I N F O R M A T I K

On the Bollobás – Eldridge conjecture for bipartite graphs

Béla Csaba

MPI–I–2003–1–009 March 2003

FORSCHUNGSBERICHT RESEARCH REPORT

M A X - P L A N C K - I N S T I T U T F Ü R I N F O R M A T I K

Stuhlsatzenhausweg 85 66123 Saarbrücken Germany

Authors’ Addresses

Béla Csaba Max-Planck-Institut für Informatik Stuhlsatzenhausweg 85 66123 Saarbrücken

csaba@mpi-sb.mpg.de

Abstract

Let G be a simple graph on n vertices. A conjecture of Bollobás and Eldridge asserts that if δ(G) ≥^{kn−1}_{k+1} then G contains any n vertex graph H with Δ(H) = k. We strengthen this conjecture: we prove that if H is bipartite, 3 ≤ Δ(H) = Δ is bounded and n is sufficiently large , then there exists β > 0 such that if δ(G) ≥^Δ_{Δ+1} (1 − β)n, then H ⊂ G.

Keywords

Extremal Graph Theory, Spanning Subgraphs

1 Introduction

In this paper we will consider only simple graphs. Let us denote by δ(F ) the minimum degree and by Δ(F ) the maximum degree of the graph F . In 1978 the following conjecture was formulated by Bollobás and Eldridge in [4]:

Conjecture 1 (Bollobás-Eldridge) If G is a simple graph on n vertices with δ(G) ≥ kn − 1 k + 1 then G contains any n vertex simple graph H with Δ(H) = k.

The simplest special case of Conjecture 1 is Δ(H) = 1, which can be solved easily. Much harder cases of this conjecture have been proved by Hajnal and Corrádi [5], Hajnal and Szemerédi [7], Aigner and Brandt [2] and Alon and Fischer [3], Csaba, Shokoufandeh and Szemerédi [6]. However, the conjecture is wide open for most cases.

In this paper we show that a stronger version of this conjecture is true for all sufficiently large n when H is bipartite and 3 ≤ Δ(H) is bounded:

Theorem 2 Given Δ ≥ 3 integer, there exists an n_0 and a β > 0 real such that for all n ≥ n_0 the following statement holds: Let H be a simple bipartite graph on n vertices, with 3 ≤ Δ(H) = Δ. Then if G is any n vertex simple graph having minimum degree δ(G) ≥ Δ Δ + 1 (1 − β)n then it contains H as a spanning subgraph.

Remark 1 The case Δ(H) = 1 of Conjecture 1 is easily seen to be tight, while Δ(H) = 2 and χ(H) = 2 – in which case δ(G) ≥^n_2 is sufficient – is a special case of El-Zahar’s conjecture, which was shown in [1].

In understanding the proof of the result some familiarity with the Regularity Lemma of Szemerédi [11] will be helpful, although we will give a brief survey on the necessary notions in the second section. In the third section we will formulate and prove another important tool for this graph embedding problem, a modified version of the Blow-up Lemma [8], [9]. A special case of this version (for embedding graphs of maximum degree three) appeared in [6], although it was not stated explicitly there, and perhaps it is not easy to separate the lemma from the main result of that paper. In the fourth section we will prove Theorem 2, and will give another embedding result, too.

2 Notation and Definitions

For a graph G, V (G) and E(G) will denote its vertex-set and edge-set, respectively. For any vertex v, deg_G(v) is the degree of vertex v, deg_G(v, X) is the number of neighbors of v in X, and e(X, Y ) is the number of edges between X and Y . N_G(v) is the set of neighbors of v and N_G(v, X) is the set of neighbors of v in X. Throughout the paper we will apply the relation “≪”: a ≪ b, if a is sufficiently smaller, than b.

A bipartite graph G with color-classes A and B and edge-set E will be denoted by G = (A, B, E). The density between disjoint sets X and Y is defined as: d(X, Y ) = e(X, Y ) |X||Y | . In the proof of Theorem 2, Szemerédi’s Regularity Lemma [11], [10] plays a pivotal role. We will need the following definition to state the Regularity Lemma.

Definition 1 (Regularity condition) Let ε > 0. A pair (A, B) of disjoint vertex-sets in G is ε-regular if for every X ⊂ A and Y ⊂ B, satisfying |X| > ε|A|, |Y | > ε|B| we have |d(X, Y ) − d(A, B)| < ε. This definition implies that regular pairs are highly uniform bipartite graphs; namely, the density of any reasonably large subgraph is almost the same as the density of the regular pair.

We will use the following form of the Regularity Lemma:

Lemma 3 (Degree Form) For every ε > 0 there is an M = M(ε) such that if G = (V, E) is any graph and d ∈ [0, 1] is any real number, then there is a partition of the vertex set V into ℓ + 1 clusters V_0, V_1, . . . , V_ℓ, and there is a subgraph G^′ of G with the following properties: • ℓ ≤ M, • |V_0| ≤ ε|V |, • all clusters V_i, i ≥ 1, are of the same size m ( ≤ ⌊^{|V |}_ℓ ⌋ < ε|V | ) , • deg_G′ (v) > deg_G(v) − (d + ε)|V | for all v ∈ V ,

• G^′|_{Vi} = ∅ (V_i is an independent set in G^′) for all i ≥ 1,

• all pairs (V_i, V_j), 1 ≤ i < j ≤ ℓ, are ε-regular, each with density either 0 or greater than d in G^′.

Often we call V_0 the exceptional cluster. In the rest of the paper we assume that 0 < ε ≪ d ≪ 1.

Definition 2 (Reduced graph) Apply Lemma 3 to the graph G = (V, E) with parameters ε and d, and denote the clusters of the resulting partition by V_0, V_1, . . . , V_ℓ, V_0 being the exceptional cluster. We construct a new graph G_r, the reduced graph of G^′ in the following way: The non-exceptional clusters of G^′ are the vertices of the reduced graph G_r (hence |V (G_r)| = ℓ). We connect two vertices of G_r by an edge if the corresponding two clusters form an ε-regular pair with density at least d

The following corollary is immediate:

Corollary 4 Apply Lemma 3 to the n-graph G = (V, E) satisfying δ(G) ≥ γn for some γ > 0 with parameters ε and d. Denote G_r the reduced graph of G^′. Then δ(G_r) ≥ (γ − θ)ℓ, where θ = 2ε + d.

Remark 2 In our application of Lemma 3 we will assume that all densities equal to d – for a regular pair with density exceeding this number one can randomly discard edges to achieve the desired density without ruining the ε-regularity condition.

A stronger one-sided property of regular pairs is super-regularity:

Definition 3 (Super-Regularity condition) Given a graph G and two disjoint subsets of its vertices A and B, the pair (A, B) is (ε, d)-super-regular, if it is ε-regular and furthermore, deg(a) > d|B|, for all a ∈ A, and deg(b) > d|A|, for all b ∈ B.

2.1 A rough outline of the proof

Our goal is to embed H into the host graph G. For achieving this goal first we apply the Regularity Lemma to G. Then we distribute (but not embed) the vertices of H among the non-exceptional clusters of G^′. It is important to do this distribution evenly and consistently. That is, we assign m+|V_0|/ℓ±o(n) H-vertices to each non-exceptional cluster, and if (x, y) ∈ E(H) and x is assigned to the cluster V_x and y is assigned to V_y, then (V_x, V_y) ∈ E(G_r). Then we embed appropriately chosen H-vertices to V_0. After this step we will have m H-vertices assigned to each non-exceptional cluster. For embedding these H-vertices we will apply the modified Blow-up Lemma.

3 Modified Blow-up Lemma

As it was mentioned above, most of H will be embedded by a similar procedure to that of the Blow-up Lemma. Readers familiar with the lemma may observe that unlike in our setup, the Blow-up Lemma applies for a fixed reduced graph which does not depend on the parameters ε and d, and all the edges of that (fixed) reduced graph are super-regular pairs. Besides, as we will see, there will be restrictions for the embedding of certain H-vertices. Hence, we need a stronger statement than the Blow-up Lemma, but that will require several new conditions, and this version below will be more technical. However, the main message have not changed: if certain conditions are satisfied, one can embed bounded degree spanning subgraphs into pseudo-random graphs. In this section we discuss this embedding algorithm, and then prove its correctness.

Given H and G our goal is to find a subgraph of G which is isomorphic to H. Let us denote by I^′ ⊂ V (H) a set the elements of which are of distance at least 4 from each other, and I^′ >^n_{Δ5} - the existence of I^′ can be shown easily by the help of a greedy algorithm. We assume that the vertex set of G is partitioned into clusters V_0, V_1, . . . , V_ℓ, and the vertex set of H is partitioned into clusters L_0, L_1, L_2, . . . , L_ℓ, and there is a bijective mapping φ between L_0 and V_0. I^′_i will denote L_i ∩ I^′.

