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Abstract

Polymorphic higher-order unification is a method for unifying terms in the polymorphi-
cally typed A-calculus, that is, given a set of pairs of terms So = {s1 < t2,..., 5, = tn},
called a unification problem, finding a substitution o such that o(s;) and o(t;) are
equivalent under the conversion rules of the calculus for all 4, 1 < i <n.

I present the method as a transformation system, i.e. as a set of schematic rules
U = U’ such that any unification problem §(U) can be transformed into 6(U’)
where § is an instantiation of the meta-level variables in U and U’. By successive
use of transformation rules one possibly obtains a solved unification problem with
obvious unifier. I show that the transformation system is correct and complete, i.e. if
§(U) = §(U’) is an instance of a transformation rule, then the set of all unifiers of
5(U’) is a subset of the set of all unifiers of §(U) and if U is the set of all unification
problems that can be obtained from successive applications of transformation rules
from an unification problem U, then the union of the set of all unifiers of all unification
problems in I/ is the set of all unifiers of U.

The transformation rules presented here are essentially different from those in
Snyder and Gallier (1989) or Nipkow (1990). The correctness and completeness proofs
are in lines with those of Snyder and Gallier (1989).

Keywords

Higher-order unification, Polymorphic Lambda-Calculus



1 Introduction

Since the beginning of the 1970s a variety of higher-order theorem provers and higher-order programming
languages have been invented. The languages used in these systems are based on the Simple Theory of Types
defined in Church (1932). This theory is based on three sets of rules: The term formation rules define how
to build expressions describing the application of a function to an object and the abstraction of a function
from an expression describing an object. These rules are governed by the classification of objects into types.
Types are either basic types or function types (A — B) where A and B are again types. The conversion rules
define equivalence classes on terms. Turning the conversion rules into reduction rules gives an description
of application evaluation. Deduction rules describe how formulas, which are simply terms of a designated
type, can be proved.

In theorem proving most implementations lift the resolution principle well-known for first-order theorem
proving to the higher-order case. For example Gordon (1985) and Paulson and Nipkow (1990) respectively
describe the theorem provers HOL and Isabelle. Higher-order programming languages augment some
PROLOG:-like language with the term formation and reduction rules of the Simple Theory of Types. See
for example Miller and Nadathur (1986) and Pfenning (1989) for descriptions of the programming languages
AProlog and ELF, respectively.

The core of these systems is an implementation of unification of terms in the Simple Theory of Types,
higher-order unification for short. All these implementations are based on the algorithmic description of the
correct and complete higher-order unification algorithm given in Huet (1975). In Snyder and Gallier (1989)
this algorithmic description is reformulated using the method of transformations on system of terms, which
is based on Herbrand’s thesis and was adapted to first-order unification in Martelli and Montanari (1982).
A unification problem is a set of pairs Sog = {s; £1t1,...,5, = t,} of terms to be unified. By repeated
application of various transformation rules one possibly obtains a solved system .S,, whose unifier is obvious.
The correctness of the transformation rules ensures that every unifier of a solved system S, is also a unifier
of Syp. A complete set of transformation rules allows to enumerate a complete set of unifiers by examing all
possible transformation sequences.

Soon the limitations of the simple type theory for the formulation of axiom system and programs became
apparent. Various extensions of the simple type theory were suggested. One of the most prominent extensions
is the polymorphic A-calculus. Beside the basic types it allows the usage of type variables in type formation,
S0 it is possible to describe a family of types as instances of a single type.

To deal with these extensions the higher-order unification algorithm has to be modified. But none of the
current implementations provides a complete algorithm. Nipkow (1990) presents a correct but incomplete
transformation system for polymorphic higher-order unification. His transformation system is only able
to enumerate a complete set of unifiers for sure if none of these unifiers instantiates a type variable with
a function type. Dougherty (1991) presents a complete algorithm for unification in the polymorphic A-
calculus. In his approach the problem of higher-order unification is translated to the problem of unification
with respect to extensional equality in combinatory logic. Solving a unification problem in the A-calculus
involves translating it into a system of combinatory terms, computing unifiers using his transformation rules,
and translating back the unifiers into unifiers in the A-calculus. Although this approach allows for a very
elegant presentation of the problem and its solution, it basically uses narrowing and some additional rules
to transform the systems of combinatory terms and inherits all weaknesses of narrowing.

We will present a correct and complete transformation system HP7T for polymorphic higher-order
unification. The transformation rules are essentially different from the rules in Snyder and Gallier (1989) or
Nipkow (1990). The correctness and completeness proofs are in line with those of Snyder and Gallier (1989).
We define a verification system CP7T, show that for every unifier for a given unification problem one can
find a terminating sequence of transformations resulting in a solved system whose associated solution is
this unifier. Then we show that every transformation in CPT corresponds to a sequence of transformations
in HP7T. This enables us to enumerate a complete set of unifiers by systematically applying all possible
transformations in HP7T to the unification problem.



2 Polymorphic Terms and Substitutions

Definition 2.1 (Types)

Let Tg be a set of base types and V7 a set of type variables. The set of types T is inductively defined as the
smallest set containing 7y and V7 such that if S, T € T then (S — T) € T. An element of either Ty or Vr
is called a atomic type. A

Definition 2.2 (Terms)
The set RL"" of raw terms is defined by the following abstract syntax

RLIW =V [ (5:T) [ (VT) | (RLP-RLY) | AV:T.RL™

where V is a set of term variables and X a set of constants. We suppose V, X, and V1 to be pairwise disjoint.
To define the set £7°v C RL"" of well-typed terms, we use the following inference rules:

Bound variable: TFo T

fxeVATeT

Free variable: TF (F:T):T°

HFeVATeT

Constant:

Tk (aT):T>
itecTeCANTeT
S, 'EM:(S—>T) TFHN:S
Application: TE T N)T
Abstraction: Fox:SEMT

TAz: S N:(S—-T)

The set £ is the set of all M € RL"" such that e = M:T for some T' € T. The set of all free variables is
FV. The type variables have no special meaning for type inference. They act like nullary type constructors.
A

Definition 2.3 (type and range)
We define the function range : 7 — 7T as follows:

range(T") = T itT eTo
range(T) = T itT e Vr
range((S — T)) = range(T) otherwise

The functions type : LF°"* — T and range : LF°"Y — T are defined by

type(M) =T iff ek M:T
range(M) = T iff e M:S and range(S) =T

A

a-, B- and n-conversion on terms is defined in the usual way. We ignore a-conversion by working with
a-equivalence classes of terms. The strong normalization property holds for S-reduction on polymorphically
typed terms, so any term M has a unique S-normal form denoted M. With any term M in (-normal
form we can associate a unique n-expanded form n[M]. The set of all terms in n-expanded form is L.
Any term M in S-normal form can be represented in general form Ax;:5;..... Ap:Sp(((a-Pr)---2) By)
which is also denoted Ax1: 51 ... 2, Sp.a(Py, ..., Py) or Axy,: S,.a(P,). We call z,,: S,, the binder of M, a

the head, which is also denoted head(M), and a(P,) the matriz of M. If a is a constant or bound variable,
e is called rigid, otherwise it is called flexible.



