I N F O R M A T I K

On the Hadwiger’s Conjecture for Graph Products

L. Sunil Chandran Naveen Sivadasan

MPI–I–2004–1–006 November 2004

F O R S C H U N G S B E R I C H T R E S E A R C H R E P O R T

M A X - P L A N C K - I N S T I T U T F Ü R I N F O R M A T I K

Stuhlsatzenhausweg 85 66123 Saarbrücken Germany

Authors’ Addresses

Max-Planck-Institut für Informatik Stuhlsatzenhausweg 85, 66123 Saarbrücken, Germany Email: {sunil,ns}@mpi-sb.mpg.de

Abstract

The Hadwiger number η(G) of a graph G is the largest integer h such that the complete graph on h nodes K_h is a minor of G. Equivalently, it is the largest integer such that any graph on at most η(G) nodes is a minor of G. The Hadwiger’s conjecture states that for any graph G, η(G) ≥ χ(G), where χ(G) is the chromatic number of G. It is well-known that for any connected undirected graph G, there exists a unique prime factorization with respect to Cartesian graph products. If the unique prime factorization of G is given as G_1 □ G_2 □ . . . □ G_k, where each G_i is prime, then we say that the product dimension of G is k. Such a factorization can be computed efficiently.

In this paper, we study the Hadwiger’s conjecture for graphs in terms of their prime factorization. We show that the Hadwiger’s conjecture is true for a graph G if the product dimension of G is at least 2 log (χ(G)) + 3. In fact, it is enough for G to have a connected graph M as a minor whose product dimension is at least 2 log (χ(G)) + 3, for G to satisfy the Hadwiger’s conjecture. We show also that if a graph G is isomorphic to F^d for some F , then η(G) ≥ χ(G)^{⌊ d−1}2^⌋, and thus G satisfies the Hadwiger’s conjecture when d ≥ 3. For sufficiently large d, our lower bound is exponentially higher than what is implied by the Hadwiger’s conjecture.

Our approach also yields (almost) sharp lower bounds for the Hadwiger number of well-known graph products like d–dimensional hypercubes, Hamming graphs and the d–dimensional grids. In particular, we show that for a d–dimensional hypercube H_d, 2^{⌊ d−1}2^⌋ ≤ η(H_d) ≤ 2^d2 √ d + 1. We also derive similar bounds for G^d for almost all G with n nodes and at least n log n edges.

1 Introduction

In this paper we consider only finite, undirected, connected graphs without self loops or multiple edges. A graph M is called a minor of graph G, if M is obtainable from G by a sequence of applications of the following three elementary operations.

1. Removal of a node.

2. Removal of an edge.

3. Contraction of an edge. (By contraction of an edge (x, y), we mean substituting the nodes x and y with a new node z such that z is adjacent to exactly those nodes adjacent to x or y or both.)

If graph M is a minor of G then we denote it as M ⪯ G. For any undirected graph G, the Hadwiger number η(G) is the largest integer h such that the complete graph on h nodes K_h is a minor of G. Since every graph on at most h nodes is a minor of K_h, it is easy to see that η(G) is the largest integer such that any graph on at most η(G) nodes is a minor of G.

The operations listed above being some of the most natural operations on graphs, many researchers have shown a great deal of interest in studying the Hadwiger number and exploring its relation to other features of graphs. Probably the most notable example is Hadwiger’s well– known conjecture [9] and the numerous papers written in connection with this conjecture [20, 6, 11, 13, 22, 21, 23].

Conjecture: (Hadwiger) For any graph G, η(G) ≥ χ(G), where χ(G) is the chromatic number of G.

In other words, if η(G) ≤ r then G is r–colorable. The case r = 4 implies four color theorem because any planar graph has no K_5 minor. On the other hand, the Hadwiger’s conjecture for the case r = 4 follows from the four color theorem and a structure theorem of Wagner [26]. The Hadwiger’s conjecture for η(G) = 5 was settled by Robertson et al. [21]. For general r, the best known result is due to Mader [16] (improving an earlier result of Wagner [26]). Mader showed that η(G) ≥^{χ(G)}_{16 log(χ(G))} .

Many researchers have shown interest in studying the Hadwiger number of a graph with respect to its average degree. (See for example [15, 16, 17, 27, 28]). Kostochka [12] showed that if average degree equals 2k, then η(G) ≥^k_{270}^√_{log k} . As a consequence of this result, he showed that Hadwiger’s conjecture is true for almost all graphs on n nodes. (This statement was proved also by P. Erdös, B. Bollabás and P. A. Catlin independently from each other.)