Lemma 5 (Modified Blow-up lemma) For all positive integer Δ there exists n_0 and ε, d > 0 such that if n > n_0, H and G are two n-graphs, Δ(H) = Δ, 0 < ε ≪ ε^′ ≪ ε^{′′} ≪ ε^{′′′} ≪ δ^{′′′} ≪ δ^{′′} ≪ δ^′ ≪ d ≪ 1, for 1 ≤ i < j ≤ ℓ the pair (V_i, V_j) is ε-regular, with density 0 or d, and all the conditions listed below hold, then H is embeddable to G by a randomized algorithm. These conditions are the following: Conditions C1 |L_0| = |V_0| ≤ K_1dn, C2 L_0 ⊂ I^′, C3 |L_i| = |V_i| = m for 1 ≤ i ≤ ℓ, C4 L_is (1 ≤ i ≤ ℓ) are independent in H, C5 |N(L_0) ∩ L_i| ≤ K_2dm for 1 ≤ i ≤ ℓ, C6 for 1 ≤ i ≤ ℓ there is a set B_i ⊂ I^′_i with B_i ⊂ L_i and |B_i| = δ^′m, B = ∪_iB_i such that ||N_H (B)∩L_i|−|N_H (B)∩L_j || < εn for 1 ≤ i, j ≤ ℓ, C7 if (x, y) ∈ E(H) and x ∈ L_i, y ∈ L_j (1 ≤ i, j ≤ ℓ) then (V_i, V_j) is ε-regular pair with density d, C8 if (x, y) ∈ E(H) and x ∈ L_0, y ∈ L_j (1 ≤ j ≤ ℓ) then deg(φ(x), V_j) ≥ c_1|V_j| = c_1m.

For 1 ≤ i ≤ ℓ v ∈ V_i is good for x ∈ L_i, if for all y adjacent to x, if y ∈ L_j , then deg_G(v, V_j) ≥ (d − ε)m. C9 For 1 ≤ i ≤ ℓ all v ∈ V_i is good for at least c_2m L_i-vertices. Let E_i ⊂ V_i be a set of size at most ε^{′′}m for 1 ≤ i ≤ ℓ.

C10 For 1 ≤ i ≤ ℓ there exists a bijection ψ : E_i → F_i ⊂ L_i ∩ (I^′ − B) such that for all v ∈ E_i v is good for ψ(v).

C11 Let F = ∪F_i, then |N_H (F ) ∩ L_i| ≤ K_3ε^{′′}m.

Here K_1, K_2, K_3 and c_1 and c_2 are positive numbers, which may depend on Δ, but not on ε and d.

The elements of B will be called buffer vertices, and E_i is the set of exceptional G-vertices in V_i.

Let us explaine the role of these conditions. We want to embed L_i-vertices to V_i (0 ≤ i ≤ ℓ). First, x ∈ L_0 will be embedded to φ(x) ∈ V_0, that is why we need C1 and C2. We have C3 and C4 since L_i will be embedded to V_i

(1 ≤ i ≤ ℓ). C7 and C8 are so called consistency conditions. The meaning of C5-C6 will be clear later, these are measures for the ”evenness” of the distribution of H-vertices among the clusters of G. C9 is analogous to C8. We need C10 and C11 since we have to take special care of the exceptional G-vertices, and we want to cover them with such H-vertices for which their neighbors are well-spread among the L_i-clusters.

3.1 The embedding algorithm

From now on we suppose that the requirements of Lemma 5 are satisfied. Since L_0 has already been embedded, we will consider only the vertices of H −L_0. Let n^′ = |V (H −L_0)|, we order the vertices of H −L_0 into a sequence S = (x_1, x_2, . . . , x_n′ ) which is almost the order in which V (H − L_0) will be embedded. For each 1 ≤ i ≤ ℓ, we have a subset B_i of L_i of size δ^′m, the buffer vertices. Recall, that B = ∪_iB_i. Let M = |B|, and b_1, b_2, . . . , b_M be the buffer vertices, then they will form the last part of S. The sequence S starts with the vertices of N_H (L_0), followed by {N_H (b_1), N_H (b_2), . . . , N_H (b_M )}, the neighbors of the buffers. We let T_0 = |N_H (L_0)| and T_1 = ∑_M i=1 |N_H (b_i)|. Then we add all the other vertices to the sequence, in such a way that the buffer vertices form the tail of S. For technical reasons we assume that S is ordered evenly according to the L_i lists, i.e., the consecutive segments of length δ^{′′}n^′ have the same number of vertices from every list. Later we may place some vertices forward, but then we rearrange S to maintain this property.

The embedding of the vertices of H − L_0 occurs in three separate phases. In the first phase we are going to embed the vertices of N_H (L_0). In the second phase will come the embedding of the next vertices of S after each other according to their position in the sequence (some reordering is possible), until only buffer vertices are left in S. In the third phase, by a matching procedure we embed the remaining buffer vertices. The phase for embedding N_H (L_0) is a randomized procedure, while the other two are deterministic.

In the next subsection we outline our method for the embedding, with the exception of selecting a vertex to be covered. That will be done in a separate subsection.

3.1.1 Outline

For an unembedded vertex x ∈ L_i we will denote by H_{t,x} its monotonically shrinking host set in V_i at time t. Also, for technical reasons we keep track of another set, C_{t,x}. By Z_t we denote the set of occupied vertices (note that Z_0 = V_0), and we also maintain a set Bad_t of exceptional pairs in H − L_0.

At time 0, we set C_{0,x} = H_{0,x} = V_i, where x ∈ L_i, and x does not have any neighbor in L_0. For those vertices having neighbors in L_0 the setup is different. Let x in L_0 have neighbors y_1 ∈ L_{i1} , y_2 ∈ L_{i2} , . . . , y_Δ ∈ L_{iΔ} , and v = ϕ(x). By virtue of condition C8 we have ensured that v has at least c_1m neighbors in V_{i1} , V_{i2} , . . . , V_{iΔ} . These neighborhoods give C_{0,y1} = H_{0,y1} , C_{0,y2} = H_{0,y2} , . . . , C_{0,yΔ} = H_{0,yΔ} , respectively.

Recall, that T_0 = |N_H (L_0)| and T_1 = ∑_M i=1 |N_H (b_i)|. We let T_2 = δ^{′′}n^′.

Given the initial host sets, the embedding algorithm will go as follows:

Phase 0. For 1 ≤ t ≤ T_0 repeat the following steps

Pick an appropriate vertex v_t for x_t ∈ N_H (L_0) randomly and uniformly from H_{t−1,xt} using the Selection Algorithm of section 3.1.2. Update Z_t = Z_{t−1} ∪ {v_t} and for all unembedded vertices x_i, with t < i ≤ n^′ C_{t,xi} = { C_{t−1,xi} ∩ N_G(v_t) if (x_i, x_t) ∈ E(H), C_{t−1,xi} otherwise, and H_{t,xi} = C_{t,xi} − Z_t Phase 1. For t ≥ T_0 + 1 repeat the following steps

Step 1. Embed the vertex x_t from the sequence S: using the Selection Algorithm choose an appropriate vertex v_t from the set H_{t−1,xt} as x_t’s image. Step 2. Update Z_t = Z_{t−1} ∪ {v_t} and for all unembedded vertices x_i, with t < i ≤ n^′ C_{t,xi} = { C_{t−1,xi} ∩ N_G(v_t) if (x_i, x_t) ∈ E(H), C_{t−1,xi} otherwise, and H_{t,xi} = C_{t,xi} − Z_t Step 3. Exceptional vertices in G

1. If t ≠ T_0 + T_1 go to step 4.

2. If t = T_0 + T_1 then for every cluster V_i form a set E_i containing those uncovered vertices satisfying |{b : b ∈ B_i, v ∈ C_{t,b}}| < δ^{′′}|B_i|. We will cover them right after the neighbors of the buffer vertices, thereby eliminating a possible objection to embed the buffer vertices in Phase 2. We slightly change the ordering of S. From every list L(V_i) we take |E_i| vertices belonging to I^′ to form the set ψ(E_i) = F_i. Let F = ∪F_i. We place the vertices of F forward, x = ψ(v) ∈ F_i will be embedded to v ∈ E_i. The requirements for choosing F have been formulated in C10 and C11. We will maintain the even ordering of S.

Step 4. Exceptional vertices in H − L_0

1. If T_2 does not divide t, then go to Step 5.

2. If T_2 divides t, we will find all exceptional unembedded vertices y ∈ H − L_0 such that |H_{t,y}| ≤ (δ^′)^2m. We again slightly change the order of the remaining vertices in S by bringing these exceptional vertices forward in S (including the exceptional buffer vertices) and will maintain the even distribution of vertices assigned to different clusters. This is possible because of the very small number of exceptional vertices we can find in this step.

Step 5. If the unembedded vertices are all buffer vertices, go to Phase 2., otherwise set t ← t + 1 and go back to Step 1.

Phase 2. Find a system of distinct representatives of the sets H_{t,y} for all unembedded vertices.

3.1.2 Selection Algorithm

There can be two possible cases.

Case 1. x_t ∉ F .