Definition 2.4 (Bound and free variables)
A bound variable z is called bound in a term M; if M; contains a subterm of the form Ax:T. Ms. The
subterm M5 is the scope of this binding occurrence of z:T. The set of all bound variables of a term Mj is
denoted BV (Mj).

A free variable (F:T) € FV is a free variable of M; or is said to occur free in My if it is a subterm of
M. The set of free variables of a term M; is denoted FV ™™ (My).

The set of all type variables occurring in some type decoration in a term M; is denoted FV ™" (M).
The set of all free term and type variables of a term M; is denoted FV (My). N

Definition 2.5 (Size of types and terms)
The term size of a raw term M, denoted |M|™™, is the number of atomic subterms of M, defined by:

|:L.|Tern1 — 1

|F: S| Term = 1

|c: S| Term =1

|(M . N)|Tcrm — |M|Tcrm + |N|Tcrm
[Aaz: S M|Term = | M|Term

The type size of a type T, denoted |T'|*¥*¢, is the number of atomic types of T', defined by

A = 1
[ - 1
(S = T)mw = || [

The type size of a raw term M, denoted |M|™?¢, is the number of atomic types occurring in M, defined by:

x| Type - 0
||

|1’7‘171|Type — |T|Type

|CZ T‘|TypC = |T|Typc

|(M . N)|Typc — |M|Typc + |N|Typc
NS M = [S[o (b

Definition 2.6 (Substitutions)

A polymorphic substitution is a pair o = (01, 02) consisting of a mapping o; from type variables to types
and a mapping oo from free variables to terms defined in the usual way. o7 denotes the unique extension of
o1 to a mapping from types to types and o5 denotes the unique extension of o3 to a mapping from A-terms
to A-terms. We usually write o or (o1, 02) instead of (77,73). We write o1 (M) for the result of applying the
type substitution oy to all type variables occurring in the term M.

The identity substition ¢ is the pair consisting of the identity substitution ¢; on types and the identity
substitution ¢ on terms.

The union of two polymorphic substitutions o = (01,092) and 7 = (71, 72) is the substitution o U T =
(01 UT1,09 UTs) where the union of the type substitutions and the union of the term substitutions are
defined in the usual way. For a set Z of type and free variables, we say that two substitutions ¢ and 7 are
equal over Z with respect to some congruence relation =g on terms, denoted o =5 7[Z], iff for all type
variables A € Z, 01(A) = 11(A), and for all free variables (F:T) € Z, 0o(F:T) = 72(F:T).

We say that o is more general than T over Z, denoted o <y 7 [Z], iff there exists a substitution 6 such
that Qoo = 7[Z].

The domain of a substitution o is

DOM(0) = {A € Vy | 01(A) # AV U{F € FV | 0o(F) # F).



The set of variables introduced by o is

)= |J FV(e(r).

FeDOM(o)

A substitution o is normalized if o(F) = o(F)| for all ' € DOM(0) N FV.

A substitution o is a renaming substitution away from Z if o(F)|, € FV UV for all F' € DOM(0),
Z(oc) N Z = () and o is injective. If o is a renaming substitution and 7 is some arbitrary substitution then
o o7 is called a variant of 7.

The restriction of a substitution o to a set of variables Z, denoted oy, is the substitution

oy (F) = {U(F), if Fez

F

; otherwise.

3 Polymorphic Unification Problems

Definition 3.1 (Unification problems in £7°'%)

An equation in L7 is a multiset of terms M and N in L such that all free variables in {M, N} are
uniquely annotated. For equations we will use the notation M = N. A system S in L£7°W is a multiset of
equations in £F°' such that that all free variables in the set of all terms in S are uniquely annotated. A
unification problem in LY°% is an ordered pair (o, S) with o a type substitution and S a system such that

DOM(o) N FV™*(S) = 0. A

For a system
S={M; £Ny,...,M, £N,}

we write S| instead of {n[Mil] = n[Nil],...,n[Mn}] = n[N,l]}. SI is unique up to renaming of bound
variables.
There are at least two views of the meaning of ¢ in a unification problem (o, S).

1. The type substitution ¢ is a representation of some equations on types that have to be solved like
any equation on terms in S. That means any type variable has to occur only once in (o, S). So if
A € DOM(0) and A € FV™"*(S) we have to eliminate A in S by applying oy 43 to S.

2. The type substitution o memorizes the type instantiation that has to be done to get a unifier for .S. So
typically we start with (t1,S) and transform it into (o1, S’). The solved system S’ represents a term
substitution o9 and o7 a type substiution. Then (o1, 02) is a unifier of S.

In this paper I choose the second view. Then the restriction DOM () N FV™¢(S) = () on a pair (o, S)
ensures that we can memorize type instantiations on S. Now I will give definitions for the notions of unifier
and solved system that I already used in this explanation.

Definition 3.2 (Unifier in L")
A normalized substitution 6 is called a unifier in L7 of two terms M and N from L} iff (M) Sy O(N)
holds. @ is a unifier of a system S in £F°"% iff it is a unifier for every equation in S and it is called a unifier
of a unification problem (o, S) iff it is a unifier of the system S and an instance of (o, t2).

The set of all unifiers of a unification problem U is denoted SU(U). N

Definition 3.3 (Complete set of unifiers)

Let U be a unification problem and Z a finite set of variables, called the set of protected variables. A set
CSU(U)[Z] of normalized substitutions is a complete set of unifiers for U separated on FV(U) away from Z
iff



(1) CSU(U)[Z] € SU(U)
(2) Yo € SUR(T):30 € CSUW)[Z]: 0 <4 $[FV (V)]
(3) V6 € CSU(U)[Z]: DOM(0) C FV(U) and Z(6) N (Z U DOM(6)) = 0.

If Z is not significant we drop the notation [Z]. If CSU(U) counsists of a single substitution we call this
substitution a most general unifier. A

For any set of equations between types there exists at most one unifier up to variable renaming. If this
unifier exists for a set of equations FE, it will be denoted mgu(FE).