It can be inferred from a result of Thomassen [25], in conjunction with the result in [12, 24], that if the girth (i.e., the length of the shortest cycle) of G is at least cr √ log r and the minimum degree of G is at least 3, then η(G) ≥ r. This was improved by Diestel and Rempel [2], who showed that if girth is at least 6 log r + 3 loglog r + c and the minimum degree is at least 3, then η(G) ≥ 2^g6 . Finally Kühn and Osthus [14] showed that if girth is at least g for some odd g, and the minimum degree δ is at least 3, then η(G) ≥ c(δ)^{g+1}4 / √ log δ. As a consequence of this result Kühn and Osthus [14] show that Hadwiger’s conjecture is true for C_4–free graphs of sufficiently large chromatic number.

Reed and Seymour [19] studied the Hadwiger’s conjecture in the case of line graphs. (Line graph L(G) of G is the graph on the edge set E(G) in which x, y ∈ E(G) are adjacent as nodes in L(G) if and only if they are adjacent as edges in G.) They showed that for every loopless graph G (possibly with parallel edges), its line graph L(G) satisfies Hadwiger’s conjecture. (Note that if G has no parallel edges then the Hadwiger’s conjecture for L(G) easily follows from Vizing’s theorem, see exercise 14, Chapter 8 of [3].)

Characterizations of graphs of low Hadwiger number is also known. Graphs of Hadwiger number at most 2 are the forests. Due to a famous theorem of Dirac [5], the graphs with Hadwiger number at most 3 are the series parallel graphs. Graphs with Hadwiger number at most 4 are characterized by Wagner [26].

The problem of recognizing graphs with η(G) at most k (for arbitrary values of k) is known to be NP–hard. But if k is fixed, then algorithms to decide whether η(G) ≤ k, follows from Robertson–Seymour theory.

Graph (Cartesian) product. Let G_1 and G_2 be two undirected graphs, on n_1 and n_2 nodes respectively, where the node set of G_1 is {1, . . . , n_1} and the node set of G_2 is {1, . . . , n_2}. The (Cartesian) graph product of G_1 and G_2 is a graph, denoted as G_1 □ G_2, with the node set V = {1, . . . , n_1} × {1, . . . , n_2}. The edge set of G_1 □ G_2 is defined as follows. There is an edge between nodes ⟨i, j⟩ and ⟨i^′, j^′⟩ of V if and only if, either j = j^′ and edge (i, i^′) is present in G_1, or i = i^′ and edge (j, j^′) is present in G_2.

In other words, graph products can be viewed in the following way: let the nodes of G_1 □ G_2 be partitioned into n_2 classes W_1, . . . , W_{n2} , where each class W_j = {⟨1, j⟩, . . . , ⟨n_1, j⟩} induces a graph that is isomorphic to G_1, where the node ⟨i, j⟩ corresponds to node i of G_1. If edge (j, j^′) belongs to G_2 then the edges between classes W_j and W_j′ form a matching such that the corresponding nodes, i.e., ⟨i, j⟩ and ⟨i, j^′⟩, are matched. If edge (j, j^′) is not present in G_2 then there is no edge between W_j and W_j′ .

It is easy to verify that the operation of taking graph (Cartesian) products is commutative and associative. Due to the associativity, the product of graphs G_1, . . . , G_k can be simply written as G_1 □ . . . □ G_k and has the following interpretation. If the node set of graph G_i is V_i = {1, . . . , n_i}, then G_1 □ . . . □ G_k has the node set V = V_1 × V_2 × . . . × V_k. There is an edge between node ⟨i_1, . . . , i_k⟩ and node ⟨i^′_1, . . . , i^′_k⟩ of V if and only if there is a position t, 1 ≤ t ≤ k, such that i_1 = i^′_1, i_2 = i^′_2, . . . , i_{t−1} = i^′_{t−1}, i_{t+1} = i^′_{t+1}, . . . , i_k = i^′_k, and the edge (i_t, i^′_t) belongs to graph G_t.

We denote the product of graph G taken k times as G^k. It is easy to verify that if G has n nodes and m edges then G^k has n^k nodes and mk · n^{k−1} edges.

Unique Prime Factorization (UPF) of graphs. A graph P is prime with respect to the Cartesian product if and only if P has at least two nodes and it is not isomorphic to the product of two non-identity graphs, where an identity graph is the graph on a single node and having no edges. It is well-known that every connected undirected graph G has a UPF with respect to Cartesian product in the sense that if G is not prime then it can be expressed in a unique way as a product of graphs which are prime, see for instance Chapter 27 of [8]. If G can be expressed as the product G_1 □ · · · □ G_k, where each G_i is prime, then we say that the product dimension of G is k. The UPF of a given connected graph G can be found in O(m log n) time, where m and n are the number of edges and number of nodes of G respectively [1].

