I N F O R M A T I K

On the Probability of Rendezvous in Graphs

Martin Dietzfelbinger Hisao Tamaki

MPI–I–2003–1-003 March 2003

FORSCHUNGSBERICHT RESEARCH REPORT

M A X - P L A N C K - I N S T I T U T F Ü R I N F O R M A T I K

Stuhlsatzenhausweg 85 66123 Saarbrücken Germany

Authors’ Addresses

Martin Dietzfelbinger Technische Universität Ilmenau Fakultät für Informatik und Automatisierung 98684 Ilmenau, Germany

martin.dietzfelbinger@tu-ilmenau.de

Hisao Tamaki Meiji University Department of Computer Science Kawasaki 214-8517, Japan

tamaki@cs.meiji.ac.jp

Abstract

In a simple graph G without isolated nodes the following random experiment is carried out: each node chooses one of its neighbors uniformly at random. We say a rendezvous occurs if there are adjacent nodes u and v such that u chooses v and v chooses u; the probability that this happens is denoted by s(G). Métivier et al. (2000) asked whether it is true that s(G) ≥ s(K_n) for all n-node graphs G, where K_n is the complete graph on n nodes. We show that this is the case. Moreover, we show that evaluating s(G) for a given graph G is a #P-complete problem, even if only d-regular graphs are considered, for any d ≥ 5.

Note: Parts of the results of this paper were reported at ISAAC 2002.

Keywords

Network, Rendezvous experiment, Success probability, Negative correlation, #P-completeness

1 Introduction

The following random experiment was proposed and studied by Métivier, Saheb, and Zemmari [6]. Let G = (V, E) be an undirected graph (which might represent a processor network) with |V | = n ≥ 2 nodes. Each node u ∈ V independently chooses one of its neighbors uniformly at random. The experiment does not make sense if G has a node without neighbors; thus throughout the paper we assume there are no isolated nodes in G. We say there is a rendezvous, and consider this as a “success”, if there is an edge (u, v) in G such that u chooses v and v chooses u. Let s(G) ∈ [0, 1] be the probability that there is a rendezvous if this experiment is carried out in G.

As usual, K_n denotes the complete graph with n nodes. The following is known [6]:

(i) s(G) ≥ 1 − e^{−n/2(n−1)} for all n-node graphs G;

(ii) s(K_n) → 1 − e^{−1/2} for n → ∞.

Since obviously e^{−n/2(n−1)} < e^{−1/2} for every n, asymptotically the complete graphs achieve the minimum rendezvous probability, namely 1 − e^{−1/2} ≈ 0.39347. It is natural to ask, as done by Métivier et al. [6, Remark 22], whether for each n the complete graph minimizes the rendezvous probability among all n-node graphs. The first purpose of this paper is to prove that this is true:

Theorem 1 If G is a graph with n ≥ 2 (non-isolated ) nodes, then s(G) ≥ s(K_n).

The randomized rendezvous protocol was introduced in [6]. The reader is referred to that paper for a thorough study of the rendezvous protocol, including its behaviour in some graph families, in particular trees, rings, and graphs with bounded degree. In Section 2, we will repeat the central definitions and the relevant results from [6], so as to make the present paper largely self-contained. On the basis of a preliminary version of [6], Austinat in his Diplom thesis [1] studied some aspects of the rendezvous experiment, in particular the problem dealt with in our Theorem 1.

Since the proof of Theorem 1 is rather involved, for motivation we will describe an obvious, but flawed proof strategy and give an outline of the proof in in Section 3.1. In Section 3.2 the main part of the proof is given; the proof of a technical lemma is supplied in Section 3.3. Although the applicability of the result may be limited, the proof of the theorem identifies some subtle dependencies that must be taken into account in random experiments in graphs, and it develops a novel way to deal with such dependencies.

The basic difficulty in proving Theorem 1 is that different graphs induce different probability spaces and that it takes some care to establish connections between these. The same difficulty is encountered when one looks at the following seemingly very simple question. It is easy to evaluate s(K_n) for small values of n, and to obtain s(K_2) = 1, s(K_3) = 0.75, s(K_4) =^{17}_{27} , and so on (see table in Section 2). One notices that the values s(K_n), n = 2, 3, . . . , are strictly decreasing for small values of n. We show that this is true in general:

Theorem 2 s(K_n) > s(K_{n+1}), for all n ≥ 2.

The proof is given in Section 4. Even though the theorem may seem natural, the proof is by no means immediate. It combines manipulations of explicit formulae for s(K_n), modifications of the original random experiments and basic calculus.

The last theme treated in this paper is the complexity of evaluating s(G) if the graph G is given. It is not difficult to give a “closed” formula in the inclusion-exclusion style (see (2.5) in Section 2), but this formula involves a summation over all matchings in G, and hence usually exponentially many terms. Indeed, it is this connection to the problem of counting matchings in graphs that makes it possible to show our last result.

Recall ([7] and e. g., [4, ch. 9]) that #P is the class of all functions f : Σ^∗ → N (for some alphabet Σ) so that there is a polynomially time bounded Turing machine M with

f(x) = #(accepting computations of M on input x) ,

and that a function f is #P-complete (w. r. t. Turing reductions) if it is in #P and if each g ∈ #P can be computed by a polynomially time bounded oracle Turing machine with oracle f.

Theorem 3 For any fixed integer d ≥ 5, the problem of computing s(G) for a given d-regular graph G is polynomially equivalent to some #P-complete problem.

This theorem implies that it is unlikely that the rendezvous probability of graphs, even if restricted to regular graphs, can be calculated by a polynomial-time algorithm. The proof is given in Section 5. It involves a Turing reduction from the problem of counting perfect matchings in (d − 2)-regular graphs to the problem of determining s(G).

2 Basics

In this section, we give the basic definitions and list some known facts about the randomized rendezvous experiment. For further details, see [6].

Unless stated otherwise, we only consider graphs G = (V, E), n = |V | ≥ 2, without isolated nodes.

The set of neighbors of u ∈ V is denoted by N(u), its degree by deg(u) = |N(u)|. (We have 1 ≤ deg(u) ≤ n − 1.) We consider the random experiment of each node choosing one of its neighbors at random. The probability space induced by this experiment can be described as follows. An elementary event is a sequence (c_u)_{u∈V} , where c_u ∈ N(u) for each u. This event occurs with (uniform) probability ∏ u∈V 1 deg(u) . Probabilities with

respect to this experiment are denoted as P_G(·) (or P(·), if G is implied by the context). We say that a rendezvous occurs at edge e = (u, v) ∈ E if c_u = v and c_v = u; this event is denoted by R_e. We say that a rendezvous occurs if there is an edge at which a rendezvous occurs; this event is denoted by R or R_G. We let

s(G) = P_G(R_G) = P(R) = P ( ⋃ e∈E R_e ) , (the probability of a “success”), and f(G) = 1 − s(G) (the probability of a “failure”). Let p_e = P(R_e). Clearly, for e = (u, v) we have

p_e = 1 deg(u) · deg(v) . An important measure is m(G) = ∑ e∈E p_e, the expected number of edges at which a rendezvous occurs. Clearly, s(G) ≤ m(G). It is easy to establish a lower bound on m(G): m(G) = 1 2 · ∑ u∈V ∑ v∈N(u) 1 deg(u) deg(v) ≥ 1 2 · ∑ u∈V ∑ v∈N(u) 1 deg(u)(n − 1) = 1 2 · n n − 1 . (2.1)

For K_n, the complete graph on n nodes, this is an equality, since all nodes have degree n − 1: m(K_n) = 1 2 · ∑ u∈V ∑ v∈V −{u} 1 (n − 1)(n − 1) = 1 2 · n n − 1 . The inequality m(G) ≥ m(K_n), which holds for all n-node graphs G, was a first indication for Theorem 1 to be true. In order to obtain a lower bound for s(G) in terms of m(G) we need the following basic fact, which is stated in [1] (with a proof by J. M. Robson) and also in [6, Proof of Prop. 16]. We give a simple proof without calculations.

Fact 4 Let B ⊆ E be an arbitrary set of edges, and let e ∈ E − B. Let C_B be the event that no rendezvous occurs along any edge in B. If P(C_B ) > 0, then

P(R_e | C_B) ≥ P(R_e) = p_e.