Definition 3.4 (Idempotent Substitution)
A substitution o is idempotent if c o0 = 0. A

It is easy to show that if Z(o) N DOM(o) = 0 holds, o is idempotent.
Lemma 3.5 If 0 € CSU(U) for some unification problem U then 6 is idempotent.
Proof: Follows directly from the last condition in the definition of a complete set of unifiers CSU(U).

Definition 3.6 (Solved Form)
An equation M £ N is in solved form in a unification problem (o, S) if it is in the form n[F:T] = N for some
variable F: T' which occurs exactly once in U, and F:T and N have the same type. A system S is solved if
all of its pairs are solved. A unification problem (o, S) is solved if S is solved.

With a system S = {F1:Ty = Ny,...,F,:T,, = N,} in solved form we associate a term substitution
[STY? = {F:Th/Ni,...,Fn:T,/Ny}. This substitution is unique up to variable renaming. With a
unification problem (o, .S) in solved form we associate a substitution [UTY® = (o, [STY?). N

4 Problems with Unification in £7°%

As stated in Nipkow (1990) type variables cause new problems through the possibility of type instantiation.
Assume we use the transformation system H7 defined in Snyder and Gallier (1989). HT is correct and
complete for higher-order unification in the simply typed A-calculus. In the following example we consider
a system of polymorphically typed A-terms with H7. We examine the effect of type variables on the
applicability of the projection rule of H7 which is

Projection L L
{)\l‘k:Tk.F(Mm) == Axg: Th. a(Nn)} ub
3
{F £ P, \ap: Ty F(Myn) = Aag: Ty a(Ny,) } U {F/P}(D),
where

e D is a system,
e Fis a free variable and a an arbitrary atom,

e P is a variant of a ith projection binding for 1 < i < m, appropriate to the term A zy: Ty. F(M,,), that
is, P = A¥Ym: Sm.yi(A2p,: Rp,. Hy(Um, Zp,)), and

e head(M;) = a, if head(M;) is a constant.



Example 4.1 Let A be a type variable and ¢ some base type, such that type(F') = (A — t) and type(G) = A
for free variables F' and GG. We consider the unification problem U

(11, {F(G) = a}).

If we want to instantiate F' with a projection binding the only possibility is to use the first projection binding
because there’s only one argument G. For the first projection binding to be appropriate for F we must have
range(G) = range(F). A complete set of type substitutions for A satisfying this equation is

0 ={{A/(A1,..., Am = )} | A1,..., Ay, type variables,m > 0}.
For every substitution 67" in this set the projection rule is applicable using the projection binding
0 = Ay: (A1,..., A = ). y(H1(y), ..., Hn(y)),

where type(H;) = ((A1,...,4m = 1) = A4;).
After applying 05" to 07" (F') we get the unification problem

S = <9'{n, {G(Hl(G)a s aHm(G)) = a’}>

For the transformed unification problem S,, the substitution

wh ={G/Axm: Ap.a}

is a unifier. Depending on m we get an infinitary set of non-subsuming unifiers for the unification problem
U. So if the transformation system for higher-order unification in £7°" contains a projection rule like H7T
does, it will be infinitary branching even for preunification or it will be incomplete, if it only considers a
finitary subset of ©.

5 An Analysis of Polymorphic Unifiers

We analyse the process of polymorphical higher-order unification as follows. Without loss of generality we
assume that M and NN are two lambda terms in £ and that ¢ is an idempotent normalized unifier of M
and N. In other words M has the form

M = Azp:Ag.a(M,...,M,)
where M has type A = (A1,...,Ar = Ap) and a has type B = (By,..., Byn — Ag). N has the form
N = )\:Cl:Cl.b(Nl,...,Nn),

where N has type C' = (Cy,...,C; — Cp) and b has type D = (D1,...,D,, = Cp). And there exists some
sequence of reductions to a f-normal form n[@(M)] —5 P <5 n[@(N)]. We analyse this sequence top-
down. We have the following cases (which are intended to be mutually exclusive):

(A) M = N and no unification is necessary. We assume M and N to be distinct in the remaining cases.

(B) Suppose k < I. Then 6 instantiates the type of M such that a sequence of n-expansions enlarges the
binder of M. This is only possible if Ay is a type variable. Thus

0(Ao) = (0(Cr+1),---,0(C1) — 0(Co))
= 6((C+1,...,Cr = Cy))
= 0({A0/(Crt1,...,Cr — Co)}(Ao))
and 6 is an instance of the most general unifier of Ag and (Cg41,...,Cr — Cp).



(C) Suppose k =1 but A; # C; for some i, 0 < i < k. Then we have

0(A;) = 0(Ci)

and 6 must be an instance of the most general unifier of A; and C;. In the remaining cases we assume M
and N have the same type. This implies that the binders of M and N are identical up to a-conversion.

(D) Suppose head(M) = a:(Bi,...,Bm — Ao) and head(N) = a:(Dy,...,Dy — Ag) are atoms with

(E)

(F)

distinct types. Then we have B; # D; for some i, 1 < ¢ < m. Then 0 possibly unifies B; and
Di, i.e.

0(B;) = 0(Di).

So 6 is an instance of the most general unifier of B; and D;.

Note that B and D necessarily have the same number of argument types.

No substitution takes place in the head of either term. In this case, head(M) = head(/N). Suppose
M = Mzp:Ag.a(My,...,M,,)

and
N = Aap:Ag.a(Ny,...,Np),

where either ¢ € ¥ or a = z; for some i, 1 <1i < k, or a is a free variable not in DOM(6). Here we

must have
77[9()\.Tk Ak Mz)] L>B )\xk: Ak. Pi (ng 7’][(9()\.1']€ Ak. Nl)]

for 1 < i < m. That is, the subterms of M and N are pair-wise unifiable by 6.
The two terms are
M = Xy Ay F(Tx)
and
N = Aazp:Ap.b(Ny,...,Np)
for some free variable F' c.f. F' ¢ FV(N). In this case, we must have
N0\ zg: Ag. F(TF))] 45 Ag: Ag. b(N1, ..., Npy)

and we know that 0 = {F/Axg: Ak. b(N1,..., N, )} is a most general unifier of this equation.

(G) Some substitution takes place in the head of only one term. Assume that this term is M. Then b is

either a function constant, a bound variable, or a free variable not in DOM (). Now in order for the
two terms to unify, we must ensure that at some point in the sequence of S-reductions from 6(M) to P
the head of M becomes b. There are two possibilities: either we imitate the head of N by substituting
a term for F' whose head is b or we substitute a term for F' which projects up a subterm of M. We
consider each of these possibilities in turn.