Well-known Graph Products. A d–dimensional hypercube H_d is isomorphic to K^d_2 , where K_2 is a single edge. (K_n is a complete graph on n nodes.) A hypercube H_d can also be viewed as follows. Each of its 2^d nodes correspond to a d–dimensional vector whose components are either 0 or 1, two of the nodes being adjacent if and only if they differ in just one coordinate. In other words, there is an edge between two nodes if and only if the Hamming distance between their corresponding vectors is 1. Hypercubes are a well-studied class of graphs, which arise in the context of parallel computing, coding theory, algebraic graph theory and many other areas. Hypercubes are popular among graph theorists because of their symmetry, small diameter and many interesting graph–theoretic properties. A Hamming graph on d dimensions is isomorphic to K^d_n. Let P_i denote a simple path on i nodes. A d–dimensional grid is isomorphic to P^d_n .

1.1 Our Results

In this paper, we study the Hadwiger conjecture for graphs in terms of their prime factorization. The main results of this paper are the following.

Theorem. Let the (unique) prime factorization of a connected graph G be G_1 □ G_2 □ · · · □ G_d (i.e., the product dimension of G is d). If d ≥ 2 log (χ(G)) + 3, then Hadwiger’s conjecture is true for G.

In fact, it is enough for G to have a connected graph M as a minor whose product dimension is at least 2 log (χ(G)) + 3, for G to satisfy the Hadwiger’s conjecture.

Theorem. Let G be isomorphic to F^d for some graph F . Then, η(G) ≥ χ(G)⌊^{d−12} ⌋ . Thus Hadwiger’s conjecture is true for G if d ≥ 3.

For sufficiently large d, our lower bound is exponentially higher than what is implied by the Hadwiger’s conjecture. The above lower bound can be improved (but involving a more complicated expression), see Theorem 2.

Our approach also yields (almost) sharp lower bounds for the Hadwiger number of wellknown graph products like the d–dimensional hypercubes H_d (i.e., K^d_2 ), the Hamming graphs (i.e., K^d_h) and the d–dimensional grids (i.e., P^d_h ). We show the following bounds on their Hadwiger numbers.

Theorem. 1) 2^{⌊ d−1}2^⌋ ≤ η(H_d) ≤ 2^d2 · √ d + 1. 2) h^{⌊ d−1}2^⌋ ≤ η(K^d_h) ≤ h^{d+1}2 · √ d + 1. 3) h^{⌊ d−1}2^⌋ ≤ η(P^d_h ) ≤ h^d2 · √ 2d + 1.

Note that the bound for hypercube is tight up to O( √ d) factor.

In fact, our approach yields more general results as stated below.

Theorem. Let G be isomorphic to some graph F^d where F has a Hamiltonian path. Let the number of nodes in G be n. Then (√ n )_{1−} 1_{d′} ≤ η(G) ≤ (√ n )_{1+} 1_{d′} · √ d + 1, where d^′ = d if d is odd and d^′ =^d_2 if d is even.

As a consequence of the above Theorem and a well-known result of Pósa, we obtain the following.

Theorem. For almost all graphs G on n nodes and m edges, where m ≥ c n log n, for a sufficiently large constant c,

n^{⌊ d−12 ⌋} ≤ η(G^d) ≤ n^{d+12} · √ d + 1 .

We also remark (see Section 2) that the graph products define a class of ‘sparse’ graphs whose Hadwiger number is exponentially larger than their average degree, which is paradoxical in nature in a light sense.

2 Bounding the Hadwiger Number of Graph Products

Definition 1 (Grid). An n × n grid is a graph with the node set V = {1, . . . , n} × {1, . . . , n}. Node ⟨i, j⟩ and ⟨i^′, j^′⟩ are adjacent if and only if |i − i^′| + |j − j^′| = 1. Note that, an n × n grid (which can be viewed as the adjacency graph of an n × n chess board) has n rows and n columns, where ith row is the induced path on the node set {⟨i, 1⟩, . . . , ⟨i, n⟩} and jth column is the induced path on the node set {⟨1, j⟩, . . . , ⟨n, j⟩}.

Definition 2 (Double-grid). An n × n double-grid is obtained by taking two n × n grids and connecting the identical nodes (nodes with identical labels) from the two grids by an edge.

Lemma 1. The Hadwiger number of an n × n double-grid is at least n.

Proof. Let G_1 and G_2 be the two identical n × n grids in the double-grid. Observe that there is an edge between any row of G_1 and any column of G_2. Now contract each row of G_1 into a single node. Call them as ‘row nodes’. Similarly, contract each column of G_2 into a single node, and call the resulting nodes as ‘column nodes’. Note that there is an edge between any row node i and any column node j. Now fix a perfect matching in the resulting graph such that each edge in the matching matches a row node with a column node. Further contracting these matched edges yield K_n.

Remark. It is interesting to find out the exact Hadwiger number for an n × n double-grid. The best upper bound that we can show currently is 2n + 2.

Lemma 2. If K_m ⪯ K and J_m ⪯ J then K_m □ J_m ⪯ K □ J.

