_TEST (MSCCAST (D) *qql==-qq2*qq3+qq4) ;
RP: :pseudo_div(-qql,-992,993,994,D);

CGAL_TEST (MSCCAST (D) *-qql==-qq2*qq3+qq4) ;

CGAL_TEST(p10/pl11 == p12);
g3 = RP::gcd(ql,q2);
CGAL_TEST (g3 == MSCCAST(1));
CGAL_IO_TEST(p4,pl);

CGAL: :to_double(p6) ;
CGAL::is_finite(p6);
CGAL::is_valid(p6);

A Demo of RPolynomial

(RPolynomial-demo.&=
#include <CGAL/basic.h>
#include <CGAL/Gmpz.h>
#include <CGAL/Quotient.h>
#include <LEDA/string.h>
#include <LEDA/d_array.h>
#include <LEDA/stream.h>
#define RPOLYNOMIAL_EXPLICIT_OUTPUT
#ifndef CARTESIAN
#include <CGAL/leda_integer.h>
#include <CGAL/RPolynomial.h>
typedef leda_integer NT;
template <>
struct ring_or_field<leda_integer> {

};

typedef ring_with_gcd kind;
typedef leda_integer RT;

static RT gcd(const RT& rl, const RT& r2)

{ return ::gcd(rl,r2); }

#else

#include <CGAL/leda_rational.h>
#include <CGAL/RPolynomial.h>
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typedef leda_rational NT;

template <>

struct ring_or_field<leda_rational> {
typedef field_with_div kind;
typedef leda_rational FT;
static FT gcd(const FT&, const FT&)
{ return FT(1); }

¥

#endif

typedef CGAL::RPolynomial<NT> Poly;

typedef leda_string lstring;

enum { NEW,PLUS,MINUS,MULT,DIV,MOD,GCD,END,HIST,ERROR };
static leda_d_array<lstring, Poly> M(Poly(1));

void strip(lstring& s)
{ lstring res;
for (int i=0; i<s.length(); ++i)
if (s[il'=’ ) res += s[i];
s = res;

}

bool contains(const lstring& s, const lstring& c, lstring& h, lstring& t)
{ int i = s.pos(c);

if (i < 0) return false;

h = s.head(i);

t = s.tail(s.length()-i-c.length());

return true;

¥

int parse(const lstring& s, Poly& P1, Poly& P2, lstring& 1)
{
if (s =="end") { 1="END"; return END; }
if (s =="history") { return HIST; }
lstring b,pl,p2,dummy,n;
NT N;
int res = ERROR;
std: :vector<NT> V;
if (contains(s,"=",1,b)) {
if (contains(b,"+",pl,p2)) res=PLUS;
if (contains(b,"-",pl,p2)) res=MINUS;
if (contains(b,"*",pl,p2)) res=MULT;
if (contains(b,"/",pl,p2)) res=DIV;
if (contains(b,"%",pl,p2)) res=M0OD;
if (contains(b,"gcd(",dummy,b) &&
contains(b,")",b,dummy) &&
contains(b,",",pl,p2)) res=GCD;
if (contains(b,"(",dummy,b) &&
contains(b,")",b,dummy)) {
while (contains(b,",",n,b)) {
string_istream IS(n.cstring()); IS >> N;
V.push_back(N) ;
}
string_istream IS(b.cstring()); IS >> N;
V.push_back(N) ;
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¥

}
}

P1 = Poly(V.begin(),V.end());
return NEW;

P1=M[pi];
P2=M[p2];
return res;

int main(int argc, char* argv[])

{

//SETDTHREAD (3) ;

CGAL: :set_pretty_mode ( cout );
CGAL: :set_pretty_mode ( cerr );
"insert simple assigments of the following form\n";

cout
cout
cout
cout
cout
cout
1str
{

<<
<<
<<
<<
<<
<<
ing

"vi = (a0,al,a2) ->
"vi = v2 [+-%/] v3 ->
"vi = gcd(v2,v3) ->
"end ->
"history ->

creates a0 + al x + a2 x~2\n";
triggers arithmetic operation\n";
triggers gcd operation\n";

quits program'"<< endl;

prints all current vars'"<< endl;

logname = lstring(argv[0])+".log";

file_istream logfile(logname.cstring());
lstring line,s; Poly p;
if (logfile) {

cout << "initializing history\n";

¥

while ( (line.read_line(logfile), line!="") ) {

string_istream line_is(line);
line_is >> s >> p;
cout << s << " = " << p << endl;

ML
X

s]=p;

logfile.close();

}

lstring command,label;
Poly pl,p2,res,dummy; NT D;
bool loop=true;
while (loop) {
cout (j")>";
command.read_line(cin);
strip(command); // strip whitespace

switch

case
case
case
case
case
case
case
case
case

(parse(command,pl,p2,label)) {

NEW: res = pl; break;

PLUS: res = pl+p2; break;

MINUS: res = pl-p2; break;

MULT: res = pl*p2; break;

DIV: res = pl/p2; break;

MOD: Poly: :pseudo_div(pl,p2,dummy,res,D); break;
GCD: res = Poly::gcd(pl,p2); break;

END: loop=false; continue;

HIST: { 1lstring s;

forall_defined(s,M) cout << s << " = " << M[s] << endl;
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}

continue;
}
default: cout << "wrong syntax\n'"; continue;
}
cout << " " << label << " =" << res << endl << endl;

M[label] = res;

file_ostream logfile(logname);

lstring s;

forall_defined(s,M) logfile << s << " " << M[s] << endl;
return O;

}

6.5 Perl expansion of specialization

The following perl script expands the RPolynomial impletagion above with respect tmt and
doublespecialization.

(specializé=
#! /opt/gnu/bin/perl

$specialize = 0;
$spec_arg = "";
while (<>) {
# specializing class templates
if ( /SPECIALIZE_CLASS\(.*\).*END/ ) {
print specialize_members($spec_class,$nt_from);
my @arglist = split(/ /,$class_to);
foreach my $arg (Qarglist) {

}

¥

my $copied_class = $spec_class;

$copied_class =~

s/template\s*\<class\s+$nt_from\>(\s*)class\s* (\w+)\s*/CGAL_TEMPLATE_NULL$1class $2\<$arg
$copied_class =~
s/template\s*\<class\s+p$nt_from\>(\s*)class\s*(\w+)\s*/CGAL_TEMPLATE_NULL$1class $2\<$ar
$copied_class =~
s/template\s*\<typename\s+$nt_from\>(\s*)class\s*(\w+)\s*/CGAL_TEMPLATE_NULL$1class $2\<$
$copied_class =" s/template\s*\<class\s+$nt_from\>/CGAL_TEMPLATE_NULL/sg;

$copied_class =" s/template\s*\<typename\s+$nt_from\>/CGAL_TEMPLATE_NULL/sg;
$copied_class =~ s/([\W]|")$nt_from([\W]|$)/$1$arg$2/smg;

$copied_class =~ s/([\W]|")p$nt_from([\W]|$)/$1$arg$2/smg;

$copied_class =~ s/typename//sg;

$copied_class =" s/typedef $arg $arg/typedef $arg $nt_from/sg;

$copied_class =" s/\/\*\{\\M/\/\x\{\\X/sg;

print specialize_members($copied_class,$arg);

$nt_from = "";
$class_to = "";
$spec_class = "";

if ( $spec_class ) {
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$spec_class .= $_; $_="";
}
if ( /SPECIALIZE_CLASS\((\w+), ([\w\ 1+)\).*START/ ) {
$nt_from = $1;
$class_to = $2;
$spec_class = "// CLASS TEMPLATE $nt_from: \n"
}

# specializing function templates
if ( /SPECIALIZE\_FUNCTION\(.*\).*END/ ) {
my @arglist = split(/ /,$args_to);
foreach my $arg (Qarglist) {
my $copied_spec2 = $spec_func;
my $header2 = "// SPECIALIZING inline to $nt_to:\n";
$copied_spec2 =" s/°.*7\n/$header2/;
$copied_spec2 =" s/$arg_from/$arg/sg;
$copied_spec2 =~ s/template\sx*\<class $arg\>/inline/sg;
$copied_spec2 =~ s/template\s*\<typename $arg\>/inline/sg;
print $copied_spec2;
my $copied_specl = $spec_func;
my $headerl = "// SPECIALIZING pure $arg params:\n";
$copied_specl =" s/°.*7\n/$headerl/;
$copied_specl = s/const\s*$arg_from\s*\&/const $arg\&/sg;
print $copied_speci;
}
print $spec_func;
$spec_func = "";

$args_to = "";
$arg_from = "";

}

if ( $spec_func ) {
$spec_func .= $_; $_ = "";

}
if ( /SPECIALIZE\_FUNCTION\((\w+),([\w\ ]+)\).*START/ ) {
$arg_from = $1;
$args_to = $2;
$spec_func = "
}
# specializing implementation
if ( /SPECIALIZE\_IMPLEMENTATION\(.*\).*END/ ) {
my @arglist = split(/ /,$args_to);
foreach my $arg (Qarglist) {
my $copied_spec2 = $spec_impl;
my $header2 = "// SPECIALIZING to $nt_to:\n";
$copied_spec2 =" s/".*7\n/$header2/;
$copied_spec2 =" s/$arg_from/$arg/sg;
$copied_spec2 =" s/template\sx\<class $arg\>//sg;
$copied_spec2 =~ s/template\s*\<typename $arg\>//sg;
print $copied_spec2;
}
print $spec_impl;
$spec_impl = "";
$args_to = "";
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$arg_from = "";
}
if ( $spec_impl ) {
$spec_impl .= $_; $_ = "";
}
if ( /SPECIALIZE\_IMPLEMENTATION\((\w+), ([\w\ 1+)\).*START/ ) {
$arg_from = $1;
$args_to = $2;
$spec_impl = "
}
print;
}
sub specialize_members {
local($spec,$nt) = @_;
local($result,$args_to,$spec_mem,$kill) ;
$kill=0;
$spec =" s/\n\n/\n>>><<</sg;
@LINES = split(/\n/,$spec);
foreach my $line (@LINES) {

# general NT arg specializing for various types
if ( $line =" /SPECIALIZE\_MEMBERS\ ($args_to\).*END/ ) {
my Qarglist = split(/ /,$args_to);
foreach my $arg (@arglist) {
if ( $arg ne $nt ) {
my $copied_spec = $spec_mem;
my $header = "// SPECIALIZING_MEMBERS FOR const $arg\& \n";
$copied_spec =" s/.x\n/$header/;
$copied_spec =~ s/const\s*$nt\s*\&/const $arg\&/sg;
$result .= $copied_spec;

}
}
$spec_mem = "";
$args_to = "";
}
if ( $spec_mem ) {
$spec_mem .= "$line\n";
}

if ( $line =~ /SPECIALIZE\_MEMBERS\ (([\w\ ]+)\).*START/ ) {
$args_to = $1;

$spec_mem = "$line\n";
}
if ( $line =~ /KILL\s+$nt\s+START/ ) { $kill=1; }
if ( $1line =~ /KILL\s+$nt\s+END/ ) { $kill=0; $line = ""; }
if ( $kill == 1 ) { $line = ""; }
$result .= "$line\n";
}
$result =~ s/\n+/\n/sg;
$result =" s/\n>>><<</\n\n/sg;
return $result;

(specialization-test. &=
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#include <CGAL/basic.h>
#include <LEDA/integer.h>

template <typename T> class A;

template <typename T>
A<T> operator+ (const A<T>&, const A<T>&);

//A<int> operator+ (const int& num, const A<int>& a2);

template <typename T>
class A {
T a;

friend

A<T> operator+ CGAL_NULL_TMPL_ARGS (const A<T>&, const A<T>&);

public:
AO a0 {}
A(T i) : a(i) {}

A(int i) : a(i) {}

A<T>& operator +=(const T& i)
{ a += (T)i; return *this; }

static T R_;
};

template <class T> T A<T>::R_ = T(0);
#ifdef INITFORGNU

CGAL_TEMPLATE_NULL int A<int>::R_ = 0;
#endif

// symmetric op+

template <typename T>

A<T> operator+ (const A<T>& al, const A<KT>& a2)
{ return A<T>(al.a+a2.a); }

// asymmetric op+

template <typename T>

A<T> operator+ (const T& num, const A<T>& a2)
{ return (A<T>(num) + a2); }

typedef leda_integer NT;

int main()
{
A<NT> adi(1),ad2(2), ad3;
ad3 = adl + ad2;
ad3 = 3 + adil;
A<NT>::R_ = 3;

A<int> ai1l(1), ai2(2), ai3;
ai3 = ail + ai2;

ai3 = 3 + ail;

A<int>::R_ = 3;

return O;
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7 Simple Extended Kernel

7.1 Introduction

It is convenient to extend the vision of standard rationahisoby so-callechon-standardgpoints. We
have one non-standard point for each equivalence clasy®f Tavo rays are called equivalent if one
is contained in the other. The geometric properties of nandard points are derived by giving them
a geometric interpretation by means of an infinimaxifRalR is a real variable. The value & is
finite but larger than the value of any concrete real numbet FLbe the square box with corners
NW(-R,R), NE(R,R), SER, —R), andSW—R, —R). Let p be a non-standard point and tdbe a ray
defining it. If the frame~ contains the source point othen letp(R) be the intersection afwith the
frameF, if F does not contain the source ofhen p(R) is undefined. For a standard point [&R)

be equal top if p is contained in the framE and letp(R) be undefined otherwise. Clearly, for any
standard or non-standard pop(R) is defined for any sufficiently large.

Let f be any function on standard points, say wktarguments. We calf extensibldf for any k
pointspy, ..., pk the function value (p1(R),. .. , pk(R)) is constant for all sufficiently large and has
the same value as the function evaluated at a fixed large bn@lgeR,. We also consider geometric
constructions. Leg be a construction on standard points constructing a tuglgooints from a tuple
of k points. We callg extensibldf for any k pointspy, ..., pk the construction is closed in our set of
extended points: if it constructs a point tuglg ... , g of extended points for all sufficiently lardge
with the property that by fixing a large enoufb the tuple is the result of the standard construction.
As we will see in a moment the predicategicographic ordeof points,orientation andsideof_circle
are extensible. Also the calculation of the point in theersectionof line segments defined on two
pairs of points is extensible.

For a formal definition of extended points, extended segsandl the corresponding predicates
see the technical report [SMOO].

7.2 Homogeneous Representation

We implement planar extended points by a homogeneous campogpresentation in a polynomial
ring type which provides standard ring operations like-, x. The definition of extended points puts
constraints on the kind of polynomials representing thedioates. We have seen that our extensible
predicates are defined via polynomials in the coordinatgnaohials and as such are extensible via
the limit process on polynomials. Going to infinity the valoiea polynomial is determined by the
highest-order nonzero coefficient.

Using extensible predicates on an input set of extendedgivitthe execution of an algorithm we
can determine a concrete valBgwhich ensures their extendibility for & > Ry (for each evaluation
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determine ondR, and take the maximum of all). Pluggiri® into all coordinate polynomials leads

back to standard affine geometry and standard predicatés.gives us the possibility to argue also
about the correctness of our algorithms. If the algorithpr@ven to be correct for standard geometry
and it computes a certain output then it will also calculaims extended geometric result when
plugging in extended points and when all geometric predgate extensible.

Note that in this way we can design algorithms that use ray $ittuctures much simpler by
enclosing finite structures into the bBxand pruning the rays by means of the frame in a ray tip. The
calculation with the extended points makes algorithmidgieas trivial if the predicates we use are
extensible in the above sense.

In this section we will describe how extended points areestorthey are composed from
the 2D CGAL kernel point typé¢Homogeneous..>:: Point2 and the polynomial ring number type
RPolynomiat...>. We also describe how the affine world of standard points ayslinteracts with the
unifying concept extended point. This interaction has tiveddions: the construction of an extended
point from a standard object (point or ray) and the reverstibetion depending on the character of
the extended point. Afterwards, we show how simple it is tplament predicates and the intersection
construction on top of the genericity of CGAL's standardrier We will encounter the problem of
simplification of polynomials there. And finally, we give serdetails about visualization issues of
extended objects.

We often use the short terepointto denote extended points. Each epoint is either a standard
point, one of the corner ray points or lies in the relativeifigr of one of the frame segments.

Extended Points

The tip of a rayl can be described in two ways. First in form of its underlyimgoted line equation
ax+ by+c = 0. But also by its point-vector fornp = pg+Ad. The former is the standard repre-
sentation of lines. The latter is more suitable to exploeedharacter of the corresponding extended
point.

Starting from the second representation we have two pgintnd pp + d on the line. Now all
points on the line can also be described by the determinasttieq:

1 1 1
Xo Xo+d« x| = 0
Yo Yo+dy y

and developing this by the last column leads us-thx+ dyy+ (Xo0y — YoOx) = 0. Thus the direction

vector is:
()%

A point on the line specified by the line equation is:
_ J(0,—c/b) b#0
" | (~c/a,0) a#0

Both a andb cannot be zero. In the following assurhime 2 to be a model for the CGAL standard
geometric kernel.

(line conversion methofis
static RT dx(const Line_2& 1) { return 1.b(); }
static RT dy(const Line_2& 1) { return -1.a(); }
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Depending on the slopm = dy/dy(dy # 0) of a linel we can define its vertical distance to the origin.
If dy # O (|m| # ) then the ordinate intersectialy determines that distancg = —c/b.

(line conversion methodlg-=
static FT ordinate_distance(const Line_2& 1)
{ return Kernel::make_FT(-1.c(),1.b()); }

We introduce enumeration specifiers that describe extepdieds.

(enumerate extended point charagter
enum Point_type { SWCORNER=1, LEFTFRAME, NWCORNER,
BOTTOMFRAME, STANDARD, TOPFRAME,
SECORNER, RIGHTFRAME, NECORNER };

Now if we look at a non-standard poiptwith underlying line equatiomx+ by+ ¢ = 0 the frame
segment which is hit by the ray tip is determined by the slope ia casem| = 1 by the distance
do defined above. Look for example at a non-standard pointpittie left frame segment. This is
generally the case i < 0 and/m| < 1. The latter is equivalent to the conditi¢| > |dy|. A special
case igm| = 1. Then, we only hit the left segment if either= —1Ady <O orm=1Ad, > 0. The
latter can be checked tgjgn(dy) == —sign(d,). Note that becausen| < 1 the line indeed intersects
they-axis. The other cases follow by symmetric reasoning.

(line conversion methodi$=
static Point_type determine_type(const Line_2& 1)
{
RT adx = abs(dx(1)), ady = abs(dy(1));
int sdx = sign(dx(1)), sdy = sign(dy(1));
int cmp_dx_dy = compare(adx,ady), s(1);
if (sdx < 0 &% ( cmp_dx_dy > O || cmp_dx_dy == 0 &&
sdy != (s = sign(ordinate_distance(1))))) {
if (0 == s) return ( sdy < O ? SWCORNER : NWCORNER );
else return LEFTFRAME;
} else if (sdx > 0 && ( cmp_dx_dy > O || cmp_dx_dy == 0 &&
sdy != (s = sign(ordinate_distance(1))))) {
if (0 == s) return ( sdy < O ? SECORNER : NECORNER );
else return RIGHTFRAME;
} else if (sdy < 0 && ( cmp_dx_dy < O || cmp_dx_dy == 0 &&
ordinate_distance(1l) < FT(0))) {
return BOTTOMFRAME;
} else if (sdy > 0 && ( cmp_dx_dy < O || cmp_dx_dy == 0 &&
ordinate_distance(1l) > FT(0))) {
return TOPFRAME;
}
CGAL_assertion_msg(false," determine_type: degenerate line.");
return (Point_type)-1; // never come here

All the operations above are packaged into the clasataepoinkR>, whereR is a model of the
CGAL standard 2d geometric kernel. FrdRwe derive the typeRT, FT, andLine2 as used in the
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code.

(Line_to_epoint.H=
(CGAL L2E Header
#ifndef CGAL_LINE_TO_EPOINT_H
#define CGAL_LINE_TO_EPOINT_H
CGAL_BEGIN_NAMESPACE

template <class Kernel_>

struct Line_to_epoint {
typedef Kernel_ Kernel;
typedef typename Kernel::RT RT;
typedef typename Kernel::FT FT;
typedef typename Kernel::Line_2 Line_2;
(enumerate extended point charagter
(line conversion methofls

¥

CGAL_END_NAMESPACE

#endif //CGAL_LINE_TO_EPOINT_H

Any non-standard point can be expressed as a pair of two guolials in a variabldR — our in-
fimaximal symbolic number. Let’s look at our example agaimr @oint p on the left frame segment
supported by the linex+ by+ c = 0 can be described by the tugle R,a/bR— c/b). Accordingly,

a ray tip on the upper frame segment can be describgd-byaR— c/a,R). Note that the denomi-
nators are nonzero in both cases due to their frame posifibos we can store epoints in terms of
linear polynomialsmR+ n. For standard points the polynomials are just constant mwith 0. We
give the representation of all points in homogeneous reptaton, such that all coefficients can be
represented by a ring type.

STANDARD p=(XY,W)

CORNER p=(+R+R 1)

LEFTFRAME p=(-bRaR—c,b) 7.1)
RIGHTFRAME p= (bR —-aR-c,b) '
BOTTOMFRAME p= (bR-c,—aR a)

TOPFRAME p=(—-bR-c,aRa)

The general representation can be taken tp be(mR+ ny, MR+ ny,w) wherem,,nyy. w are ob-
jects of a ring number type. We provide the functionality xtemded points bundled into an extended
geometry kernel. This kernel carries the types, predicated constructions that we need in our algo-
rithms. The kernel concept is specified in the manual gagendedKernelTrait2 of the appendix.

A decorator wraps functionality

We obtain the extended point class by plugging our polynbmiighmetic type into the standard
homogeneous point type from the CGAL kernel. We create stis€ExtendechomogeneoudR T>
that carries all types and methods that are used in our gigud framework.

To ensure the special character of homogeneous pointsroamgeheir coordinates and to offer
a comfortable construction of such points we mak¢endechomogeneouRT> a decorator/factory
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data type [GHJV95] for the geometric objects. Constructind conversion routines can be accessed
as methods of the factory.

(extended homogeneges

template <class RT_>
class Extended_homogeneous : public
CGAL: :Homogeneous< CGAL: :RPolynomial<RT_> > { public:

(extended homogeneous kernel interface types
(extended homogeneous kernel memjbers
}

We introduce the standard affine types into our kernel by xingfithem accordingly. The extended
types carry the typenames without the prefix. Note that thé®dhator serves as a traits class to be used
in algorithms that are based on our infimaximal frame. lt$®dhe glue between the CGAL standard
kernel and the extended geometric objects.

(extended homogeneous kernel interface types
typedef CGAL::Homogeneous< CGAL::RPolynomial<RT_> > Base;
typedef Extended_homogeneous<RT_> Self;
typedef CGAL::Homogeneous<RT_> Standard_kernel;
typedef RT_ Standard_RT;
typedef typename Standard_kermnel::FT Standard_FT;
typedef typename Standard_kernel::Point_2 Standard_point_2;
typedef typename Standard_kernel::Segment_2  Standard_segment_2;
typedef typename Standard_kernel::Line_2 Standard_line_2;
typedef typename Standard_kermnel::Direction_2 Standard_direction_2;
typedef typename Standard_kernel::Ray_2 Standard_ray_2;
typedef typename Standard_kernel::Aff_transformation_2

Standard_aff_transformation_2;

typedef typename Base::RT RT;
typedef typename Base::Point_2 Point_2;
typedef typename Base::Segment_2 Segment_2;
typedef typename Base::Direction_2 Direction_2;

typedef typename Base::Line_2 Line_2;
// used only internally

enum Point_type { SWCORNER=1, LEFTFRAME, NWCORNER,
BOTTOMFRAME, STANDARD, TOPFRAME,
SECORNER, RIGHTFRAME, NECORNER };

We now implement the construction deduced above. For a tamaard point on the upper frame
segment supported by a lihes ax+ by+ ¢ = 0 the polynomial coefficients amfa= —b/a,n= —c/a.
Accordingly on the left frame segment= —a/b,n= —c/b.
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(non-standard point constructios
Point_2 epoint(const Standard_RT& ml, const Standard_RT& ni,
const Standard_RT& m2, const Standard_RT& n2,
const Standard_RT& n3) const
{ return Point_2(RT(nl1,ml1),RT(n2,m2),RT(n3)); }

Point_2 construct_point(const Standard_line_2& 1, Point_type& t) const
{
t = (Point_type)Line_to_epoint<Standard_kernel>::determine_type(l);
Point_2 res;
switch (t) {
case SWCORNER: res = epoint(-1, 0, -1, 0, 1); break;
case NWCORNER: res = epoint(-1, 0, 1, 0, 1); break;
case SECORNER: res = epoint( 1, 0, -1, 0, 1); break;
case NECORNER: res = epoint( 1, 0, 1, 0, 1); break;
case LEFTFRAME:
res = epoint(-1.b(), 0, 1.a(), -1.c(), 1.b()); break;
case RIGHTFRAME:
res = epoint( 1.b(), 0, -1.a(), -1.c(), 1.b()); break;
case BOTTOMFRAME:
res = epoint( 1.b(), -1.cO), -1.a(), 0, 1.a()); break;
case TOPFRAME:
res = epoint(-1.b(), -1.c(), 1l.a(), 0, 1.a()); break;
default: CGAL_assertion_msg(0,"EPoint type not correct!");
}
return res;

}

Type determination

To evaluate the results of an algorithm one also needs aratiperthat deduces the type from an
epoint p. From the polynomial representation we can easily defertiipe by checking the homo-
geneous componentshx( ) and phy( ). Of course standard points have zero degree in both x- and
y-components. For any non-standaran the frame we know that the relative interior of the frame
box segments is specified by the condition fettx( )| = |p.hy( )|. The sign of the larger component
(larger with respect to its absolute value) determines thedegment. Equalityphx( )| = |phy()|
specifies the corners of the box.

Point_type type(const Point_2& p)
{
CGAL_assertion(p.hx() .degree()>=0 && p.hy() .degree()>=0 );
CGAL_assertion(p.hw() .degree()==0);
if (p.hx().degree() == 0 && p.hy() .degree() == 0)
return STANDARD;
// now we are on the square frame box
RT rx = p.hx(), ry = p.hy();
int sx = sign(rx), sy = sign(ry);
if ( sx < 0 ) rx = -rx;
if ( sy < 0) ry = -ry;
if (rx > ry)
if (sx > 0) return RIGHTFRAME; else return LEFTFRAME;
if (rx < ry)
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if (sy > 0) return TOPFRAME; else return BOTTOMFRAME;
// now (rx == ry)
if ( sx == sy ) {
if (sx < 0) return SWCORNER; else return NECORNER;
} else { CGAL_assertion(sx==-sy);
if (sx < 0) return NWCORNER; else return SECORNER;
}
}

Visualization

We finally treat the problem of how to visualize extended otsie Given a sef of extended points

let us determine a concrete frame radRgssuch that all standard points $are contained inside our
frame but also all non-standard pointsSean be drawn on the correct frame box segments. Note that
the latter is not trivially true for arbitrary small valuet .

Consider a lind with slopem. If |m| # 1 the linel intersects both angular bisectors of our
coordinate frame. The intersection point of the larger hltscoordinates determines a lower bound
for Roy. If |/m| = 1 a natural lower bound fdR; is half the length of the ordinate segment on the y-axis
between and the origin. See Figure 7.1.

Figure 7.1:The pointP; determines a lower bound for the frame radRggo display the non-standard points
at the tips of lind. In case (A) we take the absolute value of its coordinatesage (B) we take half of its
distance to the origin.

For our polynomial representatigm,R -+ ny, m,R+ ny, w) we know that for points in the interior
of the frame box segments it holds than,R+ny)| = [(m/R+ny)|. In either case we can set both
polynomials equal and resolve f&if |my| # |my|. R=|(nx—ny)|/|(my —my)| presumed the line is
not parallel to any of the angular bisectors of the coordifeame. Ifjmy| = |m,| then the constant
partsny/w or ny/w determine the abscissa or ordinate distances between deelying line and the
origin (depending on the frame segment that contains trendetd point). At least one @k /w or
ny/wis actually zero (by definition of our extended points). lis ttase the minimum frame raditg
is half the absolute value of the abscissa or ordinate distahthe line to the origin.