(Imitation) The substitution for F' matches the head symbol of N by imitating the head symbol b
where b € 3 or b is a free variable not in DOM (#). In contrast to the simply typed case
we need to take the type substitution #; into account. Suppose N is a rigid term of the
form

N:)\l‘kAka(N—W)
and the application of 67 to D yields
QI(D):91((D15"'5Dm4>"40)):D/:(D/la"'vD;'na ;c+15"'7A;c+p*>A6)'

Then we get the following reduction sequence



(Projection)

O (A xy: AL b: D'(N),))
Ay A) . b: D'(02(N),))

Az AL b: D'(Pp,)
)\,ka+p: A;C-‘rp' b: D/(m, Lh+1y-- - 7.I'k+p)

where N/ is the result of applying 61 to N; and P; is the n-expanded normal form of
02 (N]) for all i, 1 < i < m.

We can assume that M has the form
M = )\.TkAkFB(Mm)
and the result of applying 6, to the type of M and the type of the head of M will be

91(type(M)):91((A1,...,Ak%Ao)):A':(A'l,..., ;cv ;CJrl,..., ;c+p4)A6)7

and

91(3):91((31,...737”—)Ao)):B/:(Bi,...,B,:n, ;€+1,...,A;€+p—>AIO).

Note that B must have the same number of argument types as D.
The n-expanded normal form of 6, (M) will be

CAl . R/ /
)\Z'k+p. Ak+p' F:B (Mm,$k+1, N ,Z'k+p)

where M/ is the n-expanded normal form of 6, (M;) for all 4, 1 < i < m. Thus 6 must
take the form

O(F:B') = XAzm: B, Zm41: A1y -+ Zmepp: A;chp' b: D' (Qums Zmt 1y -+ » Zmetp)

for some terms @, of appropriate types. Note that none of the zp,41,...,2m4p occurs
in one of the Q;, since none of them occurs in one of the P, = n[6(N;)] for some 4,
1<i<m.

This leaves us with a reduction sequence of the form

0(M) = 91(A$k+P:A;€+p'F: B'(My,, Tk31. ktp))
—5 AZhip Apyy b D (P Tig 1 krp)
Ln] )\xk:A%.b:D’(m)
<5 0Oax: A b: D(N,).
Note that
)\zm:B;n,zm_,_l:A;Hl,...,zm+p:A;Hp.b:D'(Q—m,zm_,_l,...,zm+p)

is an type-instance of
AZm: B b: D(Qn)-

The substitution for F' projects up a subterm of M. When substituting a ith projection
for the head of a flexible term M = Azy: Ay. F(M,,) we constrain the type of M; as
follows:

range(type(6(M;)))



Assume 01((B1,...,Bm — Ao)) = B' = (By,...,B,,,B,1,..., B, = Ep) for
some types B,... ,Bz’j and m < p. The substitution for F takes the form

{F:B'/Ayp: B),.yi(Lg)} for some terms L, and some i in {1,...,m} such that type(y;) =
type(8(M;)) = (En, ..., Eq = Ey). We have a reduction sequence of the form

02(n[61(M)]) = 92()\x§€+p7m.F: B’(M{,...,M{n,z§6+1,...,x§c+p7m))
= )\x;c_i_p_m.)\y_p._yi(l/_q)(s'l,...,Mr'n,xjc_i_l,...,x;c_i_p_m)
—p A :C;chgfm' M;(Lg)
5 AThy o me a'(P,)
s O(N).
In this case, the head b of N may be a function constant, a free variable or a bound
variable. Note that i < m because b can not be equal to any of the 2} ,,..., z;6+p7m.

(H) Substitutions take place at the head of both terms. Then let M = Azp:Ay. F(M,,) and N =
Azp: Ag. G(N,) for both F and G in DOM(). Here we must eventually match the heads of the
two terms, but we can do it in a large number of ways. In order to simplify our analysis if possible, we
reduce it to the previous case. Let us (without loss of generality) focus on the binding for the variable
F. There are two subcases.

(1) 6 substitutes a non-projection term for F', e.g., 0(F) = A\,.a(7;), where a # G is not a bound
variable. By idempotency a is not a variable in DOM(6). The substitution (possibly) causes a
B-reduction, after which we can analyse the result using (G).

(2) 0 substitutes a projection term for F' (which obeys the typing constraints discussed above), e.g.,

O(F) = APp.y;j(Ly). For further analysis we use (G) if the head symbol is either a function constant,
a bound variable, or a variable not in DOM(0). We use (H) if the head is a variable in DOM ().

It is straightforward to formulate transformation rules for cases (A), (C), (D), (E), and (F). To formulate
the transformation analysed in case (B), we need the notion of a binder expanding substitution:

Definition 5.1 (Binder expanding substitution)
A type substition {Ag/(A1 — A2)} with type variables Ay, A;, and Ay is called a binder erpanding
substitution for a term of type (Bi,..., B, — Ao), where By, ..., B, are arbitrary types. A

The substitution {Ag/(Ck+1,...,Cr — Cp)} in case (B) is an instance of the composition of I — (k + 1)
binder expanding substitutions.

The transformations associated with cases (G) and (H) can be formulated using partial binding
substitutions. I use the definition due to Snyder and Gallier (1989).

Definition 5.2 (Partial binding)
A partial binding of type (A1,..., A, — B) (for B atomic) is the n-expanded form of a term of the form

Ayn: An.a(Hy(Un)s - -+, Hin(Tn))

for some atom a of type (Ci,...,C,, — B), where C; = (Di,.. .,D;i — CI) for 1 <4 < m. The H; have
type (A1,...,A,, Di,..., D, — C}) for 1 <i <m. C}, ..., C}, are atomic types. The arguments of a
partial binding will be called general flexible terms. A

We will now show that every partial binding can be constructed using matrix expanders and selectors.

Definition 5.3 (Matrix expander)
A matriz expander of type (A1, ..., Apmin — A) (where A is a base type) is a term of the form

)\ym—i-n: Am—i—n- F(ym-i-na G(y_’m))

with free variables F' and G such that



o type(F) = (A41,..., Apmin, B — A) and
o type(G) = (41,..., A — B).

A substitution {H: D/M} with M a matrix expander of type D is called a matriz expanding substitution. A

Definition 5.4 (Selector)
A selector appropriate to type (A1,...,A4m, B1,...,B, — C) is a term of the form

AYm: Am, 2n: Bn.a(Zn)

where a is some arbitrary atom of type (By,..., B, — C). A substitution {H: D/M?} with M a selector of
type D is called a selector substitution. A

Lemma 5.5 For any partial binding substitution

7= {F/Nym: Am.a(NzL BY  Hy (s 2L, ), Az 2 Bl Hy (T, 20 )}
such that

e F is free variable of type (A1,...,Am — A),

e a is some arbitrary atom of type (C1,...,C, — A) with C; = (B, ... ,B;i — BY) for 1 <i<n and
B €Ty, and

e type(H;) = (A1,...,An,Bi,..., B, — B) for1<i<mn,
there exist matriz expanding substitutions T, ..., T, and a selector substitution g, such that
T=T9OTp O+ 0T].