As the image of x_t, we will choose some v_t ∈ H_{t−1,xt} such that the following conditions are satisfied for every unembedded vertex y with (x_t, y) ∈ E(H): (d − ε)|H_{t−1,y}| ≤ deg_G(v_t, H_{t−1,y}) ≤ (d + ε)|H_{t−1,y}|, (3) (d − ε)|C_{t−1,y}| ≤ deg_G(v_t, C_{t−1,y}) ≤ (d + ε)|C_{t−1,y}|, (4) and (d−ε)|C_{t−1,y}∩C_{t−1,y}′ | ≤ deg_G(v_t, C_{t−1,y}∩C_{t−1,y}′ ) ≤ (d+ε)|C_{t−1,y}∩C_{t−1,y}′ |, (5) for at least (1 − ε^′) portion of the unembedded vertices y^′ so that y and y^′ are assigned to the same cluster V_i, and {y, y^′} ∉ Bad_{t−1}. The set Bad_t will be formed as the union of Bad_{t−1} and those pairs {y, y^′} which does not satisfy (5) for v_t. Clearly, at most Δε^′m new vertices will be added to Bad_t.

Case 2. x_t ∈ F .

By the virtue of C10 we will assign x_t ∈ L(V_i) to an exceptional v_t ∈ E_i so that for all unembedded y ∈ N_H (x_t) the following is satisfied: deg_G(v_t, C_{t−1,y}) = deg_G(v_t) ≥ (d − ε)m ≥ (d − ε)|C_{t−1,y}|, (6) and deg_G(v_t, H_{t−1,y}) ≥ deg_G(v_t)−2Δδ^′m−|E_i| ≥ (d−ε)m−2(Δ+1)δ^′m ≥ d 2 m. (7) In (7) we use C6 and the fact that for each i |E_i| ≤ δ^′m. We will prove this in Lemma 9.

3.2 Correctness

We start by proving that Phase 0 of the algorithm succeeds with high probability. First we show that the Selection Algorithm succeeds for 1 ≤ t ≤ T_0 in finding the v_t-vertices.

Lemma 6 Assuming that Phase 0 succeeds for all t^′, with t^′ < t ≤ T_0 and H_{t−1,xt} ≥ δ^{′′}m, then it succeeds for t.

Proof. We only need to consider Case 1 of the Selection Algorithm. The selected vertex v_t ∈ H_{t−1,xt} should satisfy conditions (3), (4), and (5). By ε-regularity we will have at most 2εm vertices in H_{t−1,xt} which do not satisfy (3), and the same holds for (4). For condition (5) we will define a bipartite graph B = (W_1, W_2, E(B)). Here W_1 = H_{t−1,xt} , and the elements of W_2 are the sets C_{t−1,y} ∩ C_{t−1,y}′ for all pairs {y, y^′} where (x_t, y) ∈ E(H), y and y^′ are both assigned to the same cluster, and {y, y^′} ∉ Bad_{t−1}. For v ∈ W_1 and u ∈ W_2, we have (v, u) ∈ E(B) if (5) does not hold for v and the pairs corresponding to u. If we assume that there are more than ε^′m vertices v ∈ W_1 with deg_B(v) > ε^′|W_2|, then there should be a vertex u ∈ W_2 such that deg_B(u) > ε^{′2}m ≫ εm. But this is a contradiction with the ε-regularity since the pair {y_u, y^′_u} corresponding to u does not belong to Bad_{t−1} and |C_{t−1,yu} ∩ C_{t−1,y}′_u | ≥ (δ − ε)^{2Δ}m ≫ εm. This in turn implies that H_{t−1,xt} can contain at most 4εm + ε^′m ≪ δ^{′′}m vertices which cannot be used to map x_t, proving the succession of Phase 0.

Observe, that when we progress to Phase 1 (after the successful completion of Phase 0), the aformentioned proof will work. We will be able to find a vertex to cover if the host sets are not too small.

What is left to show is that for all time t, 1 ≤ t ≤ T_0, the host sets do not become too small. Actually, we prove this not just for the host sets for the unembedded N_H (L_0)–vertices, but for all unembedded H–vertices.

Lemma 7 If Phase 0 succeeds for all t, with t < T_0 then for all t^′ > t H_{t−1,xt′} ≥ δ^′m with high probability.

Proof. For x ∈ N_H (L_0) |H_{0,x}| ≥ c_1m. In Lemma 6 we proved that if the algorithm succeeds up to time t and |H_{t,x}| ≥ δ^{′′}m, we can find a v_t to embed x. Since no two vertices in N_H (L_0) are adjacent, the only way the host set of x decreases is that we cover some vertices of it by other N_H (L_0)- vertices. When deciding which G–vertex to cover by an N_H (L_0)–vertex x, the Selection Algorithm will always provide almost all of H_{t,x} as a possibility – a subset of size δ^{′′}m can be left out. Out of those possibilities we choose the host vertex randomly and uniformly. Recall that according to C5, the at most Δ|V_0| restricted vertices of N_H (L_0) are distributed among a constant proportion of the clusters, as evenly as possible. We can conclude that only a very small number of vertices (K_2dm) have a restriction to embed them into a set of size at least c_1m in each cluster. Now, by applying the statement of Lemma 6 one can easily conclude that up to time T_0 all the unembedded N_H (L_0)-vertices have a host set of size at least (c_1 − 2K_2d)m.

A vertex y from the rest of H can have Δ neighbors embedded by time T_0. This means its starting host set H_{0,y} may shrink up to Δ times, each time the sizes are multiplied by a number between d − ε and d + ε. We also lose some places because of the embedded N_H (L_0)-vertices. The randomness in the Selection Algorithm helps us. The expected number of covered vertices in this host set is proportional to its size. Suppose that y’s host set shrinks at time t_1 and the next shrinking is at time t_2 (t_1, t_2 ≤ T_0). Denote hm the size of y’s host set at time t_1. Then we can use Hoeffding’s bound between these two shrinkages. Easy calculation shows that with probability 1 − 2e^{2K2dmh2} the size of y’s host set is of size at least h(1 − 2K_2d)m at time t_2 − 1. Therefore, after shrinking Δ times, with very high probability (remember, n is larger than some threshold!) the size of y’s host set will be at least (d − ε)^Δ(1 − 2K_2d)^Δm > d^{Δ+1}m. Observing that we have linear number of host sets in a cluster, we get that with high probability, for every unembedded vertex x at time t, 1 ≤ t ≤ T_1, |H_{t,x}| ≥ d^{Δ+1}m.

One can easily conclude from the above that Phase 0 succeeds with probability 1 − o(1).

For t > T_0 we will need a more thorough analysis. At time t for the cluster V_i and a subset of the unembedded vertices Q_i ⊆ L_i, we define a bipartite graph U_t = (V_i, Q_i, E(U_t)). Here if x ∈ Q_i, v ∈ V_i, and v ∈ C_{t,x} then (x, v) ∈ E(U_t).

The following lemma is pivotal for the proof of the correctness of Phase 1. Lemma 8 For every 1 ≤ i ≤ ℓ and T_0 + 1 ≤ t ≤ T_0 + T_1 and any set of unembedded vertices Q_i ⊆ L_i at time t, with |Q_i| ≥ (δ^{′′′})^2m, if Phase 1 succeeds for all t^′ ≤ t, then apart from an exceptional set J of size at most ε^{′′}m the following will hold for every v ∈ V_i: deg_{Ut} (v) ≥ (1 − ε^{′′})d(V_i, Q_i)|Q_i|. Proof. We use the so called “defect form” of the Cauchy-Schwarz inequality, that states: if for some p ≤ q p∑ i=1 α_i = p q q∑ i=1 α_i + β

then_q ∑ i=1 α^2_i ≥ 1 q (_q ∑ i=1 α_i )_2 + β^2q p(q − p) . Assume to the contrary that the lemma is not true, that is, |J| > ε^{′′}m. Choose J_0 ⊂ J with |J_0| = ε^{′′}m. Define ν(t, x) as the number of embedded neighbors of x by time t. Observe that if x has a neighbor in L_0, then ν(0, x) ≥ 1, otherwise it is 0. Then |E(U_t)| = ∑ x∈Q_i |C_{t,x}| ≥ ∑ x∈Q_i (d − ε)^{ν(t,x)}m. (8)

We also have ∑ x∈Q_i ∑ x^′∈Q_i |C_{t,x} ∩ C_{t,x}′ | ≤ ∑ x∈Q_i ∑ x^′∈Q_i (d + ε)^{ν(t,x)+ν(t,x′)}m + |Q_i|m + Δ^2|Q_i|m + 2Δε^′m^3 ≤ ∑ x∈Q_i ∑ x^′∈Q_i (d + ε)^{ν(t,x)+ν(t,x′)}m + 4Δε^′m^3 (9)