Proof. We must show:

P(R_e ∩ C_B) ≥ P(R_e) · P(C_B ). (2.2) Let e = (u, v). Let B^′ denote the set of those edges in B that are not incident with u or v, and let C_B′ denote the event that there is no rendezvous on an edge in B^′. Observe that

(i) C_B ⊆ C_B′ ;

(ii) R_e ∩C_B = R_e ∩C_B′ (if there is a rendezvous on edge e, there cannot be a rendezvous on any edge in B incident with u or v);

(iii) the events C_B′ and R_e are independent, and estimate P(R_e ∩ C_B )^{(ii)}= P(R_e ∩ C^′_B )^{(iii)}= P(R_e) · P(C^′_B)^{(i)}≥ P(R_e) · P(C_B), as desired.

From this fact it follows immediately that P(R_e | C_B) ≤ 1 − p_e, whenever P(C_B ) > 0. An easy induction argument then shows that

1 − s(G) = f(G) = P ( ⋂ e∈E R_e ) ≤ ∏ e∈E ( 1 − p_e ) ≤ exp(− ∑ e∈E p_e) = e^{−m(G)} ,

where exp(x) = e^x is the exponential function. (We have used that 1 + y ≤ e^y for all y.) We obtain s(G) ≥ 1 − e^{−m(G)}. (2.3) Together with (2.1) this implies a global constant lower bound for the rendezvous probability in graphs G with an arbitrary number n of nodes [6, Thm. 19, Cor. 20]:^1 s(G) ≥ 1 − e^{−n/2(n−1)} > 1 − e^{−1/2} ≈ 0.39347 , for n ≥ 2 . (2.4) We proceed to note a “closed” formula for s(G). In the general case, it has exponentially many terms, and hence is practically not very useful. However, it will be important in dealing with s(K_n) in the proof of Theorem 2.

The general inclusion-exclusion formula for the probability of unions of events, when applied to R_e, e ∈ E, reads: s(G) = P ( ⋃ e∈E R_e ) = ∑ ∅≠E^′⊆E (−1)^{|E′|+1} · P ( ⋂ e∈E^′ R_e ) . 1The first direct proof of this estimate was given by J. M. Robson.

In our case, if e ≠ e^′ have a node in common, then P(R_e ∩ R_e′ ) = 0. This means that in the sum all summands disappear where E^′ is not a set of node-disjoint edges — in other words, if E^′ is not a matching in G. Now if M ⊆ E is a matching, then the events R_e, e ∈ M, are independent, hence we can write P ( ⋂ e∈M R_e ) = ∏ e∈M p_e. This immediately leads to the following formulation: Let M(G, j) denote the set of all matchings M ⊆ E in G that contain exactly j edges, and let S(G, j) = ∑ M∈M(G,j) ∏ e∈M p_e. Then s(G) = ∑ j≥1 (−1)^{j+1}S(G, j) , (2.5)

Using (2.5), s(G) is easily calculated for small graphs G. Moreover, (2.5) yields a useful formula for s(K_n), for all n ≥ 2. Namely, a moment’s thought reveals that in K_n there are exactly ( n 2 )( n − 2 2 ) . . . ( n − 2j + 2 2 ) / j! = n^{2j} j! · 2^j matchings of cardinality j, where n^k denotes the “falling factorial” n(n−1) · · · (n−k +1) of k factors. If M is such a matching, then ∏ e∈M p_e = 1/(n − 1)^{2j} . Thus,

s(K_n) = ∑ j≥1 (−1)^{j+1} · n^{2j} j! · 2^j · (n − 1)^{2j}

. (2.6)

Equation (2.6) can be used to calculate s(K_n) for small n, see Table 1.

n 2 3 4 5 6 7 8 s(K_n) 1^3_4^{17}_{27}^{145}_{256}^{1653}_{3125}^{7847}_{15552}^{401491}_{823543} decimal value 1.0 0.75 0.6296... 0.56640625 0.52896 0.5045... 0.4875...

Table 1: s(K_n) for small values of n

The first summand in the sum is m(K_n) = n/2(n − 1). If we fix j ≥ 2, then (−1)^{j+1}n^{2j} /(j! · 2^j · (n − 1)^{2j} ) tends to (−1)^{j+1}/(j! · 2^j) for n → ∞ and has absolute value bounded by 1/(j! · 2^j). This makes it easy to show that s(K_n) → ∑ j≥1 (−1)^{j+1} 1 j! · 2^j = 1 − e^{−1/2}, for n → ∞. (2.7)

From (2.4) we know that s(K_n) ≥ 1 − e^{−n/2(n−1)} > 1 − e^{−1/2} for all n, hence the limit in (2.7) is approached from above. This observation and Table 1 suggest that s(K_n) is monotonically decreasing in n. This is the assertion of Theorem 2, to be proved later in the paper. For the time being, we establish the following rough estimate:

Lemma 5 If n ≥ 5 then s(K_n) < 0.6.

Proof. By the table, s(K_5) =^{145}_{256} < 0.6. If n ≥ 6, we use that s(K_n) < m(K_n) = n/2(n − 1) ≤ 6/10. To conclude this section with basic observations, we prove Theorem 1 for graphs with very few nodes, by inspection. For n = 2, there is only one graph without isolated nodes, so there is nothing to prove. For n = 3 and n = 4, we recall one more fact from [6], namely that s(G) = 1 if G has a connected component that is a tree. (If each of the l nodes in a tree component chooses some outgoing edge, then — since there are only l − 1 edges — at least one edge must be chosen by its two endpoints, creating a rendezvous within the component, hence within G.) For n = 3, the only graph G without isolated nodes that is not complete is a path with 2 edges. Then s(G) = 1 >^3_4 = s(K_3). For n = 4, we have s(K_4) =^{17}_{27} , by formula (2.6). If G is not connected, it consists of two disjoint edges, thus has two tree components, and s(G) = 1. There are only five different incomplete connected graphs on four nodes, which are depicted in Figure 1.

Figure 1: The incomplete connected graphs on 4 nodes

Graphs G_1 and G_2 have three edges and are trees, hence s(G_1) = s(G_2) = 1. For the other three graphs we use the inclusion-exclusion formula (2.5) to determine s(G). Graph G_3 has four edges and one matching with two edges. Taking the different p_e’s into account, we get s(G_3) = 1 2 · 2 + 1 2 · 3 + 1 2 · 3 + 1 1 · 3 − 1 (2 · 2)(1 · 3) = 5 6 > 17 27 . Graph G_4 has four edges and two matchings with two edges; we get

s(G_4) = 4 · 1 2 · 2 − 2 · 1 (2 · 2)(2 · 2) = 7 8 > 17 27 .

Finally, graph G_5 has five edges and two matchings with two edges; formula (2.5) yields

s(G_5) = 4 · 1 2 · 3 + 1 3 · 3 − 2 · 1 (2 · 3)(2 · 3) = 13 18 > 17 27 .

In the rest of the paper, we need to consider only graphs with n ≥ 5 nodes.

3 The rendezvous probability is minimal in complete graphs

In this section, we prove our first theorem, which we recall here for the convenience of the reader.

Theorem 1 If G is a graph with n ≥ 2 (non-isolated ) nodes, then s(G) ≥ s(K_n).

As the proof is rather involved, we start by explaining the basic idea in a flawed approach, and show how to extend the random experiment underlying the rendezvous concept by allowing nonuniform probability distributions. Only then the formal proof is given.

3.1 Outline

A simple idea how the theorem might be proved is to consider the following step: to an incomplete graph G add some edge to obtain a graph G^′. If this could be done in such a way that s(G) ≥ s(G^′), then starting from an arbitrary graph G_0 on n nodes we could iterate this step, until we finally reach the complete graph K_n, never increasing the rendezvous probability. Unfortunately, it can be shown that the operation of adding an edge is not generally monotone with respect to the rendezvous probability: there are graphs G and G^′ such that G^′ results from G by adding one edge, but s(G) < s(G^′). This was observed by Austinat in his Diplom thesis [1]. (His example is described in [6].) Even worse, there are graphs G so that for each graph G^′ obtained from G by adding one edge we have s(G) < s(G^′). In [1], the following example is described and attributed to J. M. Robson:

Figure 2: Adding any edge increases the rendezvous probability

Let G_n be the graph on node set {1, . . . , n}, with edge set {(1, 2)} ∪ {(1, i), (2, i) | i = 3, . . . , n}. It is not hard to see that s(G_n) →^3_4 for n → ∞. (With probability 1 − O(^1_n ), nodes 1 and 2 will choose two different nodes w_1 and w_2 from {3, . . . , n}. In this case no rendezvous occurs if and only if w_1 chooses 2 and w_2 chooses 1. This happens with probability^1_4 .) On the other hand, adding one edge means adding (u, v) for some u, v ∈ {3, . . . , n}, u ≠ v. For symmetry reasons, we may assume that u = 3, v = 4. Call the resulting graph G^′_n. Again, it is easy to see that s(G^′_n) →^7_9 for n → ∞. (With probability 1 − O(^1_n ), nodes 1 and 2 will choose two different nodes w_1 and w_2 from {5, . . . , n}. If this is the case, no rendezvous occurs if and only if w_1 chooses 2 and w_2 chooses 1 and there is no rendezvous on edge (3, 4). The probability for this to happen is^1_4 ·^8_9 =^2_9 .) Since^7_9 −^3_4 =^1_{36} , we have s(G_n) < s(G^′_n) for n large enough.