Proof: Let

= {AF/Nym: A PG, A2L B Hy (T, 21))
type(F1) = (A1,...,An,(Bi,...,B, — B') = A)
= (Al,...,Am,ClﬁA)
type(H1) = (A1,...,Am, Bi,...,B) — B")
T2 = {FI/)\ym ms L1+ Cl FQ(ymle;)\Z 32 HQ(y_m)?pQ))}
type(Fy) = (Al,...,Am,Cl,(B%,...,Bzz—>BQ)—>A)
(Al,...,Am,Cl,CQ%A)
type(Hz) = (A1,...,An,Bi,...,B. — B?)
Tn - {Fn—l/)‘ym: msTn—1- Cn 1- F (ymaxn 13)\'2 Bn Hn(y_maszn))}
type(Frn—1) = (A1,...,4n,C1,...,Chy — A)
type(Fn) = (Al,...,Am,cl,...,Cnfl,(B?,...,Bgn%Bn)%A)
type(Hn) = (A1,...,Am,BY,...,B; — B")
0 = {F0/AYm: Am,Tn: Cr.a(Ty)}
type(a) = (Ai,...,An — A)
We have
00T 0m = {F/AymiAm.a(Azh: BL . Hi(Gm, 2L )y Az BE . Ho (G, 20 )}
= 7

10



6 The Transformation System HP7T

We define the following transformation system on unification problems using the notions of binder expanding,
matrix expanding and selector substitutions.

Definition 6.1 (Transformation system HPT)
The rules for the transformation system HP7T for unification problems in L£7°"% are:
Trivial removal

(o,{M £M}US)= (0,5) HPT,

Type unification
(o,{M £N}US)
(X HPT,
(Boa,0({M =N} US))

where

e M is a term of type A and N is term of type C,
e A#(, and
e 0 =mgu({A=C}).

Head type unification

< {)\l‘k Ag.a: B( ) ATg: Ak a: D( }US)
4 HPT;
(0oa,0({\zk: Ay.a: B(M,,) = Awg: A.a: D(N,,)} U S))

where

e B#£D,
e ) =mgu({B < D}).
Decomposition L L
(o, { zg: Ag. a(Mp,) = Axg: Ag. a(Np) U S)
) HPT,
(0, Ur<icm (A an Ap. My = Nagr A Ni} U S)
where a is some arbitrary atom.

Variable elimination

lL HPT;
(0, {\Tr: Ap. (%) = NY U {F/N}(S))

where

e [ is a free variable,
e FeFV(S)and F ¢ FV(N), and
o type(F) = type(N).
Binder-Expansion L L
(o, { zp: A F(M,,) £ Azp: A b(N,)} U S)

4 HPTsa
(00a,m0({\zr: My. F(M,,) = \xg: M. b(N,) U SH]),

where



e F'is a free variable of type (By,..., Bm — Aop),
e Ay is a type variable, and
o 0 ={Ay/(C1 — Cs)} for type variables Cy and Cs.

Matrix-Expansion

<0’7 {)\l‘k Ag. F(M—m) =S )\xkAkb(Nn)} U S>
\ HPTep

(o, {F £ QY U{F/QY{\zy: Ax. F(M,,) £ Aay: Ap. b(N,)} U S) ),
where
e F'is a free variable of type (By,..., Bm — Ap);

e b is an arbitrary atom of type type(a) = (D1,...,Dp — Ao);

e () is a variant of a matrix expander of type (Bi,..., By — Ao), i.e. M = Aypm: By G(Um, H (Y1) with
[ <m.

Selection

(o, { \wp: Ty. F(M,,) = Aag: Ty, b(N,,) U S)
4 HPT,
(000, {0(F) = QY U{0(F)/Q}O({Nzk: Ti. F(Myn) = Ay T b(Na) } U S)) L),

where

e Fis a free variable of type (B, — Ao);
e b is some arbitrary atom of type (D,, — Dy);

e a is some arbitrary atom of type (E1,...,Er — Ey), for some k and some [, kK <m —1,0 <1 < m,
such that (Bjy1,...,Bm — Ap) and type(a) have a most general unifier 6;

e (Q is a variant of a selector appropriate for type 6((Bi, ..., Bm — Ap)), ie.

Q = U[H(A Ym: Bm a’(yl+15 s 7ym))];

such that [ < m.

7 Correctness and Completeness of HPT

7.1 Correctness of HPT

Lemma 7.1 Let 7 be an idempotent type substitution and M, N two terms. If 0 is an instance of T then 0
is a unifier of T(M) £ 7(N) iff 6 is a unifier of M £ N.

Proof: Because 6 is an instance of 7 there exists a substitution p such that § = po 7. So we have

0(r(M)) = 0(7(N))
iff  p(r(r(M))) = p(r(r(N)))
iff - p(r(M)) = p(r(N))
iff  O(M) = 0(N)

Lemma 7.2 If U =y p7 U’ using one of the transformation rules HPT,, HPT., or HPT;, then U(U) =
u’).

12



Proof: We consider each of the transformation rules in turn:

HPT, If 0 is a unifier for a unification problem (o, S) then € is also a unifier of (o, M = M US). The
converse holds because (M) = 8(M) holds for any substitution 6.

HPT. Suppose 7 is a unifier of (¢, M = N U S). Then 7, unifies the types of M and N and because there
exists a most general unifier 6 of type(M) and type(N), 71 must be an instance of 6. So a variant of
7 is also a unifier of (oo, (M =N US)).

Suppose on the other hand 7 is a unifier of (§ o c,0(M = N US)). Then 7 must be an instance of 0
and therefore a variant of 7 is a unifier of (o, M = N U S).