Proof. It suffices to show that K_m □ J ⪯ K □ J. Since graph product is commutative, it also implies that K □ J_m ⪯ K □ J. Combining both, it follows that K_m □ J_m ⪯ K_m □ J ⪯ K □ J, as required. As described in the definition of graph products, partition the (nodes of) graph K □ J into j parts, where j is the number of nodes in J, such that each part induces a graph isomorphic to K. Apply the identical set of contractions/ edge (or node) deletions in every part to obtain the same minor K_m in each part. It is straightforward to verify that the resulting graph is K_m □ J.

Lemma 3. Let P_n denote a simple path on n nodes. Then P^r_n has a Hamiltonian path (on n^r nodes).

Proof. Recall that P^r_n is isomorphic to an r-dimensional grid whose node set is {0, . . . , n}^r, where two nodes are adjacent if and only if their vectors differ in exactly one coordinate and the difference is exactly 1 in absolute value. (See the interpretation of graph products above.) Assume inductively that the r − 1 dimensional grid P^{r−1}_n has a Hamiltonian path. In other words, there is an ordering of its nodes, denoted by A_{r−1} = a_1, . . . , a_nr−1 , corresponding to a Hamiltonian path, where a_i is the (r − 1)-vector corresponding to the ith node in that order. Let Ã_{r−1} = a_{nr−1} , . . . , a_1, denote the reverse order of A_{r−1}. For an (r − 1)–vector a_j, we denote by a_j ⋄ i, the r–vector obtained from a_j as follows: the first r − 1 coordinates of a_j ⋄ i are same as those of a_j and its last coordinate is i. Let A_{r−1} ⋄ i = a_1 ⋄ i, . . . , a_nr−1 ⋄ i. Now it is easy to check that the path A_{r−1} ⋄ 1, Ã_{r−1} ⋄ 2, A_{r−1} ⋄ 3 . . . till either A_{r−1} ⋄ n or Ã_{r−1} ⋄ n depending on whether n is odd or even, correspond to a Hamiltonian path in P^r_n .

Lemma 4. Let G be a connected graph on at least two nodes. If G contains a simple path on t nodes, then G^d has a t^{⌊ d−1}2^⌋ × t^{⌊ d−1}2^⌋ double-grid minor.

Proof. We assume without loss of generality that d is odd. (If d is even then we can focus on an induced G^{d−1} and the claim follows.) Let α denote^{d−1}_2 . Let P_i denote a simple path on i nodes. First we show that t^α × t^α grid is a minor of G^{d−1}. It is given that P_t ⪯ G. Hence by Lemma 2, it follows that P^2_t ⪯ G^2. In general, P^α_t ⪯ G^α. Since P^α_t has a Hamiltonian path (on t^α nodes) by Lemma 3, P_tα (simple path on t^α nodes) is a minor of P^α_t . Invoking Lemma 2 again, we obtain that P_tα □ P_tα ⪯ P^α_t □ P^α_t ⪯ G^α □ G^α = G^{d−1}. It remains to observe that P_tα □ P_tα is simply the t^α × t^α grid.

Let R denote the t^α × t^α grid. Since P_2 ⪯ G and R ⪯ G^{d−1}, applying Lemma 2, it follows that R □ P_2 ⪯ G^d. Observing that R □ P_2 is just the t^α × t^α double-grid, the result follows.

Lemma 5. Let G be a graph on n nodes and m edges. Let G contain a simple path on t nodes. For any d ≥ 1, t^{⌊ d−12 ⌋} ≤ η(G^d) ≤ n^{d−12} √ 2md + 1 . Proof. We consider the non-trivial case where t ≥ 2. The total number of edges in G^d is md · n^{d−1}. Hence a complete graph minor of G^d on η(G^d) nodes cannot have more than md · n^{d−1} edges, which yields the upper bound. The lower bound on η(G^d) is a direct consequence of Lemma 4 and Lemma 1.

Observe that if G has a Hamiltonian path then the above bound is (almost) sharp.

Remark. As mentioned in the introduction, if the average degree of a graph G is at least k then η(G) = Ω ( k/ √ log k ) . Also, it is known that there exists graphs with average degree k, but with η(G) = O(k/ √ log k). (For example, it can be easily shown that for a random graph G under G(n, p) model with p =^1_2 , η(G) ≤ n/ √ log n with high probability.) Let the average degree of G be k. Hence G has a simple path on at least^k_2 nodes since there exists a sub-graph in G of minimum degree ⌊^k_2 ⌋ (see Section 7, Chapter 1 of [8]). It is easy to see that the average degree of G^d is O(kd). It follows from Lemma 5 that η(G^d) ≥ (k/2)⌊^{d−12} ⌋. That is, graph products define a class of sparse graphs, where the Hadwiger number is exponentially larger than the average degree. This is in a light sense, paradoxical in nature.

Though Lemma 5 is stated only for graph products of the form G^d, it is easy to obtain the following result for general graph products.