In our proof of the theorem, we modifiy the idea just sketched as follows. We generalize the random experiments by admitting certain nonuniform distributions at the nodes.

As before, let a graph G = (V, E) with n nodes be given, so that there are no isolated nodes. Associated with each node u is a probability distribution on the set N(u) = {v | (u, v) ∈ E} of its neighbors in G, given by numbers p_{uv} ∈ [0, 1], v ∈ N(u), with ∑ v∈N(u) p_{uv} = 1, for every u ∈ V . (3.1)

Node u chooses v ∈ N(u) with probability p_{uv}, independently of the random choices of the other nodes. We assume p_{uv} ≥ 1 n − 1 , for every u ∈ V , v ∈ N(u). (3.2)

This requirement has the effect that if u has maximal degree n − 1 in G, then u chooses each of its neighbors with the same probability. In particular, if G is the complete graph K_n, all probabilities are equal, and we are back at the original experiment.

A combination of a graph and probability distributions for each node is denoted by (G, (p_{uv})_{u∈V,v∈N(u)}), or (G, (p_{uv})) for short. If (p_{uv})_{u∈V,v∈N(u)} is given by the context, we may also drop the (p_{uv}) part and simply write G. The probability of the elementary event (c_u)_{u∈V} (as discussed at the beginning of Section 2) is ∏ u∈V p_{ucu} . Probabilities in the resulting probability space are denoted as P_{(G,(puv))}( · ) or as P_G( · ). We say a rendezvous occurs at edge (u, v) if u has chosen v and v has chosen u (formally: c_u = v and c_v = u). This event is denoted by R_{(u,v)}. The event ⋃ e∈E R_e (there is some rendezvous) is denoted by R_G. By s(G, (p_{uv})) or s(G) we denote the probability P_G(R_G) that the random experiment creates a rendezvous at one of the edges.

Given a graph (G, (p_{uv})) with probabilities, we may add a new edge (û, v̂) to G as follows. We arrange it so that û chooses v̂ with probability exactly^1_{n−1} , and so that the probabilities that û chooses one of its other neighbors are decreased accordingly, but so that each one remains at least^1_{n−1} . At the other node v̂ probabilities are rearranged similarly. Later we show that adding a new edge to (G, (p_{uv})) in this way does not increase the probability of a rendezvous if s(G, (p_{uv})) is not larger than α = ( √ 5 − 1)/2 ≈ 0.61803.

We already know that s(K_n) ≤ 0.6 for n ≥ 5; this entails that it is easy to guarantee that s(G, (p_{uv})) < α in the relevant cases.

The overall argument now runs as follows. We start with some connected graph G_0 = (V, E_0) on n nodes; we may assume s(G_0) < α. The initial probabilities p_{uv} := 1/|N(u)|, for u ∈ V , (u, v) ∈ E_0 , are chosen so that the uniform distribution is represented. Adding edges one by one, in the manner just described, we run through a sequence of graphs with nonuniform distributions, never increasing the probability for a rendezvous, until finally we reach the complete graph K_n with all probabilities being equal to^1_{n−1} . This implies s(G_0) ≥ s(K_n), as desired.

In the rest of Section 3, the theorem is proved. In Section 3.2 we analyze the step of adding one edge with nonuniform probabilities and prove the theorem. The proof of a central, but technical lemma is supplied in Section 3.3.

3.2 Adding an edge in the nonuniform case

In this section we show that if s(G) is not too large, then adding one edge in the careful manner described in Section 3.1 will not increase the rendezvous probability. For this section we assume that n ≥ 5.

Assume a graph G = (V, E) on node set V = {1, . . . , n} without isolated nodes is given together with a family (p_{uv})_{u∈V,v∈N(u)} of probability distributions, which are assumed to satisfy equations (3.1) and inequalities (3.2).

We describe in detail the operation of adding one edge to (G, (p_{uv})), in case G is not the complete graph. By renaming we may assume that (1, 2) is not in E. We form

G^′ = (V, E^′) by E^′ := E ∪ {(1, 2)} and fix new probabilities as follows. Let

p^′_{12} = p^′_{21} = 1 n − 1 ; (3.3)

for u ∈ N(1), let p^′_{1u} = p_{1u} − ε_u for some ε_u ≥ 0 such that p^′_{1u} ≥ 1 n − 1 , for u ∈ N(1), and ∑ u∈N(1) ε_u = 1 n − 1 ; (3.4)

for v ∈ N(2), let p^′_{2v} = p_{2v} − δ_v for some δ_v ≥ 0 such that p^′_{2v} ≥ 1 n − 1 , for v ∈ N(2), and ∑ v∈N(2) δ_v = 1 n − 1 ; (3.5)

finally, let p^′_{uv} = p_{uv}, if u, v ∈ V − {1, 2}, v ∈ N(u). (3.6) Figure 3 illustrates this construction.

Figure 3: Inserting an edge with minimal probabilities

The remainder of this section is devoted to the proof of the following central lemma concerning s(G) = s(G, (p_{uv})) and s(G^′) = s(G^′, (p^′_{uv})). It uses the number α =^1_2 ( √ 5 − 1) ≈ 0.61803, which is the unique solution of the equation x + x^2 = 1 in [0, 1].

Lemma 6 (Main Lemma) If s(G) ≤ α, then s(G^′) ≤ s(G).

Proof. In the following, we write P( · ) for P_{(G,(puv ))}( · ), P^′( · ) for P_{(G}′_{,(p}′_{uv))}( · ), R for R_G and R^′ for R_G′ . Consider the following event (“{3, . . . , n} is clear of rendezvous”):

C = {no rendezvous occurs among any two of the nodes 3, . . . , n}. (3.7) The event C is not affected by the choices of nodes 1 and 2, hence its probability is not affected by the change of probabilities at these nodes: P(C) = P^′(C). (3.8) Now C implies R, hence

s(G) = P(R) = P(R | C) · P(C) + P(C) = P(R | C) · P(C) + 1 − P(C). (3.9) Similarly (using (3.8)), s(G^′) = P^′(R^′) = P^′(R^′ | C) · P(C) + 1 − P(C). (3.10) In case P(C) = 0 the lemma is trivially true. Thus we may assume from now on that P(C) > 0. By (3.9) and (3.10), to prove the lemma it is sufficient to show P^′(R^′ | C) ≤ P(R | C). (3.11) In the proof of (3.11), the following abbreviations are helpful:

p_u = p_{1u}, p^∗_u = P(u chooses 1 | C), for u ∈ N(1); q_v = p_{2v}, q^∗_v = P(v chooses 2 | C), for v ∈ N(2);

β^∗_{uv} = P(u chooses 1 and v chooses 2 | C), for u ∈ N(1), v ∈ N(2). Note that the probabilities p^∗_u, q^∗_v , and β^∗_{uv} would not change if P^′( · ) instead of P( · ) was used.

In a way similar to Fact 4 condition C increases the probability that u chooses 1 (resp. that v chooses 2): Lemma 7

(a) p^∗_u ≥ p_{u1} (hence p^∗_u ≥^1_{n−1} ), for u ∈ N(1).

(b) q^∗_v ≥ q_{v2} (hence q^∗_v ≥^1_{n−1} ), for v ∈ N(2).

Proof. It is sufficient to prove (a). Fix u ∈ N(1). Let C^′ be the event that the choices of the nodes in {3, . . . , n}−{u} do not create a rendezvous among themselves (not regarding what u does). We use three simple observations, namely

(i) {u chooses 1} ∩ C^′ = {u chooses 1} ∩ C (indeed, if u chooses 1, a rendezvous in {3, . . . , n} can only occur among nodes in {3, . . . , n} − {u});

(ii) the events C^′ and {u chooses 1} are independent; (iii) C ⊆ C^′, to obtain:

p^∗_u = P(u chooses 1 | C) = P({u chooses 1} ∩ C)/P(C) (i) = P({u chooses 1} ∩ C^′)/P(C)

(ii)

= P(u chooses 1) · P(C^′)/P(C)

(iii)

≥ P(u chooses 1) = p_{u1}. This proves Lemma 7. Define the events R_1 = ⋃ u∈N(1) R_{(1,u)} (there is a rendezvous involving node 1) ,

and R_2 = ⋃ v∈N(2) R_{(2,v)} (there is a rendezvous involving node 2) .