For each pair {x, x^′}, we can upper-bound |C_{t,x} ∩ C_{t,x}′ | by m. The diagonal terms (x = x^′) result in error |Q_i|m. For the non-diagonal terms for which N_H (x) ∩ N_H (x^′) ≠ ∅ we have the term Δ^2|Q_i|m. If {x, x^′} ∈ Bad_t, by Case 1 of the Selection Algorithm either x or x^′ can appear in at most Δε^′m bad pairs. Hence there will be at most Δε^′m^2 bad pairs associated with the cluster V_i. Using the Cauchy-Schwarz inequality with p = ε^{′′}m, q = m and the variables α_k = deg_{Ut} (v_k), 1 ≤ k ≤ m with v_k ∈ V_i and the first ε^{′′}m values set to degrees in J_0, we have: |β| = ε^{′′} ∑ v∈V_i deg_{Ut} (v) − ∑ v∈J_0 deg_{Ut} (v) ≥ ε^{′′} ∑ v∈V_i deg_{Ut} (v) − ε^{′′}(1 − ε^{′′})d(V_i, Q_i)|Q_i|m = (ε^{′′})^2 ∑ v∈V_i deg_{Ut} (v). (10) Then using (8), (10) and the Cauchy-Schwarz inequality we get ∑ x∈Q_i ∑ x^′∈Q_i |C_{t,x} ∩ C_{t,x}′ | = ∑ v∈V_i (deg_{Ut} (v))^2 ≥^1_m ∑ v∈V_i deg_{Ut} (v) 2 + (ε^{′′})^3d(V_i, Q_i)^2m|Q_i|^2

≥^1_m ∑ x∈Q_i (d − ε)^{ν(t,x)}m 2 + (ε^{′′})^3(d − ε)^{2Δ}m|Q_i|^2 ≥ ∑ x∈Q_i ∑ x^′∈Q_i (d − ε)^{ν(t,x)+ν(t,x′)}m + (ε^{′′})^3(d − ε)^{2Δ}m|Q_i|^2 which is a contradiction to (9), since |Q_i| ≥ (δ^{′′′})^2m, (ε^{′′})^3(d − ε)^{2Δ}(δ^{′′′})^2 ≫ 4ε^′ ≫ 4ε and (d + ε)^{ν(t,x)+ν(t,x′)} − (d − ε)^{ν(t,x)+ν(t,x′)} ≪ 4ε.

As a consequence we will have the following bound on the size of the exceptional sets E_i:

Lemma 9 In Step 3, for each 1 ≤ i ≤ ℓ we have |E_i| ≤ ε^{′′}m. Proof. Applying the previous lemma with t = T_0 and Q_i = B_i, which means |Q_i| ≥ (δ^{′′′})^2m, we will have (1 − ε^{′′})d(V_i, Q_i)|Q_i| ≥ d^Δ 2 |Q_i| > δ^{′′}|Q_i| and E_i ⊂ J.

Next we will prove a result similar to Lemma 8 for t > T_0 + T_1. Lemma 10 For every 1 ≤ i ≤ ℓ and T_0 + T_1 < t ≤ T and any set of unembedded vertices Q_i ⊆ L_i at time t, with |Q_i| ≥ (δ^{′′′})^2m, if Phase 1 succeeds for all t^′ ≤ t, then apart from an exceptional set of size at most ε^{′′′}m the following will hold for every v ∈ V_i: deg_{Ut} (v) ≥ (1 − ε^{′′′})d(V_i, Q_i)|Q_i|. Proof. The proof follows the same line of argument as Lemma 8 with parameter ε^{′′′}, except those vertices in the neighborhood of F . The inequality in (8) will hold with the same parameters, since for all x ∈ N_H (F ) we have |C_{t,x}| ≥ (d − ε)^{ν(t,x)}m. Here we used condition C10 and the fact that ν(t, x) = 1 since x ∈ I^′.

In (9) there are more bad pairs. More precisely, based on Step 3 of the embedding algorithm, there will be an additional error term of 2ΔK_3ε^{′′}m^2|Q_i| by condition C11. Using the fact that (ε^{′′′})^3(d − ε)^{2Δ}(δ^{′′′})^2 ≫ ε^{′′} we can see that the contradiction still holds.

The following lemma is an easy consequence of Lemmas 8 and 10. Lemma 11 For every 1 ≤ i ≤ ℓ and T_0 < t ≤ T and any set of unembedded vertices Q_i ⊆ L_i at time t, with |Q_i| ≥ δ^{′′′}m and a set A ⊂ V_i with |A| ≥ δ^{′′′}m, if Phase 1 succeeds for all t^′ ≤ t then apart from an exceptional set J of size at most (δ^{′′′})^2m, the following will hold for every x ∈ Q_i: |A ∩ C_{t,x}| ≥ |A| 2m |C_{t,x}|.

Proof. Let us suppose that the lemma is not true, there exists a set J ⊆ Q_i such that |J| > (δ^{′′′})^2m, and for every x ∈ J the inequality of the statement does not hold. We again consider the bipartite graph U_t = U_t(J, V_i). ∑ v∈A deg_{Ut} (v) = ∑ x∈J |A ∩ C_{t,x}| < |A| 2m d(J, V_i)|J|m. Applying Lemmas 8 or 10 with J, we get ∑ v∈A deg_{Ut} (v) ≥ (1 − ε^{′′′})d(J, V_i)|J|(|A| − ε^{′′′}m), which is a contradiction.

In the following lemma we show that the host sets do not become too small.

Lemma 12 For every T_0 + 1 ≤ t ≤ T and for every H-vertex y which is unembedded at time t, if Phase 1 succeeds for all t^′ ≤ t then the following holds: |H_{t,y}| > δ^{′′}m. Proof. Let Q_i be the set of all the unembedded vertices in V_i at time t, and let A_t = V_i − Z_t. Applying Lemma 11 we can see that for all x ∈ Q_i (except at most (δ^{′′′})^2m vertices) |H_{t,x}| = |A_t ∩ C_{t,x}| ≥ |A_t| 2m |C_{t,x}| ≥ δ^′ 4 (d − ε)^Δm ≫ (δ^′)^2m,

if |A_t| ≥^{δ′}_2 m. Next we prove this statement. Let us suppose indirectly that there is a T^′ such that T_1 + 1 ≤ T^′ < T and |A_T ′ | ≥ δ^′ 2 m but |A_T ′_{+1}| < δ^′ 2 m. We know that at any time t, where T_2 divides t, there are at most (δ^{′′′})^2m exceptional unembedded vertices. Thus, up to time T^′ we can find at most 1 δ^{′′} (δ^{′′′})^2m ≫ δ^{′′}m exceptional vertices. This implies that at time T^′ there are many more than (δ^′ − δ^{′′})m unembedded buffer vertices, thus, on the contrary, |A_T ′_{+1}| ≫ (δ^′ − δ^{′′})m. Note, that we also proved that T ≤ ℓm − ℓδ^′m + ℓδ^{′′}m. Let us consider now an arbitrary y ∈ L(V_i) unembedded at time t (1 ≤ t ≤ T ), and let kδ^{′′}n^′ = kT_2 ≤ t < (k + 1)T_2 for some 0 ≤ k ≤ T/T_2. There are two cases to discuss:

Case 1. If y was not among the at most (δ^{′′′})^2 exceptional vertices of Step 4, then |H_{t,y}| ≥ ( d 2 )_Δ

(δ^′)^2m − K,

where K is the number of vertices covered in V_i during the period between kT_2 and (k + 1)T_2. Recall that the sequence S is as balanced as possible; hence, K ≤ 2δ^{′′}m, where 2δ^{′′}m comes from the reordering of S because of the exceptional vertices of G and H. Also, at time kT_2 we had that |H_{kT2,y}| ≥ (δ^′)^2m. These facts imply that in this case the statement of the lemma holds.

Case 2. If y was among the at most (δ^{′′′})^2 exceptional vertices of Step 4, then |H_{t,y}| ≥ ( d 2 )_Δ

(δ^′)^2m − K^′,

where K^′ is the number of vertices covered in V_i during the period between (k − 1)T_2 and (k + 1)T_2. Now K^′ can be as big as (δ^{′′} + (δ^{′′′})^2)m, because at time (k − 1)T_2 at most (δ^{′′′})^2m exceptional vertices were placed forward. Again, by observing that at time (k − 1)T_2 we had that |H_{(k−1)T2,y}| ≥ (δ^′)^2m, the proof of the lemma is finished.

Now it is easy to show the succession of the Selection Algorithm in finding the v_t-vertices. We have just proved that the host sets can never get too small. In Lemma 6 we proved that Phase 0 succeeds for time t, whenever it succeeds for all t^′ with t^′ < t ≤ T_1 and the host set is big enough. It is easy to check that exactly the same proof works for Phase 1 and up to time T . Putting these together, we have that Phase 1 of the algorithm succeeds.