We now code this determination & for an iterator range of extended points. Note that the
common denominator of the homogenous representation @yalev constant and positive. Note that
we round the integral division operations on the ring type up

(determining a lower bound for)Re
template <class Forward_iterator>
void determine_frame_radius(Forward_iterator start, Forward_iterator end,
Standard_RT& RO) const



7.2 Homogeneous Representation 239

{ Standard_RT R, mx, nx, my, ny;
while ( start != end ) {
Point_2 p = *start++;
if ( is_standard(p) ) {
R = max(abs(p.hx() [0])/p.hw() [0],
abs(p.hy () [01)/p.hw() [0]);
} else {
RT rx = abs(p.hx()), ry = abs(p.hy());
mx = ( rx.degree()>0 7 rx[1] : 0 ); nx = rx[0];
my = ( ry.degree()>0 ? ry[1] : 0 ); ny = ryl[0];

if ( mx > my ) R = abs((ny-nx)/(mx-my));
else if ( mx < my ) R = abs((nx-ny)/(my-mx));
else /* mx == my */ R = abs(nx-ny)/(2*p.hw() [0]);
}
RO = max(R+1,R0);

Extended predicates

Remember why the predicateemparexy, orientation sideof_circle are extensible. The first is just
a cascaded comparison of coordinates (sign of their diffaxk the latter are sign-of-determinant
calculations. The orientation predicate on three pointiefsned by the homogeneous expression:

X1 X2 X3
orientatior(pl, p2,p3) =sign|y:1 Y2 V3
Wiy Wy W3

Thus, evaluation of the sign means looking at the sign of tedficient ofR if it is nonzero, or at the
sign of the constant term if it is zero. The correspondingcfiamality is programmed into the sign
function of our polynomial ring number tygePolynomiatNT>. Thus adding the following methods
to the extended geometry traits class implements the fumetity via the kernel base class.

int compare xy(const Point_2& pl, const Point_2& p2) const
{ typename Base::Compare xy_2 _comparexy = compare xy-2_object();
return _compare xy(pl,p2);

¥

int orientation(const Point 2& pl, const Point 2& p2, const Point_2& p3)
{ typename Base::0Orientation 2 _orientation = orientation 2 object();
return _orientation(pl,p2,p3);

}

Extended constructions

Algorithms in computational geometry can be grouped intedtcategoriessubset selectigrcom-
putation anddecision [PS85, 1.4]. Algorithms of the first type resort to predisatalgorithms of
the second type construct geometric objects. To cover #iegsity software libraries like LEDA or
CGAL offer a set of so called constructions in their geonegternels. We have already shown that
the intersection construction is extendible to be used @itended segments.
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First we want to present three examples how the standardraigecalculation of intersection
points is blown up by common polynomial factors.
The coefficients of a linéthrough two point; = (X1, y1), p2 = (X2,¥2) are

a=y1—Yo,b=X—Xg,C=X1Y2 — Xo¥1. (7.2)

The intersection point is defined by the common point of treuwderlying lined; = (ajx+bjy+¢ =
0),i = 1,2. Their common point is then obtained by solving the lingatesm which has a solution if
the lines are not parallel. We obtain

pi = (b1C2 — a1, 8C1 — a1z, arby — agby) (7.:3)

in homogeneous representation. Apart from the formal aegunvhy these quotients contain common
factors and how they can be simplified to a minimal represientave give three examples.

two non-standard points on one frame segment— Look at the case where the frame segment is
the upper one. Thug = (mR+n;,R),i = 1,2. According to equation (7.2) we obtain

a = R-R=0
b = (Mm—m)R+(n2—ny)
= (m—m)R?+ (g —np)R=DbR

The common factor ib, the underlying line i$ = by+ ¢ = 0< y— R=0. We obtain a simple
parameterized version of a horizontal line supporting thgen frame segment. The three other
cases are symmetric.

two non-standard points spanning a standard line— Look at the case of one poipi on the lower
frame segmentp, on the upper frame segment, both on a line ax+ by+ ¢ = 0 where
we assume orientation froqy to p,. We get according to Construction (7.f) = (b/a R—
c/a,—R), po = (—b/a R—c/a,R). According to equation (7.2) we obtain

a = -2R
b = —-2RDb/a
d = (b/a—b/a)R®—2Rc/a=—-2R¢/a

The common factor is-2R. The underlying line i$' = ax+by+ ¢ =0« ax+by+c=0as
multiplying by a and dividing by—2R does not change the line.

one non-standard point and one standard point spanning a stadard ray — We look again at a
line | = ax+ by+ ¢ = 0 supportingp, on the upper frame segment and a standard gmimin
this line. We havep; = (b/ayo —c/a,—Yo), p2 = (—b/a R—c¢/a,R). According to equation
(7.2) we obtain

d = (Yo-R
bbb = —b/aR-c/a+b/ayy+c/a=b/a(yo—R)
¢ = -b/ayR-c/aR+b/ayR+c/ay=c/a(yo—R)

The common factor i§yo — R).



7.2 Homogeneous Representation 241

Note that the polynomial factors are very simple. The gstatemmon divisor operation and the
polynomial division scheme of tHePolynomialdata type can be used to do the simplificication.

void simplify(Point 2& p)

{ RT x=p.hx(), y=p.hy(), w=p.hw();
RT common = x.is_zero() 7 y : gcd(x,y);
common = gcd (common,w) ;
p = Point_2(x/common,y/common,w/common) ;

}
Now the intersection uses the kernel operation and simgplifie resulting point afterwards.

Point_2 intersection(
const Segment 2% sl1, const Segment 2& s2)

{ typename Base::Intersect 2 _intersect = intersect_2_object();
typename Base::Construct line 2 _line = construct_line 2 object();
Point_2 p;

CGAL: :Object result = _intersect(line(sl), line(s2));

if ( !'CGAL::assign(p, result) )
CGAL_assertionmsg(false,"intersection: no intersection.");
simplify(p);

return p;

}
We offer construction from standard affine kernel objects.

(extended homogeneous kernel menjers
public:
(non-standard point construction
(determining a lower bound for)R

Point_2 construct_point(const Standard_point_2& p) const
{ return Point_2(p.hx(), p.hy(), p.hw()); }

Point_2 construct_point(const Standard_point_2& p1,
const Standard_point_2& p2,
Point_type& t) const

{ return construct_point(Standard_line_2(p1,p2),t); }

Point_2 construct_point(const Standard_line_2& 1) const
{ Point_type dummy; return construct_point(l,dummy); }

Point_2 construct_point(const Standard_point_2& pi,
const Standard_point_2& p2) const
{ return construct_point(Standard_line_2(p1l,p2)); }

Point_2 construct_point(const Standard_point_2& p,
const Standard_direction_2& d) const
{ return construct_point(Standard_line_2(p,d)); }

Point_2 construct_opposite_point(const Standard_line_2& 1) const
{ Point_type dummy; return construct_point(l.opposite(),dummy); }

Point_type type(const Point_2& p) const
{
CGAL_assertion(p.hx() .degree()>=0 && p.hy() .degree()>=0 );
CGAL_assertion(p.hw() .degree()==0);
if (p.hx().degree() == 0 && p.hy() .degree() == 0)
return STANDARD;
// now we are on the square frame
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RT rx = p.hx();

RT ry = p.hy(Q);

int sx = sign(rx);

int sy = sign(ry);

if (sx < 0) rx = -rx;

if (sy < 0) ry = -ry;

if (rx>ry) {
if (sx > 0) return RIGHTFRAME;
else return LEFTFRAME;

}

if (rx<ry) {
if (sy > 0) return TOPFRAME;
else return BOTTOMFRAME;

}

// now (rx == ry)

if (sx==sy) {
if (sx < 0) return SWCORNER;
else return NECORNER;

} else { CGAL_assertion(sx==-sy);
if (sx < 0) return NWCORNER;
else return SECORNER;

}

}

bool is_standard(const Point_2& p) const
{ return (type(p)==STANDARD); }

Standard_point_2 standard_point(const Point_2& p) const
{ CGAL_assertion(type(p)==STANDARD) ;
CGAL_assertion(p.hw() > RT(0));
return Standard_point_2(p.hx() [0],p.hy() [0],p.hw() [0]);
}

Standard_line_2 standard_line(const Point_2& p) const
{ CGAL_assertion(type(p) !=STANDARD) ;
RT hx = p.hx(), hy = p.hy(), hw = p.hw();
Standard_RT dx,dy;
if (hx.degree()>0) dx=hx[1]; else dx=0;
if (hy.degree()>0) dy=hy[1]; else dy=0;
Standard_point_2 p0(hx[0],hy[0],hw[0]);
Standard_point_2 p1(hx[0]+dx,hy[0]+dy,hw[0]);
return Standard_line_2(pO,pl);
}

Standard_ray_2 standard_ray(const Point_2& p) const

{ CGAL_assertion(type(p) !=STANDARD) ;
Standard_line_2 1 = standard_line(p);
Standard_direction_2 d = 1l.direction();
Standard_point_2 q = 1l.point(0);
return Standard_ray_2(q,d);

}

Point_2 NE()
Point_2 SE()
Point_2 NW()
Point_2 SW()

const { return
const { return
const { return

const { return

construct_point(Standard_line_2(-1, 1,0)); }
construct_point(Standard_line_2( 1, 1,0)); }
construct_point(Standard_line_2(-1,-1,0)); }
construct_point(Standard_line_2( 1,-1,0)); }

242
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Line_2 upper() const { return construct_line(NW(),NE()); }
Line_2 lower() const { return construct_line(SW(),SE()); }
Line_2 left() const { return construct_line(SW(),NW()); }
Line_2 right() const { return construct_line(SE(),NE()); }

Point_2 source(const Segment_2& s) const
{ typename Base::Construct_source_point_2 _source
construct_source_point_2_object();
return _source(s); }

Point_2 target(const Segment_2& s) const
{ typename Base::Construct_target_point_2 _target
construct_target_point_2_object();
return _target(s); }

Segment_2 construct_segment (const Point_2& p, const Point_2& q) const
{ typename Base::Construct_segment_2 _segment =
construct_segment_2_object();
return _segment(p,q); }

void simplify(Point_2& p) const

{
RT x=p.hx(), y=p.hy(), w=p.hw();
RT common = x.is_zero() ? y : RT::gcd(x,y);
common = RT::gcd(common,w) ;
p = Point_2(x/common,y/common,w/common) ;
}

Line_2 construct_line(const Standard_line_2& 1) const
{ return Line_2(1.a(),1.b(0),1.cQ)); }

Line_2 construct_line(const Point_2& pl, const Point_2& p2) const
{ Line_2 1(p1,p2);

RT a=l.a(), b=1.b(), c=1.c();

RT common = a.is_zero() ? b : RT::gcd(a,b);
common = RT::gcd(common,c);

1 = Line_2(a/common,b/common,c/common) ;

return 1;

¥

int orientation(const Segment_2& s, const Point_2& p) const
{ typename Base::0Orientation_2 _orientation =
orientation_2_object();
return static_cast<int> ( _orientation(source(s),target(s),p) );

¥

int orientation(const Point_2& pl, const Point_2& p2, const Point_2& p3)
const
{ typename Base::0Orientation_2 _orientation =
orientation_2_object();
return static_cast<int> ( _orientation(pl,p2,p3) );

}

bool leftturn(const Point_2& pl, const Point_2& p2, const Point_2& p3)
const
{ return orientation(pl,p2,p3) > 0; 1}

bool is_degenerate(const Segment_2& s) const
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{ typename Base::Is_degenerate_2 _is_degenerate =
is_degenerate_2_object();
return _is_degenerate(s); }

int compare_xy(const Point_2& pl, const Point_2& p2) const
{ typename Base::Compare_xy_2 _compare_xy =
compare_xy_2_object () ;
return static_cast<int>( _compare_xy(pl,p2) );

}

int compare_x(const Point_2& pl, const Point_2& p2) const
{ typename Base::Compare_x_2 _compare_x =
compare_x_2_object();

return static_cast<int>( _compare_x(pl,p2) );

}

int compare_y(const Point_2& pl, const Point_2& p2) const
{ typename Base::Compare_y_2 _compare_y =
compare_y_2_object();
return static_cast<int>( _compare_y(p1,p2) );

¥

Point_2 intersection(
const Segment_2& sl1, const Segment_2& s2) const
{ typename Base::Intersect_2 _intersect =
intersect_2_object ();
typename Base::Construct_line_2 _line =
construct_line_2_object();
Point_2 p;
CGAL: :0bject result =
_intersect(_line(sl1),_line(s2));
if ( !CGAL::assign(p, result) )
CGAL_assertion_msg(false,"intersection: no intersection.");
simplify(p);
return p;

}

Direction_2 construct_direction(
const Point_2& pl, const Point_2& p2) const
{ typename Base::Construct_direction_of_line_2 _direction =
construct_direction_of_line_2_object();
return _direction(construct_line(pl,p2)); }

bool strictly_ordered_ccw(const Direction_2& di,
const Direction_2& d2, const Direction_2& d3) const

{
if (dl1 <d2 ) return (d2 <d3 )||(d3 <=4d1 );
if (dl > d2 ) return ( d2 < d3 )&&( d3 <= d1 );
return false;

}

bool strictly_ordered_along_line(
const Point_2& pl, const Point_2& p2, const Point_2& p3) const
{ typename Base::Are_strictly_ordered_along_line_2 _ordered =
are_strictly_ordered_along_line_2_object();
return _ordered(pl,p2,p3);
3

bool contains(const Segment_2& s, const Point_2& p) const
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{ typename Base::Has_on_2 _contains = has_on_2_object();
return _contains(s,p);

}

bool first_pair_closer_than_second(
const Point_2& pl, const Point_2& p2,
const Point_2& p3, const Point_2& p4) const
{ return ( squared_distance(pl,p2) < squared_distance(p3,p4) ); }

We can transform points, but have to be careful about theiresentation. The methadansform

just applies the standard matrix multiplication of plantiina transformations to our extended points.

Afterwards we scale the represenstation back to our squarbypthe methodcalefirst by second
Note that the correctness of the following piece of code &stduwo facts:

¢ the larger absolute values of the two tranformed compord@itymines the coordinate that can

be scaled to the square frame.

¢ any coordinate transformatidf+ mR+ nis a legal transformation of our point representation

(mR+ ny, myR+ny). One can easily show that both lie on the same line equation.

(extended homogeneous kernel members

void scale_first_by_second(RT& r1, RT& r2, RT& w) const

{ CGAL_assertion(w.degree()==0&&w!=RT(0)&& r2[1]!=Standard_RT(0));
Standard_RT w_res = w[0]*r2[1];
int sm2 = sign(r2[1]);
RT r2_res = RT(Standard_RT(0),sm2 * w_res);
RT ri_res = RT(r2[1]*r1[0]-r1[1]1*r2[0], w[0]*ri[1]*sm2);
rl = rl_res; r2 = r2_res; w = w_res;

}

Point_2 transform(const Point_2& p,
const Standard_aff_transformation_2& t) const
{
RT tpx = t.homogeneous(0,0)*p.hx() + t.homogeneous(0,1)*p.hy() +
t.homogeneous (0,2)*p.hw() ;
RT tpy = t.homogeneous(1,0)*p.hx() + t.homogeneous(1l,1)*p.hy() +
t.homogeneous (1,2)*p.hw();
RT tpw = t.homogeneous(2,2)*p.hw();
if ( is_standard(p) ) {
Point_2 res(tpx,tpy,tpw); simplify(res);
return res;

}
RT tpxa = abs(tpx);
RT tpya = abs(tpy);

if ( tpxa > tpya ) {
scale_first_by_second(tpy,tpx,tpw);

} else { // tpxa <= tpya
scale_first_by_second(tpx,tpy,tpw);

}

Point_2 res(tpx,tpy,tpw); simplify(res);

return res;

}

const char* output_identifier() const { return "Extended_homogeneous"; }
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The file wrapper is here.

(Extendechomogeneous)kE
(CGAL EH Header
#ifndef CGAL_EXTENDED_HOMOGENEOUS_H
#define CGAL_EXTENDED_HOMOGENEOUS_H

#include <CGAL/basic.h>

#include <CGAL/Homogeneous.h>

#include <CGAL/Point_2.h>

#include <CGAL/Line_2_Line_2_intersection.h>
#include <CGAL/squared_distance_2.h>

#ifndef _MSC_VER

#include <CGAL/RPolynomial.h>

#else

#include <CGAL/RPolynomial_MSC.h>

#define RPolynomial RPolynomial_MSC

#endif

#undef _DEBUG

#define _DEBUG 5

#include <CGAL/Nef_2/debug.h>

#include <CGAL/Nef_2/Line_to_epoint.h>
CGAL_BEGIN_NAMESPACE

template <class T> class Extended_homogeneous;
(extended homogenequs

#undef RPolynomial
CGAL_END_NAMESPACE
#endif // CGAL_EXTENDED_HOMOGENEQOUS_H

We provide a similar kernel based orcartesian representatioof points. In this case we use
RPolynomiatNT> fed with a field type and use standard polynomial divisionsianplification in the
intersection construction. The latter replacesdhd operation of the ring type in the homogeneous
case.

7.3 Cartesian Representation

We obtain our epoint class by plugging our polynomial arighiotype into the standard Cartesian
point type from CGAL.

(extended cartesigre

template <class pFT>
class Extended_cartesian : public

CGAL: :Cartesian< CGAL: :RPolynomial<pFT> > { public:
typedef CGAL::Cartesian< CGAL::RPolynomial<pFT> > Base;
typedef Extended_cartesian<pFT> Self;

typedef CGAL::Cartesian<pFT> Standard_kernel;
typedef typename Standard_kermnel::RT Standard_RT;
typedef typename Standard_kernel::FT Standard_FT;
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typedef
typedef
typedef
typedef
typedef
typedef

typename
typename
typename
typename
typename

typename

Standard_kernel::Point_2 Standard_point_2;
Standard_kernel::Segment_2  Standard_segment_2;
Standard_kernel::Line_2 Standard_line_2;
Standard_kernel::Direction_2 Standard_direction_2;
Standard_kernel::Ray_2 Standard_ray_2;

Standard_kernel::Aff_transformation_2

Standard_aff_transformation_2;

typedef
typedef
typedef
typedef
typedef
typedef

typename
typename
typename
typename
typename

typename

Base::RT RT;

Base::FT FT;

Base: :Point_2 Point_2;
Base::Segment_2 Segment_2;
Base::Line_2 Line_2;

Base::Direction_2 Direction_2;

enum Point_type { SWCORNER=1, LEFTFRAME, NWCORNER,

BOTTOMFRAME, STANDARD, TOPFRAME,
SECORNER, RIGHTFRAME, NECORNER };

(extended cartesian kernel members

const char* output_identifier() const { return "Extended_cartesian"; }

};

We offer construction from a standard affine kernel objects.

(extended cartesian kernel membezs

Point_2 epoint(const Standard_FT& ml, const Standard_FT& ni,
const Standard_FT& m2, const Standard_FT& n2) const
{ return Point_2(FT(nl1,ml1),FT(n2,m2)); }

public:

Point_2 construct_point(const Standard_point_2& p) const
{ return Point_2(p.x(), p.y(O); }

Point_2 construct_point(const Standard_line_2& 1, Point_type& t) const

{

t = (Point_type)Line_to_epoint<Standard_kernel>::determine_type(l);
Point_

2 res;

switch (t) {

case SWCORNER: res = epoint(-1,
case NWCORNER: res = epoint(-1,

, -1, 0); break;
, 1, 0); break;

0
0

case SECORNER: res = epoint( 1, 0, -1, 0); break;
0

case NECORNER: res = epoint( 1,

, 1, 0); break;

case LEFTFRAME:

res = epoint(-1, 0, 1.a()/1.b(0), -1.c()/1.b()); break;
case RIGHTFRAME:

res = epoint( 1, 0, -1.a()/1.b(), -1.c()/1.b()); break;
case BOTTOMFRAME:

res = epoint( 1.b()/1.a(), -1.c()/1.a(), -1, 0); break;
case TOPFRAME:

res = epoint(-1.b()/1.a(), -1.c()/1.a(), 1, 0); break;
default: CGAL_assertion_msg(0,"EPoint type not correct!");

247
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}

return res;

}

Point_2 construct_point(const Standard_point_2& pl,
const Standard_point_2& p2,
Point_type& t) const

{ return construct_point(Standard_line_2(p1,p2),t); }

Point_2 construct_point(const Standard_line_2& 1) const
{ Point_type dummy; return construct_point(l,dummy); 3}

Point_2 construct_point(const Standard_point_2& pi,
const Standard_point_2& p2) const
{ return construct_point(Standard_line_2(p1l,p2)); }

Point_2 construct_point(const Standard_point_2& p,
const Standard_direction_2& d) const
{ return construct_point(Standard_line_2(p,d)); }

Point_2 construct_opposite_point(const Standard_line_2& 1) const
{ Point_type dummy; return construct_point(l.opposite(),dummy); }

Point_type type(const Point_2& p) const
{
CGAL_assertion(p.x() .degree()>=0 && p.y() .degree()>=0 );
if ( p.x().degree() == 0 && p.y() .degree() == 0)
return STANDARD;
// now we are on the square frame
FT rx = p.x();
FT ry = p.y(O);
int sx = sign(rx);
int sy = sign(ry);
if (sx < 0) rx = -rx;
if (sy < 0) ry = -ry;
if (rx>ry) {
if (sx > 0) return RIGHTFRAME;
else return LEFTFRAME;
}
if (rx<ry) {
if (sy > 0) return TOPFRAME;
else return BOTTOMFRAME;
}
// now (rx == ry)
if (sx==sy) {
if (sx < 0) return SWCORNER;
else return NECORNER;
} else { CGAL_assertion(sx==-sy);
if (sx < 0) return NWCORNER;
else return SECORNER;
}
}

bool is_standard(const Point_2& p) const
{ return (type(p)==STANDARD); }
Standard_point_2 standard_point(const Point_2& p) const
{ CGAL_assertion( type(p)==STANDARD );
return Standard_point_2(p.x()[0],p.y() [0]);
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}

Standard_line_2 standard_line(const Point_2& p) const

{ CGAL_assertion( type(p) !=STANDARD );
FT x = p.x0, vy = p.y0;
Standard_FT dx = x.degree()>0 ? x[1] : Standard_FT(0);
Standard_FT dy = y.degree()>0 7 y[1] : Standard_FT(0);
Standard_point_2 p0(x[0],y[0]);
Standard_point_2 pl(x[0]+dx,y[0]+dy);
return Standard_line_2(pO,pl);

}

Standard_ray_2 standard_ray(const Point_2& p) const

{ Standard_line_2 1 = standard_line(p);
Standard_direction_2 d = 1l.direction();
Standard_point_2 q = 1l.point(0);
return Standard_ray_2(q,d);

}

Point_2 NE() const { return construct_point(Standard_line_2(-1, 1,0)); }
Point_2 SE() const { return construct_point(Standard_line_2( 1, 1,0)); }
Point_2 NW() const { return construct_point(Standard_line_2(-1,-1,0)); }
Point_2 SW() const { return construct_point(Standard_line_2( 1,-1,0)); }

Line_2 upper() const { return construct_line(NW() ,NE()); }
Line_2 lower() const { return construct_line(SW(),SE()); }
Line_2 left() const { return construct_line(SW(),NW()); }
Line_2 right() const { return construct_line(SE(),NE()); }

Point_2 source(const Segment_2& s) const
{ typename Base::Construct_source_point_2 _source
construct_source_point_2_object();
return _source(s); }

Point_2 target(const Segment_2& s) const
{ typename Base::Construct_target_point_2 _target
construct_target_point_2_object();
return _target(s); }

Segment_2 construct_segment(const Point_2& p, const Point_2& q) const

{ typename Base::Construct_segment_2 _segment =
construct_segment_2_object();
return _segment(p,q); }

Line_2 construct_line(const Standard_line_2& 1) const
{ return Line_2(1.2a(),1.b(0),1.c0)); }

Line_2 construct_line(const Point_2& pl, const Point_2& p2) const

{ Line_2 1(p1,p2);

RT a=1.a(), b=1.b(), c=1.c();
1 = Line_2(a,b,c);
return 1;

}

int orientation(const Segment_2& s, const Point_2& p) const
{ typename Base::0Orientation_2 _orientation =
orientation_2_object();

249
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return static_cast<int> ( _orientation(source(s),target(s),p) );

}

int orientation(const Point_2& pl, const Point_2& p2, const Point_2& p3)
const
{ typename Base::0Orientation_2 _orientation =
orientation_2_object();
return static_cast<int> ( _orientation(pil,p2,p3) );

}

bool leftturn(const Point_2& pl, const Point_2& p2, const Point_2& p3)
const
{ return orientation(pl,p2,p3) > 0; }

bool is_degenerate(const Segment_2& s) const
{ typename Base::Is_degenerate_2 _is_degenerate =
is_degenerate_2_object();
return _is_degenerate(s); }

int compare_xy(const Point_2& pl, const Point_2& p2) const
{ typename Base::Compare_xy_2 _compare_xy =
compare_xy_2_object () ;
return static_cast<int>( _compare_xy(pl,p2) );

}

int compare_x(const Point_2& pl, const Point_2& p2) const
{ typename Base::Compare_x_2 _compare_x =
compare_x_2_object();

return static_cast<int>( _compare_x(pl,p2) );

}

int compare_y(const Point_2& pl, const Point_2& p2) const
{ typename Base::Compare_y_2 _compare_y =
compare_y_2_object();
return static_cast<int>( _compare_y(pl,p2) );

¥

Point_2 intersection(
const Segment_2& sl1, const Segment_2& s2) const
{ typename Base::Intersect_2 _intersect =
intersect_2_object ();
typename Base::Construct_line_2 _line =
construct_line_2_object();
Point_2 p;
CGAL::0bject result =
_intersect(_line(sl),_line(s2));
if ( !CGAL::assign(p, result) )
CGAL_assertion_msg(false,"intersection: no intersection.");
return p;

¥

Direction_2 construct_direction(
const Point_2& pl, const Point_2& p2) const
{ typename Base::Construct_direction_of_line_2 _direction =
construct_direction_of_line_2_object();
return _direction(construct_line(pl,p2)); }

bool strictly_ordered_ccw(const Direction_2& d1,
const Direction_2& d2, const Direction_2& d3) const
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{
if (dl < d2 ) return ( d2 < d3 )||( d3 <= d1 );
if (dl > d2 ) return ( d2 < d3 )&&( d3 <= d1 );
return false;

}

bool contains(const Segment_2& s, const Point_2& p) const
{ typename Base::Has_on_2 _contains = has_on_2_object();
return _contains(s,p);

¥

bool strictly_ordered_along_line(
const Point_2& pl, const Point_2& p2, const Point_2& p3) const
{ typename Base::Are_strictly_ordered_along_line_2 _ordered =
are_strictly_ordered_along_line_2_object();
return _ordered(pl,p2,p3);
}

bool first_pair_closer_than_second(
const Point_2& pl, const Point_2& p2,
const Point_2& p3, const Point_2& p4) const
{ return ( squared_distance(pl,p2) < squared_distance(p3,p4) ); }

template <class Forward_iterator>
void determine_frame_radius(Forward_iterator start, Forward_iterator end,
Standard_RT& RO) const
{ Standard_RT R;
while ( start != end ) {
Point_2 p = *start++;
if ( is_standard(p) ) {
R = max(abs(p.x()[0]), abs(p.y()[01));

} else {
RT rx = abs(p.x()), ry = abs(p.yO);
if ( rx[1] > ryl[1] ) R = abs(ry[0]-rx[01)/(rx[1]-ry[1]1);

else if ( rx[1] < ry[1] ) R
else /* rx[1] == ry[1] */ R
}
RO = max(R+1,R0);

abs (rx[0]-ry[0])/(ry[1]-rx[1]);
abs (rx[0]-ry[0])/2;

The file wrapper is here.

(Extendedcartesian.h=
(CGAL EC Header
#ifndef CGAL_EXTENDED_CARTESIAN_H
#define CGAL_EXTENDED_CARTESIAN_H

#include <CGAL/Cartesian.h>

#include <CGAL/Point_2.h>

#include <CGAL/Line_2_Line_2_intersection.h>
#ifndef _MSC_VER

#include <CGAL/RPolynomial.h>

#else

#include <CGAL/RPolynomial_MSC.h>

#define RPolynomial RPolynomial_MSC



7.4 A Test of Extended Points 252

#endif

#undef _DEBUG

#define _DEBUG 51

#include <CGAL/Nef_2/debug.h>

#include <CGAL/Nef_2/Line_to_epoint.h>

CGAL_BEGIN_NAMESPACE
template <class T> class Extended_cartesian;
(extended cartesign

#undef RPolynomial
CGAL_END_NAMESPACE
#endif // CGAL_EXTENDED_CARTESIAN_H

7.4 A Test of Extended Points

(EPoint-test.G=
#define RPOLYNOMIAL_EXPLICIT_OUTPUT
#include <CGAL/Cartesian.h>
#include <CGAL/Extended_homogeneous.h>
#include <CGAL/Extended_cartesian.h>
#include <CGAL/Filtered_extended_homogeneous.h>
#include <CGAL/test_macros.h>

#ifdef CGAL_USE_LEDA

#include <CGAL/leda_integer.h>

typedef leda_integer Integer;

template <>

struct ring_or_field<leda_integer> {
typedef ring_with_gcd kind;
typedef leda_integer RT;
static RT gcd(const RT& r1l, const RT& r2)
{ return ::gcd(rl,r2); }

};

#include <CGAL/leda_real.h>

typedef leda_real Real;

template <>

struct ring_or_field<leda_real> {

typedef field_with_div kind;

};

#else

#ifdef CGAL_USE_GMP

#include <CGAL/Gmpz.h>

#include <CGAL/Quotient.h>

typedef CGAL::Gmpz Integer;

template <>

struct ring_or_field<CGAL: :Gmpz> {

typedef ring_with_gcd kind;

typedef CGAL::Gmpz RT;

static RT gcd(const RT& rl, const RT& r2)

{ return CGAL::gcd(rl,r2); }

¥
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typedef CGAL::Quotient<Integer> Real;
template <>
struct ring_or_field<Real> {

¥

#telse

typedef long

typedef field_with_div kind;

Integer;

typedef double Real;

ttendif
#endif

#include <CGAL/intersection_2.h>
using namespace CGAL;

int main()

{
SETDTHREAD (41) ;
CGAL_TEST_START;
{
typedef CGAL::Extended_homogeneous<Integer> EDec;
(EDec test body
(10 tesh
}
{
typedef CGAL::Extended_cartesian<Real> EDec;
(EDec test body
//1I0 does not work for LEDA reals
}
{
typedef CGAL::Filtered_extended_homogeneous<Integer>
(EDec test body
(10 tesh
D.print_statistics();
}
CGAL_TEST_END;
}
(EDec test body=
typedef EDec::Point_2 EP;
typedef EDec::Segment_2 ES;
typedef EDec::Direction_2 ED;
typedef EDec::Standard_kernel::Point_2 Point;
typedef EDec::Standard_kernel::Line_2
typedef EDec::Standard_RT RT;
EDec D;

CGAL: :set_pretty_mode ( std::cerr );
Point ps1(0,0), ps2(1,1), ps3(1,0), ps4(0,1), ps5(1,1,2);
EDec: :Point_type t1,t2,t3;

EP epsl = D.construct_point(psl);

EP eps2
EP eps3
EP eps4
EP epsb

= D.