The corresponding events in the probability space for G^′ (not including the event that there is a rendezvous along the new edge (1, 2)) are denoted by R^′_1 and R^′_2. Now we write out the two probabilities in (3.11) in full. Using the obvious fact that for u, û ∈ N(1), u ≠ û the events {1 chooses u} and {1 chooses û} are disjoint, we obtain P(R | C) = P(R_1 | C) + P(R_2 | C) − P(R_1 ∩ R_2 | C) = ∑ u∈N(1) p_up^∗_u + ∑ v∈N(2) q_vq^∗_v − ∑ u∈N(1),v∈N(2) p_uq_vβ^∗_{uv}. (3.12)

In (G^′, (p^′_{uv})), the choices made by nodes 1 and 2 are independent of C; further, if there is a rendezvous at (1, 2), there cannot be a rendezvous between 1 or 2 and any other node.

Hence we obtain

P^′(R^′ | C) = P^′(R_{(1,2)} | C) + P^′(R^′_1 | C) + P^′(R^′_2 | C) − P^′(R^′_1 ∩ R^′_2 | C)

= p^′_{12}p^′_{21} + ∑ u∈N(1) (p_u − ε_u)p^∗_u + ∑ v∈N(2) (q_v − δ_v)q^∗_v − ∑ u∈N(1),v∈N(2) (p_u − ε_u)(q_v − δ_v)β^∗_{uv} = 1 (n − 1)^2 + ∑ u∈N(1) p_up^∗_u − ∑ u∈N(1) ε_up^∗_u + ∑ v∈N(2) q_vq^∗_v − ∑ v∈N(2) δ_vq^∗_v − (3.13) − ∑ u∈N(1),v∈N(2) (p_uq_v − p_uδ_v − ε_uq_v + ε_uδ_v)β^∗_{uv}.

Subtracting (3.12) from (3.13), and using the obvious fact that ε_uδ_v ≥ 0, we get P^′(R^′ | C) − P(R | C) ≤ (3.14) ≤ 1 (n − 1)^2 − ∑ u∈N(1) ε_up^∗_u − ∑ v∈N(2) δ_vq^∗_v + ∑ u∈N(1),v∈N(2) (p_uδ_v + ε_uq_v)β^∗_{uv}.

At this point it becomes apparent that in order to proceed we must establish a relation between β^∗_{uv} = P(u chooses 1 and v chooses 2 | C) on the one hand and p^∗_u = P(u chooses 1 | C) and q^∗_v = P(v chooses 2 | C) on the other. In the unconditioned situation the events {u chooses 1} and {v chooses 2} are independent; in the probability space we obtained by conditioning on C this is no longer the case. The next lemma states that these two events are at least “negatively correlated” under the condition that C is true: if one of them happens, the other one becomes less likely. It is by no means obvious that this is so; the somewhat tricky proof will be supplied in the next section.

Lemma 8 (NegCorrelation Lemma) β^∗_{uv} ≤ p^∗_uq^∗_v , for u ∈ N(1), v ∈ N(2).

Using Lemma 8 we may continue from inequality (3.14) as follows:

P^′(R^′ | C) − P(R | C) ≤ (3.15) ≤ 1 (n − 1)^2 − ∑ u∈N(1) ε_up^∗_u − ∑ v∈N(2) δ_vq^∗_v + ∑ u∈N(1),v∈N(2) (p_uδ_v + ε_uq_v)p^∗_uq^∗_v = = 1 (n − 1)^2 − ∑ u∈N(1) ε_up^∗_u − ∑ v∈N(2) δ_vq^∗_v + + ( ∑ u∈N(1) p_up^∗_u )( ∑ v∈N(2) δ_vq^∗_v ) + ( ∑ u∈N(1) ε_up^∗_u )( ∑ v∈N(2) q_vq^∗_v )

= 1 (n − 1)^2 − ( ∑ u∈N(1) ε_up^∗_u )( 1 − ∑ v∈N(2) q_vq^∗_v ) − ( 1 − ∑ u∈N(1) p_up^∗_u )( ∑ v∈N(2) δ_vq^∗_v )

= 1 (n − 1)^2 − ( ∑ u∈N(1) ε_up^∗_u ) P(R_2 | C) − P(R_1 | C) ( ∑ v∈N(2) δ_vq^∗_v ) .

By Lemma 7 we have p^∗_u ≥^1_{n−1} and q^∗_v ≥^1_{n−1} , and by (3.4) and (3.5) we have ∑ u∈N(1) εu = 1 n−1 and ∑ v∈N(2) δv = 1 n−1 . Substituting this into (3.15) and simplifying we obtain P^′(R^′ | C) − P(R | C) ≤ ≤ 1 (n − 1)^2 − 1 (n − 1)^2

· P(R_2 | C) − P(R_1 | C) · 1 (n − 1)^2 = = 1 (n − 1)^2

· (P(R_1 | C) + P(R_2 | C) − 1).

Thus, in order to prove (3.11) it is sufficient to show P(R_1 | C) + P(R_2 | C) ≤ 1, or, equivalently, P(R_1 ∪ R_2 | C) + P(R_1 ∩ R_2 | C) ≤ 1. (3.16) We know from (3.9) that P(R) = P(R | C)P(C) + 1 · (1 − P(C)). This means that P(R) is a convex combination of P(R | C) and 1, hence P(R_1 ∪ R_2 | C) ≤ P(R | C) ≤ P(R).

Further, using Lemma 8 again, we get P(R_1 ∩ R_2 | C) = ∑ u∈N(1),v∈N(2) p_uq_v β^∗_{uv} (3.17) ≤ ∑ u∈N(1),v∈N(2) p_uq_vp^∗_uq^∗_v = ( ∑ u∈N(1) p_up^∗_u )( ∑ v∈N(2) q_vq^∗_v ) (3.18)

= P(R_1 | C) · P(R_2 | C) ≤ P(R | C)^2 ≤ P(R)^2.

Thus,

P(R_1 ∪ R_2 | C) + P(R_1 ∩ R_2 | C) ≤ P(R) + P(R)^2 ≤ α + α^2 = 1, since we have assumed that s(G) = P(R) ≤ α =^1_2 ( √ 5 − 1), and α + α^2 = 1. Thus, (3.16) and hence (3.11) holds, and Lemma 6 is proved.

3.3 Proof of the NegCorrelation Lemma

This section is devoted to the proof of Lemma 8. In order to carry out a proof by induction, we formulate a more general statement.

Lemma 9 Fix two distinct nodes in G, called 1 and 2 for simplicity, and a nonempty set U ⊆ V − {1, 2}. Let u, v ∈ U with u ∈ N(1) and v ∈ N(2), and consider the events

A = {u chooses 1}, B = {v chooses 2}, and C = {there is no rendezvous among any two nodes in U}.

Then P(A ∩ B | C) ≤ P(A | C) · P(B | C). (Lemma 8 follows by considering U = V − {1, 2}.)

Before we start with the proof, we try to illustrate the difficulty. Figure 4 depicts an example situation.

Figure 4: Long-distance influence of condition “no rendezvous in U”

We know that if u and v are distinct then A and B are independent, and if u = v they exclude each other. Hence we always have P(A ∩ B) ≤ P(A)P(B). It is intuitively clear that the condition C influences the probabilities that u chooses 1 and that v chooses 2; in fact it is easy to see that P(A | C) ≥ P(A) and P(B | C) ≥ P(B) (just as in Lemma 7). However, since u and v are connected via a multitude of paths running through the graph, some of which may be very long (as in the figure), the interaction between A and B under condition C is quite unclear. The following proof deals with the situation efficiently by using an induction argument, formally on the size of U; but in essence the argument analyzes the “long-distance effects” by peeling off the graph starting from u and v in a breadth-first manner, thus shortening the paths between the distinguished nodes in each level of the induction.

Proof of Lemma 9. If Pr(C) = 0, there is nothing to prove. Thus assume Pr(C) > 0 and note that then the statement of the Lemma is equivalent to

P(A ∩ B ∩ C)P(C) ≤ P(A ∩ C)P(B ∩ C). (3.19)

We prove (3.19) by induction on |U|.