To prove that Phase 2 of the algorithm succeeds, we will show that for all 1 ≤ i ≤ ℓ there is a system of distinct representatives between the unembedded vertices of L_i and the remaining buffer vertices of V_i. Let Q_i ⊂ L_i denote the set of unembedded vertices assigned to the cluster V_i, and Y_i ⊂ V_i be the remaining vertices of the cluster V_i, with M_i = |Q_i| = |Y_i|. Then by Lemma 12 for every x ∈ Q_i we will have H_{T,x} > δ^{′′′}M_i. Furthermore, for all subsets S ⊂ Q_i, if |S| ≥ δ^{′′′}M_i then by Lemma 10 | | | | | ⋃ x∈S H_{T,x} | | | | | ≥ (1 − δ^{′′′})M_i.

Finally, for any v ∈ Y_i, since v cannot be exceptional in G, by Step 3 there are at least δ^{′′′}M_i host sets H_{T,x} containing v implies that for the subsets S ⊂ Q_i with |S| ≥ (1 − δ^{′′′}M_i) we have | | | | | ⋃ x∈S H_{T,x} | | | | | = M_i, which in turn implies the existence of the system of distinct representatives. This finishes the proof of Lemma 5.

4 Assigning H to clusters of G_r

The process of embedding will go as follows: First, we apply the degree form of the Regularity Lemma for G with parameters ε and d. As a result we will have a partitioning of the vertex set into the clusters V_0, V_1, V_2, . . . , V_ℓ. Now our goal will be to find an assignment of H-vertices to the clusters of G_r so as to satisfy conditions C1-C11.

Let us denote the color classes of H by A and B, and suppose that |A| ≤ |B|. We randomly distribute the A-vertices among the non-exceptional clusters. Then we are going to map the B-vertices to non-exceptional clusters consistently and evenly. That is, if y ∈ B has the neighbors {x_1, x_2, . . . , x_Δ}, and the x_is are mapped to the clusters V_{j1} , . . . , V_{jΔ} , then y will be mapped to a cluster V_s which is connected to V_{j1} , . . . , V_{jΔ} by regular edges. Besides, we require that the number of mapped A-vertices and B-vertices to all nonexceptional clusters are^{|A|}_ℓ ±o(n) and^{|B|}_ℓ ±o(n), respectively. The assignment of B-vertices will be done by the help of matching.

Still, there is no H-vertex assigned to V_0 (and hence all non-exceptional clusters are over-saturated). For dealing with this problem we first discard some B-vertices (the surplus) from each non-exceptional cluster, these will form L_0, and the H-vertices assigned to V_s give the set L_s for 1 ≤ s ≤ ℓ. This may not be the final partitioning of H – for satisfying C8 we may have to switch between some L_0-vertex and another L_s-vertex. When all the requirements of C1–C11 will be satisfied, the actual embedding can be done by the help of the modified Blow-up lemma.

4.1 Assigning A

We start by assigning the vertices of A to the non-exceptional clusters of G_r. For every vertex x ∈ A choose a non-exceptional cluster randomly and independently. It is easy to see that this procedure will guarantee an almost even distribution of the vertices of A among the clusters of G_r:

Lemma 13 Let A_i, 1 ≤ i ≤ ℓ denote the set of vertices assigned to V_i after distributing the vertices of A using the above procedure. Then, with high probability |A_i| =^{|A|}_ℓ ± o(n).

Proof. Applying Chebyshev’s inequality gives the proof of the lemma.

Let B^′ ⊂ B is a maximal set in which any two vertices are of distance at least 4 from each other. (Note that |B^′|/|B| depends on Δ, but not on ε or d.) Now we will argue that an appropriate distribution of A among the clusters of G_r will facilitate an even assignment of the vertices of B^′ and B −B^′ to the clusters of G_r. Let V_i be a cluster in G_r, we define the associated list Q(V_i) as {y : y ∈ B, x ∈ A_i, (x, y) ∈ E(H)}, which is the set of B-vertices with a neighbor assigned to the cluster V_i. Let V_{s1} , V_{s2} , . . . , V_{sΔ} be any Δ clusters of G_r. We define the random variables R and R^′: R^′(V_{s1} , V_{s2} , . . . , V_{sΔ} ) = |B^′ ∩ Q(V_{s1} ) ∩ Q(V_{s2} ) ∩ . . . ∩ Q(V_{sΔ} )| and R(V_{s1} , V_{s2} , . . . , V_{sΔ} ) = |(B − B^′) ∩ Q(V_{s1} ) ∩ Q(V_{s2} ) ∩ . . . ∩ Q(V_{sΔ} )|.

We are going to measure the evenness of the distribution of A in terms of these random variables.

Lemma 14 For any Δ clusters V_{s1} , V_{s2} , . . . , V_{sΔ} of G_r the following inequalities hold: Pr [ |R(V_{s1} , V_{s2} , . . . , V_{sΔ} ) − E[R(V_{s1} , V_{s2} , . . . , V_{sΔ} )]| = Ω(n^{45} ) ] = o(1), Pr [ |R^′(V_{s1} , V_{s2} , . . . , V_{sΔ} ) − E[R^′(V_{s1} , V_{s2} , . . . , V_{sΔ} )]| = Ω(n^{45} ) ] = o(1).

Proof. Similar to the proof of Lemma 13, again we omit the details.

We need the following simple corollary of the above lemmas.

Corollary 15 For any two Δ-tuples of clusters V_{s1} , V_{s2} , . . . , V_{sΔ} and V^′_{s1} , V^′_{s2} , . . . , V^′_{sΔ} in G_r the following inequalities hold: Pr [ |R(V_{s1} , V_{s2} , . . . , V_{sΔ} ) − R(V^′_{s1} , V^′_{s2} , . . . , V^′_{sΔ} )| = Ω(n^{45} ) ] = o(1), Pr [ |R^′(V_{s1} , V_{s2} , . . . , V_{sΔ} ) − R^′(V^′_{s1} , V^′_{s2} , . . . , V^′_{sΔ} )| = Ω(n^{45} ) ] = o(1).

In other words, Lemma 13 and Corollary 15 states that most of the possible assignments of A are even assignments.

Let N be a positive integer, depending only on ε. For all s (1 ≤ s ≤ ℓ) we randomly divide B^′∩Q(V_s) into N equal sized subsets, getting Q_1(V_s), Q_2(V_s), . . . , Q_N (V_s). We define a new set of random variables: R^′_p(V_{s1} , V_{s2} , . . . , V_{sΔ} ) = |Q_p(V_{s1} ) ∩ Q_p(V_{s2} ) ∩ . . . ∩ Q_p(V_{sΔ} )|, for all 1 ≤ p ≤ N. Then the following is implied by Lemma 13 and 14:

Corollary 16 For any two Δ-tuples of clusters V_{s1} , V_{s2} , . . . , V_{sΔ} and V^′_{s1} , V^′_{s2} , . . . , V^′_{sΔ} in G_r and two integers p and q (1 ≤ p, q ≤ N) the following inequalities hold: Pr [ |R^′_p(V_{s1} , V_{s2} , . . . , V_{sΔ} ) − R^′_q(V^′_{s1} , V^′_{s2} , . . . , V^′_{sΔ} )| = Ω(n^{45} ) ] = o(1).

4.2 Pre-assigning B

In this section we will present a consistent assignment of the vertices in B to the clusters of G_r. As we will see, such assignments can be formulated as special matching problems. (In order to finish the embedding of H into G, some of the H-vertices should be assigned to the exceptional cluster V_0. This will be carried out in another section.)

We repeat the definitions of [6]. For a bipartite graph F = (V, T, E(F )) where |T | = q|V | for some positive integer q, M ⊂ E(F ) is a proportional matching if every v ∈ V is adjacent to exactly q vertices in T and every u ∈ T is adjacent to exactly one V vertex in M. In order to show that F contains a proportional matching we will check the König–Hall conditions, that is, for every subset U of V , its neighborhood in T should satisfy |N_F (U, T )| ≥ q|U|. One can easily see this from the construction of an auxiliary graph: substitute every v ∈ V with q instances v_1, . . . , v_q, and if (v, u) (u ∈ T ) was an edge, then connect the v_is to u for all 1 ≤ i ≤ q. This auxiliary graph has a perfect matching if and only if F has a proportional matching.

Besides this kind of matching we are going to need another kind of matching about which we demand that the “loads of the vertices” are distributed more evenly. We say F allows a strong proportional matching with respect to μ (0 < μ ≪ 1) if there is a proportional matching in the following bipartite graph F^′. Its color classes are V and T^′. For every vertex u ∈ T , we add ℓ μ copies, u_1, . . . , u ℓ_μ , to T^′. If N_F (u) = {v_1, . . . , v_s} then we will have the following edges: (u_i, v_i) for 1 ≤ i ≤ s, and (u_j, v_i) where 1 ≤ i ≤ s and s < j ≤^ℓ_μ . In other words, the first s copies of u have degree 1, while the others have the same degree, s. The existence of a strong proportional matching can be checked through the strong König-Hall conditions: one can see that for U ⊂ V |N_F (U)|(1 − μ) ≤ |N_F ′ (U)|. Using this fact we can prove the existence of a strong proportional matching, and at the same time the existence of a proportional matching as well. We will see that both these matchings are needed to assign the vertices of I and Q to clusters of G_r.