O o o

construct_point (ps2);

.construct_point (ps3);
.construct_point (ps4) ;
.construct_point (ps5) ;

Line;

EDec;
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EP
EP
EP
EP
ES

epnl
epn2
epn3 =
epn4
ell

|
O oo uoo

ES

el2 = D.

CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.

CGAL_TEST(D.
CGAL_TEST(D.
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.construct_point(ps4,psl,tl); // vertical down ray
.construct_point(psi,psé4,t2); // vertical up ray
.construct_point(ps1,ps3,t3); // horizontal right ray
.construct_point(Line(2,3,4));

.construct_segment (D.construct_point (Line(psl,ps4)),

D.construct_point (Line(ps4,psl)));
construct_segment (D.NW() ,D.NEQ));

type(D.SW())==EDec: : SWCORNER) ;
type(D.NW())==EDec: : NWCORNER) ;
type(D.SE())==EDec: : SECORNER) ;
type(D.NE() )==EDec: : NECORNER) ;

type (epnl)==EDec: : BOTTOMFRAME) ;

type (epn2)==EDec: : TOPFRAME) ;

type (epn3)==EDec: :RIGHTFRAME) ;
type(epsl)==EDec: :STANDARD) ;
standard_line(epnl) == Line(ps4,psl));
standard_point(epsl) == psi);

ES esl = D.construct_segment (epnl,epn2) ;
ES es2 = D.construct_segment (epsl,eps5b);

CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.

CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.

CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.

CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.

CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.

CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.
CGAL_TEST(D.

CGAL_TEST(D.

source(es1) epnl);

target (esl) == epn2);
orientation(esl,D.construct_point(Point(-1,-2))) > 0 );
is_degenerate(D.construct_segment (epnl,epnl)));
compare_xy (epsl,eps5)<0);

compare_xy(epsl,epn2)<0);

compare_xy (epnl,eps1)<0);

intersection(esl,es2) == epsl);

compare_xy (epsl,eps2)<0);
compare_xy (eps4,eps1)>0);
compare_xy (epsl,eps1)==0);
compare_xy (D.NW() ,eps2)<0);
compare_xy (eps1,D.NE())<0);
compare_xy (D.SW(),D.SE())<0);
compare_xy (epnl,eps1)<0);
compare_xy(epsl,epn2)<0);

orientation(epsl,eps2,eps3)<0);
orientation(epsl,eps3,eps2)>0);
orientation(epsl,eps2,D.construct_point (Point(2,2)))==0);
orientation(epsl,eps2,D.construct_point(psl,ps2))==0);
orientation(epsl,eps2,epn3)<0);
orientation(epsl,eps2,epn2)>0);
orientation(D.NW(),D.NE(),eps1)<0);
orientation(D.NE(),D.NW(),eps1)>0);
orientation(D.SW(),D.NE() ,eps1)==0);
orientation(epnl,epn2,epsl)==0);
orientation(epnl,epn2,epsd)==0);
orientation(epnl,epn2,eps3)<0);
orientation(epn2,epnl,eps3)>0);

first_pair_closer_than_second(epsl,epsb,epsl,eps2));

CGAL_TEST(!D.first_pair_closer_than_second(epsl,eps3,epsl,epsd));

CGAL_TEST(D.

first_pair_closer_than_second(epsl,eps3,eps?2,
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D.construct_point (Point(2,2,1))));
CGAL_TEST(D.first_pair_closer_than_second(epsl,eps3,eps2,D.NW()));
CGAL_TEST(D.first_pair_closer_than_second(epsl1,D.SE(),D.SW(),D.NE()));
CGAL_TEST(!D.first_pair_closer_than_second(eps1,D.SE() ,eps5,D.NE()));
CGAL_TEST(D.first_pair_closer_than_second(eps5,D.NE(),eps1,D.SE()));
CGAL_TEST(!D.first_pair_closer_than_second(eps1,D.SE() ,eps1,D.NEQ)));
CGAL_TEST(D.first_pair_closer_than_second(D.SE(),D.NE(),D.NE(),D.SW()));
CGAL_TEST(!D.first_pair_closer_than_second(D.SE(),D.NE() ,D.NW(),D.SW()));

CGAL_TEST(D.construct_direction(D.NW() ,D.NE())==ED(RT(1),RT(0)));
CGAL_TEST(D.construct_direction(D.NE() ,D.NW())==ED(RT(-1),RT(0)));
CGAL_TEST(D.construct_direction(D.SW(),D.NE())==ED(RT(1),RT(1)));
CGAL_TEST(D.construct_direction(D.NW(),D.SE())==ED(RT(1) ,RT(-1)));
CGAL_TEST(D.construct_direction(D.NW(),D.SW())==ED(RT(0) ,RT(-1)));
CGAL_TEST(D.construct_direction(D.SW(),D.NW())==ED(RT(0),RT(1)));

CGAL_TEST(D.construct_direction(eps5,D.NE())==ED(RT (1) ,RT(1)));
CGAL_TEST(D.construct_direction(eps5,D.SW())==ED(RT(-1) ,RT(-1)));

ES upper = D.construct_segment(D.NW(),D.NE());
ES left = D.construct_segment(D.SW(),D.NW());
EP ep_res = D.intersection(ell,upper);
CGAL_TEST (ep_res==epn2) ;

ep_res = D.intersection(left, upper);
CGAL_TEST(ep_res == D.NW());

(10 tesh=
CGAL_IO_TEST(eps3,epsl);
CGAL_IO_TEST(epn2,epnl);

7.5 A Demo of the EPoint concept

(EPoint-demo.G=
#define RPOLYNOMIAL_EXPLICIT_OUTPUT
#include <CGAL/Extended_homogeneous.h>
#include <CGAL/leda_integer.h>
#include <CGAL/test_macros.h>

template <>

struct ring_or_field<leda_integer> {
typedef ring _with_gcd kind;

};

typedef CGAL::Extended_homogeneous<leda_integer> EDec;
typedef EDec::Standard_point_2 Standard_point;
typedef EDec::Standard_line_2 Standard_line;

typedef EDec::Point_2 Point;

typedef EDec::Standard_aff_transformation_2 Atra;

EDec D;

int main() {
CGAL: :set_pretty_mode ( std::cout );
CGAL: :set_pretty_mode ( std::cerr );
Standard_point p1(0,0),p2(2,1),p3(1,4);
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Standard_line 1(p1,p2);

Point epl = D.construct_point(1);
Point ep2 = D.construct_point(p2,p3);
Point ep3 = D.construct_point(p2);

Atra T(CGAL::ROTATION,1,0);

Point epl0 = D.transform(epl,T);
Point ep20 = D.transform(ep2,T);
Point ep30 = D.transform(ep3,T);
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8 Filtered Extended Kernel

8.1 Introduction

It is convenient to extend the vision of standard rationahisoby so-callechon-standardgpoints. We
have one non-standard point for each equivalence clasy®f Tavo rays are called equivalent if one
is contained in the other. The geometric properties of nandard points are derived by giving them
a geometric interpretation by means of an infinimaxifRalR is a real variable. The value & is
finite but larger than the value of any concrete real numbet FLbe the square box with corners
NW(-R,R), NE(R,R), SER, —R), andSW—R, —R). Let p be a non-standard point and tdbe a ray
defining it. If the frame~ contains the source point othen letp(R) be the intersection afwith the
frameF, if F does not contain the source ofhen p(R) is undefined. For a standard point [&R)

be equal top if p is contained in the framE and letp(R) be undefined otherwise. Clearly, for any
standard or non-standard pop(R) is defined for any sufficiently large.

Let f be any function on standard points, say wktarguments. We calf extensibldf for any k
pointspy, ..., pk the function value (p1(R),. .. , pk(R)) is constant for all sufficiently large and has
the same value as the function evaluated at a fixed large bn@lgeR,. We also consider geometric
constructions. Leg be a construction on standard points constructing a tuglgooints from a tuple
of k points. We callg extensibldf for any k pointspy, ..., pk the construction is closed in our set of
extended points: if it constructs a point tuglg ... , g of extended points for all sufficiently lardge
with the property that by fixing a large enoufb the tuple is the result of the standard construction.
As we will see in a moment the predicategicographic ordeof points,orientation andsideof_circle
are extensible. Also the calculation of the point in theersectionof line segments defined on two
pairs of points is extensible.

For a formal definition of extended points, extended segsandl the corresponding predicates
see the technical report [SMOO].

8.2 Implementation

In this section we descibe a more advanced extended kearebtimpleextendedkernel This kernel
tries to optimize runtime by use of a filter stage. It does b bn polynomial arithmetic but on
unrolled polynomial expressions directly programmed far eévaluation of the predicates and con-
structions. We explain the techniques used. We implemesttialized kernel types that store the
arbitrary precision coordinates but also intervals of namtgpe double approximating them. Then
we show how our running example, the orientation test, idémgnted in its unrolled fashion. We
finally present the intersection operation based on a cegertlent implementation. Our description
covers all ideas needed to implement the whole extendeelkeoncept.
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Kernel types

In contrast to the first approach based on a polynomial agtltintype RPolynomialplugged into
CGAL homogeneous points, we implement an extended kerseldban specialized types. The com-
ponents are the types listed below plus the predicates arsiractions that are required to construct
a model of outExtendedKernelTrait concept. The types that we implement are

SPolynomial<RT>
SQuotient<RT>
Extended _point<RT>
Extended_segment<RT>
Extended direction<RT>

We shortly elaborate on the usage of the above types anddésign. LetRT be a multiprecision
integer number type like LEDAnteger. SPolynomiatRT> is a container type storing linear polyno-
mials of the formmR+ n. SQuotient RT> stores a two tuple consisting of &PolynomiatRT> and
anRT object and represents the corresponding quotient.

Our definition tells us that an extended pomtin homogeneous representation has the form
(mR+ ny, R+ ny,w), whereR is our frame defining variable and all other identifiers arenau
bers fromRT. phx( ) returns the x-polynomiainR+ n, andp.hy( ) the y-polynomialmyR+ ny (of
type SPolynomiatRT>). phw( ) returnsw. These are the homogeneausandy- coordinates ofp
with common denominatown. For completenesp also provides a Cartesian interfage( ) returning
anSQuotientRT> of the form(mR+ ny) /w. In analogyp.y( ) = (myR+ ny)/w.

All number entries ofp can be accessed as multiprecision numbers as well as asedairox-
imations stored in an interval of tyg@GAL:: Intervalntadvanced Thus a point stores RT entries
and 10 double precision entries. The number type interfansists of the operationsmx( ), pnx( ),
pmy( ), pny( ), phw( ), andpmxD( ), pnxD( ), pmyDX ), pnyD( ), phwD( ) for the intervals. The
operationp.is.standard ) returns true, iff bothm, andm, are zero.

The points are programmed along the lines of the LEDA and C@&dmetric kernel design. They
have I/O stream operators, and they can be drawn in a LEDAamindhen our frame parametBris
fixed.

(simple polynomials=

template <typename RT>

class SPolynomial {
RT _m,_n;

public:
SPolynomial() : _m(),_n() {}
SPolynomial (const RT& m, const RT& n) : _m(m),_n(n) {3}
SPolynomial (const RT& n) : _m(),_n(n) {}
SPolynomial (const SPolynomial<RT>& p) : _m(p._m),_n(p._n) {3}
SPolynomial<RT>& operator=(const SPolynomial<RT>& p)
{ _m=p._m; _n=p._n; return *this; }
const RT& m() const { return _m; }
const RT& n() const { return _n; }
void negate() { _m=-_m; _n=-_n; }

SPolynomial<RT> operator#*(const RT& c) const

{ return SPolynomial<RT>(c*_m,c*_n); }

SPolynomial<RT> operator+(const SPolynomial<RT>& p) const
{ return SPolynomial<RT>(_m+p._m,_n+p._n); }
SPolynomial<RT> operator-(const SPolynomial<RT>& p) const
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{ return SPolynomial<RT>(_m-p._m,_n-p._n); }
SPolynomial<RT> operator-() const
{ return SPolynomial<RT>(-_m,-_n); }
void operator /= (const RT& c)
{m/=c n/=c¢c;}
const RT& operator[](int i) { return (i%2 ? _n : _m); }
const RT& operator[] (int i) const { return (i%2 ? _n : _m); }
bool is_zero() const { return (_m==0 && _n==0); }
int sign() const
{if ( _m !'= 0 ) return CGAL_NTS sign(_m);
return CGAL_NTS sign(_n); }
// only for visualization:
static void set_R(const RT& R) { _R = R; }
RT eval_at(const RT& r) const { return _m¥r+_n; }
RT eval_at_R() const { return _m*_R+_n; }
protected:
static RT _R;
s

template <class RT> RT SPolynomial<RT>::_R;

template <typename RT>
int sign(const SPolynomial<RT>& p)
{ return p.sign(); }

template <typename RT>
bool operator==(const SPolynomial<RT>& pl, const SPolynomial<RT>& p2)
{ return (p1-p2).is_zero(); }

template <typename RT>
bool operator>(const SPolynomial<RT>& pl, const SPolynomial<RT>& p2)
{ return (p1l-p2).sign()>0; }

template <typename RT>
bool operator<(const SPolynomial<RT>& pl, const SPolynomial<RT>& p2)
{ return (p1l-p2).sign()<0; 1}

template <class RT>
inline double to_double(const SPolynomial<RT>& p)
{ return (CGAL::to_double(p.eval_at(SPolynomial<RT>::_R))); }

template <class RT>
std::ostream& operator<<(std::ostream& os, const SPolynomial<RT>& p)
{
switch( os.iword(CGAL: :I0::mode) ) {
case CGAL::I0::ASCII
os << p.m() << " " << p.n(); break;
case CGAL::IO0::BINARY :
CGAL: :write(os,p.m());CGAL: :write(os,p.n()); break;
default:
if ( p.m() == 0 ) os<<"["<<p.n()<<"]";
else os<<"["<<p.m()<<" R + "<<p.n()<<"]";
3
return os;
}
template <class RT>
std::istream& operator>>(std::istream& is, SPolynomial<RT>& p)
{ RT m,n;
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switch( is.iword(CGAL::I0::mode) ){
case CGAL::I0::ASCII
is >> m >> n; p = SPolynomial<RT>(m,n); break;
case CGAL::I0::BINARY :
CGAL: :read(is,m) ;CGAL: :read(is,n) ;break;
default:
CGAL_assertion_msg(0,"\nStream must be in ascii or binary mode\n");
break;
}

return is;

template <class RT> /*CGAL_KERNEL_INLINE*/
CGAL: :io_Operator io_tag(const SPolynomial<RT>&)

{

return CGAL::io_Operator(); }

We need a container quotient type to return cartesian coamtel. We only need it for visualization
and interface completion. It has no number type functidyali

(simple polynomialst-=
template <typename RT>
class SQuotient {

SPolynomial<RT> _p;
RT _n;

public:

};

SQuotient() : _p(O),_n() {}

SQuotient (const SPolynomial<RT>& p, const RT& n) : _p(p),_n(n) {}
SQuotient (const SQuotient<RT>& p) : _p(p._p),._n(p._n) {2}
SQuotient<RT>& operator=(const SQuotient<RT>& p)

{ _p=p._p; _n=p._n; return *this; }

const SPolynomial<RT>& numerator() const { return _p; }

const RT& denominator() const { return _n; }

template <class RT>
inline double to_double(const SQuotient<RT>& q)

{

return (CGAL::to_double(q.numerator().eval_at_R())/
CGAL: :to_double(q.denominator())); }

Points are realized by a smart-pointer scheme. There is &ebdc object type
Extendedhointrep<RT> (the representation) and a frontend handle tipéendedooint<RT>. We
only elaborate on the representation type. Details on spmanters are offered in the LEDA book
[MNO99].

(extended poinjs=
template <typename RT> class Extended_point;
template <typename RT> class Extended_point_rep;

template <typename RT>
class Extended_point_rep : public Ref_counted {

friend class Extended_point<RT>;
SPolynomial<RT> x_,y_; RT w_;
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typedef Interval_nt_advanced DT;
DT mxd,myd,nxd,nyd,wd;

public:
(construction

};

For the filter stage we use interval approximations of tgf8AL:: Intervalntadvanced See H.
Bronnimann et.al [BBP98] for more information. An objedttlois type is an interval of two doubles
representing any number in the interval. An arithmetic apen op of +, —, %, / on two intervals

X andY calculates an intervaX opY such thatvx € X,y € Y : (xopy) € (X opY). This allows us

to determine the correct sign of an interval expression ag &s the interval does not contain zero.
The type uses exceptions to tell user code that a sign detation does not lead to a secure result.
That exception can be catched to repair the resulting uaiogyt We will see how this works in our
predicates below. The tydatervalntadvancedmplements dynamic filtering. Rounding errors are
accumulated during the execution of the program. The tyqaires its user to take the responsibil-
ity for the rounding mode of the processor. Whenever anragtit interval expression is evaluated
the processor should be in its correct rounding mode (simigcthe processor is an expensive op-
eration, thereby the user’'s care does pay-off). The switchs done by class declaration statement
ProtectFPU_roundingctrue> P. The construction of objed® sets the correct rounding mode, its de-
struction resets the previous mode which ensures correcuérn of code parts that rely on different
rounding modes.

The following conversion routine constructs an intervattbontains aloubleapproximationcn
from its parameten (a LEDA integer). Only two cases can occun:can be approximated accurately
by an interval[cn,cn| of zero width if the bit representation afhas less than 53 bits. Otherwise we
add the smallest representaleubleto make the interval contain. By the addition the interval is
expanded by exactly the radius of the machine accuracy. Boe mformation on rounding problems
please refer to D. Goldberg [Gol91].

DT to_interval(const leda_integer& n)
{ double cn = CGAL: :to_double(n);

leda_integer pn = ( n>0 7 n : -n);
if ( pn.iszero() || log(pn) < 53 ) return DT(cn);
else {

Protect FPU_rounding<true> P;
return DT (cn)+CGAL: :Interval base::Smallest;
}
}

On construction of the representation we constructdiigble approximation of the multiprecision
entries. Note that we trade space for execution time.

(construction=

Extended_point_rep(const RT& x, const RT& y, const RT& w) :
Ref_counted (), x_(x),y_(y),w_(w)

{ CGAL_assertion_msg(w!=0,"denominator is zero.");
nxd=CGAL: :to_interval(x);
nyd=CGAL: :to_interval(y);
wd=CGAL: :to_interval (w) ;
mxd=myd=0;

}

Extended_point_rep(const SPolynomial<RT>& x,
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const SPolynomial<RT>& y,
const RT& w) : Ref_counted(), x_(x),y_(y),w_(w)
{ CGAL_assertion_msg(w!=0,"denominator is zero.");
mxd=CGAL: :to_interval(x.m());
myd=CGAL: :to_interval(y.m());
nxd=CGAL: :to_interval(x.n());
nyd=CGAL: :to_interval(y.n());
wd=CGAL: :to_interval(w) ;

We do not show the implementation of the cl&gendedbointRT>. It mainly serves as an inter-
face of the representation class and inherits the handlatai@nce code from the front end class
CGAL::Handlefor.

(construction+=
Extended_point_rep() : Ref_counted(), x_Q),y_O,w_0O {3
“Extended_point_rep() {}
void negate()
{x_=-=x_5 y_=-y_; w_ = -w_;
mxd = -mxd; myd = -myd; nxd = -nxd; nyd = -nyd; wd = -wd; }

(extended poinjs-=

template <typename RT_>

class Extended_point : public Handle_for< Extended_point_rep<RT_> > {
typedef Extended_point_rep<RT_> Rep;
typedef Handle_for< Rep > Base;

public:
typedef typename Rep::DT DT;
typedef RT_ RT;

Extended_point() : Base( Rep() ) {}

Extended_point(const RT& x, const RT& y, const RT& w)
Base( Rep(x,y,w) )
{ if (w < 0) ptr->negate(); }

Extended_point (const SPolynomial<RT>& x,

const SPolynomial<RT>& y,

const RT& w) : Base( Rep(x,y,w) )
{ if (w < 0) ptr->negate(); }

Extended_point(const RT& mx, const RT& nx,
const RT& my, const RT& ny, const RT& w)
Base( Rep(SPolynomial<RT>(mx,nx), SPolynomial<RT>(my,ny), w) )
{ if (w < 0) ptr->negate(); }

Extended_point (const Extended_point<RT>& p) : Base(p) {}
“Extended_point () {}

Extended_point& operator=(const Extended_point<RT>& p)
{ Base::operator=(p); return xthis; }

const RT& mx() const { return ptr->x_.m(); }
const RT& nx() const { return ptr->x_.n(); }
const RT& my() const { return ptr->y_.m(); }
const RT& ny() const { return ptr->y_.n(); }
const RT& hw() const { return ptr->w_; }
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const DT& mxD() const { return ptr->mxd; }
const DT& nxD() const { return ptr->nxd; }
const DT& myD() const { return ptr->myd; }
const DT& nyD() const { return ptr->nyd; }
const DT& hwD() comnst { return ptr->wd; }

SQuotient<RT> x() const
{ return SQuotient<RT>(ptr->x_, ptr->w_); }
SQuotient<RT> y() const
{ return SQuotient<RT>(ptr->y_, ptr->w_); }

const SPolynomial<RT> hx() const { return ptr->x_; }
const SPolynomial<RT> hy() const { return ptr->y_; }

bool is_standard() const { return (mx()==0)&&(my()==0); }
Extended_point<RT> opposite() const
{ return Extended_point<RT>(-mx() ,nx(),-my() ,ny(,w()); }
(point check ops
}
template <class RT>
std::ostream& operator<<(std::ostream& os, const Extended_point<RT>& p)
{ switch( os.iword(CGAL::I0::mode) ) {
case CGAL::I0::ASCII
0s << p.hx() << " " << p.hy() << " " << p.hw(); break;
case CGAL::I0::BINARY :
CGAL: :write(os,p.hx()) ;CGAL: :write(os,p.hy());
CGAL: :write(os,p.hw()); break;
default:
os << "(" << p.hx() << "," << p.hy() << "," << p.hw() << ")
os << "((" << p.nx().to_double()/p.hw().to_double() << " "
<< p.ny() .to_double()/p.hw() .to_double() << "))";
}
return os;
}
template <class RT>
std::istream& operator>>(std::istream& is, Extended_point<RT>& p)
{ SPolynomial<RT> x,y; RT w;
switch( is.iword(CGAL::I0::mode) ){
case CGAL::I0::ASCII
is >> x >> y >> w; break;
case CGAL::I0::BINARY :
CGAL: :read(is,x) ;CGAL::read(is,y);CGAL: :read(is,w); break;
default:
CGAL_assertion_msg(0,"\nStream must be in ascii or binary mode\n");
break;
}
p = Extended_point<RT>(x,y,w);
return is;
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Predicates

We show the implementation of the orientation predicatextérded points. All other predicates
follow the same strategy. For three homogeneous points lympmials we derive the formula for
the orientation determinant and build up a filter cascadeinfggement three template functions that
code the unrolled coefficients of the polynomialRrof degree 2. We do not prove the derivation of
the following algebraic expressions, we instead explaiwv @ obtained them. We used the math
package Maple [CG®01] to do the algebra. The following script executed in mapieduces the
code expressions below. The lines with the comments have texbcuted for the corresponding
indices.

> pxi := mxi*R+nxi // i=1,2,3

pyi := myi*R+nyi // i=1,2,3

M := array([[px1,pyl,wll, [px2,py2,w2], [px3,py3,w3);]]
orient := collect(det(M),R);

coeffi := coeff(orient,R,i); // i=0,1,2

C(coeffi); // i=0,1,2

V V. V V V

Finally just paste the coefficient code into the templatecfioms. The following operations code
the coefficient of the squared, linear, and constant ternh@function inR that is the result of the
determinant evaluation &fl.

(orientation predicate=
template <typename NT> inline
int orientation_coeff2(const NT& mxl, const NT& /*nxix*/,
const NT& myl, const NT& /*nyl*/, const NT& wi,
const NT& mx2, const NT& /*nx2x%/,
const NT& my2, const NT& /*ny2*/, const NT& w2,
const NT& mx3, const NT& /*nx3x*/,
const NT& my3, const NT& /*ny3*/, const NT& w3)
{
NT coeff2 = mx1*w3*my2-mx1*w2*my3+mx3*w2*myl-
mx2*w3*my1-mx3*wlxmy2+mx2*wl*my3;
return CGAL_NTS sign(coeff2);
}

template <typename NT> inline

int orientation_coeffi(const NT& mx1, const NT& nxi1,
const NT& myl, const NT& nyl, const NT& wi,
const NT& mx2, const NT& nx2,
const NT& my2, const NT& ny2, const NT& w2,
const NT& mx3, const NT& nx3,
const NT& my3, const NT& ny3, const NT& w3)

NT coeffl = mxl*w3*ny2-mx1*w2*ny3+nx1*w3*my2-mx2*w3*nyl-
nx1*w2*my3+mx2*wl*ny3-nx2*w3*myl+mx3*w2*nyl+
nx2*wl*my3-mx3*wl*ny2+nx3*w2*myl-nx3*wl*my2;

return CGAL_NTS sign(coeffl);

}

template <typename NT> inline

int orientation_coeffO(const NT& /*mx1x*/, const NT& nx1,
const NT& /#myl*/, const NT& nyl, const NT& wi,
const NT& /*mx2%/, const NT& nx2,
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const NT& /#my2+*/, const NT& ny2, const NT& w2,
const NT& /*mx3%/, const NT& nx3,
const NT& /*my3#*/, const NT& ny3, const NT& w3)
{
NT coeff0 = -nx2*w3*nyl+nxl*w3*ny2+nx2*wl*ny3-
nx1*w2*ny3+nx3*w2*nyl-nx3*wl*ny2;
return CGAL_NTS sign(coeff0);
}

(orientation predicatet=
DEFCOUNTER (or0)
DEFCOUNTER (or1)
DEFCOUNTER (or2)

Now the final orientation predicate consists of thtgecatchblocks. Eachry block contains
the filtered coefficient evaluation. If the sign evaluatismot defined (the resulting interval contains
zero) then thainsafecomparisonexception is thrown. Theatchblock evaluates the expression with
RT arithmetic. Note again the protection of the rounding moda tie ProtectFPU_roundingtrue>
class declaration. The macrddCTOTAL ) and INCEXCEPTION ) are used to accumulate the
statistics of the filter stages.

(orientation predicatgt=
template <typename RT>
int orientation(const Extended_point<RT>& p1,
const Extended_point<RT>& p2,
const Extended_point<RT>& p3)

int res;
try { INCTOTAL(or2); Protect_FPU_rounding<true> Protection;
res = orientation_coeff2(pl.mxD(),pl.nxD(),pl.myD(),pl.nyD(),pl.hwD(),
p2.mxD() ,p2.0xD() ,p2.myD() ,p2.0nyD() ,p2.hwD(),
p3.mxD() ,p3.0xD(),p3.myD() ,p3.nyD() ,p3.hwD());
}
catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION(or2);
res = orientation_coeff2(pl.mx(),pl.nx(),pl.my(),pl.ny(),pl.hw(),
p2.mx(),p2.0x(),p2.my() ,p2.0ny() ,p2.hw(),
p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw());
}

if ( res !'= 0 ) return res;

try { INCTOTAL(orl); Protect_FPU_rounding<true> Protection;
res = orientation_coeff1(pl.mxD(),pl.nxD(),pl.myD(),pl.nyD(),pl.hwD(),
p2.mxD() ,p2.nxD() ,p2.myD() ,p2.nyD() ,p2.hwD (),
p3.mxD() ,p3.nxD() ,p3.myD() ,p3.nyD() ,p3.hwD());
}
catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION(or1l);
res = orientation_coeffl(pl.mx(),pl.nx(),pl.my(),pl.ny(),pl.hw(),
p2.mx(),p2.0x(),p2.my() ,p2.0ny(),p2.hw(),
p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw());
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}
if ( res !'= 0 ) return res;
try { INCTOTAL(or0); Protect_FPU_rounding<true> Protection;
res = orientation_coeffO(pl.mxD(),pl.nxD(),pl.myD(),pl.nyD(),pl.hwD(),
p2.mxD() ,p2.nxD(),p2.myD(),p2.nyD(),p2.hwD(),
p3.mxD(),p3.nxD(),p3.myD(),p3.nyD(),p3.hwD());
}
catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION(orO);
res = orientation_coeffO(pl.mx(),pl.nx(),pl.my(),pl.ny(),pl.hw(),
p2.mx(),p2.nx(),p2.my () ,p2.ny() ,p2.hw (),
p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw());
}

return res;

Corresponding implementations are provided for the pesdi&comparex( ), comparey( ),
comparexy( ), andcomparepair_dist( ). The latter realizes the squared distance comparison of two
pairs of points. The resulting polynomial has again degreatZontains more complicated expres-
sions than the orientation predicate above.