HPT; Let p be the substitution {F/N}. For any substitution 7 if 7(F) <z, 7(N) then 7 =g, T © p, since
7 o p differs from 7 only at F but 7(F) <4, 7(N) = 7 0 p(F). We have 7 € U(U) iff 70 p € U(U).
Furthermore, since for any term P we have 7 o p(P) = 7(p(u)) —5 7(p(P)), it can easily be shown
that Top € U(U) iff 7 € U(p(U){). Thus

TeU{F£N}US)
iff 7(F)<—g, 7(N)and 7 € U(N)
iff 7(F) <+ =g, 7(N)and 70pc UU)
iff 7(F) <, 7(N)and 7€ U(p(U)])
it TeU{F<=N}UpU))).
Lemma 7.3 Let U =>up7, U’ where the transformed equation in U is
)\-Tk: Ak a: B(M—m) z )\xk: Ak a: D(N—m)
Let 0 be any substitution. Then

(1) 0 €UU") iff 0 € U(U) if a is either a constant or a free variable not in DOM(6).
(2) 0 € U(U’) implies 0 € U(U) if a € DOM(0).

Proof: Let U' = (to0,D’) and U = (0, D). Let 0 be a unifier of U’. Then 6 is an instance of 7 o o where
7 is an idempotent substitution. So following lemma 7.1 6 is a unifier of every equation in D. And because
DOM (o) N DOM(7) = B the substitution 6 is an instance of o. So 8 is a unifier of the unification problem
U.

Now let @ be a unifier of U. Suppose a is either a constant or a free variable not in DOM(6). Then
O(a: B) = a:01(B) = a:01(D) = 6(a: D). So 6 is an instance of the most general unifier 7 of B and D. Using
lemma 7.1 we can conclude that ¢ must be a unifier of U’.

Lemma 7.4 Let U =y p7, U’ where the transformed equation in U is Axy: Ay. a(Mpy,) = Xxy: Ag. a(Ny,).
Let 0 be any substitution. Then

(1) 6 UU) iff 0 € UU) if a is either a constant or a bound variable or a free variable not in DOM(0).
(2) 0 € U(U') implies 0 € U(U) if a € DOM(6).

Proof: If p(Axy: Ax. M;) <L>5 p(Axp: Ap. N;) for 1 < i < m, then clearly we have p(A\Zx.a(M,,)) =

p(ATE. a(Ny,)). So for any atom a we have p € U(U) whenever p € U(U’). If a is either a function constant,
a bound variable or a variable not in DOM(p), then p(a) = a. It is easy to see that the converse direction
holds as well.

Lemma 7.5 If U =y p7 U’ using one of the transformation rules HPT; or HPT, then U(U') C U(U).
Proof: This is a consequence of lemma 7.3 and 7.4.

Lemma 7.6 If U =y p7 U’ using transformation rule HPTg, then UU') C U(U).

13



Proof: In this case U’ = 6(U) where 6 is an idempotent type substitution. So we can use lemma 7.1 to
prove U(U") CU(U).

Lemma 7.7 If U =>yp7 U’ using transformations HPTep or HPT, then U(U’) CU(U).

Proof: These transformations add a pair {F = Q} to the system S of the unification problem U = (o, S)
and then apply the substitution {F/Q} to S. Since S C {F £Q} US we have U{F £ Q}US) C U(S).
The application of the substitution can be seen as an application of HP7; which has been shown to be sound
in lemma 7.2.

Theorem 7.8 (Soundness) IfU ==p7 U’, with U’ in solved form, then the substitution [U'F ™ IFV ) €
u).

Proof: By induction on the length of transformation sequences, and using the previous lemmas in the
induction step, we can show that [U'F'® € U(U). Since the restriction to the free variables of U does not
change the effect of the substitution on the terms in U, we see that [U'F""|py/ ) € U(U).

7.2 Completeness of HPT

In this section we will give a completeness proof for the transformation system HPT.

Lemma 7.9 Let U be any unification problem, ¢ any substitution, and Z any set of protected variables.
Then, provided ¢ € SU(U), there exists some normalized substitution 6 such that

(1) 6 eSUWU);

(2) 0<y, OIFV(U)] and 6 <, 0 [FV(U)];

(8) DOM(0) C FV(U) and Z(6) N (Z U DOM(0)) = 0.

Proof: Suppose ¢Fy/ (1) is normalized and satisfies condition (3). Then 6 = ¢y () is the substitution we
are looking for.

Otherwise, we assume that Z(¢) N FV = {F1,...,F,} holds. We can choose a set of free variables
{G1,...,Gy,} such that type(G;) = type(F;) for all 4, 1 < i <n, holds and the intersection with Z U Z(¢) U
FV(U) is empty. Also we can assume that Z(¢) NV = {A1,..., A} holds. We can choose a set of type
variables {Bj, ..., By} such that the intersection with Z U Z(¢) U FV(U) is empty. Let

G = {A1/By,..., An/Bn}
pr= (G AGE) /MGG GF) /[ (Ga)l})

¢ = {B1/Ai,....,Bn/An}
p2 = (G {Gi/n[F],...,Gn/n[Fa]})
0 = (prod)FV(s)

0 = eliﬂn

We will show now that the substitution ¢ satisfies conditions (1)-(3).

(1): For every M = N € S we have ¢(M)] = ¢(N)| and for every term P we have ¢'(P) <z, 0(P).
Therefore

Thus 6 is an element of SU(U).
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(2): Because
0 =g, p1o¢[FV(U)]

we must have

¢ <p, O[FV(U)].
Since ps 0 p1 =, ¢ [FV(S) UZ(6)] holds, we have
¢ =g, p2op10o¢[FV(U)UZ($)]
Using 0 =5, p1 o ¢ [FV(U)] we get
6 =3, p2 00 [FV(U)], and

therefore
0 <g, S[FV(U)]-
(3): is implied by the construction of 6.

Lemma 7.10 Let U = (0,{F) = M,...,F, £ M,}) be a unification problem in solved form. Then the set
{[UF®} is a CSU(U)[Z] for any finite set Z such that Z N FV(U) = 0.

Proof: We have to show that {[ST2} satisfies (1)-(3) of definition 3.3.

(1): Trivially, {[UF"®} C SU(U).

(2): We must prove that for every normalized substitution § € SU(U) there exists a substitution in o €
{I[UTFY"} such that o <4 6 [FV(U)] holds.
If 0 € SU(U) then 0 =4 6 o [UF"® because

0(F;) +—5 0(M;) = 0([UT>(Fy))
for every i, 1 < i <mn, and
0(Fi) = 0([UT""(F2)),
otherwise. For any type variable A we have
0(A) = p(o(A))
for some type substitution p because ¢ is an instance of 0. Therefore [UF"® <; 6 and [UF"® <4
O [FV(U)).

(8): We have to show that DOM(¢) C FV(U), and Z($) N (Z UDOM(¢)) = () for all ¢ € {[UFVE}.
This is satisfied because DOM([UF®) = FV(U) and [UT"" is idempotent.