Base case |U| = 1: In this case u and v are identical, and hence A and B are disjoint events. Thus P(A ∩ B ∩ C) = 0, and we are done.

Base case |U| = 2: In view of the argument in the previous case we may assume that U = {u, v}. If u and v are not adjacent, Pr(C) = 1, and the claim follows from the independence of A and B. So assume edge (u, v) is present. The only place where a rendezvous can occur in {u, v} is the edge (u, v). Hence A = A ∩ C and B = B ∩ C, and we get

P(A ∩ B ∩ C)P(C) = P(A ∩ B)P(C) = p_{u1}p_{v2}(1 − p_{uv} p_{vu}) ≤ p_{u1}p_{v2} = P(A ∩ C)P(B ∩ C).

Induction step: Let |U| ≥ 3. In view of the argument in case |U| = 1 we may assume that u and v are different. Let W = U − {u, v}, and D = {there is no rendezvous among any two nodes in W }.

Observe that C ⊆ D and hence Pr(D) > 0. We write out the probabilities that occur in (3.19) in more detail. It is obvious that the events A, B, and D are independent, and that A ∩ B ∩ C = A ∩ B ∩ D. Thus,

P(A ∩ B ∩ C) = P(A ∩ B ∩ D) = P(A)P(B)P(D) = p_{u1}p_{v2}P(D). (3.20)

We consider events that describe that u resp. v is involved in a rendezvous:

S = {∃s ∈ N(u) ∩ W : there is a rendezvous at (u, s) }, T = {∃t ∈ N(v) ∩ W : there is a rendezvous at (v, t) }.

Now note that for B ∩ D to occur there are two possibilities: either v chooses 2 and there is no rendezvous in U at all (event B ∩ C) or v chooses 2 and there is a rendezvous in U, but none in W — but then u must be involved in some rendezvous (event B ∩ D ∩ S). Thus,

P(B ∩ C) = P(B ∩ D) − P(B ∩ D ∩ S) = P(B)P(D) − P(B)P(D ∩ S) = p_{v2}(P(D) − P(D ∩ S)). (3.21)

Similarly, we get

P(A ∩ C) = P(A ∩ D) − P(A ∩ D ∩ T ) = P(A)P(D) − P(A)P(D ∩ T ) = p_{u1}(P(D) − P(D ∩ T )). (3.22)

Finally, we note that for D to occur there are three possibilities: either there is no rendezvous in U (event C) or node u or node v are involved in some rendezvous with nodes in W and there is no rendezvous in W (event (S ∪ T ) ∩ D) or there is a rendezvous at edge (u, v) and none in W (event D ∩ {u chooses v and v chooses u}). Thus, P(C) = P(D) − P(D ∩ S) − P(D ∩ T ) + P(D ∩ S ∩ T ) − P(D ∩ {u chooses v and v chooses u}) (3.23) ≤ P(D) − P(D ∩ S) − P(D ∩ T ) + P(D ∩ S ∩ T ). Equations (3.20), (3.21), (3.22) and inequality (3.23) imply that in order to prove (3.19), it is sufficient to show that p_{u1}p_{v2}(P(D)(P(D) − P(D ∩ S) − P(D ∩ T ) + P(D ∩ S ∩ T )) ≤ p_{v2} · (P(D) − P(D ∩ S)) · p_{u1} · (P(D) − P(D ∩ T )) or, equivalently, P(D)(P(D) − P(D ∩ S) − P(D ∩ T ) + P(D ∩ S ∩ T )) (3.24) ≤ (P(D) − P(D ∩ S))(P(D) − P(D ∩ T ).

By multiplying out and cancelling we see that (3.24) is equivalent to P(D)P(D ∩ S ∩ T ) ≤ P(D ∩ S)P(D ∩ T ), (3.25) or P(S ∩ T | D) ≤ P(S | D)P(T | D). (3.26) We can prove (3.26) by expanding the involved events and applying the induction hypothesis to distinguished nodes u and v and node set W . (For a similar calculation, cf. the proof of (3.17).) P(S ∩ T | D) = ∑ s∈N(u)∩W t∈N(v)∩W p_{us}p_{vt} P(s chooses v and t chooses u | D)

≤ ∑ s∈N(u)∩W ∑ t∈N(v)∩W p_{us}p_{vt} P(s chooses v | D)P(t chooses u | D) = ( ∑ s∈N(u)∩W p_{us} P(s chooses v | D) )( ∑ t∈N(v)∩W p_{vt} P(t chooses u | D) )

= P(S | D)P(T | D). Thus, (3.19) holds, and the induction step is complete.

3.4 Rendezvous and negative association

We conclude this section with a few remarks that places the rendezvous experiment into a wider context, and which may point the way to useful generalizations. The rendezvous experiment in graphs can be viewed as a game of “balls into bins with constraints”. Assume we have n balls, numbered 1, . . . , n, that are thrown independently into bins numbered 1, . . . , m, according to the following rule: To every bin j a set e_j ⊆ {1, . . . , n} of balls is associated, so that each ball u occurs in at least one set e_j. Ball u lands in bin j with probability 1/|{j^′ | u ∈ e_j′ }| if u ∈ e_j and 0 otherwise. A “rendezvous” occurs if there is at least one bin j that is chosen by all u with u ∈ e_j. Obviously, our rendezvous model is obtained if each e_j contains exactly two balls and all the e_j are distinct. Then the set {e_1, . . . , e_m} can be interpreted as the edge set of a graph.

We note that to this setup the fundamental notion of “negatively associated random variables” is applicable. Namely, the random variables (for 1 ≤ u ≤ n, 1 ≤ j ≤ m, u ∈ e_j ) X_{uj} = { 1 , if ball u falls into bin j 0 , otherwise .

are negatively associated: if I and J are disjoint subsets of {(u, j) | 1 ≤ u ≤ n, 1 ≤ j ≤ m, u ∈ e_j }, then for arbitrary monotone events

A = A((X_{uj} )_{(u,j)∈I} ) , and B = B((X_{uj})_{(u,j)∈J} )

we have P(A ∩ B) ≤ P(A) · P(B) . (This fundamental concept is studied in detail in [5]. The family (X_{uj} ) is seen to be negatively associated by obvious application of some basic construction principles studied in that paper.) It is not hard to see that Fact 4 and Lemma 7 are direct consequences of this principle. Generalizing Fact 4, one can e. g. derive the following: Claim: If in the standard setting for the rendezvous experiment A and B are disjoint edge sets then

P(no rendezvous in A ∪ B) ≤ P(no rendezvous in A) · P(no rendezvous in B) .

Curiously, Lemma 8 does not seem to be such an easy consequence of knowledge about negatively associated random variables.

4 s(K_n) is monotonically decreasing

In Section 2, we have seen by direct calculation that s(K_2) > s(K_3) > · · · > s(K_8). Thus it is natural to assume that the sequence s(K_n), n ≥ 2, is strictly decreasing; and Theorem 2 claims that this is true. In this section, we prove that s(K_n) > s(K_{n+1}) for all n ≥ 2 (where for the proof we may assume that some n ≥ 6 is fixed). Surprisingly, there does not seem to be a straightforward proof, due to the fact that the probability spaces involved in the definition of s(K_n) and s(K_{n+1}) are quite different and no direct transformation seems to be possible. The proof combines calculus (starting from formula (2.6)) with the analysis of random experiments “interpolating” between the rendezvous experiments in different complete graphs, by admitting other probabilities than 1/deg v.

For arbitrary 0 ≤ p ≤^1_{n−1} , we consider the following modification of the rendezvous experiment on K_n: the probability that a particular node u chooses a node v ≠ u is p instead of^1_{n−1} ; there is a probability 1−(n−1)p that u does not choose any neighbor. Let f_n(p) denote the rendezvous probability in this experiment. Clearly we have f(^1_{n−1} ) = s(K_n). Adapting (2.6), we have

f_n(p) = ∑ j≥1 (−1)^{j+1} · n^{2j} · p^{2j} j! · 2^j . (4.1)

It will turn out to be useful to study the function f_n(p) by methods of standard calculus.

Lemma 10 (a) f^′_n(p) = n(n − 1)p · (1 − f_{n−2}(p)), for 0 ≤ p ≤^1_{n−1} .

(b) f^′_n(p) is strictly increasing in [^1_n ,^1_{n−1} ].