(comparison predicale=
template <typename NT>
inline
int compare_expr(const NT& nl, const NT& di,
const NT& n2, const NT& d2)
{ return CGAL_NTS sign( n1*d2 - n2*dl ); }
DEFCOUNTER (cmpx0)
DEFCOUNTER (cmpx1)
template <typename RT>
int compare_x(const Extended_point<RT>& pl,
const Extended_point<RT>& p2)
{

int res;
try { INCTOTAL(cmpxl); Protect_FPU_rounding<true> Protection;
res = compare_expr (pl.mxD(),pl1.hwD(),p2.mxD(),p2.hwD());

}
catch (Interval_nt_advanced: :unsafe_comparison) { INCEXCEPTION (cmpx1);

res = compare_expr (pl.mx(),pl.hw(),p2.mx(),p2.hw());

}

if ( res '= 0 ) return res;

try { INCTOTAL(cmpx0); Protect_FPU_rounding<true> Protection;
res = compare_expr (pl.nxD(),pl.hwD(),p2.nxD(),p2.hwD());

}
catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION(cmpxO);

res = compare_expr (pl.nx(),pl.hw(),p2.nx(),p2.hw());
}

return res;

DEFCOUNTER (cmpyO0)
DEFCOUNTER (cmpy1)

template <typename RT>
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int compare_y(const Extended_point<RT>& pl,
const Extended_point<RT>& p2)
{
int res;
try { INCTOTAL(cmpyl); Protect_FPU_rounding<true> Protection;
res = compare_expr(pl.myD(),pl.hwD(),p2.myD(),p2.hwD());
}
catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION(cmpy1);
res = compare_expr(pl.my() ,pl.hw(),p2.my(),p2.hw());
}

if ( res '= 0 ) return res;

try { INCTOTAL(cmpyO); Protect_FPU_rounding<true> Protection;
res = compare_expr(pl.nyD(),pl.hwD(),p2.nyD(),p2.hwD());

}

catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION(cmpyO) ;
res = compare_expr (pl.ny(),pl.hw(),p2.ny(),p2.hw());

}

return res;

¥

template <typename RT>
inline
int compare_xy(const Extended_point<RT>& pi,
const Extended_point<RT>& p2)
{ int c1 = compare_x(pl,p2);
if ( cl '= 0 ) return cil;
else return compare_y(pl,p2);

}

template <typename RT>

inline

bool strictly_ordered_along_line(const Extended_point<RT>& pi,
const Extended_point<RT>& p2,
const Extended_point<RT>& p3)

{ return ( orientation(pl,p2,p3) == 0 ) &&

( compare_xy(pl,p2) * compare_xy(p2,p3) == 1 );
}

template <typename RT>
inline bool operator==(const Extended_point<RT>& pl,
const Extended_point<RT>& p2)
{ CHECK(bool(compare_xy(pl,p2) == 0),pl.checkrep()==p2.checkrep())
return (pl.identical(p2) || compare_xy(pl,p2) == 0); }

template <typename RT>

inline bool operator!=(const Extended_point<RT>& pl,
const Extended_point<RT>& p2)

{ return !(pil==p2); }

template <typename NT>

inline

int cmppd_coeff2(const NT& mx1l, const NT& /*nxlx*/,
const NT& myl, const NT& /*nyl*/, const NT& wi,
const NT& mx2, const NT& /#*nx2*/,
const NT& my2, const NT& /*ny2*/, const NT& w2,
const NT& mx3, const NT& /*nx3x*/,
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const NT& my3, const NT& /*ny3*/, const NT& w3,
const NT& mx4, const NT& /*nx4dx*/,
const NT& my4, const NT& /*ny4*/, const

NT wiQ(wil*xwl), w2Q(w2*w2), w3Q(w3*w3), widQ(wid*wd);
NT wiw2Q(w1Q*w2Q), w3w4Q(w3Q*w4Q), two(2);

NT coeff2 =

w3wdQ * w2Q
twox w3w4Q
w3wdQ * wiQ
w3w4Q * w2Q
two*x w3w4Q
w3w4Q * wiQ
wiw2Q * w4Q
twox wiw2Q
wilw2Q * w3Q
wilw2Q * w4Q
twox wiw2Q
wiw2Q * w3Q

*mx1*mx1-
*w2*mx 1*wl*mx2+
*mx2*mx2+
*my 1*my1-
*w2*xmy 1*wl*xmy2+
*my2*my2-
*mx3*mx3+
*w4xmx3*w3*mx4-
*mx4*mx4-
*my 3*my 3+
*w4d*xmy3*w3*my4 -
*my4*my4 ;

return CGAL_NTS sign(coeff2);

template <typename NT>
inline
int cmppd_coeffl(const

{

}

NT& mx1, const NT& nx1,
const NT& myl, const NT& nyl,
const NT& mx2, const NT& nx2,
const NT& my2, const NT& ny2,
const NT& mx3, const NT& nx3,
const NT& my3, const NT& ny3,
const NT& mx4, const NT& nx4,
const NT& my4, const NT& ny4,

const

const

const

const

NT wiQ(wixwl), w2Q(w2*w2), w3Q(w3*w3), w4Q(wd*wd);
NT wiw2Q(w1Q*w2Q), w3w4Q(w3Q*w4Q), two(2);
NT coeffl = two * (w3w4Q * wlQ * mx2*nx2-

w3w4Q *
w3wéQ
wiw2Q
wiw2Q
w3w4Q
w3w4Q
w3wéQ
w3wéQ
wiw2Q
wilw2Q
wilw2Q
w3w4Q
wiw2Q
wiw2Q
wilw2Q *

¥R X X X X X X X X X X X

w2xmy 1*wl*ny2+
wilQ * my2*ny2+
wa*xnx3*w3*xmx4-
w4Q *mx3*nx3+
w2Q *mx1*nx1-
w2*mx1*wl*nx2-
w2*xnx1*wl*xmx2-
w2*nyl*wlxmy2-
w4Q *my3*ny3+
waxmy3*w3*ny4+
waxny3*w3*my4+
w2Q *myl*nyl-
w3Q *my4*ny4+
waxmx3*w3*nx4-
w3Q *mx4*nx4);

return CGAL_NTS sign(coeffl);

template <typename NT>

NT&

NT&

NT&

NT&

NT& w4)

wil,

w2,

w3,

wd)

269
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inline
int cmppd_coeffO(const NT& /*mx1%/, const NT& nx1,
const NT& /*myl*/, const NT& nyl, const NT& wi,
const NT& /*mx2%/, const NT& nx2,
const NT& /*my2*/, const NT& ny2, const NT& w2,
const NT& /*mx3*/, const NT& nx3,
const NT& /#my3*/, const NT& ny3, const NT& w3,
const NT& /*mx4x*/, const NT& nx4,
const NT& /#*my4*/, const NT& ny4, const NT& w4)
{
NT wiQ(wilxwl), w2Q(w2*w2), w3Q(w3*w3), widQ(wid*wd);
NT wiw2Q(w1Q*w2Q), w3w4Q(w3Q*w4Q), two(2);
NT coeff0 = w3w4Q * (w1Q * ( nx2*nx2 + ny2*ny2 ) +
w2Q * ( nyl*nyl + nxl*nxl )) -
wilw2Q * (w4Q * ( nx3*nx3 + ny3*ny3 ) +
w3Q * ( nx4*nx4 + ny4d*ny4 )) +
twox (- w3w4( * (w2*nxl*wl*nx2 + w2*nyl*wlxny2)
+ wiw2Q * (w4*ny3*w3*ny4 + wd*nx3*w3*nx4));
return CGAL_NTS sign(coeff0);
}

DEFCDUNTER (cmppd2)
DEFCOUNTER (cmppd1)
DEFCOUNTER (cmppd0)

// leghth.mws
template <typename RT>
int compare_pair_dist(
const Extended_point<RT>& pl, const Extended_point<RT>& p2,
const Extended_point<RT>& p3, const Extended_point<RT>& p4)
{
int res;
try { INCTOTAL(cmppd2); Protect_FPU_rounding<true> Protection;
res = cmppd_coeff2(pl.mxD(),pl.nxD(),pl.myD(Q) ,pl.nyD(),pl.hwD(),
p2.mxD() ,p2.0xD() ,p2.myD() ,p2.0nyD() ,p2.hwD(),
p3.mxD(),p3.0xD() ,p3.myD() ,p3.0nyD() ,p3.hwD(),
p4.mxD() ,p4.0xD() ,p4.myD() ,p4.nyD() ,p4.hwD());
}
catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION(cmppd2) ;
res = cmppd_coeff2(pl.mx(),pl.nx(),pl.my(),pl.ny(),pl.hw(),
p2.mx(),p2.0x(),p2.my(),p2.0ny() ,p2.hw(),
p3.mx(),p3.0nx(),p3.my(),p3.0ny(),p3.hw(),
p4.mx(),p4.nx(),pd.my() ,p4.ny() ,p4d.hw());
}

if ( res !'= 0 ) return res;

try { INCTOTAL(cmppdl); Protect_FPU_rounding<true> Protection;
res = cmppd_coeffl(pl.mxD(),pl.nxD(),pl.myD(Q),pl.nyD(),pl.hwD(),
p2.mxD(),p2.nxD() ,p2.myD() ,p2.0nyD() ,p2.hwD(),
p3.mxD(),p3.nxD() ,p3.myD() ,p3.nyD(),p3.hwD(),
p4.mxD() ,p4.0xD() ,p4.myD() ,p4.nyD() ,p4.hwD());
}
catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION (cmppdl);
res = cmppd_coeffl(pl.mx(),pl.nx(),pl.my(),pl.ny(),pl.hw(),
p2.mx(),p2.0nx(),p2.my() ,p2.0ny() ,p2.hw(),
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p3.mx(),p3.nx(),p3.my(),p3.ny(),p3.hw(),
p4d.mx(),p4.nx(),pd.my(),p4.ny(),pd.hw());
}

if ( res '= 0 ) return res;

try { INCTOTAL (cmppdO); Protect_FPU_rounding<true> Protection;
res = cmppd_coeff0(pl.mxD(),pl.nxD(),pl.myD(),pl.nyD(),pl.hwD(),
p2.mxD(),p2.nxD() ,p2.myD() ,p2.nyD() ,p2.hwD(),
p3.mxD(),p3.0xD() ,p3.myD() ,p3.0nyD() ,p3.hwD(),
p4.mxD() ,p4.0xD() ,p4.myD() ,p4.nyD() ,p4.hwD());
}
catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION(cmppdO) ;
res = cmppd_coeff0(pl.mx(),pl.nx(),pl.my(),pl.ny(),pl.hw(),
p2.mx(),p2.0nx(),p2.my() ,p2.0ny() ,p2.hw(),
p3.mx(),p3.0x(),p3.my(),p3.0ny(),p3.hw(),
p4.mx(),p4.nx(),p4d.my() ,p4.ny() ,p4.hw());
}

return res;

Extended segments and intersection

We provide extended segments and some primitives. We mutigentrate on the intersection pred-
icate of lines supported by non-trivial extended segmelmdghis implementation we want to avoid
the calculation of the polynomiacd. Therefore, we extract the possible intersection confifpma

in advance and avoid higher degree polynomials resultimg the general algebraic term.

(extended segmenis
template <typename RT>
class Extended_segment {
Extended_point<RT> _pl,_p2;
public:
Extended_segment() : _p1(),_p20) {}
Extended_segment (const Extended_point<RT>& pl,
const Extended_point<RT>& p2)
_pi(p1), _p2(p2) {}
Extended_segment (const Extended_segment<RT>& s)
_pl(s._pl), _p2(s._p2) {}
Extended_segment<RT>& operator=(const Extended_segment<RT>& s)
{ _pl = s._pl; _p2 = s._p2; return *this; }
const Extended_point<RT>& source() const { return _pil; }
const Extended_point<RT>& target() comnst { return _p2; }

void line_equation(RT& a, RT& b, SPolynomial<RT>& c) const;
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(extended segments=
template <class RT>
std::ostream& operator<<(std::ostream& os, const Extended_segment<RT>& s)
{ os << s.source() << s.target(); return os; }
template <class RT>
std::istream& operator>>(std::istream& is, Extended_segment<RT>& s)
{ Extended_point<RT> p1,p2;
is >> pl >> p2; s=Extended_segment<RT>(pl,p2); return is; }

We extract the line equaticax+ by-+ ¢ = 0 directly from non-standard points if the extended segment
is just a segment. Note that for all lines crossing the intesf our boxa, b, ¢ are just constants from
our integer ring typeRT. However the frame segments also support lines of the &danR = 0 and

y+ R=0. Therefore, we allow a linear polynomial for the coeffitien

(extended segment primitiyes
template <typename RT>
void Extended_segment<RT>::
line_equation(RT& a, RT& b, SPolynomial<RT>& c) const
{
bool sstandard = _pl.is_standard();
bool tstandard = _p2.is_standard();
if (sstandard && tstandard) {
(standard segmept
}
Extended_point<RT> p;
bool correct_orientation=true;
if (!sstandard && !tstandard) {
(two points on the frame bdx
}
else if (sstandard && !tstandard)
{p=_p2;1
else if (!sstandard && tstandard)
{ p = _pl; correct_orientation=false; }
(one point on the frame bpx

If two points span a standard segment then the three coeffoid the line through the points can be
derived from the following determinant equation (just tesedor the variables in the last row).

x1 yl wl
X2 y2 w2 = 0
a b c

(standard segmeji=
a=_pl.nyO*_p2.hw() - _p2.nyO*_pl.hw();
b= _pl.hwO*_p2.nx() - _p2.hw(*_pl.nx();
¢ = SPolynomial<RT>(_pl.nx()*_p2.ny() - _p2.nx()*_pl.ny());
return;
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Two points on the box produce two basic configurations. [Eithe points are both on one frame
segment. Or they are part of one affine line crossing the fakey lie on the same frame segment
then their corresponding coordinate polynomials are eiquabmogeneous representation and equal
to £R. Note that we keep the algebraic calculation within the poiyials of degree less than 2.
When both points lie on the same frame segment then the nlirémesentation of the corresponding
coordinate polynomial is==1R+ 0. This leads to line equations of the form91ly+ +R = 0 when

the y-coordinates are equal and to10y + F+R = 0 when the x-coordinates are equal. In case that
the points span a standard affine line we forward the tredttnghe mixed case by settingto one

of the points.

(two points on the frame b=

bool x_equal = (_pl.hx()*_p2.hw() - _p2.hx()*_pl.hw()).is_zero();
bool y_equal = (_pl.hy(O)*_p2.hw() - _p2.hyO*_pl.hw()).is_zero();
if (x_equal && CGAL_NTS abs(_pl.mx())==_pl.hw() && _pl.nx()==0 )
{ int dy = (_p2.hyO-_pl.hy()).sign();

a=-dy; b=0; c¢ = SPolynomial<RT>(dy*_pl.hx().sign(),0); return; }
if (y_equal && CGAL_NTS abs(_pl.my())==_pl.hw() && _pl.ny()==0 )
{ int dx = (_p2.hx()-_p1.hx()).sign(Q;

a=0; b=dx; c = SPolynomial<RT>(-dx*_pl.hy().sign(),0); return; }
p = _p2; // evaluation according to mixed case

Finally we have the poinp at the tip of a line (somewhere on the frame box). Obviouslycae
extract the affine equation of the line from the polynomiglresentation. We just set the paramd&er
to 0 and 1, obtain two points, and calculate the equatione Mgt by the special structure of our non-
standard points the 2 2 determinants reduce nicelphw( ) is a common factor of all coefficients
a, b, c of the line:

a= YW1 — YoWi, b = XoW1 — XgWo, C = X1y2 — X2Y1
where
X = pnx(),y1 = pny( ),wr = phw( ),x2 = pmx() + pnx( ),y2 = pmy( ) + pny( ),w, = phw()

Foraandb it is obvious thatp.hw( ) can be canceled out, and the difference simplifiedan be re-
duced top.nx( ) x pmy( ) — pny( ) * pmx ) due to the special choice of our points. Remember that for
non-standard points either their x- or y-coordinate is étpuaR. In the homogeneous representation
this means that eithggmx ) = £phw( ) andpnx() =0, orpmy( ) = £phw( ) andpny() =0. In
either case one can safely divide pyw( ).

(one point on the frame bgx

RT x1 = p.nx(), y1 = p.ny(Q); // R==0
RT x2 = p.mx()+p.nx(), y2 = p.my()+p.ny(); // R==
RT w = p.hw();

RT ci;

if ( correct_orientation ) {
a=-p.myQ; // (ylxw-wxy2)/w
b p-mx0; // (x2%w-w*xl)/w
ci = (p.nxO*p.myO)-p.nyO*p.mx())/w; // (x1xy2-x2*yl)/w;
} else {
a= p.myQ; // (y2*xw-wkyl)
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b =-p.mx(); // (xlxw-wxx2)

ci = (p.ayO*p.mxO)-p.nxO*p.my())/w; // (x2%xyl-x1*y2) /w;
}
¢ = SPolynomial<RT>(ci);

We finally provide the intersection construction of two kreupported by two segments. We use the
linear system that defines the common point of two lines.

al b1\ /x —C

a2 b2 Yy —Cp
Note that the line equations are either standard affine imdsmes supporting box segments. The
expressions fox andy are polynomials irR up to degree 1, fow it is just a constant.

(extended segment primitiyes=

template <typename RT>

Extended_point<RT> intersection(
const Extended_segment<RT>& s1, const Extended_segment<RT>& s2)

{
RT al,bl,a2,b2;
SPolynomial<RT> c1,c2;
sl.line_equation(al,bl,cl);
s2.line_equation(a2,b2,c2);
SPolynomial<RT> x = c2%bl - cl1xb2;
SPolynomial<RT> y = cl*a2 - c2*al;
RT w = al*b2 - a2*bl; CGAL_assertion(w'!=0);
(reduce point representation by gcd operation
return Extended_point<RT>(x,y,w) ;

We introduce an option that allows us to reduce the homogenespresentation of points by dividing
both polynomials by the gcd of their contérind their common denominator. This leads to a repre-
sentation of minimal bitlength. We found that this reductjmays off a lot. Remember that we use
the kernel in binary operations of Nef polyhedra and thaiursive usage of intermediate structures
accumulates long point representations without this riéoluc

(reduce point representation by gcd operatien
#ifdef REDUCE_INTERSECTION_POINTS
RT xgcd,ygcd;
if ( x.m() == RT(0) ) =xgcd

( x.n() == 0 7 RT(1) : x.n() );

else /x != 0 */ xged = ( x.n() == 0 7 x.m() : gecd(x.m(),x.n()) );
if ( y.m() == RT(0) ) ygcd = ( y.n() == 0 7 RT(1) : y.n(Q) );

else /* != 0 *x/ yged = (y.n() == 0 7 y.m() : gcd(y.mQ,y.n0)) );
ged (w,ged (xged,yged) ) ;

[

#endif // REDUCE_INTERSECTION_POINTS

1Remember: the content of a polynomial is the gcd of all namzeefficients.
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We introduce the two primitivesrientationandis. degeneratdor user comfort. Theontainspredi-
cate checks if a point is part of a relatively closed segment.

(extended segment primitiyeis=
template <typename RT>
inline
int orientation(const Extended_segment<RT>& s, const Extended_point<RT>& p)
{ return orientation(s.source(),s.target(),p); }

template <typename RT>

inline

bool is_degenerate(const Extended_segment<RT>& s)
{ return s.source()==s.target(); }

template <typename RT>
inline
bool contains(const Extended_segment<RT>& s,
const Extended_point<RT>& p)
{ int p_rel_source = compare_xy(p,s.source());
int p_rel_target = compare_xy(p,s.target());
return ( orientation(s,p) == 0 ) &&
( p_rel_source >= 0 && p_rel_target <= 0 ||
p_rel_source <= 0 && p_rel_target >= 0 );

Direction predicates

(extended directionss
template <typename RT>
class Extended_direction {
Extended_point<RT> _pl,_p2;
public:
Extended_direction() : _p1(),_p20) {}
Extended_direction(const Extended_direction<RT>& d)
_pl(d._pl),_p2(d._p2) {}
Extended_direction<RT>& operator=(const Extended_direction<RT>& d)
{ _pl = d._pl; _p2 = d._p2; return *this; }
Extended_direction(const Extended_point<RT>& p1l,
const Extended_point<RT>& p2)
_pl(p1),_p2(p2) {}
Extended_direction(const RT& x, const RT& y)
_p1(0,0,1), _p2(x,y,1) {}
const Extended_point<RT>& p1() const { return _pl; }
const Extended_point<RT>& p2() const { return _p2; }
int dx_sign() const
{ return (_p2.hxO*_pl.hw()-_pl.hx()*_p2.hw()) .sign(); }
int dy_sign() const
{ return (_p2.hyO*_pl.hw()-_pl.hyO*_p2.hw()).sign(); }
I
template <class RT>
std::ostream& operator<<(std::ostream& os, const Extended_direction<RT>& d)
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{ os << d.p1() << "," << d.p20);
return os; }
template <class RT>
std::istream& operator>>(std::istream& is, Extended_direction<RT>& d)
{ Extended_point<RT> x,y;
is > x >> y; d = Extended_direction<RT>(x,y);
return is; }

(direction predicates=

template <typename NT>

inline

int coeff2_dor(const NT& mx1, const NT& /*nxilx/,
const NT& myl, const NT& /*nyl*/, const NT& wl,
const NT& mx2, const NT& /*nx2*/,
const NT& my2, const NT& /*ny2*/, const NT& w2,
const NT& mx3, const NT& /*nx3*/,
const NT& my3, const NT& /*ny3#*/, const NT& w3,
const NT& mx4, const NT& /*nx4dx*/,
const NT& my4, const NT& /*ny4*/, const NT& w4)

NT coeff2 = wlxmx2*w3*my4-wl*mx2*w4d*my3-w2*mx1*w3*myd+w2*mx1*wld*my3-
wlkmy2*xw3*mx4+wl*my2*wsd*mx3+w2*my1*w3*mx4-w2*my1*xwld*mx3;
return CGAL_NTS sign(coeff2);
}

template <typename NT>
inline
int coeffl_dor(const NT& mx1l, const NT& nxi,
const NT& myl, const NT& nyl, const NT& wil,
const NT& mx2, const NT& nx2,
const NT& my2, const NT& ny2, const NT& w2,
const NT& mx3, const NT& nx3,
const NT& my3, const NT& ny3, const NT& w3,
const NT& mx4, const NT& nx4,
const NT& my4, const NT& ny4, const NT& w4)
{

NT coeffl = -wlxmy2*xw3*nx4+wlsmx2*w3*ny4+wl*my2*wd*nx3-wl*mx2*xwld*ny3+
wl*nx2*w3*my4-wl*nx2*wd*my3+w2*myl*w3*nx4d-w2*mx1*w3*ny4-
w2xmy 1 *wd*nx3+w2*mx 1*wd*ny3-w2*nx1*w3*myd+w2*nx1*wd*my3-
wlxny2*w3*mx4+wl*ny2*wd*mx3+w2*nyl*w3*mx4-w2*nyl*wd*mx3;

return CGAL_NTS sign(coeffl);

}

template <typename NT>

inline

int coeffO_dor(const NT& /*mx1*/, const NT& nxl1,
const NT& /*myl*/, const NT& nyl, const NT& wl,
const NT& /*mx2%/, const NT& nx2,
const NT& /*my2*/, const NT& ny2, const NT& w2,
const NT& /+*mx3%/, const NT& nx3,
const NT& /#my3*/, const NT& ny3, const NT& w3,
const NT& /*mx4*/, const NT& nx4,
const NT& /*my4*/, const NT& ny4, const NT& w4)
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NT coeff0 = wl*nx2*w3*ny4-wl*nx2*w4d*ny3-w2*nxl*w3*ny4+w2*nxl*wld*ny3-
wlkny2*xw3*nx4+wl*ny2*wd*nx3+w2*nyl*w3*nx4-w2*nyl*xwld*nx3;
return CGAL_NTS sign(coeff0);
3

DEFCOUNTER (ord2)
DEFCOUNTER (ord1)
DEFCOUNTER (ord0)

template <typename RT>
inline
int orientation(const Extended_direction<RT>& di,
const Extended_direction<RT>& d2)
{
Extended_point<RT> p1(dl.p1()), p2(d1.p20)),
p3(d2.p10)), p4(d2.p20));
int res;
try { INCTOTAL(ord2); Protect_FPU_rounding<true> Protection;
res = coeff2_dor(pl.mxD(),pl.nxD(),pl.myD(O),pl.nyD(O) ,pl.hwD(),
p2.mxD(),p2.0nxD(),p2.myD() ,p2.nyD() ,p2.hwD(),
p3.mxD(),p3.nxD(),p3.myD(),p3.nyD() ,p3.hwD(),
p4.mxD() ,p4.nxD() ,p4.myD() ,p4.nyD() ,p4.hwD());
} catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION(ord?2);
res = coeff2_dor(pl.mx(),pl.nx(),pl.my(),pl.ny(,pl.hw(),
p2.mx(),p2.0x(),p2.my() ,p2.0ny(),p2.hw(),
p3.mx(),p3.0nx(),p3.my() ,p3.ny(),p3.hw(),
p4.mx(),p4.nx(),pd.my() ,p4.ny(),pd.hw());
}

if ( res !'= 0 ) return res;

try { INCTOTAL(ordl); Protect_FPU_rounding<true> Protection;
res = coeffl_dor(pl.mxD(),pl.nxD(),pl.myD(),pl.nyD(O) ,pl.hwD(),
p2.mxD(),p2.0xD() ,p2.myD() ,p2.nyD() ,p2.hwD(),
p3.mxD(),p3.0xD() ,p3.myD() ,p3.nyD(),p3.hwD(),
p4.mxD() ,p4.0nxD() ,p4.myD() ,p4.nyD() ,p4.hwD());
} catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION(ordl);
res = coeffl_dor(pl.mx(),pl.nx(),pl.my(),pl.ny(),pl.hw(),
p2.mx(),p2.0x(),p2.my() ,p2.ny(),p2.hw(),
p3.mx(),p3.0x(),p3.my(),p3.ny(),p3.hw(),
p4.mx(),p4.0nx(),p4d.my() ,p4.ny(),pd.hw());
}
if ( res !'= 0 ) return res;
try { INCTOTAL(ord0); Protect_FPU_rounding<true> Protection;
res = coeff0_dor(pl.mxD(),pl.nxD(),pl.myD(O),pl.nyD(O) ,pl.hwD(),
p2.mxD(),p2.0xD() ,p2.myD() ,p2.nyD() ,p2.hwD(),
p3.mxD(),p3.0xD() ,p3.myD() ,p3.nyD(),p3.hwD(),
p4.mxD() ,p4.nxD() ,p4.myD() ,p4.nyD() ,p4.hwD());
} catch (Interval_nt_advanced::unsafe_comparison) { INCEXCEPTION(ord0);
res = coeffO_dor(pl.mx(),pl.nx(),pl.my(),pl.ny(,pl.hw(),
p2.mx(),p2.0x(),p2.my() ,p2.0ny(),p2.hw(),
p3.mx(),p3.0x(),p3.my() ,p3.ny(),p3.hw(),
p4.mx(),p4.nx(),pd.my() ,p4.ny(),pd.hw());
}

return res;
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In affine geometry two directions are equal iff

dl.dx()*d2.dy() == d1.dy()*d2.dx() &&
sign(dl.dx()) == sign(d2.dx()) &&
sign(dl.dy()) == sign(d2.dy())

We thus translate the first into a filtered determinant exgimesand check the second and third line
directly.

(direction predicatest-=
template <typename RT>
inline
bool operator==(const Extended_direction<RT>& di,
const Extended_direction<RT>& d2)

{
return orientation(d1,d2) == 0 &&
dl.dx_sign() == d2.dx_sign() &%
dl.dy_sign() == d2.dy_sign(Q);
}
template <typename RT>
inline

bool operator!=(const Extended_direction<RT>& di,
const Extended_direction<RT>& d2)
{ return !'(d1==d2); }

template <typename RT>

bool strictly_ordered_ccw(const Extended_direction<RT>& di,
const Extended_direction<RT>& d2,
const Extended_direction<RT>& d3)

if (d1 == d3) return (d1 '= 42);

int orl2 = orientation(d1,d2);

int orl13 = orientation(d1,d3);

int or32 = orientation(d3,d2);

if ( or13 >= 0 ) // not rightturn
return ( or12 > 0 && or32 < 0 );

else // ( or13 < 0 ) rightturn

return ( or12 > 0 || or32 < 0 );
}
template <typename RT>
inline

bool operator<(const Extended_direction<RT>& d1,
const Extended_direction<RT>& d2)
{ Extended_direction<RT> d0(1,0);
bool dOdleq = (d1 == d0);
bool d0d2eq = (d2 == d0);
return (dOdleq && !'d0d2eq) |
strictly_ordered_ccw(d0,d1,d2) && !d0d2eq;
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The kernel wrapper

All operations are either mapped to the above primitives @milar to the ones in
the default homogeneous kernel. We do not present the laydutthe kernel class
Filtered extendechomogeneoudRT>. It is similar toExtendechomogeneoudRT>. We only present
the usefulness dExtendechomogeneoudRT> with respect to checking of our advanced kernel. We
used the naive approach to back-up the results of our filteoed. As the expressions in this code
base are much more complicated, errors were hard to deteriie enriched the filtered kernel by
checking statements that we switched on when runtime exangaglemed to produce problems. (Of
course we had to log our random test inputs to allow checkinzpse of errors). When switched on
by using the compile flafERNELCHECK our checking macro is defined to be

#define CHECK(c1,c2) CGAL_assertion((cl) == (c2));

Then the orientation member Biltered extendechomogeneoudRT> is just defined as:

int orientation(const Point 2& pl, const Point 2& p2, const Point_2& p3)
const
{ CHECK(K.orientation(pl.checkrep(),p2.checkrep(),p3.checkrep()),
CGAL: :orientation(pl,p2,p3))
return CGAL::orientation(pl,p2,p3); }

wherePoint2 is the extended point type in the local scopd-itered extendechomogeneoudRT>.
p.checkrep ) returns an extended point of tyfiextendechomogeneoudRT>:: Point2 based on the
RPolynomiatRT> number type. AnK is a kernel object of typ&xtendechomogeneoudRT> in the
local scope.