Recall that G_r is an ℓ–graph with δ(G_r) = (1−^1_{Δ+1} )(1−θ)(1−β)ℓ, where 0 < θ = ε + d ≪ 1 and 0 < β < 1 are two constants. We will denote δ(G_r) by δ.

Let us construct a bipartite graph F = (V (G_r), T, E(F )). One color class is V (G_r) (the non-exceptional clusters), the other, T is the set of all possible Δ–tuples composed of G_r–clusters. There is an edge between V_j ∈ V (G_r) and a Δ–tuple t = (V_{s1} , V_{s2} , . . . , V_{sΔ} ) iff for 1 ≤ i ≤ Δ (V_j, V_{si} ) ∈ E(G_r). Let us denote (1 − θ)(1 − β)(1 − μ) by (1 − ν) (here μ is the constant for the strong proportional matching).

The following lemma is the cornerstone of our proof.

Lemma 17 There is a strong proportional matching in F with respect to μ if ν is small enough.

For proving Lemma 17 we will need the following statement.

Lemma 18 For 0 ≤ i ≤ Δ − 2 if ν is small enough, then δ^{Δ−i}(1 − μ) > (i + 1)(1 − δ).

Proof. We are going to prove a stronger statement: (^Δ_{Δ+1} )^{Δ−i}(1 − ν)^Δ > i+1 Δ+1 (1 + νΔ).

We proceed by induction. First we prove the case i = Δ − 2: ( Δ Δ + 1

)^2(1 − ν)^Δ >

Δ − 1 Δ + 1

(1 + νΔ),

since by multiplying both sides by^{Δ+1}_Δ we get the true inequality Δ Δ + 1

(1 − ν)^Δ >

Δ − 1 Δ (1 + νΔ).

So now we may assume that (^Δ_{Δ+1} )^{Δ−i}(1−ν)^Δ >^{i+1}_{Δ+1} (1+νΔ). Decreasing i by 1 we have to check the inequality below: ( Δ Δ + 1

)^{Δ−i+1}(1 − ν)^Δ > i Δ + 1

(1 + νΔ).

Multiplying both sides by^{Δ+1}_Δ we get the inequality ( Δ Δ + 1

)^{Δ−i}(1 − ν)^Δ > i Δ (1 + νΔ).

Now since (^Δ_{Δ+1} )^{Δ−i}(1 − ν)^Δ >^{i+1}_{Δ+1} (1 + νΔ), and the latter is larger than i Δ (1 + νΔ) for i < Δ, we have finished the proof of the lemma.

We can start proving Lemma 17.

Proof. We will check the strong König–Hall conditions.

• Let v ∈ V (G_r) be an arbitrary cluster. Then |N(v, T )|(1 − μ) ≥ δ^Δ(1 − μ)|T |, therefore it is larger than (1 − δ)|T | by Lemma 18.

• Let U_i ⊂ V (G_r) is a set of size greater than i(1 − δ)ℓ for some 1 ≤ i ≤ Δ − 2. From the minimum degree condition of G_r every i vertex will have a common neighbor in U_i. Now |N(U_i, T )|(1−μ) ≥ δ^{Δ−i}(1−μ)|T |, and by Lemma 18 the latter is larger than (i + 1)(1 − δ), therefore |N(U_i, T )|(1 − μ) > (i + 1)(1 − δ). Notice that by the above argument we can jump up to |U_{Δ−2}| > (Δ − 1)(1 − δ)ℓ (in case i = Δ − 2).

• Assume that U ⊂ V (G_r) with |U| = (Δ − 1)(1 − δ)ℓ. Then every Δ−1 vertex will have a common neighbor in U by the minimum degree condition of G_r. Thus, |N(U, T )| ≥ δ(1 − μ)|T |.

• Assume that U ⊂ V (G_r) with |U| = δ(1 − μ)ℓ. We will estimate the number of (Δ − 1)–tuples having more than^1_{Δ+1} ℓ U–neighbors. First of all, there are at least δ(1 − μ)ℓδ^{Δ−1} (_ℓ Δ−1 ) edges going from U to the set T^′ of (Δ − 1)–tuples. We divide T^′ into two parts, T^′_1 and T^′_2. In T^′_1 all the tuples has at most (1 − δ)ℓ neighbors in U, while in T^′_2 it is possible that the tuples are connected to all of U. Denote^{|T ′1|}_{|T ′|} by x, then we will have the following inequality:

x(1 − δ) + (1 − x)δ(1 − μ) ≥ δ^Δ(1 − μ).

That is, x ≤^{(1−μ)(δ−δΔ )}_{2δ−1} . It can be shown directly, that this expression is less than 0.7 for Δ ≥ 3 if ν is small. Since all the tuples of T^′_2 has degree larger than (1 − δ)ℓ to U, all of them with any other cluster will form a Δ-tuple which is connected to some U-cluster. This is enough for us to conclude that |N(U, T )|(1 − μ) > δℓ.

• Assume that U ⊂ V (G_r) with |U| > δℓ. Now every Δ-tuple will have a U-neighbor, except those having only one neighbor out of U. (This is enough for the existence of a proportional matching.)

• For proving the existence of a strong proportional matching assume that U ⊂ V (G_r) with |U| = (1 − ω)ℓ (0 ≤ ω < μ). Since every Δtuple having more than one neighbor is connected to this U, we have to consider only the tuples with only one neighbor. Now |U| = ωℓ, and clusters from U are connected to at most ωℓ (_ℓ Δ ) tuples which have one neighbor. Hence, the proportion of tuples which are not neighbors of some U-cluster is at most μω < ω. In other words, |N(U)| >^{|U|}_ℓ |T | for any 0 ≤ ω < μ.

Now we are ready to present the procedure for assigning the vertices in B to G_r-clusters. We start with the vertices in B − B^′. First let L_i = A_i for 1 ≤ i ≤ ℓ. Assume M denotes the matching provided by Lemma 17 with respect to the graph F . For a cluster V_t, let {V_{i1} , . . . , V_{iΔ} } be one of the Δ-tuples matched to it in M. We will assign the vertices of (B − B^′) ∩ Q(V_{i1} ) ∩ . . . ∩ Q(V_{iΔ} ) to the cluster V_t by adding them to the set L_t. Using Lemma 15, |(B −B^′)∩Q(V_{i1} )∩. . .∩Q(V_{iΔ} )| is almost the same for all choices of Δ-tuples, which in turn implies that the set L_t for all V_t ∈ G_r will have almost the same size after the distribution of B − B^′. Also, note that the construction of F (G_r) and the structure of the proportional matching M implies that if x ∈ B − B^′ is assigned to L_t then the N_H (x)-vertices are assigned to neighboring clusters of V_t.

The vertices of B^′ will be mapped by the help of strong proportional matching, on the same way as we did for B − B^′. The only difference is that since every Δ-tuple V_{i1} , . . . , V_{iΔ} has^ℓ_μ copies, the elements of Q(V_{i1} ) ∩ . . . ∩ Q(V_{iΔ} ) will be distributed randomly among these copies. It is easy to see that the strong proportional matching assigns B^′-vertices evenly - we refer to Corollary 16.

We remark that there are other cases to consider: e.g., some of B-vertices can have all their neighbors assigned to Δ − 1 clusters. But it is easy to see that those matchings are easy to find once the harder cases are dealt with. Then mapping such B-vertices can be done in a similar way as we did for others.

4.3 Finishing the assignment

Now we have to make sure that all conditions of Lemma 5 are satisfied. Obviously, some of them are violated at this moment. E.g. C1 and C3, since so far we have not mapped any vertex to V_0 (L_0 is empty). Therefore, there are more H-vertices assigned to every non-exceptional cluster than its size. We will take care of these problems in separate subsections.

4.3.1 Bad vertices in G

Every vertex in a cluster of a super-regular pair has big degree to the other cluster. Our edges in G_r are regular pairs, some vertices may have just a small number of neighbors in the other cluster (this number can be even zero). To avoid problems which can be caused by this, we are going to discard some vertices from the clusters and put them into V_0, this way C9 will be satisfied.

Let M be the matching provided by Lemma 17. For a fixed cluster V_t ∈ V (G_r) let T denote the set of Δ-tuples matched to V_t in M. We say that v ∈ V (G_r) has small degree to a Δ-tuple, if v has less than (d − ε)m neighbors in one of the clusters composing that tuple. Let us call a vertex v ∈ V_t bad, if v has small degree to at least half of the Δ-tuples in T .

Lemma 19 No cluster in G_r can contain more than 2Δεm bad vertices.

Proof. For a cluster V_t ∈ V (G_r) which is matched to the Δ-tuples of T , let {v_1, . . . , v_s} denote the set of bad vertices. If s > 2Δεm then there should be a tuple τ ∈ T to which more than Δεm vertices of V_t have small degree. Thus to one of the clusters of this triplet there are more than εm vertices with degree less than (d − ε)m, which contradicts the ε-regularity condition.

By removing the 2Δεm bad vertices from every cluster, we can guarantee that all of their remaining vertices have big degrees to at least half of the matched triplets, and overall at most 2Δεn bad vertices will be added to V_0.