Corollary 1. Consider the graph product G^′ = G_1 □ G_2 □ . . . □ G_d , where each G_i contains a simple path on at least 2 nodes. Then η(G^′) ≥ 2^{⌊ d−1}2^⌋.

Proof. Since P_2 ⪯ G_i for each i, P^d_2 ⪯ G^′ by Lemma 2, and the Corollary follows.

In fact, by adapting the arguments, a more general result of the following form can be obtained.

Lemma 6. Consider the graph product G^′ = G_1 □ G_2 □ . . . □ G_d , where G_i contains a simple path on p_i ≥ 2 nodes. Assume without loss of generality that p_1 is the minimum among {p_1, . . . , p_d}. Then η(G^′) ≥ max ∏ i∈S p_i Subject to: ∏ i∈S p_i ≤ ∏ j∈S^′ p_j , where S ⊂ {2, . . . , d} and S^′ = {2, . . . , d} − S. 3 The Hadwiger’s Conjecture for Graph Products

Following is a classical result due to Dirac [4].

Lemma 7 (Dirac [4]). Let G be a graph with minimum degree δ. Then G contains a simple path on at least δ + 1 nodes.

The next Lemma is a consequence of the above result.

Lemma 8. Any graph G contains a simple path on at least χ(G) nodes.

Proof. The lemma is shown by considering a χ(G)-color-critical sub-graph of G, which is an induced sub-graph G^′ of G such that χ(G^′) = χ(G) and for any node v of G^′, χ(G^′ \ v) < χ(G^′). It is easy to see that the minimum degree of G^′ is at least χ(G) − 1 (See Chapter 4 of [8]). Now apply Lemma 7 to obtain the result.

Combining Lemma 8 and Lemma 5, we obtain that for any graph G which is isomorphic to F^d for some graph F , η(G) ≥ χ(F )⌊^{d−12} ⌋ . It is easy to verify that for any graph F and integer d ≥ 1, χ(F^d) = χ(F ) (see for instance [10]). Hence in the above expression we can substitute χ(F ) by χ(G) to obtain the following.

Theorem 1. Let G be isomorphic to F^d for some graph F . Then, η(G) ≥ χ(G)⌊^{d−12} ⌋ . It should be noted that for sufficiently large d, the lower bound that Theorem 1 offers is exponentially larger than what is implied by Hadwiger’s conjecture.

In fact, the lower bound of Theorem 1 can be improved by using Lemma 10 instead of Lemma 8 in its proof. Lemma 10 is a consequence of the following recent result of Egawa et al. [7].

Lemma 9 (Egawa et al. [7]). Let G be a simple k-connected graph of minimum degree δ, where k ≥ 2, and let S be a set of k nodes of G. Then G contains either a circuit of length at least 2δ that includes every node of S or a Hamilton circuit.

Lemma 10. Any graph G on n nodes contains a simple path on min{n, (2χ(G) − 2)} nodes.

Proof. Since any graph G has a χ(G)–color-critical induced sub-graph G^′ (i.e., χ(G^′) = χ(G) and for any node v of G^′, χ(G^′ \ v) < χ(G^′)), it is enough to show that G^′ contains a simple path on min{n, (2χ(G) − 2)} nodes. For the case χ(G) ≤ 2, the statement is trivially true. Now, for χ(G) ≥ 3, we observe that G^′ is 2–connected. If not, there exists a cut node u in G^′ such that G^′ \ u is disconnected. For each component G_i of G^′ \ u, G_i ∪ u can be colored with less than χ(G) colors (by the definition of color-criticality). Assigning the same color for u while coloring each such G_i ∪ u, we get a coloring for G^′ with less than χ(G) colors, which is a contradiction. Now recalling that the minimum degree of G^′ is at least χ(G) − 1 and applying Lemma 9 on G^′ (by fixing k = 2), the required result follows.

Theorem 2. Let G be a graph on n nodes that is isomorphic to F^d for some graph F . Then,

η(G) ≥ min { ( 2χ(G) − 2 )⌊ d−1_2 ⌋ , n⌊^{d−12d} ⌋ } . Note that the second term in the above min expression is almost √ n for sufficiently large d.

An immediate consequence of Theorem 1 is the following.

Theorem 3. If a graph G be isomorphic to F^d for some graph F and for d ≥ 3, then Hadwiger’s conjecture is true for G.

Theorem 4. If graph G has a connected graph M as a minor such that the product dimension of M is at least 2 log (χ(G)) + 3, then the Hadwiger’s conjecture is true for G.

Proof. Let the UPF of M be M_1 □ · · · □ M_k. It is given that k ≥ 2 log (χ(G)) + 3. Since M is connected, each M_i is also connected. Moreover, M_i has at least two nodes (and hence a path on at least 2 nodes) since M_i is prime. Now, by Corollary 1, we have η(M) ≥ 2^{⌊ k−1}2^⌋ ≥ χ(G).