At last the filtered kernel has a member metipoitht statisticg ) that outputs the total number of
failed filter stages in its base version. If the kernel is usét the compile flagKkERNELANALY SIS
then each filtered code section is evaluated separatelyseations give the number of failed stages
and the number of total evaluations thereby the efficiendp®filter can be evaluated with respect to
the input used. This ends the description of the filteredrelad kernel model.

(extended kerngk

template <typename RT_>
class Filtered_extended_homogeneous {
typedef Filtered_extended_homogeneous<RT_> Self;

public:

typedef CGAL::Homogeneous<RT_> Standard_kernel;

typedef typename Standard_kernel::RT Standard_RT;

typedef typename Standard_kermnel::FT Standard_FT;

typedef typename Standard_kernel::Point_2 Standard_point_2;
typedef typename Standard_kernel::Segment_2 Standard_segment_2;
typedef typename Standard_kernel::Line_2 Standard_line_2;
typedef typename Standard_kernel::Direction_2 Standard_direction_2;
typedef typename Standard_kernel::Ray_2 Standard_ray_2;

typedef typename Standard_kernel::Aff_transformation_2
Standard_aff_transformation_2;

typedef SPolynomial<RT_> RT;
typedef SQuotient<RT_> FT;
typedef Extended_point<RT_> Point_2;

typedef Extended_segment<RT_> Segment_2;
typedef Extended_direction<RT_> Direction_2;
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(kernel check ops

enum Point_type { SWCORNER=1, LEFTFRAME, NWCORNER,
BOTTOMFRAME, STANDARD, TOPFRAME,
SECORNER, RIGHTFRAME, NECORNER };

(extended filtered homogeneous kernel members
3

(extended filtered homogeneous kernel members
Standard_RT dx(const Standard_line_2& 1) const { return 1.b(); }
Standard_RT dy(const Standard_line_2& 1) const { return -1.a(); }
Standard_FT abscissa_distance(const Standard_line_2& 1) const
{ return Standard_kernel::make_FT(-1.c(),1.b()); }

Point_type determine_type(const Standard_line_2& 1) const
{
//
Standard_RT adx = CGAL_NTS abs(dx (1)), ady = CGAL_NTS abs(dy(1));
int sdx = CGAL_NTS sign(dx (1)), sdy = CGAL_NTS sign(dy(1));
int cmp_dx_dy = CGAL_NTS compare(adx,ady), s(1);
!/
if (sdx < 0 && ( cmp_dx_dy > O || cmp_dx_dy == 0 &&
sdy !'= (s=CGAL_NTS sign(abscissa_distance(1))))) {
if (0 == s) return ( sdy < O ? SWCORNER : NWCORNER );
else return LEFTFRAME;
} else if (sdx > 0 && ( cmp_dx_dy > O || cmp_dx_dy == 0 &&
sdy != (s=CGAL_NTS sign(abscissa_distance(1))))) {
if (0 == s) return ( sdy < O 7 SECORNER : NECORNER );
else return RIGHTFRAME;

} else if (sdy < 0 && ( cmp_dx_dy < O || cmp_dx_dy == 0 &&
abscissa_distance(l) < Standard_FT(0))) {
return BOTTOMFRAME;
} else if (sdy > 0 && ( cmp_dx_dy < O || cmp_dx_dy == 0 &&

abscissa_distance(1l) > Standard_FT(0))) {
return TOPFRAME;
}
CGAL_assertion_msg(false," determine_type: degenerate line.");
return (Point_type)-1; // never come here

¥

Point_2 epoint(const Standard_RT& ml, const Standard_RT& ni,
const Standard_RT& m2, const Standard_RT& n2,
const Standard_RT& n3) const
{ return Point_2(m1,n1,m2,n2,n3); }
public:
Point_2 construct_point(const Standard_point_2& p) const
{ return Point_2(p.hx(), p.hy(O), p.hw()); }

Point_2 construct_point(const Standard_line_2& 1, Point_type& t) const
{

t = determine_type(l);

//

Point_2 res;

switch (t) {
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case SWCORNER: res = epoint(-1, 0, -1, 0, 1); break;
case NWCORNER: res = epoint(-1, 0, 1, 0, 1); break;
case SECORNER: res = epoint( 1, 0, -1, 0, 1); break;
case NECORNER: res = epoint( 1, 0, 1, 0, 1); break;
case LEFTFRAME: res = epoint(-1.b(), 0, 1l.a(), -1.cO, 1.b(0));
break;
case RIGHTFRAME: res = epoint( 1.b(), 0, -1.a(), -1.c(), 1.b(0));
break;
case BOTTOMFRAME: res = epoint( 1.b(), -1.c(), -1.a(), 0, 1.a());
break;
case TOPFRAME: res = epoint(-1.b(), -1.c(), l.a(), 0, 1.a());
break;
default: CGAL_assertion_msg(0,"EPoint type not correct!");
}
return res;
}

Point_2 construct_point(const Standard_point_2& p1,
const Standard_point_2& p2,
Point_type& t) const
{ return construct_point(Standard_line_2(p1,p2),t); }
Point_2 construct_point(const Standard_line_2& 1) const
{ Point_type dummy; return construct_point(l,dummy); }
Point_2 construct_point(const Standard_point_2& pi,
const Standard_point_2& p2) const
{ return construct_point(Standard_line_2(p1l,p2)); }
Point_2 construct_point(const Standard_point_2& p,
const Standard_direction_2& d) const
{ return construct_point(Standard_line_2(p,d)); }
Point_2 construct_opposite_point(const Standard_line_2& 1) const
{ Point_type dummy; return construct_point(l.opposite(),dummy); }

Point_type type(const Point_2& p) const
{
if (p.is_standard()) return STANDARD;
// now we are on the square frame
RT rx = p.hx();
RT ry = p.hy();
int sx = CGAL_NTS sign(rx);
int sy = CGAL_NTS sign(ry);
if (sx < 0) rx = -rx;
if (sy < 0) ry = -ry;
if (rx>ry) {
if (sx > 0) return RIGHTFRAME;
else return LEFTFRAME;

}
if (rx<ry) {
if (sy > 0) return TOPFRAME;
else return BOTTOMFRAME;
}
// now (rx == ry)
if (sx==sy) {
if (sx < 0) return SWCORNER;
else return NECORNER;

281



8.2 Implementation 282

} else { CGAL_assertion(sx==-sy);
if (sx < 0) return NWCORNER;
else return SECORNER;

}

}

bool is_standard(const Point_2& p) const
{ return p.is_standard(); 1

Standard_point_2 standard_point(const Point_2& p) const
{ CGAL_assertion(is_standard(p));

return Standard_point_2(p.nx(),p.ny(),p.hw());
}

Standard_line_2 standard_line(const Point_2& p) const

{ CGAL_assertion(!p.is_standard());
Standard_point_2 pO0(p.nx(),p.ny(),p.hw());
Standard_point_2 pl(p.mx()+p.nx(),p.myO)+p.ny() ,p.hw());
return Standard_line_2(pO,pl);

}

Standard_ray_2 standard_ray(const Point_2& p) const
{ CGAL_assertion(!p.is_standard());
Standard_line_2 1 = standard_line(p);
Standard_direction_2 d = 1.direction();
Standard_point_2 q = 1l.point(0);
return Standard_ray_2(q,d);
}

Point_2 NE() const { return construct_point(Standard_line_2(-1, 1,0)); }
Point_2 SE() const { return construct_point(Standard_line_2( 1, 1,0)); }
Point_2 NW() const { return construct_point(Standard_line_2(-1,-1,0)); }
Point_2 SW() const { return construct_point(Standard_line_2( 1,-1,0)); }

int orientation(const Point_2& pl, const Point_2& p2, const Point_2& p3)

const

{ CHECK(K.orientation(pl.checkrep(),p2.checkrep(),p3.checkrep()),
CGAL::orientation(pl,p2,p3))

return CGAL::orientation(pl,p2,p3); }

bool leftturn(const Point_2& pl, const Point_2& p2, const Point_2& p3)
const
{ return orientation(pl,p2,p3) > 0; 1}

bool first_pair_closer_than_second(
const Point_2& pl, const Point_2& p2,
const Point_2& p3, const Point_2& p4) const
{ CHECK(K.first_pair_closer_than_second(pl.checkrep(),p2.checkrep(),
p3.checkrep() ,p4.checkrep()),
CGAL: : compare_pair_dist(pl,p2,p3,p4)<0)
return CGAL::compare_pair_dist(pl,p2,p3,p4)<0; }

int compare_xy(const Point_2& pl, const Point_2& p2) const
{ CHECK(K.compare_xy(pl.checkrep(),p2.checkrep()),
CGAL: : compare_xy(p1,p2))
return CGAL::compare_xy(pl,p2); }

int compare_x(const Point_2& pl, const Point_2& p2) const
{ CHECK(K.compare_x(pl.checkrep(),p2.checkrep()),
CGAL: : compare_x(pl,p2))
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return CGAL::compare_x(pl,p2); }

int compare_y(const Point_2& pl, const Point_2& p2) const
{ CHECK(K.compare_y(pl.checkrep(),p2.checkrep()),
CGAL: : compare_y(pl,p2))
return CGAL::compare_y(pl,p2); }
bool strictly_ordered_along_line(
const Point_2& pl, const Point_2& p2, const Point_2& p3) const
{ CHECK(K.strictly_ordered_along_line(
pl.checkrep(),p2.checkrep(),p3.checkrep()),
CGAL: :strictly_ordered_along_line(pl,p2,p3))
return CGAL::strictly_ordered_along_line(pl,p2,p3); }

Segment_2 construct_segment (const Point_2& p, const Point_2& q) const
{ return Segment_2(p,q); }

Point_2 source(const Segment_2& s) const
{ return s.source(); }

Point_2 target(const Segment_2& s) const
{ return s.target(); }

bool is_degenerate(const Segment_2& s) const
{ return s.source()==s.target(); }

int orientation(const Segment_2& s, const Point_2& p) const
{ return orientation(s.source(),s.target(),p); }

Point_2 intersection(const Segment_2& sl1, const Segment_2& s2) const
{ CHECK(CGAL::intersection(sl,s2).checkrep(),
K.intersection(convert(sl),convert(s2)))
return CGAL::intersection(s1,s2); }

bool contains(const Segment_2& s, const Point_2& p) const
{ return CGAL::contains(s,p); }

Direction_2 construct_direction(
const Point_2& pl, const Point_2& p2) const
{ return Direction_2(pl,p2); }

bool strictly_ordered_ccw(const Direction_2& di,
const Direction_2& d2, const Direction_2& d3) const
{ CHECK(K.strictly_ordered_ccw(convert(dl),convert(d2),convert(d3)),
CGAL::strictly_ordered_ccw(d1,d2,d3));
return CGAL: :strictly_ordered_ccw(d1,d2,d3); }

void print_statistics() const
{
std::cout << "Statistics of filtered kernel:\n";
std::cout << "total failed double filter stages = ";
std::cout << CGAL::Interval_nt_advanced: :number_of_failures << std::endl;
PRINT_CHECK_ENABLED;
PRINT_STATISTICS(or2);
PRINT_STATISTICS(orl);
PRINT_STATISTICS (or0);
PRINT_STATISTICS (cmpx1) ;
PRINT_STATISTICS (cmpx0) ;
PRINT_STATISTICS (cmpy1l) ;
PRINT_STATISTICS (cmpyO) ;
PRINT_STATISTICS (cmppd2);
PRINT_STATISTICS (cmppdl);
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PRINT_STATISTICS (cmppdO) ;
PRINT_STATISTICS (ord2);
PRINT_STATISTICS (ordl);
PRINT_STATISTICS (ord0);

}

template <class Forward_iterator>

void determine_frame_radius(Forward_iterator start, Forward_iterator end,

Standard_RT& RO) const
{ Standard_RT R;
while ( start != end ) {
Point_2 p = *start;
if ( is_standard(p) ) {
R = CGAL_NTS max (CGAL_NTS abs(p.mx())/p.hw(),
CGAL_NTS abs(p.my())/p.hw());

} else {
RT rx = CGAL_NTS abs(p.hx()), ry = CGAL_NTS abs(p.hy());
if ( rx[1] > ryl[1] ) R = CGAL_NTS abs(ry[0]-rx[0]1)/(rx[1]-ry[1]);

else if ( rx[1] < ry[1] ) R
else /* rx[1] == ry[1] */ R
}
RO = CGAL_NTS max(R+1,R0); ++start;

}
}
const char* output_identifier() const
{ return "Filtered_extended_homogeneous"; }

(Filtered_extendechomogeneous)k

(CGAL EH Headey
#ifndef CGAL_FILTERED_EXTENDED_HOMOGENEOUS_H
#define CGAL_FILTERED_EXTENDED_HOMOGENEOUS_H

#include <CGAL/basic.h>

#include <CGAL/Handle_for.h>

#include <CGAL/Interval_arithmetic.h>
#include <CGAL/Homogeneous.h>

#undef _DEBUG

#define _DEBUG 59

#include <CGAL/Nef_2/debug.h>

#define REDUCE_INTERSECTION_POINTS
//#define KERNEL_ANALYSIS
//#define KERNEL_CHECK

#ifdef KERNEL_CHECK

#include <CGAL/Extended_homogeneous.h>

#define CHECK(c1l,c2) CGAL_assertion((cl) == (c2));

#define PRINT_CHECK_ENABLED std::cout << "kernel check enabled!\n"
#else

#define CHECK(c1,c2)

#define PRINT_CHECK_ENABLED std::cout << "no kernel check!\n"
#endif

#ifdef KERNEL_ANALYSIS
#define DEFCOUNTER(c) \
static int c##_total=0; static int c##_exception=0;

CGAL_NTS abs(rx[0]-ry[0])/(ry[1]-rx[1]);
CGAL_NTS abs(rx[0]-ry[0])/(2*p.hw());
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#define INCTOTAL(c) c##_total++

#define INCEXCEPTION(c) c##_exception++

#define PRINT_STATISTICS(c) \

std::cout << #c##" " << c##_exception << "/" << c##_total << std::endl
#else

#define DEFCOUNTER(c)

#define INCTOTAL (c)

#define INCEXCEPTION(c)

#define PRINT_STATISTICS(c)

#endif

CGAL_BEGIN_NAMESPACE
(simple polynomials
extended poings

orientation predicatg
comparison predicate
extended segmeiits
extended segment primities
extended directions
direction predicates
extended kerngl

CGAL_END_NAMESPACE

#undef CHECK

#undef KERNEL_CHECK

#undef REDUCE_INTERSECTION_POINTS
#undef KERNEL_ANALYSIS

#undef COUNTER

#undef INCTOTAL

#undef INCEXCEPTION

#undef PRINT_STATISTICS

#undef PRINT_CHECK_ENABLED

#endif // CGAL_FILTERED_EXTENDED_HOMOGENEQUS_H

N N N N N N

Within our extended point type we add conversion to the pmiyial based version.

(point check ops=
#ifdef KERNEL_CHECK
typedef CGAL::Extended_homogeneous<RT_> CheckKernel;
typedef typename CheckKernel::Point_2  CheckPoint;
typedef typename CheckKernel::RT CheckRT;

CheckRT convert (const CGAL::SPolynomial<RT_>& p) const

{ return CheckRT(p.n(),p.m()); }

CheckRT convert(const RT_& t) const

{ return CheckRT(t); }

CheckPoint checkrep() const

{ return CheckPoint (convert (hx()),convert(hy()),convert(w())); }

#endif // KERNEL_CHECK

(kernel check ops=
#ifdef KERNEL_CHECK
typedef Extended_homogeneous<RT_> CheckKernel;
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typedef typename CheckKernel::Point_2 CheckPoint;
typedef typename CheckKernel::Direction_2 CheckDirection;
typedef typename CheckKernel::Segment_2  CheckSegment;
CheckKernel K;

CheckSegment convert(const Segment_2& s) const
{ return CheckSegment(s.source().checkrep(),
s.target () .checkrep()); }
CheckDirection convert(const Direction_2& d) const
{ return X.construct_direction(d.p2() .checkrep(),d.p1().checkrep()); }

#endif // KERNEL_CHECK
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9 Plane Map Implementation

We present some implementation details of our plane maprdeedhat provides an abstract interface
to a plane map. The abstract interface of our plane map dp&isysufficiently specified in the
manual page. We sketch how we implement this interface byOBAL halfedge data structure.
We use the new HDS design as described in the design papeP9JKethe paper contains also a
survey of classical plane map implementations and a mativdor the HDS design. The generic
HDS collection allows to choose different flavors of HDS strues. A user can specify if she uses
explicit vertex or face objects and how the iteration féiei§i are implemented. For the topological
Nef layer we choose the default implementation includingereand face objects, however the offered
design is limited to one single face cycle bounding a facer definition of plane maps requires to
have multiple face cycles and also trivial face cycles imfaf isolated vertices. We do not want to
bore the reader with the technical details of the implemantdut we describe the extension process
from the functionality of the default HDS design to our planap data type. Fortunately, the CGAL
HDS allows a user to extend the functionality by extending dbjects (vertices, halfedges, faces).
The types are transported into the container type HDS in @aled items class; in our case called
HDSitems The possibility of this extension is one advantage of theege design.

Vertex Halfedge Face

+hal f edge(): Hal fedge_handl e +opposite(): Hal fedge_handl e +hal f edge(): Hal fedge_handl e
+next (): Hal fedge_handl e
+prev(): Halfedge_handl e
+vertex(): Vertex_handl e
+face(): Face_handl e

Figure 9.1:The default HDS design

Figure 9.1 presents the default layout of the three objddts.interface methods map to member
variables. A vertex stores an incident edgesuch that.halfedge ) = eandeverteX ) = v. Dually
symmetrical a facé stores an edgein its bounding face cyclef.halfedgé ) = eandefacq ) = f.
The additional links of an edgecreate the topological structure of the grapbpposité ) is used to
make the graph bidirected artext ) andeprev( ) are used for the circular ordering of edges in the
face cycle of a face.

The extended structure in Figure 9.2 adds the possibiliassign multiple face cycles as a bound-
ary to a facef to the above structure. We give generic container acces&bpsof two iterator ranges.
The rangg f.holesbegin( ), f.holesend ) ) stores halfedges that can be used as entry points into dis-
joint face cycles. Accordingly, the randef.isolatedverticesbegin ), f.isolatedverticesend ) )
maintains a set of vertices in the interior 6f Such vertices also store their containing face by
vfacg ) = f. Note that our implementation requires that insertion detilen operations in the
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Vertex Halfedge Face
+hal fedge(): Hal fedge_handl e +opposite(): Hal fedge_handl e +hal f edge(): Hal fedge_handl e
+face(): Face_handl e +next (): Hal f edge_handl e +hol es_begi n/end(): Hal f edge_handl e
+poi nt(): Pointé& +prev(): Hal fedge_handl e +i sol ated_vertices_begin/end(): Vertex_handle
+mark() (): Mark& +vertex(): Vertex_handle +mark(): Mark&
+info(): GenPtré& +face(): Face_handle +info(): GenPtré&
+mark(): Mark&
+info(): GenPtré&

Figure 9.2:The extended HDS design

two sets are constant time operations. We do not show thdsdeMote that all three objects are
attributed twice in addition to the topological linkage.| Abjects store a mark and a generic slot of
type GenPtr = voidx for further data association. This two extensions are mangdor the Nef
structure. Themark( ) slots map to set inclusion flags. Th#o( ) slots allow us to associate tem-
porary information required for the binary overlay of twoustures. Finally, vertices carry a point
representing their embedding into the plane. The full fatars of the extended objects are presented
in the manual pages on page 300, 300, and 301.

Decorator classes

HDS = Interface to

CGAL: : Hal f edgeDS_Def aul t
(extended by nultiple
face cycles)

HDS T
PMfconstfdecorafdr' T=-- «concept »
PMConstDecorator

HDS 3
PM_decorator =~ [ - -[ «concept »
= PMDecorator

"PMCOEC
'GEOM  — «concept »
PM_checker "7~ =| ExtendedKernelTraits_2 |

Figure 9.3:The decorator family defining the interface to the HDS datacstire

We interface the HDS via decorator classes that encapsutaeain functionality. The classes are
depicted in Figure 9.3. We implemented the two main condept€onstDecoratoandPMDecorator
on top of the CGAL HDS. The first gives read-only access to ti¥SHhe second provides ma-
nipulation operations. The concepts carry their interfate the additional moduleBPM.checker
PM.io_parser, PM.visualizor. Whenever geometric kernel operations are needed in thelmad
for example in the checker, we add a template parametericgrgeometric kernel methods. The
COLORDAtemplate parameter in the visualizor mod@&kLvisualizor allows the adaptation of the
drawing of plane maps. We elaborate on some details of thaul@®dbut do not show the whole
implementation.
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PM _constdecorator - the read-only interface

PM_constdecoratok> realizes non-mutable access to plane maps. It providagdogeoperations on
the objects as presented in our concepts section on pagdBB82ole link to geometry is the embed-
ding via a point type. All circular structures are realized girculators (the variation of iterators as
introduced in CGAL). The only method that carries more imedl coding is the integrity check oper-
ation. That operation checks the sanity of the link striecttoding the incidence relations of vertices,
edges, and faces and additionally checks the topologiaabpity of the structure by checking that the
genus of the plane map is zero. The integrity check of theltgjcal decorator does the following:

e all vertices are partitioned into two sets by tlkésolated ) predicate. All isolated vertices
have face links where is in the isolated vertices list of — face ). All non-isolated vertices
are bound to adjacency lists by their halfedge link.

e for all verticesv we check thasourcéA(v)) ==v
o for all edgese we check thatwin(twin(e)) ==e

e we check that the Euler formula is correctly fulfilled. Lgtbe the number of vertices, be
number of edges (= number of halfedges divided byn2)be the number of faces;. be the
number of face cycles, antg. be the number of connected components of the map. Then at
first we havens = n¢c — N+ 1 and we check that, — ne+ ns = 1+ ng.. Note that we have to
cope with isolated vertices. They are counted in our comaecomponent number,. and in
ny.

See Chapter 8 of the LEDA book for an elaborate treatmentigttieck.

PM _checker - checking geometric properties

Our checker mainly realizes the integrity checks of the dasoperties of the plane map like that
of an order-preserving embedding or the forward-prefix prypof the adjacency lists. We also
added a checker method that examines if a plane map repeséndngulation of its vertices. The
implemented methods are

void check_order preserving embedding(Vertex const_handle v) const;

void check forward prefix condition(Vertex_const_handle v) const;

void check_order preserving embedding() const;
void check_is_triangulation() const;

The methods check the basic properties that we require frplaree map. The task to check if our
plane map actually is a triangulation of its vertices folkothie ideas as presented in [MN®®] and
the LEDA book.

PM _decorator - manipulating the plane map

PM . decoratok> gives mutable access to a plane map. Apart from standaraitopes the interface
also provides operations that are very specially desigoethé updates needed in our sweep frame-
work or in the simplification phase of our binary operatiorfgme operations allow changing the
incidence of plane map objects only partially e.g. createdge that is only linked to a vertex at its
source. With these operations one has to be careful not titlspplane map structure. The advantage
is that we do not need superflous allocations of objects tieabaly needed temporarily.

The implementation of most of the operations is straighivéod. The only operation that should
be mentioned is the clone operation for plane maps. As therigeHDS container does not know the
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layout of the objects that it maintains, a copy constructohard to realize for the general case. In
the rare case where we actually need to copy a plane map, weeauseethods:
void clone(const HDS& H);

template <typename LINKDA>
void clone_skeleton(const HDS& H, const LINKDA& L)

Both methods basically work in two stages. [Etbe the target copy dfl. First each objecb in H
is cloned into an objeat’ in H’ whose links still point to objects ial. We store the correspondance
of oto ¢’ in amapM(0) = 0. Then in the second stage we iterate all objetia H' and replace the
links to the objects it by the corresponding objects i via the map. The result is an isomorphic
structure. Note that due to the fact that grevnextlinks of the halfedges also code the embedding,
this isomorphy is also topological and not only combinator{Die97]. Of course the geometric
embedding of the vertices and the attributed marks arerssfierred. The second cloning operation
just extracts an topological isomorphic 1-skeleton fronul&ffedged plane map. In that operation
we also provide access to the newly created objects by ati@ddidata accessdr. The LINKDA
concept requires the methods:

struct LINKDA {

void operator() (Vertex_handle vn, Vertex_const_handle vo) const;

void operator () (Halfedge handle hn, Halfedge const_handle ho) const;
}

wherevn, hnare the cloned objects W’ andvo, hoare the original objects ¢i. L can now be used to
get a hand on the cloning process on the object level. Theadédhused to obtain an isomorphic graph
structure that can be used for further subdivision (e.gntpoication in constrained triangulations).
We leave out the details, as its design is mainly determiryeitidodesign of the CGAL HDS.

PM _io_parser - stream input and output

The input and output is mainly triggered by a decorator whiak the control over the 1/0 format and
does some basic parsing when reading input. The class tenifilhio_parsexkPMDEC> has two
constructors and two corresponding actions on the streataged on construction:
PM_io_parser(std::istream& is, Plane map& H);
void read();

PM_io_parser(std::ostream& os, const Plane map& H);
void print() const;

The template parameter refers to the conédgDecorator A decorator object decorating is used
to construct the plane mdp when reading from the input stream, or to explore the stracithen
printing to the output stream. We omit the implementatiotaie

We only present the I/O format that is similar to that usedHDIA for general graphs. There is a
header and then three sections storing the objects vertiadedges, faces:

Plane map_2

vertices nl

halfedges n2

faces n3

0 { isolated incident_object, mark, point }

nil-1 { isolated incident_object, mark, point }
0 { opposite, prev, next, vertex, face, mark }
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n2-1 { opposite, prev, next, vertex, face, mark }
0 { halfedge, fclist, ivlist, mark }

n3-1 { halfedge, fclist, ivlist, mark }

there aren; lines for verticesn, lines for halfedges, and; lines for faces. All objects are indexed
by non-negative integers. Vertex lines contain a boolearkené&solatedfollowed by the index of an
incident object (a face ifolatedis true, otherwise the first halfedge of the adjacency lik8 attribute
and the embedding. Halfedge lines store the link strucageit by indices representing the objects):
the opposite(also called twin or reversal) halfedge, thevious andnexthalfedge of its face cycle,
the incidentvertexand the incidentace and the attributedhark The face lines have no fixed length
as the number of face cycles and isolated vertices is notdemlirBoth listdclist (for face cycles) and
ivlist (for isolated vertices) are white space separated listsimfbers. Their elements are the indices
of one halfedge from the corresponding face cycle or theewlof the isolated vertices in the interior
of the faces respectively. Thalfedgeis the index of a halfedge of the outer face cycle of the fack an
themarkis again the attribute of the face. Note that as our indexeatarts at 0, we code undefined
references by 1.

I/O and cloning processes bear a strong similarity. In bottgsses one creates isomorphic
representations of pointer structures. In case of outmutépresentation of typed pointers (handles)
is a uniqgue numbering of all objects that can be translateld Baring an input process.

PM _visualizor - drawing plane maps in a window

We offer a decorator drawing a plane map into a CGAL windowastr, which is basically a LEDA
window offering stream operations for all affine kernel atgeof the CGAL geometry kernels. The
class templat®M.visualizok PMCDEC GEOM, COLORDA requires models of the three template
parameters for instantiation. The first two can be instsedidoy PM constdecoratok> and any ge-
ometry kernel being a model of the concefffineGeometryTrait& The third parameter assigns
colors and sizes to the objects of the plane map dependingeimattributes by the following class
concept:
struct COLORDA {

CGAL: :Color color(Vertex_const_handle, const Mark& m) const;

CGAL: :Color color(Halfedge const_handle, const Mark& m) const;

CGAL: :Color color(Face_const_handle, const Mark& m) const;

int width(Vertex_const_handle, const Mark& m) const;

int width(Halfedge const_handle, const Mark& m) const;
};
On construction the visualizor obtains a window straéira decoratoD, a geometry kernd{, and a
color data access@. The plane map referenced Byis drawn in the windowV with the properties
as specified b(Z.

PM_visualizor (CGAL: :Window_stream& W, const PMCDEC& D,
const GEOM& K, const COLORDA% C);

The class offers drawing by object or drawing of the full stawe by the methods:

void draw(Vertex_const_handle v) const
void draw(Halfedge const_handle e) const
void draw(Face_const_handle f) const
void draw map() const
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We do not show their implementation here. For the drawindheffaces we use the techniques that
are used by LEDA windows to draw polygons.

9.1 Extending the HDS

We extend the basic HDS design by multiple face cycles andtebvertices.

9.1.1 Extended vertices
To summarize the vertex design compared to the default HDS:

topology and combinatorics a vertex has extended incidence operations. Dependingeopréli-
cateisisolated ) a vertex has either a link to an incident face jgat|face( ) or it has a link to
an incident halfedge vigset]halfedgé ).

geometry an object of typdoint for its embedding.

attribute a mark of typeMark and an information slot stored inGenPtr. The latter can be used by
thegeninfoclass.

Internal implementation invariants:
e isisolated ) < ivit( ) !=nil an isolated vertex is stored in some faces isolated vetigtes

e isisolated ) < halfedge¢ ) == Halfedgehandlg ) an isolated vertex has no incident halfedge.