Proof. (a) We calculate:

f^′_n(p) = ∑ j≥1 (−1)^{j+1} · n^{2j} · p^{2j−1} (j − 1)! · 2^{j−1} = ∑ j≥0 (−1)^j · n^{2j+2} · p^{2j+1} j! · 2^j = n(n − 1)p · ∑ j≥0 (−1)^j

(n − 2)^{2j} · p^{2j} j! · 2^j (4.2) = n(n − 1)p · (1 − f_{n−2}(p)). (b) We show that g(p) = f^{′′}_n (p)/n(n − 1) is positive in [^1_n ,^1_{n−1} ]. For this, we differentiate f^′_n(p)/n(n − 1) = p · (1 − f_{n−2}(p)) and apply part (a) to f_{n−2}, to obtain

g(p) = 1 − f_{n−2}(p) + p · (1 − f^′_{n−2}(p)) (4.3) = 1 − f_{n−2}(p) + p · (1 − (n − 2)(n − 3)p · (1 − f_{n−4}(p))) . (4.4)

Now, we estimate f_{n−2}(p) by considering the corresponding random experiment in K_{n−2}, which we view as being composed of a subgraph H with the structure of a K_{n−4} and two extra nodes u and v. (See figure 5.)

Figure 5: A K_{n−2} with two nodes u and v singled out

Let R_H denote the event that there is a rendezvous within H, and note that P(R_H ) = f_{n−4}(p). Further, note that there are exactly 2(n − 4) + 1 edges adjacent to u or v, and that the probability that a rendezvous occurs along one of these edges can be bounded above by (2n − 7)p^2. This leads to the estimate

f_{n−2}(p) ≤ f_{n−4}(p) + (2n − 7)p^2. (4.5)

If we substitute (4.5) into (4.4), we obtain

g(p) ≥ (1 − f_{n−4}(p)) − (2n − 7)p^2 + p − (n − 2)(n − 3)p^2 · (1 − f_{n−4}(p)) = (1 − f_{n−4}(p))(1 − (n − 2)(n − 3)p^2) + p − (2n − 7)p^2 . (4.6)

The terms in (4.6) can be bounded as follows: f_{n−4}(p) ≤ ( n − 4 2 ) · p^2 ≤

(n − 4)(n − 5) 2(n − 1)^2 < 1 2 ; 1 − (n − 2)(n − 3) · p^2 >

(n − 1)^2 − (n − 2)(n − 3) (n − 1)^2 = 3n − 5 (n − 1)^2 ; p − (2n − 7)p^2 > 1 (n − 1)^2 · ( (n − 1)^2 n − (2n − 7) ) > 5 − n (n − 1)^2 . Substituting these bounds in (4.6), we obtain

(n − 1)^2 · g(p) > 3n − 5 2 + (5 − n) = n + 5 2 > 0, and hence g(p) > 0, which finishes the proof of (b).

Proof of Theorem 2. We analyze the random experiment that defines s(K_{n+1}) (with uniform probabilities p =^1_n at all nodes) in order to find an expression for s(K_{n+1}) in terms of f_n(^1_n ) and f_{n−1}(^1_n ), as follows. We view K_{n+1} as the union of a copy H of K_n and an extra node u. Let v be an arbitrary node in H. For symmetry reasons, we certainly have s(K_{n+1}) = P(there is a rendezvous in K_{n+1} | u chooses v) .

In the following calculations, all probabilities are conditioned on the event that u chooses v. (Notation: P_v(·) = P_{Kn+1} (· | u chooses v).)

Figure 6: A K_{n+1} with a node u that has chosen a node v

We consider the following events:

A = { a rendezvous occurs at edge (u, v)} , B = { a rendezvous occurs within H } , C = { a rendezvous occurs within H − v} .

Here H − v denotes the graph obtained from H by removing node v, or K_{n+1} without nodes u and v. Note that there is a rendezvous in K_{n+1} if and only if there is one at edge (u, v) or one within H. Also note that A ∩ B = A ∩ C, and that A and C are independent with respect to P_v(·). Thus we have

s(K_{n+1}) = P_v(A) + P_v(B) − P_v(A ∩ B) = P_v(A) + P_v(B) − P_v(A ∩ C) = P_v(A) + P_v(B) − P_v(A)P_v(C) .

Noting that P_v(A) = P_v(v chooses u) =^1_n , that P_v(B) = f_n(^1_n ), and that P_v(C) = f_{n−1}(^1_n ), we have

s(K_n) − s(K_{n+1}) = f_n ( 1 n − 1 ) − ( 1 n + f_n ( 1 n ) − 1 n · f_{n−1} ( 1 n ))

= f_n ( 1 n − 1 ) − f_n ( 1 n ) − 1 n · ( 1 − f_{n−1} ( 1 n )) (Le. 10(b)) > f^′_n ( 1 n ) · ( 1 n − 1 − 1 n ) − 1 n · ( 1 − f_{n−1} ( 1 n ))

(Le. 10(a)) = n(n − 1) · 1 n · ( 1 − f_{n−2} ( 1 n )) · 1 n(n − 1) − 1 n · ( 1 − f_{n−1} ( 1 n ))

= 1 n · ( f_{n−1} ( 1 n ) − f_{n−2} ( 1 n )) . The last expression is positive, since carrying out our experiment in a K_{n−1} with p = 1/n obviously has a larger success probability than in a subgraph of n − 2 nodes (also with p = 1/n). Thus we obtain s(K_{n+1}) < s(K_n), and the theorem is proved.

5 Computing s(G) is #P-complete

In this section, we prove that the problem of computing s(G) for given graph G is #Pcomplete. To state the result more formally, we define a corresponding counting problem. As described at the beginning of Section 2, the elementary events in the underlying probability space are sequences (c_u)_{u∈V} , where c_u ∈ N(u) for each u, and each of these sequences has the same probability. Let c(G) denote the number of elementary events in which a rendezvous occurs. Since s(G) = c(G)/ ∏ v∈V deg(v), computing s(G) is equivalent to computing c(G). Thus our theorem can be rephrased as follows.

Theorem 3 For any fixed integer d ≥ 5, the problem of computing c(G) for a given d-regular graph G is #P-complete.

That computing c(G) is in #P is trivial. The rest of this section is devoted to the proof that computing c(G) (or equivalently s(G)) is #P-hard. We use the following result from Dagum and Luby [3], which refines the well-known result of Valiant [7] that counting the number of perfect matchings in a bipartite graph is #P-complete.

Theorem 11 (Dagum/Luby) Let d(n) be any integer valued function of n such that 3 ≤ d(n) ≤ n − 3. Then the problem of counting the number of perfect matchings in an n by n, d(n)-regular bipartite graph is #P-complete.

Proof of Theorem 3. The proof consists in describing a Turing reduction from the problem in Theorem 11 to our problem. More specifically, suppose that for some fixed d ≥ 5 we are given an oracle that on input G outputs c(G) for arbitrary d-regular graphs G (from which we can readily calculate s(G)). Using this oracle, we construct a polynomial time algorithm that determines the number of perfect matchings for any given (d − 2)- regular graph.

Fix d ≥ 5 and suppose a (d − 2)-regular graph G = (V, E) with n vertices is given. We assume n is even and set n = 2m; otherwise the number of perfect matchings of G is trivially 0. Let X_i denote the number of matchings of size i in G, 1 ≤ i ≤ m. Our plan of proof is as follows. We construct certain d-regular graphs G_k, 1 ≤ k ≤ m, each containing G as a subgraph, such that s(G_k) for each k can be expressed as a linear function of X_1, . . . , X_m. This system can be viewed as a system of m linear equations in m unknowns X_1, . . . , X_m. The right-hand side entries s(G_1), . . . , s(G_m) can be obtained by m oracle calls. We shall show that the coefficient matrix of this linear system is non-singular, and that the entries can be calculated in polynomial time. Therefore we can solve this system of equations for X_1, . . . , X_m and in particular determine the number of perfect matchings X_m of G, all in polynomial time.

We construct G_k as follows. Let H be a graph on d + 1 nodes with two designated nodes s ≠ t that is obtained from the complete graph K_{d+1} by removing the edge (s, t). For 1 ≤ k ≤ m, let H_k be the graph that results from “cascading” k copies of H through the nodes s and t. More precisely, H_k consists of k copies H^1, . . . , H^k and k − 1 edges (t^i, s^{i+1}), 1 ≤ i < k, where s^i and t^i are the copies of s and t in H^i respectively. Note that all the nodes in H_k have degree d except for s_1 and t_k which have degree d − 1. (For an example, see Fig. 7.)

Figure 7: An H_4 with d = 5

Finally, G_k consists of G, a copy H^v_k of H_k for each v ∈ V , and edges (v, s^v) and (v, t^v) for each v ∈ V , where s^v and t^v are the copies of s^1 and t^k in H^v_k respectively. It is easy to verify that each G_k is d-regular.