Lemma 7.11 If M = Az, A,,.a(3,,) is any term of type (A, — Ag) then there exists a variant of a partial
binding P and a substitution p such that p(P) ——g M.
Proof: We distinguish the two cases m = 0 and m > 0.

m = 0: M has the form Ax,: A,.a. According to the definition of partial bindings M is itself one. So choose
P=Mand p=1.
m > 0: Let

P =nAay: An. a(Hy(Tr))]
be a partial binding appropriate for type (A1,..., A, — Ag). p is the substitution
(b1, {H1/A@p: Ap. My, ..., Hyp /A @y Ay M }).

Then

p(P) = At A a((A2p: Ay M) (T0)) —=5 A2t Ap.a(My, ..., My,)

as required.
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So the term P and the substitution p have the desired properties.

Lemma 7.12 If 0 = {F/M} U@ then there exists a variant of a partial binding P appropriate to F and a
substitution p such that

9 = {F/M}UpUb [DOM(H)]
=; po{F/P}Ud [DOM(9)].

Furthermore, if DOM(0) N Z(0) = @ then 8" = {F/M} U p U@ is a unifier of the equation F' = P and
DOMO")NZ(0") = 0.

Proof: Define P and p according to lemma 7.11. Therefore DOM (p) N DOM(H) = § and p(P) —=5 M.
Thus
{F/M} = (F/M}U p =5 po {F/ P} [DOM(B)]
Assume DOM(0) N Z(A) = 0. Because P is a variant we also have DOM (p) N Z(#) = § which implies
(DOM(0) UDOM(p)) NZ(0) = 0.
Because DOM(0) U DOM(p) = DOM(0") and Z(0) = Z(0") we have DOM(0") N Z(6") = 0.
Finally, we show that 6" is a unifier of F' and P:

0"(P) = ({F/M}yUpU0)(P)=p(P) =5 M = ({F/M}UpU0)(F)=0"(F).

Note that a can be a variable. If DOM(0) N Z(0) # O then § = {F/M,a/N} U@ is possible. But in this
case we have 0" (t) = ({F/M} UpU{a/N} U )(P) # p(P). Therefore the condition DOM(0) N Z(0) = ( is

necessary.

These lemmas show that using partial bindings we can build arbitrary terms in an incremental way.

We define a transformation system CP7T in which the applications of the transformation rules is controlled
by a substitution . It is the goal of the transformations to get from the original unification problem U to a
unification problem U’ in solved form such that [U"F"® <; 6 holds.

Definition 7.13 (Transformation system CPT)

With the following rules we define a transformation system on ordered pairs of normalized substitutions and
unification problems.

Trivial removal

©,(c,{M £M}US)) = (0,(0,5)) CPT.

Term type unification
(©, (0. {M =N}US))
J CPT.
(0,{(0oc,0({M = N} US)))

where

e M is a term of type B and N is term of type D,
e B# D, and
e 0 =mgu({B = D}).

Head type unification
g CPT,
(©,(000,0({\xp: Ay.a: B(M,,) = Axp: Ay.a: D(N,,,)} U S)))

where



e B#£D,
e O1(B) =01(D), and
e 0 =mgu({B < D}).

Decomposition L L
(0, (o, {\zg: Ag. a(Mp,) = Azg: Ag. a(Np) U S))

P

CPT,
<@, <0‘, Ulgigm{)\wki A M; = Ay Ag. Nl} U S)),

where a is some arbitrary atom.

Variable elimination
<@, <U, {)\xk: Ap. F(ﬁ) £ N} U S))
4 CPT;
(©, (o, {Azp: Ap. () = NYU{F/N}HS))),

where

e [ is a free variable,

e FZFV(N)and F € FV(S),

e type(F) = type(N), and

e F and head(NV) are not in DOM(O).
Partial binding

<{F/Q} U o, <0’7 {)\.Z‘kAkF(M—m) =2 )\.TkAkN} U S>>
I CPTs
{F/Qtupu, (roo {F =P y{F/Pr(\zp: Ap. F(Mp) = Azg: Ay N) U S)]})

where

e Fis a free variable of type (B,, — By) which is not solved in {\zg: Ag. F(M,,) = Aa: Ar. NYU S,

o Q= )\yl:Bl’.a:D(Q_p_)with some terms Q1, ..., Q, and ®(B,, — By) = (B] — B}) where a is some
atom of type D = (D, — B),

7 =mgu({By £ (Bm+1,-..,B1 — Cp)}) for some type variables By, 41, ..., By, and Cp,

P = nlr(Ay;: Bj.a: C(Hy: (B, — C;)(7)))] is a partial binding appropriate for F with the same head
a as Q of type C' = (C, — Cp) and free variables H;: (B; — C;) for all i, 1 <i < p, and

p = (mgu(U,<;<, {7(Bi = Ci) = Di}), {Hy: D1/Ayi: B[ Q1, ..., Hy: Dy /Ayi: Bl Qp}).

Lemma 7.14 If ©, € SU(U;) for some unification problem {(o1,S1) and

<®13 <Ula Sl>> :>CPT <®23 <023 SQ))
then there exists a corresponding sequence of HPT -transformations

(01,51) ==ppT (09, 5a).

Proof: The only problematic transformation rule is CP7s. Suppose F is a free variable of type (B,, — By)
and the partial binding substitution is (7, {7(F)/P}) with
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T = mgu({BO = (Berl, ey Bl — C())})

and
P = nr(A\y:Bi.a:C(Hy(m)))]-
We define the substitutions 601, ..., 6;—m, 71, ..., 7p and 6 in the following way:

61 = {Bo/(Bm+1 — F1)}
02 = {F1/(Bmt2 — F2)}

olfm = {ﬂ—(m+1)/(Bl — CO)}
Y1 = A{b—mo...0h(F)/ Ay Bi.Gi(yi, Hi(wi))}
Yo = {Gl/)\yl:Bl’,zlzcl.Gg(m,zl,Hg(m))}
T = {prl/)‘yl:Blaz@Cp-Gp(ma Hp(m))}

0 = {Gp/Ayi:Bi,2zp:Cp.a:C(Z5)}.