(epm vertices=

template <typename Refs, typename Traits>
class Vertex_wrapper { public:
typedef typename Traits::Point Point;
class Vertex {
public:
typedef Refs HalfedgeDS;
typedef Vertex  Base;
typedef CGAL::Tag_true Supports_vertex_halfedge;
typedef CGAL::Tag_true Supports_vertex_point;

typedef typename Refs::Vertex_handle Vertex_handle;

typedef typename Refs::Vertex_const_handle Vertex_const_handle;
typedef typename Refs::Halfedge_handle Halfedge_handle;
typedef typename Refs::Halfedge_const_handle Halfedge_const_handle;
typedef typename Refs::Face_handle Face_handle;

typedef typename Refs::Face_const_handle Face_const_handle;
typedef typename Refs::Halfedge Halfedge;

typedef typename Refs::Face Face;

typedef voidx* GenPtr;

typedef typename Traits::Point Point;
typedef typename Traits::Mark Mark;

typedef typename std::list<Vertex_handle>::iterator iv_iterator;
private:
Halfedge_handle _h;
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Face_handle _f;

Point _p;

iv_iterator _ivit;

Mark _m;

GenPtr _i;
public:

Vertex()

_hO), £, _ivit(nil)),_m(),_i((GenPtr)0xABCD) {}

Vertex(const Point& p)
hO, £, _p(p),_ivit(nil_ ), _m(),_i((GenPtr)O0xABCD) {}

bool is_isolated() const
{ return _h == Halfedge_handle(); }

Halfedge_handle halfedge() { return _h; }
Halfedge_const_handle halfedge() const { return _h; }
void set_halfedge(Halfedge_handle h) { _h=h; }
Face_handle face() { return _f; }
Face_const_handle face() const { return _f; }
void set_face(Face_handle f) { _f=f; }

Point& point() { return _p; }

const Point& point() const { return _p; }
Mark& mark() { return _m; }

const Mark& mark() const { return _m; }
GenPtr& info() { return _i; }

const GenPtr& info() const { return _i; }
iv_iterator ivit() const { return _ivit; }
void set_ivit(iv_iterator it) { _ivit = it; }
static iv_iterator nil_;

/* stl iterators have default construction but are only equal
comparable when copy constructed, what a mess in the specification */

LEDA_MEMORY (Vertex)

9.1.2 Extended faces

To summarize the vertex design compared to the default pbnce

topology and combinatorics a face has extended incidence operations. A face storesplault
bounding face cycles in a ligtC of halfedges serving as entry points into the face cycles.
Additionally a face can store isolated vertices contaimeitsiinterior in a listlV.

geometry no explicit geometric information. The embedding of its bding structure is obtained
via the multiple non-trivial face cycles stored in tR€ list and the multiple contained isolated
vertices stored in thi/ list.

attribute a mark of typeMark and a flexible usable information slot stored viGanPtr. The latter
can be used by thgeninfoclass.
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Internal implementation invariants:

e the halfedgd-C.front( ) refers to the outer face cycle of the face, all others aretyalkes. (this
does not hold for our outer face which has no outer face cycle)

¢ all halfedgese in FC keep iterator links to their item iRC via e — [set]fcit( ).

e all verticesvin IV keep iterator links to their item iV viav — [set]ivit( ).

(epm faces=
template <typename Refs, typename Traits>
class Face_wrapper { public:
class Face {
public:
typedef CGAL::Tag_true Supports_face_halfedge;
typedef Refs HalfedgeDS;
typedef Face Base;

typedef typename Refs::Vertex_handle Vertex_handle;

typedef typename Refs::Vertex_const_handle Vertex_const_handle;
typedef typename Refs::Halfedge_handle Halfedge_handle;
typedef typename Refs::Halfedge_const_handle Halfedge_const_handle;
typedef typename Refs::Face_handle Face_handle;

typedef typename Refs::Face_const_handle Face_const_handle;
typedef typename Refs::Vertex Vertex;

typedef typename Refs::Halfedge Halfedge;

typedef voidx* GenPtr;

typedef typename Traits::Mark Mark;

class Hole_iterator
: public std::list<Halfedge_handle>::iterator
{ typedef typename std::list<Halfedge_handle>::iterator Ibase;
public:
Hole_iterator() : Ibase() {}
Hole_iterator(const Ibase& b) : Ibase(b) {}
Hole_iterator(const Hole_iterator& i) : Ibase(i) {}
operator Halfedge_handle() const { return Ibase::operator*(); }
Halfedge& operator*() { return *(Ibase::operator*()); }
Halfedge_handle operator->() { return Ibase::operatorx(); }
s
class Hole_const_iterator :
public std::list<Halfedge_handle>::const_iterator
{ typedef typename std::list<Halfedge_handle>::const_iterator Ibase;
public:
Hole_const_iterator() : Ibase() {}
Hole_const_iterator(const Ibase& b) : Ibase(b) {}
Hole_const_iterator(const Hole_const_iterator& i) : Ibase(i) {}
operator Halfedge_const_handle() const { return Ibase::operator*(); }
const Halfedge& operator*() { return *(Ibase::operator*()); }
Halfedge_const_handle operator->() { return Ibase::operator*(); }
I
class Isolated_vertex_iterator
: public std::1list<Vertex_handle>::iterator
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{ typedef typename std::list<Vertex_handle>::iterator Ibase;
public:
Isolated_vertex_iterator() : Ibase() {}
Isolated_vertex_iterator(const Ibase& b) : Ibase(b) {}
Isolated_vertex_iterator(const Isolated_vertex_iterator& i)
Ibase(i) {}
operator Vertex_handle() const { return Ibase::operator*(); }
Vertex& operator*() { return *(Ibase::operator*()); }
Vertex_handle operator->() { return Ibase::operator*(); }
};
class Isolated_vertex_const_iterator
: public std::list<Vertex_handle>::const_iterator
{ typedef typename std::list<Vertex_handle>::const_iterator Ibase;
public:
Isolated_vertex_const_iterator() : Ibase() {}
Isolated_vertex_const_iterator(const Ibase& b) : Ibase(b) {}
Isolated_vertex_const_iterator(
const Isolated_vertex_const_iterator& i) : Ibase(i) {}
operator Vertex_const_handle() const { return Ibase::operator*(); }
const Vertex& operator*() { return *(Ibase::operatorx()); }
Vertex_const_handle operator->() { return Ibase::operator*(); }

};

private:
Halfedge_handle _e;
std::list<Halfedge_handle> FC;
std::list<Vertex_handle> IV;

Mark _m;
GenPtr _i;
public:

Face() : _e(),_m(),_i((GenPtr)0xABCD) {}
~“Face() { FC.clear(); IV.clear(); }
void store_fc(Halfedge_handle h)

{ FC.push_back(h); h->set_fcit(--FC.end());
CGAL_assertion(h->is_hole_entry()); }

void remove_fc(Halfedge_handle h)
{ CGAL_assertion(h->is_hole_entry());
FC.erase(h->fcit()); h->set_fcit(Halfedge::nil_); }

void store_iv(Vertex_handle v)
{ IV.push_back(v); v->set_ivit(--IV.end()); }

void remove_iv(Vertex_handle v)
{ CGAL_assertion(v->is_isolated());

IV.erase(v->ivit()); v->set_ivit(Vertex::nil_); }
Hole_iterator fc_begin() { return FC.begin(); }
Hole_iterator fc_end() { return FC.end(); }
Isolated_vertex_iterator iv_begin() { return IV.begin(); }
Isolated_vertex_iterator iv_end() { return IV.end(); }

void clear_all_entries()
{ Hole_iterator hit;
for (hit = fc_begin(); hit!=fc_end(); ++hit)
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hit->set_fcit(Halfedge::nil_ );
Isolated_vertex_iterator vit;
for (vit = iv_begin(); vit!=iv_end(); ++vit)
vit->set_ivit(Vertex::nil_);
FC.clear(); IV.clear(); }

Hole_const_iterator fc_begin() const { return FC.begin(); }
Hole_const_iterator fc_end() const { return FC.end(); }
Isolated_vertex_const_iterator iv_begin() const { return IV.begin(); }
Isolated_vertex_const_iterator iv_end() const { return IV.end(); }
void set_halfedge(Halfedge_handle h) { _e = h; }

Halfedge_handle halfedge() { return _e; }
Halfedge_const_handle halfedge() const { return _e; }

Mark& mark() { return _m; }

const Mark& mark() const { return _m; }

GenPtr& info() { return
const GenPtr& info() const { return

LEDA_MEMORY (Face)

_i; }
i; }

9.1.3 Extended Halfedges

Halfedge objects extend the default concepts:

topology and combinatorics as in the default conceftet|next [set|prev, [set]vertex|set]|face
geometry indirect via embedding of vertices.

attribute a mark of typeMark and a flexible usable information slot stored viGanPtr. The latter
can be used by thgeninfoclass.

Internal implementation invariants:

e isholeentry( ) < fcit( ) != nil the iterator link marks its role as an entry point into theefac
cycle of the incident facéace( ).

(halfedge base=
template <typename Refs >
struct Halfedge__base {
typedef typename Refs::Halfedge_handle Halfedge_handle;
typedef typename Refs::Halfedge_const_handle Halfedge_const_handle;

protected:
Halfedge_handle opp;

public:
Halfedge_handle opposite() { return opp; }
Halfedge_const_handle opposite() const { return opp; }
void set_opposite(Halfedge_handle h) { opp = h; }

};
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(epm halfedgés=

template <typename Refs, typename Traits>
class Halfedge_wrapper { public:

struct Hal

public:
typedef
typedef
typedef
typedef
typedef
typedef
typedef
typedef
typedef
typedef
typedef
typedef
typedef
typedef
typedef

typedef

typedef
protected:

Halfedge

Vertex_handle
Face_handle
fc_iterator

Mark
GenPtr
public:

Halfedge

fedge {
Refs HalfedgeDS;
Halfedge Base;
Halfedge Base_base;
CGAL: :Tag_true Supports_halfedge_prev;
CGAL: :Tag_true Supports_halfedge_vertex;
CGAL: :Tag_true Supports_halfedge_face;
typename Refs::Vertex_handle Vertex_handle;
typename Refs::Vertex_const_handle Vertex_const_handle;
typename Refs::Halfedge_handle Halfedge_handle;
typename Refs::Halfedge_const_handle Halfedge_const_handle;
typename Refs::Face_handle Face_handle;
typename Refs::Face_const_handle Face_const_handle;
typename Refs::Vertex Vertex;
typename Refs::Face Face;
void* GenPtr;
typename std::list<Halfedge_handle>::iterator fc_iterator;
typename Traits::Mark Mark;
_handle opp, prv, nxt;

_V;

_f;

_fcit;

m;

O

_i;

opp ) ,prv() ,nxt (), _v(),_f(),_fcit(nil_),_m(),_i((GenPtr)0xABCD) {}

Halfedge

Halfedge_const_handle

void

Halfedge

Halfedge_const_handle

void

Halfedge

Halfedge_const_handle

void

_handle

_handle

_handle

Vertex_handle
Vertex_const_handle

void

Face_handle
Face_const_handle

void

opposite()
opposite() const

set_opposite(Halfedge_handle h)

prev()
prev() const

set_prev(Halfedge_handle h)

next ()
next() const

set_next (Halfedge_handle h)

vertex()
vertex() const

set_vertex(Vertex_handle v)

face()
face() const

set_face(Face_handle f)

{ return opp;
return opp;

{

{ opp = h; }
{ return prv;
{ return prv;
{ prv = h; }
{ return nxt;
{ return nxt;
{ nxt = h; }

return _v; }
return _v; }

_v =v; }

return _f; }
return _f; }

{_f=1; 1%

[ S U U U

bool is_border() const { return _f == Face_handle(); }
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Mark& mark() { return _m; }
const Mark& mark() const { return _m; }

GenPtr& info() { return _i; }
const GenPtr& info() const { return _i; }

fc_iterator fcit() const { return _fcit; }
void set_fcit(fc_iterator it) { _fcit=it; }

bool is_hole_entry() const
{ return _fcit !'= nil_; }

static fc_iterator nil_;
/* stl iterators have default construction but are only equal comparable
when copy constructed, what a mess in the specification */

LEDA_MEMORY (Halfedge)
};
};

The file wrapper:

(HDS.items.h=
(CGAL Headey
#ifndef CGAL_HDS_ITEMS_H
#define CGAL_HDS_ITEMS_H

#include <CGAL/basic.h>
#include <list>

(halfedge base

#tifndef CGAL_USE_LEDA
#define LEDA_MEMORY (t)
#endif

struct HDS_items {
(epm vertices
(epm halfedges
(epm faces
}; // HDS_items
template <typename R,class T>
typename HDS_items::Vertex_wrapper<R,T>::Vertex::iv_iterator
HDS_items: :Vertex_wrapper<R,T>::Vertex::nil_;
template <typename R,class T>
typename HDS_items::Halfedge_wrapper<R,T>::Halfedge::fc_iterator
HDS_items: :Halfedge_wrapper<R,T>::Halfedge::nil_;

#endif // CGAL_HDS_ITEMS_H
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9.2 Object Concepts

The HDS vertex base class ( Vertex )

1. Types

Vertex:Point geometric embedding

Vertex:Mark information

2. Creation

Vertex v constructs an uninitialized vertex concerning embedding mark. All links are initial-

ized by their default value.
Vertex \const Poin& p);
constructs a vertex with embeddipgnd markm. All links are initialized by their default

value.
3. Operations
bool visisolated() returns true iff is isolated, else false.
Halfedgehandle vhalfedge() returns an incident halfeddrecondition lisisolated ).
void vsethalfedgedalfedgehandle h)

makesh the entry point into the adjacency cyclewf

Facehandle viace() returns the incident faceiffisolated ).
void vsetfacefacehandle f) makesf the incident face o¥.
Point& v.point() returns the embedding pointwaf
Mark& v.mark() returns the mark of
GenPt& v.info() returns a generic information slot of

The HDS halfedge base class ( Halfedge )

1. Types

Halfedge:Mark information

2. Creation

Halfedge ¢ constructs an uninitialized halfedge concerning embegldnd mark. All links are initial-

ized by their default value.

3. Operations

Halfedgehandle eopposite() returns the twin &
void esetoppositeHalfedgehandle 1)
makesh the twin ofe.
Halfedgehandle eprev() returns the previous edge of the face cycle. of
void esetprev(Halfedgehandle b

makesh the previous edge in the face cycleef
Halfedgehandle enext() returns the next edge of the face cycle.of
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void esetnextHalfedgehandle )
makesh the next edge in the face cycle af
Vertexhandle evertex() returns the vertex incident to the halfeége
void esetvertex{ertexhandle y
makesv the vertex incident te.
Facehandle dace() returns the face incident to the halfeége
void esetfacefacehandle f makesf the face incident te.
Mark& emark() returns the mark af
GenPt& einfo() returns a generic information slot ef
bool eisholeentry() returer(1§, true iffe is entry point into a hole face cycle of
efacq ).

The HDS face base class ( Face)

1. Types
Face:Mark mark information
Face:Holeiterator iterator for face cycles. Fits the concépdlfedgehandle
Face:Isolatedvertexiterator

iterator for isolated vertices. Fits the concepttexhandle
Hole constiterator andlsolatedvertexconstiterator are the non mutable versions.
2. Creation

Face f; constructs an uninitialized face with undefined mark, gnfate cycle list, and
empty isolated vertices list.

3. Operations

void f.storefc(Halfedgehandle )
stores halfedgh as an entry into a face cycle éf Postconditionh —
isholeentry( ).

void f.removefc(Halfedgehandle )

removes halfedgeas an entry into a face cycle 6f Precondition h —
isholeentry ) andh is stored in the face cycle list df. Postcondition:
lh — isholeentry( ).

void f.storeiv(Vertexhandle y
stores vertex as an isolated vertex df.
void f.removev(Vertexhandle y

removes vertexw as an isolated vertex of. Precondition v —
isisolated ) andv is stored in the isolated vertices list bf Postcondi-
tion: v — isisolated ).

Holeiterator f.fc_begin()

Holeiterator f.fcend()
the iterator rangffcbegin ),fcend )) spans the set of interior face cycles.
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Isolatedvertexiterator f.iv_begin()

Isolatedvertexiterator f.iv_end()
the iterator rang@iv_begin( ),iv.end )) spans the set of isolated vertices.

There are the same iterator ranges defined for the const toiteraHoleconstiterator,
Isolatedvertexconstiterator.

void f.sethalfedgealfedgehandle )

makesh the entry edge into the outer face cycle.
Halfedgehandle fhalfedge() returns a halfedge in the outer face cycle.
Mark& f.mark() returns the mark of.

GenPt& f.info() returns a generic information slot 6f
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10 Generic Sweep Framework

10.1 Introduction

Why is a generic framework for line sweep algorithms useful?

generic programming and efficiency — at first we offer the possibility to create a plane sweep al-
gorithm with a clearly structured concept. This enables exr s experiment with different
realizations of data structures while at the same time kegetbie outer interface of the frame-
work. The flexibility is realized by a traits class which alle straight forward adaptation of
used components. All operations used in the sweep are merobére traits class and they
work on common data structures stored in the traits class.

simplification of implementation — the documentation reduces to a description of used date- str
tures and a description of sweep operations. Additionakyuser can concentrate on the real
tasks of the sweep clearly separated into subtasks.

program verification — correctness checking of used data structures can easalgdszl.

animation support — animation support can easily be added by using an obsehieh\ias certain
visualization routines attached to event hooks that aggéried during the sweep.

10.2 The manual pages of the generic sweep

10.2.1 A Generic Plane Sweep Framework ( generisweep )

1. Definition

The data typegenericsweegT> provides a general framework for algorithms following thiarne sweep
paradigm. The plane sweep paradigm can be described awdolk vertical line sweeps the plane from left
to right and constructs the desired output incrementaftblehind the sweep line. The sweep line maintains
knowledge of the scenery of geometric objects and stopsiatgpehere changes of this knowledge relevant for
the output occur. These points are called events.

A general plane sweep framework structures the executidgheobweep into phases and provides a storage
place for all data structures necessary to execute the sW@egbjectGSof typegenericsweegT> maintains

an object of typdl’ which generally can be used to store necessary structunescantent is totally dependent
of the sweep specification and thereby varies within theieajidn domain of the framework.

The traits clas3 has to provide a set of types which define the input/outpetiate of the sweep: the input
typeINPUT, the output typ®UTPUT, and a geometry kernel tyegEOMETRY

The natural phases which determine a sweep are

304
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// INITIALIZATION
initialize_structures();
check_invariants();

// SWEEP LOOP

while ( event_exists() ) {
process_event () ;
check_invariants();
procede_to_next_event () ;

}

// COMPLETION
complete_structures();
check_final();

Initialization - initializing the data structures, ensuring precondgiarhecking invariants

Sweep Loop - iterating over all events, while handling the event stepsuring invariants and the soundness
of all data structures and maybe triggering some animadiskst

Completion - cleaning up some data structures and completing the output

The above subtasks are specified in the traits cor@epericSweepTraits

2. Types
genericsweepT>:: TRAITS the traits class
genericsweegT>:: INPUT the input interface.

genericsweepT>::OUTPUT the output container.
genericsweep T>::GEOMETRY the geometry kernel.

3. Creation

genericsweepT> PSINPUT input OUTPUT& output GEOMETRY geometry GEOMETRY));

creates a plane sweep object for a sweep on objects deterimyriaput
and delivers the result of the sweepdatput The traits clas§ specifies
the models of all types and the implementations of all meshased by
genericsweegT>. Atthis point, it suffices to say th&#flPUT represents the
input data type an@UTPUT represents the result data type. Heometry
is an object providing object bound, geometry traits access

genericsweepT> PSJOUTPUT& output GEOMETRY geometry: GEOMETRY));
a simpler call of the above wheoaitputcarries also the input.

4. Operations
void PSsweep() execute the plane sweep.

5. Example
A typical sweep based agenericsweegT > looks like the following little program:

typedef std::1ist<POINT>::const_iterator iterator;
typedef std::pair<iterator,iterator> iterator_pair;
std::1ist<POINT> P; // fill input
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GRAPH<POINT,LINE> G; // the output
generic_sweep<triang_sweep_traits>

triangulation(iterator_pair(P.begin(),P.end()),G);
triangulation.sweep();

6. Events

To enable animation of the sweep there are event hooks édseithich allow an observer to attach certain
visualization actions to them. There are four such hooks:

PSpostinit hooK TRAITS:) triggered just after initialization.
PSpreeventhooK TRAITS:) triggered just before the sweep event.
PSposteventhook TRAITS:) triggered just after the sweep event.
PSpostcompletiochooK TRAITR: ) triggered just after the completion phase.

All of these are triggered during the sweep with the instasfdee TRAITSclass that is stored inside the plane
sweep object. Thus any animation operation attached to lderowork on that class object which maintains
the sweep status.

Observing the plane sweep class ( sweeajbserver )

1. Definition

The data typesweembservekGPSVT> provides an observer approach to the visualization of a p\ago-
rithm realized byGPS = genericsweegT> by means of an event mechanism. It allows to connect the gvent
of an instance o65PSto the visualization operations provided by the traits £14E.

2. Creation

sweepbservekGPSVT> Obs
creates an object of typéT which can support a visualization device to visualize a gwee

object of typeGPS

sweepbservekGPSVT> ObqdGPX gp9;

creates an object of typéT which can support a visualization device to visualize a gwee
object of typeGPSand makes it an observer gps

3. Operations

void ObsattachGP < gp9
makesObsan observer ofips

4. Example
A typical sweep observation based ®meepbservekGPSVT> looks like the following little program:

typedef generic_sweep<triang_sweep_traits> triang_sweep;

triang_sweep Ts(...);

sweep_observer< triang_sweep,
cgal_window_stream_ts_visualization > 0bs(Ts);

Ts.sweep() ;

This would visualize the sweep actions in the observer windpmeans of the visualization functions provided
in cgalwindowstreamtsvisualization
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10.3 The Implementation
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[ generic_sweep
[

«concept»
GenericSweepTraits

| triang_sweep_traits  f--f---------=--

A4

[ line_sweep_traits |- -f---------------=

[ sweep_observer

. _«concept» .
GenericSweepVisualization

| cgal_window_stream_ts_visualization | ———————————

[ leda_window_|s_visualization F----------

Figure 10.1:The classes and concepts of the generic plane sweep module.

AR

The framework is based on a class template that can be adaptedans of the traits clags

The traits class is specified via the conc&ginericSweepTraits

(genericsweep.h=
(CGAL Headerl

// file : include/CGAL/generic_sweep.h
(CGAL Header?

(genericsweep.hH-=
#ifndef CGAL_GENERIC_SWEEP_H
#define CGAL_GENERIC_SWEEP_H
#include <CGAL/sweep_observer.h>
namespace CGAL {
template <typename T>
class generic_sweep {

typedef generic_sweep<T> Self;

T traits;

public :

typedef T TRAITS;

typedef typename TRAITS::INPUT INPUT;

typedef typename TRAITS::0UTPUT OUTPUT;

typedef typename TRAITS::GEOMETRY GEOMETRY;
(animation evenis

generic_sweep(const INPUT& input, OUTPUT& output,

const GEOMETRY& geometry = GEOMETRY())
traits(input,output,geometry) {}

generic_sweep(OUTPUT& output, const GEOMETRY& geometry = GEOMETRY())
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traits(output,geometry) {}

void sweep()
{
traits.initialize_structures();
traits.check_invariants();
post_init_hook(traits);

while ( traits.event_exists() ) {
pre_event_hook(traits);
traits.process_event();
post_event_hook(traits);
traits.check_invariants();
traits.procede_to_next_event () ;

}

traits.complete_structures();

traits.check_final();
post_completion_hook(traits);

}

}; // generic_sweep<T>
} // namespace CGAL
#endif // CGAL_GENERIC_SWEEP_H

10.3.1 Animation by Events

In the public scope ofenericsweepthere are four event hooks accessible. These event hoales cor
spond to the states of a standard sweep algorithm.

(animation evenjs=

Event_hook<TRAITS&> post_init_hook;
Event_hook<TRAITS&> pre_event_hook;
Event_hook<TRAITS&> post_event_hook;
Event_hook<TRAITS&> post_completion_hook;

The rest of this section implements the modules necessaanfobserver class of the sweep class. We
implement the event hooks that maintain lists of clientsesegnting observers. A client implements
the interface to an observer and its event method. Suchra ca be attached to an event such that
it gets informed when the event occurs. The event hook jusivkran anonymous interface for each
of its clients. Therefore the message passed from the ewaht is decoubled from the observing
module. At the end we provide an observer class that can leetasgsualize any sweep algorithm
based on the generic plane sweep framework.

(sweepobserver.h=
(CGAL Headerl
// file : include/CGAL/sweep_observer.h
(CGAL Header?
#ifndef CGAL_SWEEP_OBSERVER_H
#define CGAL_SWEEP_OBSERVER_H
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#include <list>
namespace CGAL {

virtual client base class

event hook class template
client class template

attach operatioh

(sweep observer class template

} // namespace CGAL
#endif // CGAL_SWEEP_0BSERVER_H

o~~~

All clients are derived from a virtual base class while ovading acall method.

(virtual client base clagss
// TR is traits
template <typename TR>
class client_base
{
public:
virtual void call(TR) const = 0;

};

An event hook stores a list of clients that have to be notifibgrvthe event occurs. The template
typenameTRis the type of information that will be transmitted when tivermt occurs.

(event hook class template
template <typename TR>
class Event_hook
{
typedef client_base<TR>* p_client_base;
typedef std::list< p_client_base > clientlist;
protected:
clientlist clients;
public:
Event_hook() : clients() {}
“Event_hook () {
while ( !clients.empty() ) {
delete (*clients.begin());
clients.pop_front();
}
}

void operator() (TR t) const
{ if ( clients.empty() ) return;
for ( clientlist::const_iterator it=clients.begin();
it !'= clients.end(); ++it )
(*it)->call(t);
}

void attach(p_client_base psb)
{ clients.push_back(psb); }

};
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The client template is derived from the client base. It isdntated with an observer tygeBSand

a traits typeTR It stores the method referengeid (OBS:x pfnc)(TR) and an observer reference
obsref. When its vitual call method is invoked the call is forwardedthe observers method. An
object of typeTRcarries the event information.

(client class templabe=
// TR is traits, OBS is observer
template <class 0BS, class TR>
class client : public client_base<TR>

{
protected:
0BS& obs_ref;
void (O0BS::* p_fnc) (TR);
// pointer to member of Observer which works on an object of type TR
public:
client( 0BS& obs, void (0BS::* p_fnc_init) (TR) )
obs_ref (obs), p_fnc(p_fnc_init) {3}
void call(TR t) const
{ (obs_ref.xp_fnc) (t); }
};

The function templatattachjust attaches a new client object based on an observer-thptioto an
event hook.

(attach operatioh=
template <class 0BS, class TR>
inline void attach(Event_hook<TR>& h,
0BS& obs, void (0BS::* p_fct) (TR t))
{
client<0BS,TR>* ps = new client<0BS,TR>(obs,p_fct);
h.attach( (client_base<TR>*) ps);
}

The following sweep observer implements a unified visuibnamodule of a generic plane sweep
instance of typ&PS TheVT traits class allows to connect the observer to a visuatinadevice (like
e.g. LEDA windows).