4.3.2 Selecting the L_0-vertices

As we mentioned earlier, every cluster has a surplus, that is, more H-vertices are assigned to them than the clustersize m. We will form L_0 by removing a subset of B^′ vertices from the L_i sets, achieving that |L_i| = m for 1 ≤ i ≤ ℓ.

Let ϕ : L_0 → V_0 be any bijective mapping. We need to ensure that the assignment of L_0 to V_0 is consistent with E(H); that is, for any x ∈ L_0, with (x, y_1), (x, y_2), . . . , (x, y_Δ) ∈ E(H), if v = ϕ(x), y_1 ∈ L_{i1} , y_2 ∈ L_{i2} , . . . , y_Δ ∈ L_{iΔ} then deg_G(v, V_{i1} ), deg_G(v, V_{i2} ), . . . , deg_G(v, V_{iΔ} ) are all at least c_1m (condition C8). If this condition does not hold for a pair (x, v), a switching will be performed. In the switching operation we first pick a cluster V_s and then locate a vertex x^′ in L_s such that (V_{i1} , V_s), (V_{i2} , V_s), . . . , (V_{iΔ} , V_s) are all edges in E(G_r). Furthermore, if (x^′, y^′_1), (x^′, y^′_2), . . . , (x^′, y^′_Δ) ∈ E(H) with y^′_1 ∈ L_i′_1 , y^′_2 ∈ L_i′_2 , . . . , y^′_Δ ∈ L_i′_Δ then deg_G(v, V_i′_1 ), deg_G(v, V_i′_2 ), . . . , deg_G(v, V_i′_Δ ) are all at least cm. We will see that such x^′ can always be found among those vertices assigned by the strong proportional matching.

Lemma 20 For every x ∈ L_0 there exists an x^′ as required above.

Proof. It is easy to see that any v ∈ V_0 has degree less than c_1m to at most^{1−δ}_{1−c1} proportion of all clusters. Let V_s be as above, then a simple calculation shows that the number of clusters in its neighborhood for which v has large degree (≥ c_1m) is at least (1 −^1_Δ )(^{Δ−1}_{Δ+1} )ℓ. (We recall that c_1 = c_1(Δ).) Hence these clusters in the common neighborhood will span at least (1−^1_Δ )^Δ(^{Δ−1}_{Δ+1} )^Δ (_ℓ Δ ) Δ-tuples. This expression is larger than^1_{27} (_ℓ Δ ) for Δ ≥ 3.

Any Δ-tuple τ will allocate ω vertices by the help of the strong proportional matching. This means V_s receives at least ω vertices from every tuple which is connected to it.

Letting Ω =^ℓ_μ (_ℓ Δ ) ω, the number of those vertices assigned to V_s by the strong proportional matching determined by this^1_{27} proportion of all Δ-tuples is at least^1_{27}^μ_ℓ Ω. Now, since the common neighborhood of V_{i1} , V_{i2} , . . . , V_{iΔ} contains at least (1 − δ)ℓ clusters, the number of vertices assigned to them by the strong proportional matching is by far larger than |V_0|. Hence we can find an appropriate x^′ for any x easily.

Remark 3 It should be pointed out that we can perform this switching procedure in such a way that the neighbors of the switched x^′s are scattered almost evenly in a constant proportion of the Δ-tuples, and so in a constant proportion of the clusters. Whenever we are looking for an x^′, we pick V_s first among the possible (1 − δ)ℓ clusters randomly, and then V_i′_1 , V_i′_2 , . . . , V_i′_Δ randomly among the Δ-tuples in the common neighborhood of the corresponding V_0-vertex and V_s. It is easy to see that there is a constant K such that no cluster will contain more than K^{|V0|}_ℓ neighbors.

Note, that by the help of the above remark we have found an assignment of H-vertices which satisfies all requirements of C1–C11. In the rest of the paper we are going to prove that we will be able to find H-vertices according to C10 and C11 so as to cover the exceptional G-vertices of Step 3 of the embedding algorithm.

Lemma 21 In Step 3 for each 1 ≤ i ≤ ℓ and v ∈ E_i we can find an unembedded x ∈ L(V_i) to cover v. This x ∈ B^′, and its neighbors are assigned to such clusters to which v has degree at least (d − ε)m. Also, the (assigned, but not embedded) neighbors of these xs are well spread among the clusters of G_r, no cluster will have more than 2Δε^{′′}m.

Proof. Denote the proportional matching by M. For a cluster V_i let T_i denote the set of Δ-tuples matched to it in M. Recall that we removed the bad vertices from every cluster (Lemma 19). Hence, at time 0 all the vertices had degree more than (d − ε)m to at least half of the tuples in T_i, i.e., to all clusters of those Δ-tuples.

We are at time T_0 + T_1 now, after embedding N_H (L_0) and the neighborhood of the buffer vertices. Note that we have payed attention to embed these H–vertices as evenly as possible. Not just the neighbors of the buffers are well spread, but N_H (L_0) as well. Hence, even at time T_0 + T_1 every vertex in the cluster V_i has degrees big enough to at least 50% of the tuples of T_i (here we used the fact that the number of buffer vertices is very small, and N_H (L_0) is embedded randomly). The exceptional sets of the clusters are small, as we showed in Lemma 9, hence, there are enough candidates to choose.

Now we prove that the covering of the G–vertices can be done in such a way, that the neighbors of the embedded vertices will not concentrate in any of the clusters.

First we will show a simple and easy-to-analyze algorithm for the ideal case when every vertex in V_i to be covered is connected to all the Δ-tuples of T_i for all i. Then we will modify it for our more general setup.

The algorithm is as follows: We start by completing all the E_i sets by arbitrary V_i-vertices obtaining equal size sets. Consider the tuples of T_1: τ_1, . . . , τ_k. Pick one-one unembedded vertex from B^′ which is assigned by these tuples, and cover k E_1-vertices with those B^′-vertices. Then repeat it for all T_i. When we are ready, we have finished one round. It is easy to see that in one round we covered exactly k vertices from each exceptional set, and because all cluster appears in the same number of tuples, after these coverings we have the same number of neighbors in every cluster, this number is then Δkℓ. Iterating the rounds at the end we will arrive to the situation when no E_i-vertices are left, and for every cluster the embedded vertices have the same number of assigned neighbors, which is Δε^{′′}m.

Let us return to the assumptions of the lemma. The modified algorithm for the general case will be different in two points. We again start by completing the sets to the same size by adding arbitrary vertices from the corresponding cluster . We take the tuples of the matching one by one, as we did previously. But we cannot always find a vertex to be covered for a tuple. In such a case, we take the next tuple. Even so in every round at least half of the tuples will assign a vertex which will cover a G-vertex, and the embedded vertices will have at most Δkℓ assigned neighbors in a cluster. Iterate this procedure, and stop, when a set gets empty. If no exceptional vertices are left (vertices from the original E_i sets before adding other vertices), the algorithm stops. If not, then complete the sets to have the same size, and restart. Note, that now every exceptional set is at most half the size of the beginning. Hence, with O(log m) restarts no exceptional vertices are left uncovered. Since between any two restarts the number of exceptional vertices is cut in half, and the “fastest decreasing” set has speed at most twice that of the slowest, we get no cluster that will have more than 2Δε^{′′}m embedded neighbors.

Proof of Theorem 2 Since by the help of Lemmas 13, 14 and Corollaries 15, 16 we can distribute the A-vertices, and then by Lemmas 17, 19, 20 and 21 we can provide that all conditions of Lemma 5 are satisfied, we can embed H to G, and thus Theorem 2 is proved.

Remark 4 We have made no attempt to optimize on β. Simple but tedious calculation shows that β can be as large as^1_{Δ4} . On the other hand we think that this is still not the right value for β.

References

[1] S. Abbasi, Spanning subgraphs of dense graphs and a combinatorial problem on strings, PhD thesis, 1998, Rutgers University

[2] M. Aigner and S. Brandt, Embedding arbitrary graphs of maximum degree two, J. London Math. Soc., 48 (1993) 39–51

[3] N. Alon and E. Fischer, 2-factors in dense graphs, Discrete Math., 152 (1996), 13–23.

[4] B. Bollobás and S.E. Eldridge, Packing of Graphs and Applications to Computational Complexity, Journal of Combinatorial Theory, Series B 25 (1978), 105-124.

[5] H. Corrádi and A. Hajnal, On the Maximal Number of Independent Circuits in a Graph, Acta Math. Hung., 14 (1963), 423-439.

[6] B. Csaba, A. Shokoufandeh and E. Szemerédi, Proof of a Conjecture of Bollobás and Eldridge for graphs of maximum degree three, in “Combinatorica”, to appear.

[7] A. Hajnal and E. Szemerédi, Proof of a Conjecture of Erdős, in “Combinatorial Theory and Its Applications, II” (P. Erdős, and V. T. Sós, Eds.), Colloquia Mathematica Societatis János Bolyai, North-Holland, Amsterdam/London, 1970.