We need to express s(G_k) in terms of X_1, . . . , X_m. For this, consider the following events for each v ∈ V .

A^v_k: no rendezvous occurs within H^v_k ;

B^v_k : no rendezvous occurs within H^v_k and moreover s^v does not choose v;

C^v_k : no rendezvous occurs within H^v_k , on (v, s^v) or on (v, t^v).

It is clear that the probabilities of these events do not depend on the choice of v, so put p_k = P(A^v_k), q_k = P(B^v_k ), and r_k = P(C^v_k ). We postpone the proof of the following lemma.

Lemma 12 (a) 0 < q_k < p_k for 1 ≤ k ≤ m, (b) the probabilities p_k and q_k can be computed in time polynomial in k, and (c) q_{k+1}/p_{k+1} < q_k/p_k for 1 ≤ k < m.

Now consider r_k = P(C^v_k ). When conditioned on the event that v chooses neither s^v nor t^v, the probability of C^v_k is p_k. When conditioned on the event that v chooses either s^v or t^v, by symmetry we may assume that s^v is chosen, and so the probability of C^v_k is q_k. Therefore we have

r_k = d − 2 d p_k + 2 d q_k. (5.1)

Define D_k to be the event in the experiment on G_k that a rendezvous occurs within G but not outside of G. Then we have

s(G_k) = 1 − (r_k)^n + P(D_k) (5.2)

since the events C^v_k , v ∈ V , are mutually independent.

For each matching M of G with size i, 1 ≤ i ≤ m, define D^M_k to be the event that a rendezvous occurs on every edge of M but nowhere outside of G. There are 2i nodes in V that are covered by M, and we must only require that A^v_k occurs. For the n − 2i nodes not covered by M we must require that C^v_k occurs. Because G_k is d-regular, all nodes choose each neighbor with probability 1/d, so the probability for a rendezvous occurring at every edge in M is 1/d^{2i}. Summing up, we have

P(D^M_k ) = d^{−2i}(p_k)^{2i}(r_k)^{n−2i}

= (r_k)^n ( d − 2 + 2q_k p_k )_{−2i} , where we used (5.1). By inclusion-exclusion (cf. (2.5)), we have

P(D_k) = ∑ 1≤i≤m (−1)^{i+1}(r_k)^n ( d − 2 + 2q_k p_k )_{−2i} X_i where X_i is the number of matchings of size i in G. Together with equality (5.2), we obtain a linear equation ∑ 1≤i≤m (a_k)^iX_i = b_k

where a_k = − ( d − 2 + 2q_k p_k )_{−2}

and b_k = (1 − (r_k)^n − s(G_k))(r_k)^{−n}, for k = 1, . . . , m. By Lemma 12(b) and using the assumed oracle we can compute all a_k and b_k in polynomial time. Moreover, the coefficients of this system form a Vandermonde matrix, which is nonsingular because, by Lemma 12(c), a_k, 1 ≤ k ≤ m, are mutually distinct. Solving this system of equations, we obtain X_m, the number of perfect matchings of G.

Proof of Lemma 12. Part (a) follows from the trivial fact that event B^v_k is nonempty and is a proper subset of A^v_k. To prove (b) and (c), consider graph H^′ consisting of H and two distinct nodes 1, 2 ∉ V (H) together with edges (1, s) and (2, t). In the uniform probability experiment on H^′, let A be the event that s chooses 1, B the event that t chooses 2 and C the event that there is no rendezvous in the subgraph H. By Lemma 9, we have P(A ∩ B ∩ C)P(C) ≤ P(A ∩ C)P(B ∩ C). (5.3) Moreover, if we closely examine the induction step of the proof of Lemma 9, or (3.23) in particular, we see that (5.3) holds without equality for H^′: P(A ∩ B ∩ C)P(C) < P(A ∩ C)P(B ∩ C). (5.4) Let p = P(C), q = P(A ∩ C) = P(B ∩ C), and r = P(A ∩ B ∩ C). It is easy to verify that p = p_1 and q = q_1. Claim: pr < q^2.

Proof of Claim. pr = P(C)P(A ∩ B ∩ C) = P(C)(P (C) − P(A ∩ C) − P(B ∩ C) + P(A ∩ B ∩ C)) < P(C)(P (C) − P(A ∩ C) − P(B ∩ C)) + P(A ∩ C)P(B ∩ C) = (P(C) − P(A ∩ C))(P(C) − P(B ∩ C)) = P(A ∩ C)P(B ∩ C) = q^2 where the inequality is due to (5.4).

We have the following recurrence.

p_{k+1} = q_kp + (p_k − q_k)q q_{k+1} = q_kq + (p_k − q_k)r

from which part (b) of the lemma follows. We prove (c) by induction on k. From the above recurrence, we have q_{k+1} p_{k+1} = q + (p_k/q_k − 1)r p + (p_k/q_k − 1)q . (5.5) Let g(x) = q + rx p + qx . (5.6)

Then, we have

g^′(x) = pr − q^2 (p + qx)^2

< 0, (5.7)

so g(x) is strictly decreasing. Therefore we have q_2 p_2 = g (p q − 1 ) < g(0) = q_1 p_1

, (5.8)

the basis of the induction. For k ≥ 2, q_{k+1} p_{k+1} = g (p_k q_k − 1 ) < g (p_{k−1} q_{k−1} − 1 ) = q_k p_k because p_k/q_k > p_{k−1}/q_{k−1} by the induction hypothesis.

It might be interesting to view the above reduction method from the positive side and observe that it can be adapted to construct an unbiased estimator of the number of perfect matchings of an arbitrary given graph. Suppose a graph G of maximum degree d > 0 with 2n nodes is given. Choose n reals 0 < p_1 < . . . < p_n ≤ 1/d arbitrarily. For each 1 ≤ i ≤ n, consider the rendezvous experiment in which the probability of each node choosing a particular neighbor is uniformly p_i and let s_i(G) denote the success in which the probability of each node choosing a particular neighbor is uniformly p_i and let s_i(G) denote the success probability of this experiment. Let X_j , 1 ≤ j ≤ n denote the number of distinct matchings in G of cardinality j. Then, adapting (2.5), we can express s_i(G) as a linear combination of X_1, . . . , X_n, where the coefficients are determined by p_i and do not depend on G. Solving this system of n linear equations for X_n, we can express X_n as a linear combination of s_i(G), 1 ≤ i ≤ n. Instead of using an oracle, we estimate each s_i(G) by performing some number of experiments and taking the ratio of success.

The estimate of X_n obtained in this manner is a random variable whose expectation is the correct value of X_n, i.e., it is an unbiased estimator of X_n.

Unfortunately, this unbiased estimator does not seem to have any immediate algorithmic consequences, since it is unlikely to have a small variance when the number of experiments to estimate each s_i(G) is polynomial in n. For more on unbiased estimators of the number of perfect machings, see [2].

Acknowledgement. The first author thanks Volker Diekert for introducing him to the conjecture regarding the minimality of the complete graphs and Holger Austinat for making his Diplom thesis accessible, as well as Y. Métivier, N. Saheb, and A. Zemmari for electronic discussions on the rendezvous problem. Part of the work was done while the authors were visiting the Max-Planck-Institut für Informatik at Saarbrücken. Both authors are grateful to the algorithms group of the institute for their kind hospitality.

References

[1] H. Austinat, Verteilte Algorithmen zur Koordinatorwahl in Netzwerken, Diplomarbeit Nr. 1727, Universität Stuttgart, Fakultät Informatik, 1999, 66 pages. (In German.)

[2] S. Chien and L. Rasmussen and A. Sinclair, Clifford algebras and approximating the permanent, Proc. 34th ACM Symposium on Theory of Computing (2002):222–231

[3] P. Dagum and M. Luby, Approximating the permanent of graphs with large factors, Theoretical Computer Science Part A, 102(1992):283–305.

[4] D.-Z. Du and K.-I Ko, Theory of Computational Complexity, Wiley, 2000.

[5] D. P. Dubhashi and D. Ranjan, Balls and bins: A study in negative dependence, Random Structures and Algorithms 13(1998):99–124.

[6] Y. Métivier, N. Saheb, and A. Zemmari, Randomized rendezvous, in:

G. Gardy and A. Mokkadem (Eds.), Algorithms, Trees, Combinatorics, and Probabilities, Trends in Mathematics, Birkhäuser, 2000, pp. 183–194. Also see the technical report version “Analysis of a randomized rendezvous algorithm” ftp://ftp.labri.u-bordeaux.fr/pub/Local/Info/

Publications/Rapports-internes/RR-122800.ps.gz. Final version to appear in

Information and Computation.