(sweep observer class templete

template <class GPS, class VTI>

class sweep_observer {
VT vt;
typedef typename GPS::TRAITS GPSTRAITS;
typedef typename VT::VDEVICE VDEVICE;
void post_init_animation(GPSTRAITS& gpst)
{ vt.post_init_animation(gpst); }
void pre_event_animation(GPSTRAITS& gpst)
{ vt.pre_event_animation(gpst); }

void post_event_animation(GPSTRAITS& gpst)
{ vt.post_event_animation(gpst); }
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void post_completion_animation(GPSTRAITS& gpst)
{ vt.post_completion_animation(gpst); }

public :

sweep_observer() : vt() {}
sweep_observer (GPS& gps);

void attach(GPS& gps);

VDEVICE& device()
{ return vt.device(); }

};

template <class GPS, class VI>
sweep_observer<GPS,VT>::
sweep_observer (GPS& gps) : vt() { attach(gps); }

template <class GPS, class VT>
void
sweep_observer<GPS,VT>: :attach(GPS& gps)
{
CGAL: :attach(gps.post_init_hook, *this,
&sweep_observer::post_init_animation);
CGAL: :attach(gps.pre_event_hook, *this,
&sweep_observer: :pre_event_animation) ;
CGAL: :attach(gps.post_event_hook, *this,
&sweep_observer: :post_event_animation);
CGAL: :attach(gps.post_completion_hook, *this,
&sweep_observer: :post_completion_animation);

(sweep observer class template=
#ifdef THIS_IS_JUST_A_CONCEPT_DEFINITION
class GenericSweepVisualization {
typedef some_visualization_device VDEVICE;
GenericSweepVisualization();
void post_init_animation(GPS::TRAITS& gpst)
void pre_event_animation(GPS::TRAITS& gpst)
void post_event_animation(GPS::TRAITS& gpst)
void post_completion_animation(GPS::TRAITS& gpst)
VDEVICE& device()
¥
#endif // THIS_IS_JUST_A_CONCEPT_DEFINITION
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10.4 Simple Applications

10.4.1 An Empty Sweep Traits Class Model

(emptysweep.h=
#ifndef EMPTY_SWEEP_H
#define EMPTY_SWEEP_H

class empty_definition {};
#define USERTYPE empty_definition

/* £ill in the following typedef statements HERE by your types */

class empty_sweep_traits {
public:
typedef USERTYPE INPUT;
typedef USERTYPE OUTPUT;
typedef USERTYPE GEOMETRY;

/* here a list of local data structures like
a priority queue of type EVENT_STRUCTURE or
a sorted sequence for maintaining the sweepline
of type SWEEP_STATUS_STRUCTURE */

empty_sweep_traits(const INPUT& in, OUTPUT& out,
const GEOMETRY& geom) {}

empty_sweep_traits(0UTPUT& out, const GEOMETRY& geom) {}

void initialize_structures() {}

bool event_exists() {3}
void procede_to_next_event() {}
void process_event () {3
void complete_structures() {}
void check_invariants() {3
void check_final() {3
I

#endif // EMPTY_SWEEP_H

A Debug Observer

Another application of the observer pattern concerningdittiesegment intersection sweep:

typedef PMO_from pm<Self,Seg_iterator,Seg_info> PMO;

typedef PM_segment_overlay_traits<Seg_iterator,PM0,GEOM> pm_overlay;
typedef generic_sweep< pm_overlay > pm_overlay_sweep;

PMO Out(*this,&PI[0],&PI[1],From);

pm_overlay_sweep S0S(Seg_it_pair(Segments.begin(),Segments.end()),0ut,K);
Debug_observer<pm_overlay_sweep> Obs(S0S);

S0S.sweep();

(Sweepdebugobserver.h=
#ifndef CGAL_SWEEP_DEBUG_OBSERVER_H
#define CGAL_SWEEP _DEBUG_OBSERVER_H

#include <CGAL/Hash map.h>
template <class GPS>
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class Sweep_debug observer {
public :
Sweep_debug_observer() { i=0; n=0; }
Sweep_debug_observer (GPS& gps) { attach(gps); i=0;n=0; }
void attach(GPS& gps)
{
::attach(gps.post_init_hook, *this,
&Debug_observer: :post_init_animation) ;
::attach(gps.pre_event_hook, *this,
&Debug_observer: :pre_event_animation) ;
::attach(gps.post_event_hook, *this,
&Debug_observer: :post_event_animation) ;
::attach(gps.post_completion_ hook, *this,
&Debug_observer: :post_completion animation) ;
}
protected:
typedef typename GPS::TRAITS GPSTRAITS;
typedef typename GPSTRAITS::Vertex handle Vertex_handle;
typedef typename GPSTRAITS::SegQueue SegQueue;
typedef typename SegQueue::item pqg-item;

CGAL: :Hash map<Vertex_handle,int> M;

int i,n;
void post_init_animation(GPSTRAITS& gpst)
{

std::cerr << "SQ= \n";
pg-item pqit;
forall items(pqit,gpst.SQ) {
//if ( gpst.SQ.prio(pqit)== gpst.XS.key(gpst.XS.min item()))
std::cerr << gpst.SQ.prio(pqit) << gpst.SQ.inf(pqit) << std::endl;
}
std::cerr << std::endl;
}
void post_completion_animation(GPSTRAITS& gpst) {}
void pre_event_animation(GPSTRAITS& gpst) {
std::cout << "VERTEX " << i << std::endl;

if (1 == n) { std::cin >> n; }

}

void post_event_animation(GPSTRAITS& gpst)

{ Vertex handle v = --gpst.G0.G.vertices_end();
Mlv] = i;
i++;

}

}; // Sweep_debug observer
#endif // CGAL_SWEEP_DEBUG_OBSERVER_H

10.4.2 A triangulation model for CGAL

Our first example is the sweep algorithm to triangulate a spoimts. ThelNPUT is a list of points
that have to be triangulated. We define the input interfackeet@ pair of iterators along the lines
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of the STL. TheOUTPUT is a plane map that represents the triangulation of the poiie store
the constructed triangulation in a halfedge data structliree GEOMETRYkernel is the CGAL 2d
Cartesian kernel.

The only event to handle is the access of a new point whichdae tadded as a vertex of the
triangulation left of the sweep line. The sweep status idititly stored in the output structure. We
use the lexicographical maximal node as a reference intodineex hull of the up to the current event
point p.sweepcalculated structure. From this visible node we walk thevemrhull to find all edges
visible from p.sweepand update the hull and the triangulation accordingly.

For the event structure we use a plain list of points, as tlsen® new event creation necessary
during the sweep.

(triang_sweep.h=
#ifndef TRIANG_SWEEP_H
#define TRIANG_SWEEP_H

#include <CGAL/basic.h>

#include <CGAL/Cartesian.h>

#include <CGAL/Point_2.h>

#include <CGAL/predicate_classes_2.h>

#include <CGAL/predicates_on_points_2.h>

#include <CGAL/predicate_objects_on_points_2.h>
#include <CGAL/Halfedge_data_structure_default.h>
#include <CGAL/I0/Window_stream.h>

#include "PM_decorator_simple.h"

#undef _DEBUG

#define _DEBUG 5
#include <LOCAL/debug.h>
#include <assert.h>
#include <list>

#include <vector>

class triang_sweep_traits {

public:

typedef double COORD;

typedef CGAL::Cartesian<COORD> GEOMETRY;

typedef GEOMETRY: :Point_2 POINT;

typedef GEOMETRY: :Direction_2 DIRECTION;

typedef GEOMETRY::Segment_2 SEGMENT;

typedef std::1ist<POINT> PLIST;

typedef PLIST::const_iterator INPUT_ITERATOR;

typedef std::pair<INPUT_ITERATOR, INPUT_ITERATOR>
INPUT;

typedef CGAL::Halfedge_data_structure_default<POINT>
OUTPUT;

typedef CGAL::PM_decorator_simple<QUTPUT>
PMDecorator;

typedef OUTPUT::Halfedge_iterator Halfedge_iterator;
typedef PMDecorator::Vertex Vertex;

typedef PMDecorator::Halfedge Halfedge;

typedef Vertexx* v_handle;

typedef Halfedgex e_handle;

const GEOMETRY& geom;
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INPUT_ITERATOR its,ite;
OUTPUT& triangulation;
PLIST sorted_points;
PLIST: :const_iterator event;

POINT p_sweep;
v_handle v_last;
PMDecorator D;

triang_sweep_traits(const INPUT& in, OUTPUT& out, const GEOMETRY& g)
geom(g), its(in.first), ite(in.second), triangulation(out),
D(triangulation) {}

ts initialization)

ts event handling

ts cleaning up

ts checkiny

o~ o~~~

¥

#include <CGAL/generic_sweep.h>

typedef CGAL::generic_sweep<triang_sweep_traits> triang_sweep;
(cgal window stream ts visualizatipn

#endif // TRIANG_SWEEP_H

The working procedures of the sweep

The initialization of the event structure is trivial. We gajtne input list intosortedpoints sort it, and
remove all coordinate identical points up to one. The postlitions are:

¢ Vlaststores the maximal node tfangulation

e eithertriangulationcontains only one vertex when all pointssartedpointsare equal or there’s
an edge adjacent tolast allowing a visibility search along the convex hull chain.

e eventpoints to the next item isortedpoints

(ts initialization)=
void initialize_structures()
{

if ( its==ite ) return;

// Initialize sorted_points by sorted input_points,
// remove doubles from sorted sequence
GEOMETRY::Less_xy_2 _less_xy =
geom.less_xy_2_object();
sorted_points.insert(sorted_points.end(),its,ite);
sorted_points.sort(_less_xy) ;
sorted_points.unique();
event = sorted_points.begin();
// the output graph triangulation is initially empty
if ( sorted_points.size() == 1) {
v_last = D.new_vertex(*event++);
} else { // event != sorted_points.end()
v_handle vl = D.new_vertex(*event++) ;
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v_last = D.new_vertex(*event++);
D.new_halfedge_pair(vl,v_last);
}
}

bool event_exists()

{
if ( event != sorted_points.end() ) {
p_sweep = *event;
return true;

}

return false;

}

void procede_to_next_event()
{ ++event; }

Before handling the next event psweepall data structures are correct in the sense that the output
graphG contains all vertices and edges that are lefh.efveepwhich build a bidirected triangulation
of all points.
The methodorocesseventrealizes our event handling. It executes the changes thatemcessary
to correct all data structures and keep all invariants whessingp sweepby the sweep line.

1. usevlastas an entry point into the triangulation. Note that all adjay lists are kept ordered
such that the embedding of the plane map is counter clocksves® kept counter clockwise
order preserving. Then the last edge of the adjacency ligtasdt lies on the convex hull of all
up to now handled points.

2. find the range of vertices and edges on the eastern conltextich is visible fromp.sweep
3. connect a new vertex ptsweepo all the vertices in the range.

4. updatevlast.

(ts event handling=
SEGMENT seg(e_handle e) const
{ GEOMETRY: :Construct_segment_2 _segment =
geom. construct_segment_2_object();
return _segment (D.source(e)->point(),
D.target(e)->point()); }
inline bool edge_is_visible(e_handle e, const POINT& p) const
{

POINT p1l = D.source(e)->point();
POINT p2 = D.target(e)->point();
GEOMETRY: :Leftturn_2 _leftturn =
geom.leftturn_2_object();
return _leftturn(pl,p2,p);

X
/* returns the first visible edge in the clockwise chain of convex hull

edges of G viewed from p. precondition: start edge is visible. */

void move_ccw_to_visibility_chain_start(e_handle& e, const POINT& p)
const
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Simple Applications

assert(edge_is_visible(e,p));
e_handle e_start = e;
do {
e = e->prev();
} while ( e != e_start && edge_is_visible(e,p) );
e = e->next();

void process_event()

{

The plane map is a full triangulation after each event. Scetb@othing to be done here.

// only called for event and p_sweep set

// v_last contains the last vertex of triangulation;
e_handle e = D.last_out_edge(v_last);

v_handle v_new = D.new_vertex(p_sweep);

if ( edge_is_visible(e,p_sweep) )
move_ccw_to_visibility_chain_start(e,p_sweep);
else if ( edge_is_visible(e->prev(),p_sweep) ) {
e = e->prev();
move_ccw_to_visibility_chain_start(e,p_sweep);
}
else {
/* special case when both edges are not visible means
p_sweep is collinear with e and e->prev() */
D.new_halfedge_pair(v_new,v_last);
v_last = v_new;
return;

}

// now we have the visibility chain starting edge in e
e_handle ee = e;
do {

D.new_halfedge_pair(e,v_new);

if ( !edge_is_visible(e,p_sweep) ) break;

/* we insert all new edges to the sources of e after the previous
convex hull edge; we embed the adjacency lists counterclockwise,
thus we append all edges of v_new counterclockwise */

e = e—>next();
} while (e != ee);

v_last = v_new;

(ts cleaning up=
void complete_structures() {}

(ts checking=

void check_invariants() {}
void check_final() {}

317
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Animating the triangulation sweep

For the animation we provide animation operations for thenehooks defined by the sweep class
which are drawn via a CGAL window stream. We provide a traligss knowing the triangulation
traits class and its slots and attached to the animationeoéweep via the sweep observer defined
above.

(cgal window stream ts visualizatips
class cgal_window_stream_ts_visualization {

CGAL: :Window_stream W;
public:

typedef CGAL::Window_stream VDEVICE;

cgal_window_stream_ts_visualization() : W()

{
W.set_node_width(2);
W.set_grid_mode(1);
W.set_show_coordinates(true);
W.display(Q);

}

VDEVICE& device() { return W; }

void post_init_animation(triang_sweep_traits& t)
{ W << CGAL::BLACK << t.triangulation.vertices_begin()->point ()

<< t.v_last->point() << t.seg(&*(t.triangulation.halfedges_begin()));
}

void pre_event_animation(triang_sweep_traits& t)
{

W << CGAL::RED << t.p_sweep;

// only called for event and p_sweep set

// v_last contains the last vertex of triangulation;

triang_sweep_traits::e_handle
e(t.D.last_out_edge(t.v_last));

if ( e == 0 ) return;

if ( t.edge_is_visible(e,t.p_sweep) )
t.move_ccw_to_visibility_chain_start(e,t.p_sweep);

else if ( t.edge_is_visible(e->prev(),t.p_sweep) ) {
e = e->prev();
t.move_ccw_to_visibility_chain_start(e,t.p_sweep);

} else {
W.read_mouse() ;return;

}

triang_sweep_traits::e_handle eend(e);

do {
if ( !'t.edge_is_visible(e,t.p_sweep) ) break;
W << CGAL::BLUE << t.seg(e);
e = e—>next();

} while (e !'= eend);

W.read_mouse() ;

}

void post_event_animation(triang_sweep_traits& t)
{ W << CGAL::BLACK << t.p_sweep;
triang_sweep_traits::e_handle
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e(t.D.last_out_edge(t.v_last)),eend(e);
if (e == 0 ) return;
do {
W << CGAL::BLACK << t.seg(e)
<< t.seg(e->next());
e = t.D.cap(e);
} while (e != eend);
}
void post_completion_animation(triang_sweep_traits& t)
{
triang_sweep_traits::Halfedge_iterator
eit = t.triangulation.halfedges_begin();
while ( eit != t.triangulation.halfedges_end() )
W << t.seg(&*eit++);
W.read_mouse() ;

¥

A Test of the Triangulation Sweep

The whole program then looks as follows.

(triang-test.C=
#include <CGAL/basic.h>
#include "triang_sweep.h"
#include <fstream.h>
#include <strstream.h>
#include <LEDA/gw_observer.h>

typedef triang_sweep::TRAITS TTRAITS;
typedef TTRAITS::POINT POINT;
typedef TTRAITS::0UTPUT HDS;

int main(int argc, char* argv[])
{

CGAL: :set_pretty_mode(cerr);
CGAL: :sweep_observer<triang_sweep,
cgal_window_stream_ts_visualization> S0;
HDS G;
std::1ist<POINT> L;
POINT p;
if (arge==2) {
ifstream from(argv([1]);
while (from >> p) L.push_back(p);
3

ostrstream fname;
fname << argv[0] << ".log" << ’\0’;
ofstream to(fname.str()); CGAL_assertion(to);
for(std::1ist<POINT>::const_iterator lit=L.begin();
lit!=L.end(); ++lit)
to << *¥1it << endl;
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while (SO.device() >> p) {
L.push_back(p);
}
to.close();
triang_sweep TS(triang_sweep::INPUT(L.begin(),L.end()),G);
S0.attach(TS);
TS.sweep() ;
return O;

10.4.3 Aline intersection model for LEDA

We list the intersection points of a set of lines. The ideaasye We sweep the plane with a vertical
line from x = —c0 to X = o0 and report all intersection points of the lines in the ordeccaintered
during the sweep. Thgstructure is a sorted sequence with the lines as its key fpex-structure
is a sorted sequence of a subset of the intersection pointamely those which refer to two lines
which are neighbors in thgstructure. As an optimization each intersection pointithe item of
the lower line (that with a greater slope) within thetructure. Note that for simplification we just
consider non-degenerate positions, thus we demand tHatirgacsection event is a point which lies
on only two lines.

The initialization is just the insertion of all lines accorg to their slope into thg-structure and
the insertion of the intersection events of each neighbior pa

What are we doing at an event? We report the intersectiom, shaap the position of the two
lines causing it within the-structure and ensure our invariant that the intersecti@mteof the new
neighbors within the-structure are in the-structure.

(line_sweep.h=
#ifndef LINE_SWEEP_H
#define LINE_SWEEP_H

#define LEDA_STL_ITERATORS

#undef _DEBUG

#define _DEBUG 2

#include <LOCAL/debug.h>
#include <LEDA/list.h>
#include <LEDA/line.h>
#include <LEDA/sortseq.h>
#include <assert.h>

static int cmp_lines(const leda_line& 11,
const leda_line& 12)
{ return -cmp_slopes(11,12); }
class line_sweep_traits {
public:
typedef leda_list<leda_line> INPUT;
typedef leda_list<leda_point> QUTPUT;

typedef voidx* GEOMETRY;
const INPUT& line_list;
0UTPUT& intersection_points;

leda_sortseq<leda_line,void*> ordered_lines;
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leda_sortseq<leda_point,seq_item> event_queue;
seq_item event;
leda_point p_sweep;

line_sweep_traits(const INPUT& in, OUTPUT& out, const GEOMETRY&)
line_list(in), intersection_points(out),
ordered_lines(cmp_lines) {}

(Is procedures
};
#include <CGAL/generic_sweep.h>
typedef CGAL::generic_sweep<line_sweep_traits> line_sweep;

(leda.window/s_visualizatior)
#endif // LINE_SWEEP_H

The working procedures of the sweep

(Is procedures=
void compute_intersection( seq_item yitl )
{ if ( !'yitl ) return;
seq_item yit2 = ordered_lines.succ(yitl);
if ( !'yit2 ) return;
leda_line 11 = ordered_lines.key(yitl);
leda_line 12 = ordered_lines.key(yit2);
leda_point p;
if ( cmp_slopes(11,12) > 0 ) {
l1l.intersection(12,p);
event_queue.insert(p,yitl);
}
}

void initialize_structures()

{
leda_line 1;
forall(l,line_list)
{ ordered_lines.insert(1,0); }
seq_item lit;
forall_items(lit,ordered_lines)
{ compute_intersection(lit); }
event = event_queue.min();

}

bool event_exists()
{
if ( event ) {
p_sweep = event_queue.key(event);
return true;

}

return false;
}

void procede_to_next_event()
{ event = event_queue.succ(event); }

void process_event()
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// only called for event and p_sweep set
intersection_points.push_back(p_sweep) ;
seq_item yitl = event_queue.inf (event),

yit2 = ordered_lines.succ(yitl);
assert(yit2);
ordered_lines.reverse_items(yitl,yit2);
compute_intersection(yitl);
compute_intersection( ordered_lines.pred(yit2) );

}

void complete_structures() {}
void check_invariants() {}
void check_final() {}

Animating the Sweep

For the animation we provide animation operations for thenehooks defined by the sweep class
which are drawn in a LEDA window. We provide a traits classwimg the triangulation traits class
and its slots and attached to the animation of the sweep eiaviteep observer defined above.

(ledawindowls_visualization=
#include <LEDA/window.h>

class leda_window_1ls_visualization {
leda_window W;
public:

typedef leda_window VDEVICE;

leda_window_ls_visualization() : W()

{ W.set_mode(leda_xor_mode) ;
W.set_grid_mode(1);
W.set_node_width(4);
W.set_show_coordinates(true);
W.display(Q);

}

VDEVICE& device() { return W; }

void post_init_animation(line_sweep_traits& t)
{
W.clear();
seq_item it;
forall_items(it,t.ordered_lines)
W.draw_line(t.ordered_lines.key(it),leda_black);
}

void pre_event_animation(line_sweep_traits& t)

{
leda_line 11,12;
seq_item il = t.event_queue.inf(t.event);
seq_item i2 = t.ordered_lines.succ(il);
W.draw_line(t.ordered_lines.key(il),leda_yellow);
W.draw_line(t.ordered_lines.key(i2),leda_yellow);
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W.draw_filled_node(t.p_sweep,leda_red);
W.read_mouse() ;

}

void post_event_animation(line_sweep_traits& t)

{
leda_line 11,12;
seq_item il = t.event_queue.inf(t.event);
seq_item i2 = t.ordered_lines.pred(il);
W.draw_filled_node(t.p_sweep,leda_red);
W.draw_line(t.ordered_lines.key(il),leda_yellow);
W.draw_line(t.ordered_lines.key(i2),leda_yellow);

¥

void post_completion_animation(line_sweep_traits& t)

{
leda_point p;
forall(p,t.intersection_points) W.draw_filled_node(p,leda_blue);
W.read_mouse() ;

A Test of the Line Sweep

The whole program then looks as follows.

(line-test.0=
#include "line_sweep.h"
#include <fstream.h>
#include <strstream.h>

int main(int argc, char* argv[])
{
CGAL: : sweep_observer<line_sweep,leda_window_ls_visualization> SO;
leda_list<leda_line> L;
leda_list<leda_point> S;
leda_point p,q;

while ( true ) {
if (S0.device().read_mouse(p) == MOUSE_BUTTON(3)) break;
if (S0.device().read_mouse_seg(p,q) == MOUSE_BUTTON(3)) break;
S0.device() << leda_line(p,q);
L.push_back(leda_line(p,q));
}
line_sweep LS(L,S);
S0.attach(LS);
LS.sweep();
return O;

(emptysweep.t=
#include <CGAL/generic_sweep.h>
#include "empty_sweep.h"
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int main(int argc, char* argv[])
{
empty_definition E;
CGAL: :generic_sweep< empty_sweep_traits > G(E,E,E);
G.sweep();
return O;

¥



11 Appendix - Specification Pages

11.1 Concepts

11.1.1 Geometry for segment overlay ( SegmentOverlayGeotng_2 )

1. Definition

SegmentOverlayGeomeftyis a kernel concept providing affine geometry for the ovedégegment. The
concept specifies geometric types, predicates, and catistrs.

2. Types

Local types ardoint2, Segmeng, the ring typeRT, and the field typd-T. See the CGAL 2d kernel for a
description oRT andFT.

3. Creation
The kernel must be default and copy constructible.K.ée an object of typ&egmentOverlayGeomefly

4. Operations

Point2 K.sourceSegmen? returns the source point ef
Point2 K.targetSegmen? 9 returns the target point &f
bool Kisdegenerat§egmen? s

return true iffsis degenerate.
int K.comparexy(Point2 pl, Point2 p2
returns the lexicographic order pi andp2.
Segmen? K.construcsegmentoint2 p, Point2 q)
constructs a segmept;.
int K.orientationGegmen2 s Point2 p)
returns the orientation g with respect to the line through
Point2 K.intersectionfegmen? s1 Segmen? s2

returns the point of intersection of the lines supportegbgnd
s2 The algorithm asserts that this intersection point exists

11.1.2 Output traits for segment overlay ( SegmentOverlayQtput )

1. Definition
This is the plane map decorator concept forBMDEC template parameter #fM_segoverlaytraits.

325
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2. Types
SegmentOverlayOutputertexhandle

the vertex handle.
SegmentOverlayOutpuHalfedgehandle

the halfedge handle.
SegmentOverlayOutpuPoint2

embedding typePrecondition Point2 equalsGEOM:: Point 2.
3. Creation
Let G be an object of typ&egmentOverlayOutput

4. Operations

Vertexhandle  GnewvertexPoint2 p) creates a new vertex in the output structure and embeds ihei
point p.

void Glink_astargetandappendy{ertexhandle v Halfedgehandle ¢
makesv the target ofe and appends the twin d (its reversal
edge) tov's adjacency list.

Halfedgehandle GnewhalfedgepairatsourceVertexhandle y

returns a newly created edge inserted before the first edtee of
adjacency list ofs. It also creates a reversal edge whose target is
V.

Additional sweep information
The iterator typd TERATORhas to be the same type as the first type parameteegiendverlaytraits.

void Gsupportingsegmentfalfedgehandle e ITERATOR i}

the non-trivial segmentit supports the edge
void Gtrivial_segment{ertexhandle vITERATOR i}

the trivial segmentit supports vertex.
void Ghalfedgebelow(/ertexhandle vHalfedgehandle ¢

associates the edgeas the edge below
void Gstartingsegment{ertexhandle vITERATOR i}

the segmentit starts inv.
void Gpassingsegment{ertexhandle vITERATOR i}

the segmentit passew (contains it in its relative interior) .
void Gendingsegment{ertexhandle vITERATOR i}

the segmentit ends inv.

11.1.3 Geometry for plane map overlay ( OverlayerGeometn? )

1. Definition

OverlayerGeometrg is a kernel concept providing affine geometry for the oveddyplane maps. The
concept specifies geometric types, predicates, and catistis. This concept generalizes the concept
SegmentOverlayerGeomefty

2. Types

Local types ardoint2, Segmeng, the ring typeRT, and the field typd-T. See the CGAL 2d kernel for a
description oRT andFT.
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3. Creation
The kernel must be default and copy constructible.

4. Operations

Point2 K.sourceSegmen? 9 returns the source point ef
Point2 K.targetSegmen? 9 returns the target point &f
bool Kisdegenerat§egmen? s
return true iffsis degenerate.
int K.comparexy(Point2 pl, Point2 p2
returns the lexicographic order pi andp2.
Segmen? K.construcsegmentoint2 p, Point2 q)
constructs a segmept;.
int K.orientationPoint2 p1 Point2 p2 Point2 p3
returns the orientation @3 with respect to the line througilp2
int K.orientationGegmen2 s Point2 p)
returns the orientation g with respect to the line through
bool Kleftturn(Point2 p1, Point2 p2 Point2 p3
return true iff thep3is left of the line throughp1p2
Point2 Kintersectionfegmen? s1 Segmen? s2

returns the point of intersection of the lines supportegbgnd
s2 The algorithm asserts that this intersection point exists

11.1.4 An affine kernel traits ( AffineGeometryTraits .2 )

1. Definition

AffineGeometryTrait® is a kernel concept providing affine geometry. The concegtifips geometric types,
predicates, and constructions.

2. Types

Local types ar€oint2, Segmen®, Direction2, Line 2, the ring typeRT, and the field typ&T. See the CGAL
2d kernel for a description ®T andFT.

3. Creation
The kernel must be default and copy constructible.

4. Operations

Point2 K.sourceSegmen? s returns the source point ef
Point2 KtargetSegmen? 9 returns the target point &f
int K.orientationPoint2 p1 Point2 p2 Point2 p3
returns the orientation gf3with respect to the line througilp2
bool Kleftturn(Point2 p1, Point2 p2 Point2 p3
return true iff thep3is left of the line througip1p2
bool Kisdegenerat§egmen? s

return true iffsis degenerate.
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int K.comparexy(Point2 p1, Point2 p2
returns the lexicographic order pil andp2
int K.comparex(Point2 pl, Point2 p2
returns the order on thecoordinates opl andp2.
int K.compargy(Point2 pl Point2 p2
returns the order on thecoordinates op1 andp2.
bool Kfirstpaircloserthansecondoint2 pl, Point2 p2 Point2 p3 Point2 p4)
returngrueiff the distancg1p2is smaller than the distanp@p4
bool K strictly.orderedalongline(Point2 p1, Point2 p2 Point2 p3
returnstrueiff p2is in the relative interior of the segmemt p3
Segmen? K.construcsegmentoint2 p, Point2 q)
constructs a segmept
int K.orientationGegmen? s Point2 p)
returns the orientation g with respect to the line through
bool K.containsGegmen? s Point2 p)
returns true iffs containsp.
Point2 Kintersectionfegmen? s1 Segmen? s2

returns the point of intersection of the lines supportegbgnd
s2 The algorithm asserts that this intersection point exists

Direction2 K.constructirectionPoint2 p1, Point2 p2
returns the direction of the vectp® - p1.
bool K strictly.orderedccw(Direction2 d1, Direction2 d2 Direction2 d3

returnstrueiff d2is in the interior of the counterclockwise angu-
lar sector betweedl1 andd3.

11.1.5 Extended Kernel Traits ( ExtendedKernelTraits2 )

1. Definition

ExtendedKernelTrait® is a kernel concept providing extended geomethetK be an instance of the data type
ExtendedKernelTrait®. The central notion of extended geomtry are extended pohmtextended point repre-
sents either a standard affine point of the Cartesian plaaeon-standard point representing the equivalence
class of rays where two rays are equivalent if one is contkiméhe other.

Let Rbe an infinimaximal numbérF be the square box with cornedV(—R,R), NE(R,R), SE(R, —R), and
SW(—-R, —R). Let p be a non-standard point and tebe a ray defining it. If the framE contains the source
point of r then letp(R) be the intersection aof with the frameF, if F does not contain the source othen
p(R) is undefined. For a standard point [&R) be equal top if p is contained in the framE and letp(R)
be undefined otherwise. Clearly, for any standard or nondstal pointp, p(R) is defined for any sufficiently
largeR. Let f be any function on standard points, say witarguments. We call extensibléf for any k points
p1, ..., Pk the function valuef (p1(R), ... , pk(R)) is constant for all sufficiently largR. We define this value
asf(ps,...,px). Predicates like lexicographic order of points, oriemtatiand incircle tests are extensible.

An extended segment is defined by two extended points suth ihaither an affine segment, an affine ray, an
affine line, or a segment that is part of the square box. Extgditections extend the affine notion of direction
to extended objects.

1t is called extended geometry for simplicity, though it st @ real geometry in the classical sense.
2A finite but very large number.
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This extended geometry concept serves two purposes. hsdfiactionality for changing between standard
affine and extended geometry. At the same time it providesnsittle geometric primitives on the extended

geometric objects.
2. Types

Affine kernel types

ExtendedKernelTrait®:: Standardkernel
ExtendedKernelTrait®:: StandardRT
ExtendedKernelTrait®:: Standardpoint 2
ExtendedKernelTrait8:: Standardsegmen®
ExtendedKernelTrait®:: Standardine 2
ExtendedKernelTrait®:: Standarddirection2
ExtendedKernelTrait®:: Standardray.2
ExtendedKernelTrait®:: Standardaff_transformatior?

Extended kernel types
ExtendedKernelTrait®::RT
ExtendedKernelTrait®:: Point2
ExtendedKernelTrait®:: Segmen?
ExtendedKernelTrait®:: Direction2

the standard affine kernel.

the standard ring type.
standard points.

standard segments.

standard oriented lines.
standard directions.

standard rays.

standard affine transformations.

the ring type of our extended kernel.
extended points.

extended segments.

extended directions.

ExtendedKernelTraif®:: Pointtype { SWCORNER, LEFTFRAME, NWCORNER, BOTTOMFRAME,
STANDARD, TOPFRAME, SECORNER, RIGHTFRAME, NECORNER

a type descriptor for extended points.

3. Operations

Interfacing the affine kernel types
Point2 K.construcipoint(Standardooint2 p)

creates an extended point and initializes it to the stangairat p.
K.construcpoint(Standardine 2 I)

creates an extended point and initializes it to the equiddelass
of all the rays underlying the oriented lihe

K.construcpoint(Standardooint2 pl, Standardpoint2 p2

creates an extended point and initializes it to the equinaelass
of all the rays underlying the oriented lihg1,p2).