Remark. Let the (unique) prime factorization of a connected graph G be G_1 □ G_2 □ · · · □ G_d . If d ≥ 2 log (χ(G)) + 3, then Hadwiger’s conjecture is true for G.

4 Hadwiger Number for Well-known Graph Products

Perhaps the most well-studied graph products are the d–dimensional hypercubes H_d (i.e., K^d_2 ), the Hamming graphs (i.e., K^d_h) and the d–dimensional grids (i.e., P^d_h ). Note that both K_h and P_h possess a Hamiltonian path. Applying Lemma 5, we obtain,

Theorem 5. 1) 2^{⌊ d−1}2^⌋ ≤ η(H_d) ≤ 2^d2 · √ d + 1. 2) h^{⌊ d−1}2^⌋ ≤ η(K^d_h) ≤ h^{d+1}2 · √ d + 1. 3) h^{⌊ d−1}2^⌋ ≤ η(P^d_h ) ≤ h^d2 · √ 2d + 1.

Note that the bound for hypercube is tight up to O( √ d) factor.

Due to a well–known result of Pósa [18], almost all graphs on n nodes and cn log n edges, for a sufficiently large constant c, are Hamiltonian. Thus, again applying Lemma 5, we have

Theorem 6. For almost all graphs G on n nodes and m edges, where m ≥ c n log n, for a sufficiently large constant c,

n^{⌊ d−12 ⌋} ≤ η(G^d) ≤ n^{d+12} · √ d + 1 .

More generally, we have the following theorem if graph G is the dth power of some graph F that has a Hamiltonian path.

Theorem 7. Let G be isomorphic to some graph F^d where F has a Hamiltonian path. Let the

number of nodes in G be n. Then (√ n )_{1−} 1_{d′} ≤ η(G) ≤ (√ n )_{1+} 1_{d′} · √ d + 1, where d^′ = d if d is odd and d^′ =^d_2 if d is even.

References

[1] F. Aurenhammer, J. Hagauer, and W. Imrich. Cartesian graph factorization at logarithmic cost per edge. Computational Complexity, 2:331–349, 1992.

[2] R. Diestel and C. Rempel. Dense minors in graphs of large girth. To Appear in Combinatorica, 2003.

[3] Reinhard Diestel. Graph Theory, volume 173. Springer Verlag, New York, 2 edition, 2000.

[4] G. A. Dirac. Some theorems on abstract graphs. Proceedings of London Mathematical Society, 25:71–76, 1952.

[5] G. A. Dirac. In abstrakten Graphen vorhandene vollständige 4–Graphen und ihre Unterteilungen. Math. Nachr., 22:61–85, 1960.

[6] P. Duchet and M. Meyniel. On Hadwiger’s number and the stability number. NorthHolland Math. Stud., 2:69–81, 1982.

[7] Y. Egawa, R. Glas, and S. C. Locke. Cycles and paths through specified vertices in kconnected graphs. Journal of combinatorial theory, Series B, 52:20–29, 1991.

[8] R.L. Graham, M. Grotschel, and L. Lovasz, editors. Handbook of Combinatorics, Volumes 1& 2, Cambridge, Massachusetts, 1995. The MIT Press.

[9] H. Hadwiger. Über eine Klassifikation der Streckenkomplexe, Vierteljscr. Naturforsch.

Gessellsch. Zürich, 88:132–142, 1943.

[10] Sandy Klavžar. Coloring graph products – A survey. Discrete Mathematics, 155:135–145, 1996.

[11] A. V. Kostochka. The minimum hadwiger number of graphs with a given mean degree of vertices. Metody Diskret. Analiz., 38:37–58, 1982. (In Russian).

[12] A. V. Kostochka. Lower bound of the hadwiger number of graphs by their average degree.

Combinatorica, 4:307–316, 1984.

[13] A. V. Kostochka. A lower bound for the product of the hadwiger numbers of a graph and its complement. Combinatorial Analysis, 8:50–62, 1989. (In Russian).

[14] Daniela Kühn and Deryk Osthus. Minors in graphs of large girth. Random Structures and Algorithms, 22:213–225, 2003.

[15] W. Mader. Homomorphieeigenschaften und mittlere Kantendichte von Graphen. Math.

Annalen, 174:265–268, 1967.

[16] W. Mader. Homomorphiesätze für graphen. Math. Annalen, 178:154–168, 1968. [17] Z. Miller. Contractions of graphs: A theorem of Ore and an extremal problem. Discrete Mathematics, 21:261–273, 1978.

[18] L. Pósa. Hamiltonian circuits in random graphs. Discrete Mathematics, 14:359–364, 1976.

[19] Bruce Reed and Paul Seymour. Hadwiger’s conjecture for line graphs. To appear in European Journal of Combinatorics.

[20] Bruce Reed and Robin Thomas. Clique minors in graphs and their complements. Journal of combinatorial theory, Series B, 78:81–85, 2000.