It is easy to see that 6;_,,0- - -06y = 7 [FV"**({Bo, By+1,- - -, Bi,Co})] and doy,0- -0y = {7(F)/P} [{F}].
Now define the systems Si, ..., Si—m4p+3 as follows:

ST = {)\xk:Ak.F(M—m)é)\xk:Ak.N}US
Sy = n[01(S1)]
Sz = n[f2(S52)]
Slemy1 = n[el—m(sl—m)]
Siemt2 = {n[F] =1 0F)} Uy (Sm-i+1)}
Siemts = {G1 = 72(G1)} U (Sm-i42))
Si—maptz = {Gp-1 = 1p(Gp-1)} Up(Si—mp+1)d
Si—mipts = {Gp = 5(Gp>} U 5(Slfm+p+2)¢-

Then we get following transformation sequence:

(01,51) =up75. (01001,52)

= upTe. (020061 0071,853)

= uPTea (Dl—m-10---001001,S1_m)

T o001, Si—m+2)

(

= HPTsa <T ©0o1, Sl—m—i—l)
=HPTe
(

==HPTe» T OOy, Slfm+3>

== HPTss <T ©0y, Sl7m+p+1>
HPTeb <T 001, Sl—m+p+2>

=wupT, (7001, Si—mtp+s)
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and (70 01, Si—m4p+3) = (02,52) holds.

Lemma 7.15 If © € SU({0,S5)) for some unification problem U = (0,S) not in solved form then there
erists a transformation

<®a <Ja S>> ==CPT <®/a <OJ7 SI>>7

such that

(1) ©=0'[W] with W a set of variables,
(2) If DOM(O©)NZ(O) =0, then © € SU(S’) and DOM(O') NZ(O') =0, and
(3) (0.8) = upr (0, 5.

Proof: Because U is not in solved form there is a pair M < N which is not solved in U. We distinguish the

following cases:

1.
2.

M = N. Then we may apply the transformation rules CP7, or CP7,.

type(M) # type(N). Then we can apply CP7T,. In the remaining cases we may assume type(M) =
type(V).

head(M) = a: B and head(N) = a: D for some arbitrary atoms a: B and a: D such that B # D. We
can apply CPT,.

head(M) = head(N) € DOM(O). Then we can apply CPT,.

M # N, head(

) =
(a) O1(head(M)) # ©1(head(N)): Because there exists a unifier of S, not both M and N can be
rigid. We can assume that M is a flexible term.

(b) ©1(head(M)) = ©1(head(N)) € DOM(O): One of the terms is flexible too. Let’s assume that
M is flexible.

= a: B, head(N) = b: D, and one of the following two cases applies.

Therefore
M = )\:Ck: Ak. F(M—m)

and
N = )\:L'k:Ak.N/.

Then we can apply CP7g or if M L),7 F CP7T, is applicable too if it’s application constraints are
fulfilled.

Thus there exists a transformation

(©,(0,8)) = cpr (&, (0!, 5).

If we apply one of the transformation rules CP7,, ..., CP7;, the conditions hold because
(1) =90/,
(2) of the correctness lemma.

(3) of the definition of CPT.

If we apply the transformation rule CP7Tg, we can assume that

and

0={F/Q}Ud
0 = {F/QtUpU®=5po{F/P}Ud
S = {F=PyU{F/P}7(9))
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holds for partial binding P and substitutions p and 7, as given in the definition of CP7Ts.
Therefore the conditions are satisfied

(1) because of the construction of ® and lemma 7.12.

(2) If we assume DOM(0') N Z(0") = ( then following lemma 7.12
DOMO)YNZ(O) =10
and
O'(P) = pla) =25 Q = O'(F)
holds.
(3) because of lemma 7.14.

Corollary 7.16 If0 € SU(U) and no transformation rule in CPT is applicable to (0,U), then U is in solved
form.

Theorem 7.17 (Completeness of HPT) Let U be a unification problem. If © € SU(U), then there exists
a sequence of transformations

U =Uo =wpr U1 =nup7 U2 =0p7 - = 1p7 Un,
where Uy, is in solved form and [U,F"® <5 © [FV(U)].

Proof: DOM(©)NZ(0) = 0 because of lemma 7.9. We define a complexity measure u(((01,03), (7, 5))) =
(I,m,n) by
=2 eporm(@:)\Solved(s) |O2(@) "™

m — Z(MéN)es | M |Term 4 | V| Term

n =2 sepom(e,) |01(X)[ 7" — lo ()"
Using lexicographic combination of the <-ordering on natural number on every component we get a notherian
ordering < on this measure. For every CPT -transformation U =>¢cp7 U’ we get u(U’') < u(U):
CP7T, reduces m without changing .

CPT, reduces n without changing ! and m. Since 6 # ¢ and |o(z)|™? < |§ o o(x)|™P < |O1(x)|™ P for all
x € DOM(©4).

CPT, reduces n without changing ! and m for the same reason as for CPT,.
CPT, reduces m without changing I.
CPT, reduces [, because a variable out of DOM(O) \ Solved(U) is erased.

CPTs reduces I: The binding
{F/A\y Bj.a: D(@,)}

does not increase | because F is solved in U’, Rather

(mgu( | J {7(Bi — Ci) = Di}),{Hy: D1/Ayi: B]. Q1. .., Hp: Dp/Ayi: B[ Qp}).

1<i<p
is inserted and a is removed. In all [ has decreased.

Hence every sequence of CPT-transformations is finite. Therefore there exists a sequence

(0,U) = (00, Up) ==cpr (O, Uk),
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such that no further transformations are applicable, and by induction over k using lemma 7.15 with W =
FV(S) we get © = O [W] and ©y € SU(U). Due to lemma 7.14 there exists a corresponding sequence of
HPT-transformations

U =Uy ==upr Up,

where as in Corollary 7.16 U, is in solved form. Applying lemma 7.10 we get
[UpF7" <5 O = O[FV(U)].
Theorem 7.18 For every unification problem U there exists a set
G={[UF" v | U =t p7 U and U’ is in solved form}

which is a CSU(U). Using some renaming substitution away from W this set is a CSU(U)[W] for arbitrary
w.

Proof: We have to check the conditions of Definition 3.3:

(1) G C SU(S) follows from the correctness of HPT.

(2) The fact that for any normalized substitution ¢ € SU(U) there is substitution o € G, such that o <j4
0 [FV(U)], follows from the completeness of HPT.

(3) The condition DOM (o) C FV(U) follows from the construction of the substitutions in G. The condition
Z(o) N (Z UDOM(c)) = B can be satisfied by appropriate renaming.

8 Future Work

The transformation system HPT introduced in this paper is based on the transformation system UT of
Dougherty (1991) for unification in the polymorphically typed combinatory logic. In a forthcoming paper I
present a detailed investigation of the relationship between HP7T and UT.

It is not difficult to see that the search space of HPT is finitely branching. The search space of HT,
in contrast, is infinitely branching. However, although we have transformed the infinitely branching search
space into a finitely branching one, (unfortunately) we have not reduced the search space. To this end the
idea in Nipkow (1990) of introducing product types should be investigated. This amounts to developing a
correct and complete unification algorithm for the A-calculus with product types.
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