K.construcpoint(Standardooint2 p, Standarddirection2 d)

creates an extended point and initializes it to the equindelass
of all the rays underlying the ray startingnn directiond.

K.construcbppositepointStandardine 2 I)

creates an extended point and initializes it to the equinaelass
of all the rays underlying the oriented line opposité.to

Point2

Point2

Point2

Point2

Pointtype Ktype(Point2 p)

bool Kis standardpoint2 p)

determines the type gf and returns it.

returnstrueiff pis a standard point.
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Standardooint2 K.standargoint(Point2 p)

returns the standard point represented foy Precondition
K.isstandardp).

Standardine2 K.standardine(Point2 p) returns the oriented line representing the bundle of rafsihg
p. Precondition !K.is standard p).

Standarday 2 Kstandarday(Point2 p) a ray definingp. Precondition !K.isstandard p).

Point2 K.NE() returns the point on the northeast frame corner.
Point2 K.SE() returns the point on the southeast frame corner.
Point2 K.INW() returns the point on the northwest frame corner.
Point2 K.SW() returns the point on the southwest frame corner.

Geometric kernel calls

Point2 K.sourceSegmen? 9 returns the source point ef
Point2 KtargetSegmen? 9 returns the target point &f
Segmen? K.construcsegmentoint2 p, Point2 q)
constructs a segmept.
int K.orientationGegmen? s Point2 p)
returns the orientation g with respect to the line through
int K.orientationPoint2 p1 Point2 p2 Point2 p3
returns the orientation gf3with respect to the line througiilp2
bool Kleftturn(Point2 p1, Point2 p2 Point2 p3
return true iff thep3is left of the line throughp1p2
bool Kisdegenerat&§egmen? 9
return true iffsis degenerate.
int K.comparexy(Point2 p1, Point2 p2
returns the lexicographic order pil andp2
int K.comparex(Point2 pl, Point2 p2
returns the order on thecoordinates op1 andp2.
int K.compargy(Point2 pl Point2 p2
returns the order on thecoordinates op1 andp2.
Point2 Kintersectionfegmen? s1 Segmen? s2

returns the point of intersection of the lines supportegbgnd
s2 Precondition the intersection point exists.

Direction2 K.constructdirectionPoint2 pl Point2 p2
returns the direction of the vectp@ - pL
bool Kstrictly.orderedccw(Direction2 d1, Direction2 d2 Direction2 d3)

returnstrueiff d2is in the interior of the counterclockwise angu-
lar sector betweedl andd3.

bool K strictly orderedalongline(Point2 p1, Point2 p2 Point2 p3

returnstrueiff p2is in the relative interior of the segmemt p3
bool KcontainsGegmen? s Point2 p)

returns true iffs containsp.
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bool Kfirst paircloserthansecondpoint2 p1, Point2 p2 Point2 p3 Point2 p4)
returns true iff p1 — p2| < |p3— p4|.
charx K.outputidentifier() returns a unique identifier for kernel objeqtit/output.

11.1.6 Traits concept for the generic sweep ( GenericSweepalts )

1. Definition

GenericSweepTraitss the concept for the template paramefer of the generic plane sweep class
genericsweep T>. It defines the interface that has to be implemented to abepgeneric sweep framework to
a concrete instance.

2. Types
GenericSweepTraitdNPUT the input interface.
GenericSweepTraitsOUTPUT  the output container.
GenericSweepTraitsGEOMETRY

the geometry used.
3. Creation

GenericSweepTraits (INPUT in, OUTPUT& out GEOMETRY geojn
creates an objedi of type GenericSweepTraitand allows thereby to transport the in-
put/output data into the traits class.

GenericSweepTraits (DUTPUT& out GEOMETRY geojn

creates an objedt of type GenericSweepTraitsand allows thereby to transport the in-
put/output data into the traits class.

4. Operations

void T.initialize_structures() codes initialization of structures befoestveep loop.
bool T.eventexists() codes loop control at the beginning of the sweep boaly.
void T.procedganextevent() codes loop progress at the end of the sweep loop body.
void T.procesevent() codes the actual event handling (the loop body).

void T.completestructures() codes the completion phase after the sweep loo

void T.checkinvariants() allows checking sweep loop invariants.

void T.checkfinal() allows checking of final invariants (after complet)o

11.1.7 Visualization of the generic sweep ( GenericSweepdialization )

1. Definition

GenericSweepVisualizatiois the concept for the second template param¥f€rof the sweep observer
sweepbservekGPSVT> defined above. It provides the interface to adapt the sweepretion process
to a visualization device.

2. Types

GenericSweepVisualizatiaWDEVICE
the visualization device
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3. Creation

GenericSweepVisualization; C
can be used to initialize and display the visualization devi

4. Operations

void CpostinitanimationGPS: TRAITS: gps)

animation actions after the initialization of the sweep.
void CpreeventanimationGPS: TRAITSR gps)

animation actions before each event handling.
void CposteventanimationGPS: TRAITS gps)

animation actions after each event handling.
void CpostcompletionanimationGPS:: TRAITS gps)

animation actions after the completion phase of the sweep.
VDEVICEX C.device() access operation to the visualization device.

Note that the entry point for visualization of the sweep s #itcess to an objegpstof type GPS: TRAITS
This is the sweep traits class triggering the sweep withingéneric sweep framework and storing all status
information of the sweep. Thereby it contains also all infation necessary for visualizatioB.obtains access
to this object at defined event points and can thereby anahgetatus ofgpstand trigger corresponding
visualization actions via its visualization methods.

11.1.8 Topological plane map exploration ( PMConstDecorat )

1. Definition

An instanceD of the data typd’MConstDecoratois a decorator for interfacing the topological structuraof
plane magP (read-only).

A plane mapP consists of a tripléV, E, F) of vertices, edges, and faces. We collectively call theneatsj An
edgeeis a pair of verticegv,w) with incidence operations = sourcde), w = target(e). The list of all edges
with sourcev is called the adjacency ligt(v).

Edges are paired into twins. For each edge (v,w) there’s an edgavin(e) = (w,v) andtwin(twin(e)) ==€>.

An edgee = (v,w) knows two adjacent edges = nex{e) andep = previouge) wheresourcgen) = w,
previougen = eandtargetep = vandnexi{ep = e By this symmetrigrevious— nextrelationship all
edges are partitioned into face cycles. Two edgmsde are in the same face cycledt= next (¢). All edgese

in the same face cycle have the same incident facdacge). The cyclic order on the adjacency list of a vertex
v = sourcge) is given bycyclicadjsucd¢e) = twin(previouge)) andcyclicadjpred(e) = nex{twin(e)).

Avertexvis embedded via coordinatpsint(v). By the embedding of its source and target an edge correspond
to a segmentP has the property that the embedding is alwayder-preserving This means a ray fixed in
point(v) of a vertexv and swept around counterclockwise meets the embeddirtgsgef(e) (e € A(v)) in the
cyclic order defined by the list order &f

The embedded face cycles partition the plane into maxinahected subsets of points. Each such set corre-
sponds to a face. A face is bounded by its incident face cy€lesall the edges in the non-trivial face cycles
it holds that the face is left of the edges. There can alsoitdaltface cycles in form of isolated vertices in the
interior of a face. Each such verteknows its surrounding facé = facgv).

We call the embedded mdy, E) also the 1-skeleton d3.

3The existence of the edge pairs makes bidirected graph, thisvin links makeP a map.
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Plane maps are attributed. To each objeetV UE UF we attribute a valuenark(u) of type Mark. Mark fits
the concepts assignable, default-constructible, and-equaparable.

2. Types

PMConstDecorator. Planemap The underlying plane map type

PMConstDecorator. Point The point type of vertices.

PMConstDecorator Mark All objects (vertices, edges, faces) are attributed Maak object.
PMConstDecorator. Sizetype The size type.

Local types are handles, iterators and circulators of thdoviing kind: Vertexconsthandle
Vertexconstiterator, Halfedgeconsthandle Halfedgeconstiterator, Faceconsthandle Faceconstiterator.
Additionally the following circulators are defined.

PMConstDecorator. Halfedgearoundvertexconstcirculator

circulating the outgoing halfedges &{v).
PMConstDecorator. Halfedgearoundfaceconstcirculator

circulating the halfedges in the face cycle of a fdce

PMConstDecoratorHoleconstiterator iterating all holes of a facef. The type is convertible to
Halfedgeconsthandle

PMConstDecorator. Isolatedvertexconstiterator

iterating all isolated vertices of a face The type generalizes
Vertexconsthandle

3. Creation

PMConstDecorator [const Planamap P);
constructs a plane map decorator exploifhg

4. Operations

Vertexconsthandle Dsourcefalfedgeconsthandle ¢
returns the source &
Vertexconsthandle DtargetHalfedgeconsthandle ¢

returns the target &
Halfedgeconsthandle Dtwin(Halfedgeconsthandle ¢

returns the twin o€.
bool Disisolated{ertexconsthandle y

returnstrue iff A(v) = 0.
Halfedgeconsthandle DfirstoutedgeVertexconsthandle y

returns one halfedge with sourge It's the starting
point for the circular iteration over the halfedges with
sourcev. Precondition lisisolatedV).

Halfedgeconsthandle Dlastoutedgeyertexconsthandle y

returns the halfedge with soure¢hat is the last in the
circular iteration before encounterifigst outedgév)
again.Precondition !isisolatedVv).

Halfedgeconsthandle DcyclicadjsuccHalfedgeconsthandle &

returns the edge afterin the cyclic ordered adjacency
list of sourcée).
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Halfedgeconsthandle Dcyclicadjpredfalfedgeconsthandle ¢

returns the edge befoeein the cyclic ordered adja-
cency list ofsourcée).

Halfedgeconsthandle DnextHalfedgeconsthandle &

returns the next edge in the face cycle contairgng

Halfedgeconsthandle DpreviousHalfedgeconsthandle &

returns the previous edge in the face cycle containing
e

Faceconsthandle Dfacealfedgeconsthandle &

returns the face incident ®

Faceconsthandle Dface{/ertexconsthandle y

returns the face incident tov. Precondition
isisolatedVv).

Halfedgeconsthandle DhalfedgefFaceconsthandle f)

returns a halfedge in the bounding face cyclefof
(Halfedgeconsthandl€ ) if there is no bounding face

cycle).
Iteration
Halfedgearoundvertexconstcirculator D.outedgesyertexconsthandle y
returns a circulator for the cyclic adjacency listwof
Halfedgearoundfaceconstcirculator D.facecyclefaceconsthandle f)
returns a circulator for the outer face cyclefof
Holeconstiterator D.holesbeginfaceconsthandle f)
returns an iterator for all holes in the interior
of f. A Holeiterator can be assigned to a
Halfedgearoundfaceconsicirculator.
Holeconstiterator D.holesendfaceconsthandle f)
returns the past-the-end iteratorfof
Isolatedvertexconstiterator D.isolatedverticesbeginfFaceconsthandle f)
returns an iterator for all isolated vertices in the intedb
f.
Isolatedvertexconstiterator D.isolatedverticesendfaceconsthandle f)

returns the past the end iteratorfof

Associated Information

The typeMark is the general attribute of an object. The tyenPtris equal to typevoidx.

const Poin&

const Mark&

const Mark&

const Mark&

D.point(Vertexconsthandle y

returns the embedding of
D.mark({/ertexconsthandle y

returns the mark of.
D.markHalfedgeconsthandle ¢

returns the mark oé.
D.mark{Faceconsthandle )

returns the mark of .
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const GenP#& D.info(Vertexconsthandle y

returns a generic information slot.
const GenPi#& D.info(Halfedgeconsthandle &

returns a generic information slot.
const GenPi& D.info(Faceconsthandle 1)

returns a generic information slot.

Statistics and Integrity

Sizetype Dnumberof vertices() returns the number of vertices.
Sizetype Dnumberof halfedges()  returns the number of halfedges.
Sizetype Dnumberof edges() returns the number of halfedge pairs.
Sizetype Dnumberof faces() returns the number of faces.
Sizetype Dnumberof facecycles() returns the number of face cycles.
Sizetype Dnumberof connectedomponents()
calculates the number of connected componeni of
void Dprintstatisticsétd::ostrean& os = std::couf
print the statistics oP: the number of vertices, edges, and faces.
void Dcheckintegrityandtopologicalplanaritypool faces= true)

checks the link structure and the genu$of

11.1.9 Plane map manipulation ( PMDecorator )

1. Definition

An instanceD of the data typd’MDecoratoris a decorator to examine and modify a plane mBpnherits
from PMConstDecoratobut provides additional manipulation operations.

2. Generalization

‘ PMConstDecorator }4_|\

| PMDecorator |

3. Types

Local types are handles, iterators and circulators of tHeviing kind: Vertexhandle Vertexiterator,
Halfedgehandle Halfedgeiterator, Facehandle Faceiterator. Additionally the following circulators are de-
fined. Thecirculatorscan be constructed from the corresponding halfedge handlesators.

PMDecorator.: Halfedgearoundvertexcirculator

circulating the outgoing halfedgesA{v).
PMDecorator.: Halfedgearoundfacecirculator

circulating the halfedges in the face cycle of a fdce
PMDecorator.:Holeiterator

iterating all holes of a facé. The type is convertible tblalfedgehandle
PMDecorator.:Isolatedvertexiterator

iterating all isolated vertices of a fade The type generalizegertexhandle
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PMDecorator: { BEFORE, AFTER}

4. Creation

insertion order labels.

PMDecorator OPlanemapi p);

5. Operations
Planemapt
void

Vertexhandle

Vertexhandle

Halfedgehandle

bool

bool

Halfedgehandle

Halfedgehandle

Halfedgehandle

Halfedgehandle

Halfedgehandle

Halfedgehandle

Facehandle

Facehandle

constructs a decorator working &

D.planemap() returns the plane map decorated.
Dclear() reinitialized to the empty map.
Dsourcefalfedgehandle ¢

returns the source &
DtargetHalfedgehandle ¢

returns the target &
Dtwin(Halfedgehandle ¢

returns the twin o&.
Disisolatedyertexhandle y

returnstrueiff vis linked to the interior of a face. This is equivalent
to the condition thaf\(v) = 0.

Disclosedatsourcefalfedgehandle @
returnstrue whenpreve) == twin(e).
DfirstoutedgeWertexhandle y

returns a halfedge with source It's the starting point for the
circular iteration over the halfedges with source Precondition
lisisolatedv).

Dlastoutedgeyertexhandle y

returns a the halfedge with souredhat is the last in the circular
iteration before encounterirfgstoutedgév) again. Precondition
lisisolatedVv).

DcyclicadjsuccHalfedgehandle ¢

returns the edge afteg in the cyclic ordered adjacency list of
sourcée).

Dcyclicadjpredfalfedgehandle ¢

returns the edge beforein the cyclic ordered adjacency list of
sourcée).

DnextHalfedgehandle &

returns the next edge in the face cycle contaireng
DpreviousHalfedgehandle &

returns the previous edge in the face cycle contairing
DfaceHalfedgehandle &

returns the face incident ®
Dfacei{/ertexhandle y

returns the face incident to Precondition is.isolatedVv).
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DhalfedgefFacehandle f)

returns a halfedge in the bounding face cycle df
(Halfedgehandl€ ) if there is no bounding face cycle).

Iteration
Halfedgearoundvertexcirculator D.outedgesyertexhandle y

returns a circulator for the cyclic adjacency listwof
Halfedgearoundfacecirculator D.facecyclefacehandle 1)

Holeiterator

Holeiterator

returns a circulator for the outer face cyclefof
D.holesbeginfFacehandle 1)

returns an iterator for all holes in the interior
of f. A Holeiterator can be assigned to a
Halfedgearoundfacecirculator.

D.holesendfacehandle f)
returns the past-the-end iteratorfof

Isolatedvertexiterator D.isolatedverticesheginfFacehandle 1)

returns an iterator for all isolated vertices in the inteabf.

Isolatedvertexiterator D.isolatedverticesendfacehandle f)

Update Operations

Vertexhandle
Facehandle

void

void

void

void

Halfedgehandle

Halfedgehandle

returns the past the end iteratorfof

Dnewvertexlertexbase vb= Vertexbas€ ))
creates a new vertex.
Dnewfacefacebase fbo= Facebase ))
creates a new face.
Dlink_asouterfacecyclefacehandle f Halfedgehandle ¢
makese the entry point of the outer face cycle bfand maked the
face of all halfedges in the face cycleof
Dlink_asholefacehandle f Halfedgehandle &
makese the entry point of a hole face cycle défand maked the
face of all halfedges in the face cycleof
Dlink_asisolatedvertexfacehandle f Vertexhandle y
makesy an isolated vertex withir.
DclearfacecycleentriesfFacehandle f)
removes all isolated vertices and halfedges that are grais into
face cycles from the lists df.
Dnewhalfedgepair(Vertexhandle v1 Vertexhandle v2
Halfedgebase hb= Halfedgebase ))
creates a new pair of edggsl e2) representingvl, v2) by append-
ing theeito A(vi) (i=1,2).
Dnewhalfedgepair(Halfedgehandle elHalfedgehandle e2
Halfedgebase hb= Halfedgebasé ), int posl = AFTER
int pos2 = AFTER
creates a new par of edges(hlh2) representing
(sourcéel),sourcée?)) by inserting thehi before or afterei
into the cyclic adjacency list ofourcéei) depending onposi
(i=1,2) from PMDecorator:BEFORE PMDecorator: AFTER
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Halfedgehandle

void

void

void

bool

void
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Dnewhalfedgepair(Halfedgehandle e Vertexhandle v
Halfedgebase hb= Halfedgebase ), int pos = AFTER

creates a new pair of edgéele?) representing(sourcée),v)
by insertingel before or aftere into the cyclic adjacency list
of sourcée) depending onpos from PMDecorator: BEFORE
PMDecorator: AFTERand appending2to A(v).

Dnewhalfedgepair(Vertexhandle y Halfedgehandle ¢
Halfedgebase hb= Halfedgebase ), int pos = AFTER

symmetric to the previous one.
Ddeletehalfedgepair(Halfedgehandle ¢

deletes and its twin and updates the adjacency at its source and its
target.

Ddeletevertex{ertexhandle y

deletesy and all outgoing edge&(v) as well as their twins. Updates
the adjacency at the targets of the edge&(iv).

Ddeletefacefacehandle 1)

deletes the facé without consideration of topological linkage.
Dhasoutdegiwo(Vertexhandle §

return true wher has outdegree two.
DmergehalfedgepairsattargetHalfedgehandle ¢

merges the halfedge pairs\at= targete). e andtwin(e) are pre-
servednexie), twin(nex{e)) andv are deleted in the mergePre-
condition v has outdegree two. The adjacencysatircge) and
targetnexie)) is kept consistent.

Incomplete topological update primitives

Halfedgehandle

void

void

Halfedgehandle

void

void

void

Dnewhalfedgepairatsourceyertexhandle vint pos = AFTER
Halfedgebase hb= Halfedgebase ))

creates a new pair of edgéssl e2) representingv, ( )) by inserting
elat the beginning (BEFORE) or end (AFTER) of adjacency list of
v

DdeletehalfedgepairatsourceHalfedgehandle &

deletes and its twin and updates the adjacency at its source.
Dlink astargetandappendyertexhandle v Halfedgehandle &

makesv the target ok and appendswvin(e) to A(v).
Dnewhalfedgepairwithoutvertices()

inserts an open edge pair, and inits all link slots to theiadk han-
dles.

Ddeletevertexonly(Vertexhandle y

deletess without consideration of adjacency.
Ddeletehalfedgepaironly(Halfedgehandle ¢

deletes and its twin without consideration of adjacency.
Dlink_astargetof(Halfedgehandle e Vertexhandle y

makedargete) = v and set® as the first in-edge ¥ was isolated
before.
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void
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Dlink_assourceof(Halfedgehandle e Vertexhandle y

makessourcée) = vand set®as the first out-edge fwas isolated
before.

Dmakefirstoutedgetalfedgehandle ¢

makese the first outgoing halfedge in the cyclic adjacency list of
sourcee).

Dsetadjacencatsourcebetweenflalfedgehandle e Halfedgehandle e

makese andenneigbors in the cyclic ordered adjacency list around
v = sourcée). Precondition sourcge) == sourcéen).

Dsetadjacencatsourcebetweenilalfedgehandle el Halfedgehandle ebetween
Halfedgehandle e2

insertse betweerinto the adjacency list aroursburcéel) between
elande2and makesourcéel) the source oébetweenPrecondi-
tion: sourcéel) == sourcée?).
Dclosetip_attargetHalfedgehandle ¢ Vertexhandle y
setsv as target ok and closes the tip by setting the corresponding
pointers such thagire\(twin(e)) == e andnex{e) ==twin(e).
Dclosetip_.atsourcefalfedgehandle e Vertexhandle y
setsv as source oé and closes the tip by setting the corresponding
pointers such thagirev(e) ==twin(e) andnex{twin(e)) ==e.
DremovefromadilistatsourceHalfedgehandle ¢

removes a halfedge paife twin(e) from the adjacency list
of sourcde). Afterwards nex{preve)) == nex{twin(e)) and
firstoutedgésourcee)) is valid if degreé¢sourcév)) > 1 before the
operation.

DunlinkasholeHalfedgehandle ¢

remove<e's existence as an face cycle entry poinfacge). Does
not update the face links of the corresponding face cyclietiges.

Dunlink asisolatedvertex{/ertexhandle ¥y

removes/'s existence as an isolated vertexatev). Does not up-
datev’s face link.

Dlink asprevnextpair(Halfedgehandle e]1 Halfedgehandle e2

makeselande2adjacent in the face cycle. —el—e2—.... After-
wardsel = previouge2) ande2 = nex{el).

DsetfaceHalfedgehandle e Facehandle 1)

makesf the face ofe.
Dsetface(/ertexhandle v Facehandle f)

makesf the face ofv.
DsethalfedgefFacehandle f Halfedgehandle ¢

makese entry edge in the outer face cycle bf
Dsethole(Facehandle f Halfedgehandle

makese entry edge in a hole face cycle 6f
DsetisolatedvertexfFacehandle f Vertexhandle y

makesy an isolated vertex of.
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Cloning
void DclonePlanemap H)

clonesH into P. AfterwardsP is a copy ofH.
Precondition H.checkintegrity andtopologicalplanarity( ) andP is empty.

template <typename LINKDA
void DcloneskeletonPlanemap H, LINKDA L)

clones the skeleton dfl into P. AfterwardsP is a copy ofH. The link data accessor
allows to transfer information from the old to the new obgedt needs the function call
operators:

void operatof ) (Vertexhandle vn Vertexconsthandle vg const

void operatof ) (Halfedgehandle hn Half edgeconsthandle hg const

wherevn, hnare the cloned objects and, ho are the original objects.

Precondition H.checkintegrityandtopologicalplanarity( ) andP is empty.

Associated Information

Point& D.point(Vertexhandle y
returns the embedding of
Mark& D.mark{/ertexhandle ¥y
returns the mark of.
Mark& D.markHalfedgehandle ¢
returns the mark oé.
Mark& D.markacehandle 1)
returns the mark of.
GenPt& D.info(Vertexhandle y
returns a generic information slot.
GenPt& D.info(Halfedgehandle &
returns a generic information slot.
GenPt& D.info(Facehandle 1)

returns a generic information slot.
11.2 Manpages

11.2.1 Plane map checking ( PMchecker)

1. Definition

An instanceD of the data typd°M.checkex PMCDEC GEOM > is a decorator to check the structure of a
plane map. It is generic with respect to two template corcdpMMCDEChas to be a decorator model of our
PM.constdecoratorconcept GEOM has to be a model of our geometry kernel concept.

2. Generalization

‘ PM.constdecorator }4—!
| PM.checkex PMCDEC, GEOM> |

3. Types
PM.checkex PMCDEC, GEOM> ::PM.constdecorator
equalsPMCDEC
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PM.checkex PMCDEC GEOM > ::Planemap
equalsPMCDEC::Planemap the underlying plane map type.
PM.checkex PMCDEC, GEOM>::Geometry

equalsGEOM. Add link to GEOM concept.
Precondition Geometry:Point2 equalsPlanemap:: Point.

Iterators, handles, and circulators are inherited fRivhconstdecorator

4. Creation

PM.checkex PMCDEC GEOM> D(Planemap& P, const Geomet& k = Geometry ));
constructs a plane map checker workingrowith geometric predicates used frdm

5. Operations

void Dcheckorderpreservingembedding{ertexconsthandle y

checks if the embedding of the targets of the edges in the adja
cency listA(v) is counter-clockwise order-preserving with respect
to the order of the edges W(v).

void Dcheckorderpreservingembedding()

checks if the embedding of all vertices®fis counter-clockwise
order-preserving with respect to the adjacency list ordgof all
vertices.

void Dcheckforwardprefix condition§/ertexconsthandle y
checks the forward-prefix property of the adjacency list.of
Halfedgeconstiterator D.checkboundaryis clockwiseweaklypolygon()

checks if the outer face cycle &fis a clockwise weakly poly-
gon and returns a halfedge on the boundBrgcondition P is a
connected graph.

void D.checkis triangulation() checks P is a triangulation.

11.2.2 10 of plane maps ( PMio_parser)

1. Definition

An instancelO of the data typd°’M.io_parsekPMDEG> is a decorator to provide input and output of a plane
map. PMLio_parseris generic with respect to tHeRMDEC parameterPMDEC has to be a decorator model of
our PM.decoratorconcept.

2. Generalization

| PM.decorator |<H|
‘ PM.io_parsekPMDEC> ‘

3. Creation

PM.io_parsekPMDEC> |0O(std::istrean& is, Planemap H);
creates an instand® of typePM.io_parsekPMDEGC> to inputH fromis.

PM.io_parsekPMDEC> 10(std::ostrean& os const Planenapt H);
creates an instand® of type PM.io_parsek PMDEGC> to outputH to os



11.2 Manpages 342

4. Operations

void IQ.print() printsH to os
void IQread() readsi fromis.
void PMio_parsekPMDEG> ::dumpgonst PMDEQ@: D, std::ostrean& os = std::cerr)

prints the plane map decoratedbyto os

11.2.3 Drawing plane maps ( PMvisualizor)

1. Definition

An instanceV of the data typd’M.visualizok PMCDEC GEOM, COLORDA> is a decorator to draw the
structure of a plane map into a CGAL window stream. It is geneith respect to two template concepts.
PMCDEChas to be a decorator model of dalM constdecoratorconcept. GEOM has to be a model of our
geometry kernel concept. The data acce€t ORDAhas to have two members determining the visualization
parameters of the objects Bf

CGAL::Color color(Vertey Halfedge Faceconsthandle 1) const

int width(Vertex Halfedgeconsthandle 1) const

2. Generalization

‘ PM.constdecorator }Q—F
| PM.visualizoxk PMCDEC, GEOM, COLORDA> |

3. Types

PM.visualizok PMCDEC, GEOM, COLORDA> ::PM constdecorator
The plane map decorator.

PM.visualizoxk PMCDEC GEOM, COLORDA> ::Geometry
The used geometry.

PM.visualizok PMCDEC GEOM, COLORDA> ::Color.objects
The color data accessor.

4. Creation

PMvisualizoxk PMCDEC GEOM, COLORDA>
V(CGAL::Windowstrean& W, const PMconstdecorato® D,
const Geomet& K = Geometry ), const Colorobjects: C = Color.objects ));
creates an instanaé of type PM.visualizoxk PMCDEC, GEOM, COLORDA> to
visualize the vertices, edges, and face®ah windowW. The coloring of the
objects is determined by data accegsor

5. Operations

void V.draw({/ertexconsthandle y

drawsv according to the color and width specified@golor(v) andC.width(v).
void V.drawHalfedgeconsthandle ¢

drawse according to the color and width specified®@golor(e) andC.width(e).
void V.drawaceconsthandle f)

drawsf with colorC.color(f).
void V.drawmap()

draw the whole plane map.
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11.2.4 Information association via GenPtr ( geninfo )

1. Definition

geninfaT> encapsulates information association via generic paraétypeGenPtr (= voidx). An object

t of type T is stored directly in a variable of type GenPtrif sizeof T) is not larger tharsizeof GenPtn
(also called word size). Otherwiseas allocated on the heap and referencedid his class encapsulates the
technicalities, however the user always has to obey the ofdis usagecreateaccesgconstaccessclear. On
misuse memory problems occur.

2. Operations

void geninfaT>::createGenPt& p)
create a slot for an object of tyfereferenced via.
T& geninfT>::accessbenPt& p)

access an object of type via p. Precondition p was initialized viacreateand was not
cleared vieclear.

const T& geninfaT > ::constaccessfonst GenP®& p)
read-only access of an object of typevia p. Precondition p was initialized viacreate
and was not cleared videar.

void geninfaT>::clearGenPt& p)
clear the memory used for the object of typevia p. Precondition p was initialized via
create

3. Example

In the first example we store a pair of boolean values whicmiadly fit into one word. Thus there will no heap
allocation take place.

struct A { bool a,b };

GenPtr a;

geninfo<A>::create(a);

A% a_access = geninfo<A>::access(a);
geninfo<A>::clear(a);

The second example uses the heap scheme as two longs do miat éihé word.

struct B { long a,b };

GenPtr b;

geninfo<B>::create(b);

B& b_access = geninfo<B>::access(b);
geninfo<B>::clear(b);

Note that usage of the scheme takes away with the actual ¢bette type size. Even more important this
size might depend on the platform which is used to compilecthde and thus the scheme enables platform
independent programming.
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