[21] N. Robertson, P. D. Seymour, and R. Thomas. Hadwiger’s conjecture for K6-free graphs.

Combinatorica, 13:279–361, 1993.

[22] Paul Seymour and Bruce Reed. Fractional coloring and Hadwiger’s conjecture. Journal of combinatorial theory, Series B, 74(2):147–152, November 1998.

[23] M. Stiebitz. On Hadwiger’s number – a problem of the Nordhaus-Gaddum type. Discrete Mathematics, 101:307–317, 1992.

[24] A. G. Thomason. An extremal function for contractions of graphs. Math. Proc. Camb.

Phil. Soc., 95:261–265, 1984.

[25] C. Thomassen. Girth in graphs. Journal of Combinatorial Theory, Ser. B, 35:129–141, 1983.

[26] K. Wagner. Über eine Eigenschaft der Ebenen Komplexe. Math. Ann., 114:570–590, 1937.

[27] B. Zelinka. On some graph theoretic problems of V.G. Vizing. Cas. Pestov. Math., 98:55– 66, 1973.

[28] A. A. Zykov. On the edge number of graphs with no greater Hadwiger number than 4.

Prikladnaja Matematika i programmirovanije, 7:52–55, 1972.

I N F O R M A T I K

Below you find a list of the most recent technical reports of the Max-Planck-Institut für Informatik. They are available by anonymous ftp from ftp.mpi-sb.mpg.de under the directory pub/papers/reports. Most of the reports are also accessible via WWW using the URL http://www.mpi-sb.mpg.de. If you have any questions concerning ftp or WWW access, please contact reports@mpi-sb.mpg.de. Paper copies (which are not necessarily free of charge) can be ordered either by regular mail or by e-mail at the address below.

Max-Planck-Institut für Informatik Library attn. Anja Becker Stuhlsatzenhausweg 85 66123 Saarbrücken GERMANY e-mail: library@mpi-sb.mpg.de

MPI-I-2004-NWG3-001 M. Magnor Axisymmetric Reconstruction and 3D Visualization of Bipolar Planetary Nebulae

MPI-I-2004-NWG1-001 B. Blanchet Automatic Proof of Strong Secrecy for Security Protocols

MPI-I-2004-5-001 S. Siersdorfer, S. Sizov, G. Weikum Goal-oriented Methods and Meta Methods for Document Classification and their Parameter Tuning

MPI-I-2004-4-005 I.P. Ivrissimtzis, W.-. Jeong, S. Lee, Y.a. Lee, H.-. Seidel

Neural Meshes: Surface Reconstruction with a Learning Algorithm

MPI-I-2004-4-004 R. Zayer, C. Rössl, H. Seidel r-Adaptive Parameterization of Surfaces

MPI-I-2004-4-003 Y. Ohtake, A. Belyaev, H. Seidel 3D Scattered Data Interpolation and Approximation with Multilevel Compactly Supported RBFs

MPI-I-2004-4-002 Y. Ohtake, A. Belyaev, H. Seidel Quadric-Based Mesh Reconstruction from Scattered Data

MPI-I-2004-4-001 J. Haber, C. Schmitt, M. Koster, H. Seidel Modeling Hair using a Wisp Hair Model

MPI-I-2004-2-002 P. Maier Intuitionistic LTL and a New Characterization of Safety and Liveness

MPI-I-2004-2-001 H.d. Nivelle, Y. Kazakov Resolution Decision Procedures for the Guarded Fragment with Transitive Guards

MPI-I-2004-1-005 S. Schmitt, L. Fousse A comparison of polynomial evaluation schemes

MPI-I-2004-1-004 N. Sivadasan, P. Sanders, M. Skutella Online Scheduling with Bounded Migration

MPI-I-2004-1-003 I. Katriel On Algorithms for Online Topological Ordering and Sorting

MPI-I-2004-1-002 P. Sanders, S. Pettie A Simpler Linear Time 2/3 - epsilon Approximation for Maximum Weight Matching

MPI-I-2004-1-001 N. Beldiceanu, I. Katriel, S. Thiel Filtering algorithms for the Same and UsedBy constraints

MPI-I-2003-NWG2-002 F. Eisenbrand Fast integer programming in fixed dimension

MPI-I-2003-NWG2-001 L.S. Chandran, C.R. Subramanian Girth and Treewidth

MPI-I-2003-4-009 N. Zakaria FaceSketch: An Interface for Sketching and Coloring Cartoon Faces

MPI-I-2003-4-008 C. Roessl, I. Ivrissimtzis, H. Seidel Tree-based triangle mesh connectivity encoding

MPI-I-2003-4-007 I. Ivrissimtzis, W. Jeong, H. Seidel Neural Meshes: Statistical Learning Methods in Surface Reconstruction