[8] J. Komlós, G.N. Sárközy and E. Szemerédi, Blow-up Lemma, Combinatorica, 17 (1997), 109-123.

[9] J. Komlós, G.N. Sárközy and E. Szemerédi, An Algorithmic Version of the Blow-up Lemma, Random Struct. Alg., 12 (1998), 297-312.

[10] J. Komlós, M. Simonovits, Szemerédi’s Regularity Lemma and its Applications in Graph Theory, Combinatorics, Paul Erdős is eighty, Vol. 2 (Keszthely, 1993), 295–352.

[11] E. Szemerédi, Regular Partitions of Graphs, Colloques Internationaux C.N.R.S N^o 260 - Problèmes Combinatoires et Théorie des Graphes, Orsay (1976), 399-401.

I N F O R M A T I K

Below you find a list of the most recent technical reports of the Max-Planck-Institut für Informatik. They are available by anonymous ftp from ftp.mpi-sb.mpg.de under the directory pub/papers/reports. Most of the reports are also accessible via WWW using the URL http://www.mpi-sb.mpg.de. If you have any questions concerning ftp or WWW access, please contact reports@mpi-sb.mpg.de. Paper copies (which are not necessarily free of charge) can be ordered either by regular mail or by e-mail at the address below.

Max-Planck-Institut für Informatik Library attn. Anja Becker Stuhlsatzenhausweg 85 66123 Saarbrücken GERMANY e-mail: library@mpi-sb.mpg.de

MPI-I-2003-NWG2-002 F. Eisenbrand Fast integer programming in fixed dimension

MPI-I-2003-NWG2-001 L.S. Chandran, C.R. Subramanian Girth and Treewidth

MPI-I-2003-4-001 M. Tarini, H.P.R. Lensch, M. Goesele, H. Seidel

3-D Aqusition of Mirrowing Objects

MPI-I-2003-2-001 P. Maier Compositional Circular Assume-Guarantee Rules Cannot Be Sound And Complete

MPI-I-2003-1-010 H. Tamaki Soon to be published

MPI-I-2003-1-009 B. Csaba Soon to be published

MPI-I-2003-1-008 P. Sanders Soon to be published

MPI-I-2003-1-007 H. Tamaki Alternating cycles contribution: a strategy of tour-merging for the traveling salesman problem

MPI-I-2003-1-006 H. Tamaki, M. Dietzfelbinger On the probability of Rendezvous in Graph

MPI-I-2003-1-005 M. Dietzfelbinger, P. Woelfel Almost Random Graphs with Simple Hash Functions

MPI-I-2003-1-004 E. Althaus, T. Polzin, S.V. Daneshmand

Improving Linear Programming Approaches for the Steiner Tree Problem

MPI-I-2003-1-003 R. Beier, B. Vcking Random Knapsack in Expected Polynomial Time

MPI-I-2003-1-002 P. Krysta, P. Sanders, B. Vcking Scheduling and Traffic Allocation for Tasks with Bounded Splittability

MPI-I-2003-1-001 P. Sanders, R. Dementiev Asynchronous Parallel Disk Sorting

MPI-I-2002-4-002 F. Drago, W. Martens, K. Myszkowski, H. Seidel

Perceptual Evaluation of Tone Mapping Operators with Regard to Similarity and Preference

MPI-I-2002-4-001 M. Goesele, J. Kautz, J. Lang, H.P.A. Lensch, H. Seidel

Tutorial Notes ACM SM 02 A Framework for the Acquisition, Processing and Interactive Display of High Quality 3D Models

MPI-I-2002-2-008 W. Charatonik, J. Talbot Atomic Set Constraints with Projection

MPI-I-2002-2-007 W. Charatonik, H. Ganzinger Symposium on the Effectiveness of Logic in Computer Science in Honour of Moshe Vardi

MPI-I-2002-1-008 P. Sanders, J.L. Trff The Factor Algorithm for All-to-all Communication on Clusters of SMP Nodes

MPI-I-2002-1-005 M. Hoefer Performance of heuristic and approximation algorithms for the uncapacitated facility location problem

MPI-I-2002-1-004 S. Hert, T. Polzin, L. Kettner, G. Schfer

Exp Lab A Tool Set for Computational Experiments

MPI-I-2002-1-003 I. Katriel, P. Sanders, J.L. Trff A Practical Minimum Scanning Tree Algorithm Using the Cycle Property

MPI-I-2002-1-002 F. Grandoni Incrementally maintaining the number of l-cliques

MPI-I-2002-1-001 T. Polzin, S. Vahdati Using (sub)graphs of small width for solving the Steiner problem

MPI-I-2001-4-005 H.P.A. Lensch, M. Goesele, H. Seidel A Framework for the Acquisition, Processing and Interactive Display of High Quality 3D Models

MPI-I-2001-4-004 S.W. Choi, H. Seidel Linear One-sided Stability of MAT for Weakly Injective Domain

MPI-I-2001-4-003 K. Daubert, W. Heidrich, J. Kautz, J. Dischler, H. Seidel

Efficient Light Transport Using Precomputed Visibility

MPI-I-2001-4-002 H.P.A. Lensch, J. Kautz, M. Goesele, H. Seidel

A Framework for the Acquisition, Processing, Transmission, and Interactive Display of High Quality 3D Models on the Web

MPI-I-2001-4-001 H.P.A. Lensch, J. Kautz, M. Goesele, W. Heidrich, H. Seidel

Image-Based Reconstruction of Spatially Varying Materials

MPI-I-2001-2-006 H. Nivelle, S. Schulz Proceeding of the Second International Workshop of the Implementation of Logics

MPI-I-2001-2-005 V. Sofronie-Stokkermans Resolution-based decision procedures for the universal theory of some classes of distributive lattices with operators

MPI-I-2001-2-004 H. de Nivelle Translation of Resolution Proofs into Higher Order Natural Deduction using Type Theory

MPI-I-2001-2-003 S. Vorobyov Experiments with Iterative Improvement Algorithms on Completely Unimodel Hypercubes

MPI-I-2001-2-002 P. Maier A Set-Theoretic Framework for Assume-Guarantee Reasoning

MPI-I-2001-2-001 U. Waldmann Superposition and Chaining for Totally Ordered Divisible Abelian Groups

MPI-I-2001-1-007 T. Polzin, S. Vahdati Extending Reduction Techniques for the Steiner Tree Problem: A Combination of Alternative-and Bound-Based Approaches

MPI-I-2001-1-006 T. Polzin, S. Vahdati Partitioning Techniques for the Steiner Problem

MPI-I-2001-1-005 T. Polzin, S. Vahdati On Steiner Trees and Minimum Spanning Trees in Hypergraphs

MPI-I-2001-1-004 S. Hert, M. Hoffmann, L. Kettner, S. Pion, M. Seel

An Adaptable and Extensible Geometry Kernel

MPI-I-2001-1-003 M. Seel Implementation of Planar Nef Polyhedra

MPI-I-2001-1-002 U. Meyer Directed Single-Source Shortest-Paths in Linear Average-Case Time

MPI-I-2001-1-001 P. Krysta Approximating Minimum Size 1,2-Connected Networks

MPI-I-2000-4-003 S.W. Choi, H. Seidel Hyperbolic Hausdorff Distance for Medial Axis Transform

MPI-I-2000-4-002 L.P. Kobbelt, S. Bischoff, K. Khler, R. Schneider, M. Botsch, C. Rssl, J. Vorsatz

Geometric Modeling Based on Polygonal Meshes

MPI-I-2000-4-001 J. Kautz, W. Heidrich, K. Daubert Bump Map Shadows for OpenGL Rendering

MPI-I-2000-2-001 F. Eisenbrand Short Vectors of Planar Lattices Via Continued Fractions

MPI-I-2000-1-005 M. Seel, K. Mehlhorn Infimaximal Frames: A Technique for Making Lines Look Like Segments

MPI-I-2000-1-004 K. Mehlhorn, S. Schirra Generalized and improved constructive separation bound for real algebraic expressions

MPI-I-2000-1-003 P. Fatourou Low-Contention Depth-First Scheduling of Parallel Computations with Synchronization Variables

MPI-I-2000-1-002 R. Beier, J. Sibeyn A Powerful Heuristic for Telephone Gossiping

MPI-I-2000-1-001 E. Althaus, O. Kohlbacher, H. Lenhof, P. Mller

A branch and cut algorithm for the optimal solution of the side-chain placement problem

MPI-I-1999-4-001 J. Haber, H. Seidel A Framework for Evaluating the Quality of Lossy Image Compression

MPI-I-1999-3-005 T.A. Henzinger, J. Raskin, P. Schobbens

Axioms for Real-Time Logics

MPI-I-1999-3-004 J. Raskin, P. Schobbens Proving a conjecture of Andreka on temporal logic

MPI-I-1999-3-003 T.A. Henzinger, J. Raskin, P. Schobbens

Fully Decidable Logics, Automata and Classical Theories for Defining Regular Real-Time Languages