[7] L.G. Valiant, The complexity of computing the permanent, Theoretical Computer Science 8(1979):189–201.

I N F O R M A T I K

Below you find a list of the most recent technical reports of the Max-Planck-Institut für Informatik. They are available by anonymous ftp from ftp.mpi-sb.mpg.de under the directory pub/papers/reports. Most of the reports are also accessible via WWW using the URL http://www.mpi-sb.mpg.de. If you have any questions concerning ftp or WWW access, please contact reports@mpi-sb.mpg.de. Paper copies (which are not necessarily free of charge) can be ordered either by regular mail or by e-mail at the address below.

Max-Planck-Institut für Informatik Library attn. Anja Becker Stuhlsatzenhausweg 85 66123 Saarbrücken GERMANY e-mail: library@mpi-sb.mpg.de

MPI-I-2003-NWG2-002 F. Eisenbrand Fast integer programming in fixed dimension

MPI-I-2003-NWG2-001 L.S. Chandran, C.R. Subramanian Girth and Treewidth

MPI-I-2003-4-001 M. Tarini, H.P.R. Lensch, M. Goesele, H. Seidel

3-D Aqusition of Mirrowing Objects

MPI-I-2003-2-001 P. Maier Compositional Circular Assume-Guarantee Rules Cannot Be Sound And Complete

MPI-I-2003-1-008 P. Sanders Soon to be published

MPI-I-2003-1-007 H. Tamaki Alternating cycles contribution: a strategy of tour-merging for the traveling salesman problem

MPI-I-2003-1-006 H. Tamaki, M. Dietzfelbinger On the probability of Rendezvous in Graph

MPI-I-2003-1-005 M. Dietzfelbinger, P. Woelfel Almost Random Graphs with Simple Hash Functions

MPI-I-2003-1-004 E. Althaus, T. Polzin, S.V. Daneshmand

Improving Linear Programming Approaches for the Steiner Tree Problem

MPI-I-2003-1-003 R. Beier, B. Vdivcking Random Knapsack in Expected Polynomial Time

MPI-I-2003-1-002 P. Krysta, P. Sanders, B. Vdivcking Scheduling and Traffic Allocation for Tasks with Bounded Splittability

MPI-I-2003-1-001 P. Sanders, R. Dementiev Asynchronous Parallel Disk Sorting

MPI-I-2002-4-002 F. Drago, W. Martens, K. Myszkowski, H. Seidel

Perceptual Evaluation of Tone Mapping Operators with Regard to Similarity and Preference

MPI-I-2002-4-001 M. Goesele, J. Kautz, J. Lang, H.P.A. Lensch, H. Seidel

Tutorial Notes ACM SM 02 A Framework for the Acquisition, Processing and Interactive Display of High Quality 3D Models

MPI-I-2002-2-008 W. Charatonik, J. Talbot Atomic Set Constraints with Projection

MPI-I-2002-2-007 W. Charatonik, H. Ganzinger Symposium on the Effectiveness of Logic in Computer Science in Honour of Moshe Vardi

MPI-I-2002-1-008 P. Sanders, J.L. Trõff The Factor Algorithm for All-to-all Communication on Clusters of SMP Nodes

MPI-I-2002-1-005 M. Hoefer Performance of heuristic and approximation algorithms for the uncapacitated facility location problem

MPI-I-2002-1-004 S. Hert, T. Polzin, L. Kettner, G. Schõfer

Exp Lab A Tool Set for Computational Experiments

MPI-I-2002-1-003 I. Katriel, P. Sanders, J.L. Trõff A Practical Minimum Scanning Tree Algorithm Using the Cycle Property

MPI-I-2002-1-002 F. Grandoni Incrementally maintaining the number of l-cliques

MPI-I-2002-1-001 T. Polzin, S. Vahdati Using (sub)graphs of small width for solving the Steiner problem

MPI-I-2001-4-005 H.P.A. Lensch, M. Goesele, H. Seidel A Framework for the Acquisition, Processing and Interactive Display of High Quality 3D Models

MPI-I-2001-4-004 S.W. Choi, H. Seidel Linear One-sided Stability of MAT for Weakly Injective Domain

MPI-I-2001-4-003 K. Daubert, W. Heidrich, J. Kautz, J. Dischler, H. Seidel

Efficient Light Transport Using Precomputed Visibility

MPI-I-2001-4-002 H.P.A. Lensch, J. Kautz, M. Goesele, H. Seidel

A Framework for the Acquisition, Processing, Transmission, and Interactive Display of High Quality 3D Models on the Web

MPI-I-2001-4-001 H.P.A. Lensch, J. Kautz, M. Goesele, W. Heidrich, H. Seidel

Image-Based Reconstruction of Spatially Varying Materials

MPI-I-2001-2-006 H. Nivelle, S. Schulz Proceeding of the Second International Workshop of the Implementation of Logics

MPI-I-2001-2-005 V. Sofronie-Stokkermans Resolution-based decision procedures for the universal theory of some classes of distributive lattices with operators

MPI-I-2001-2-004 H. de Nivelle Translation of Resolution Proofs into Higher Order Natural Deduction using Type Theory

MPI-I-2001-2-003 S. Vorobyov Experiments with Iterative Improvement Algorithms on Completely Unimodel Hypercubes

MPI-I-2001-2-002 P. Maier A Set-Theoretic Framework for Assume-Guarantee Reasoning

MPI-I-2001-2-001 U. Waldmann Superposition and Chaining for Totally Ordered Divisible Abelian Groups

MPI-I-2001-1-007 T. Polzin, S. Vahdati Extending Reduction Techniques for the Steiner Tree Problem: A Combination of Alternative-and Bound-Based Approaches

MPI-I-2001-1-006 T. Polzin, S. Vahdati Partitioning Techniques for the Steiner Problem

MPI-I-2001-1-005 T. Polzin, S. Vahdati On Steiner Trees and Minimum Spanning Trees in Hypergraphs

MPI-I-2001-1-004 S. Hert, M. Hoffmann, L. Kettner, S. Pion, M. Seel

An Adaptable and Extensible Geometry Kernel

MPI-I-2001-1-003 M. Seel Implementation of Planar Nef Polyhedra MPI-I-2001-1-002 U. Meyer Directed Single-Source Shortest-Paths in Linear Average-Case Time MPI-I-2001-1-001 P. Krysta Approximating Minimum Size 1,2-Connected Networks MPI-I-2000-4-003 S.W. Choi, H. Seidel Hyperbolic Hausdorff Distance for Medial Axis Transform MPI-I-2000-4-002 L.P. Kobbelt, S. Bischoff, K. Kõhler, R. Schneider, M. Botsch, C. Rdivssl, J. Vorsatz

Geometric Modeling Based on Polygonal Meshes

MPI-I-2000-4-001 J. Kautz, W. Heidrich, K. Daubert Bump Map Shadows for OpenGL Rendering MPI-I-2000-2-001 F. Eisenbrand Short Vectors of Planar Lattices Via Continued Fractions MPI-I-2000-1-005 M. Seel, K. Mehlhorn Infimaximal Frames: A Technique for Making Lines Look Like Segments MPI-I-2000-1-004 K. Mehlhorn, S. Schirra Generalized and improved constructive separation bound for real algebraic expressions MPI-I-2000-1-003 P. Fatourou Low-Contention Depth-First Scheduling of Parallel Computations with Synchronization Variables MPI-I-2000-1-002 R. Beier, J. Sibeyn A Powerful Heuristic for Telephone Gossiping MPI-I-2000-1-001 A branch and cut algorithm for the optimal solution of the side-chain placement problem MPI-I-1999-4-001 J. Haber, H. Seidel A Framework for Evaluating the Quality of Lossy Image Compression MPI-I-1999-3-005 T.A. Henzinger, J. Raskin, P. Schobbens

Axioms for Real-Time Logics

MPI-I-1999-3-004 J. Raskin, P. Schobbens Proving a conjecture of Andreka on temporal logic MPI-I-1999-3-003 T.A. Henzinger, J. Raskin, P. Schobbens

Fully Decidable Logics, Automata and Classical Theories for Defining Regular Real-Time Languages MPI-I-1999-3-002 J. Raskin, P. Schobbens The Logic of Event Clocks MPI-I-1999-3-001 S. Vorobyov New Lower Bounds for the Expressiveness and the Higher-Order Matching Problem in the Simply Typed Lambda Calculus