MPI-I-2003-4-006 C. Roessl, F. Zeilfelder, G. Nürnberger, H. Seidel

Visualization of Volume Data with Quadratic Super Splines

MPI-I-2003-4-005 T. Hangelbroek, G. Nürnberger, C. Roessl, H.S. Seidel, F. Zeilfelder

The Dimension of C^1 Splines of Arbitrary Degree on a Tetrahedral Partition

MPI-I-2003-4-004 P. Bekaert, P. Slusallek, R. Cools, V. Havran, H. Seidel

A custom designed density estimation method for light transport

MPI-I-2003-4-003 R. Zayer, C. Roessl, H. Seidel Convex Boundary Angle Based Flattening MPI-I-2003-4-002 C. Theobalt, M. Li, M. Magnor, H. Seidel A Flexible and Versatile Studio for Synchronized Multi-view Video Recording MPI-I-2003-4-001 M. Tarini, H.P.A. Lensch, M. Goesele, H. Seidel

3D Acquisition of Mirroring Objects

MPI-I-2003-2-004 A. Podelski, A. Rybalchenko Software Model Checking of Liveness Properties via Transition Invariants MPI-I-2003-2-003 Y. Kazakov, H. Nivelle Subsumption of concepts in DL FL_0 for (cyclic) terminologies with respect to descriptive semantics is PSPACE-complete MPI-I-2003-2-002 M. Jaeger A Representation Theorem and Applications to Measure Selection and Noninformative Priors MPI-I-2003-2-001 P. Maier Compositional Circular Assume-Guarantee Rules Cannot Be Sound And Complete MPI-I-2003-1-018 G. Schaefer A Note on the Smoothed Complexity of the Single-Source Shortest Path Problem MPI-I-2003-1-017 G. Schäfer, S. Leonardi Cross-Monotonic Cost Sharing Methods for Connected Facility Location Games

MPI-I-2003-1-016 G. Schäfer, N. Sivadasan Topology Matters: Smoothed Competitive Analysis of Metrical Task Systems MPI-I-2003-1-015 A. Kovács Sum-Multicoloring on Paths MPI-I-2003-1-014 G. Schäfer, L. Becchetti, S. Leonardi, A. Marchetti-Spaccamela, T. Vredeveld

Average Case and Smoothed Competitive Analysis of the Multi-Level Feedback Algorithm MPI-I-2003-1-013 I. Katriel, S. Thiel Fast Bound Consistency for the Global Cardinality Constraint MPI-I-2003-1-012 - not published -

MPI-I-2003-1-011 P. Krysta, A. Czumaj, B. Voecking Selfish Traffic Allocation for Server Farms

MPI-I-2003-1-010 H. Tamaki A linear time heuristic for the branch-decomposition of planar graphs MPI-I-2003-1-009 B. Csaba On the Bollobás – Eldridge conjecture for bipartite graphs MPI-I-2003-1-008 P. Sanders Polynomial Time Algorithms for Network Information Flow MPI-I-2003-1-007 H. Tamaki Alternating cycles contribution: a strategy of tour-merging for the traveling salesman problem MPI-I-2003-1-006 M. Dietzfelbinger, H. Tamaki On the probability of rendezvous in graphs MPI-I-2003-1-005 M. Dietzfelbinger, P. Woelfel Almost Random Graphs with Simple Hash Functions MPI-I-2003-1-004 E. Althaus, T. Polzin, S.V. Daneshmand Improving Linear Programming Approaches for the Steiner Tree Problem MPI-I-2003-1-003 R. Beier, B. Vöcking Random Knapsack in Expected Polynomial Time MPI-I-2003-1-002 P. Krysta, P. Sanders, B. Vöcking Scheduling and Traffic Allocation for Tasks with Bounded Splittability MPI-I-2003-1-001 P. Sanders, R. Dementiev Asynchronous Parallel Disk Sorting MPI-I-2002-4-002 F. Drago, W. Martens, K. Myszkowski, H. Seidel

Perceptual Evaluation of Tone Mapping Operators with Regard to Similarity and Preference MPI-I-2002-4-001 M. Goesele, J. Kautz, J. Lang, H.P.A. Lensch, H. Seidel

Tutorial Notes ACM SM 02 A Framework for the Acquisition, Processing and Interactive Display of High Quality 3D Models MPI-I-2002-2-008 W. Charatonik, J. Talbot Atomic Set Constraints with Projection MPI-I-2002-2-007 W. Charatonik, H. Ganzinger Symposium on the Effectiveness of Logic in Computer Science in Honour of Moshe Vardi MPI-I-2002-1-008 P. Sanders, J.L. Träff The Factor Algorithm for All-to-all Communication on Clusters of SMP Nodes MPI-I-2002-1-005 M. Hoefer Performance of heuristic and approximation algorithms for the uncapacitated facility location problem MPI-I-2002-1-004 S. Hert, T. Polzin, L. Kettner, G. Schäfer Exp Lab A Tool Set for Computational Experiments