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Summary. We consider the topology of piecewise linear vector fields whose domain
is a piecewise linear 2-manifold, i.e. a triangular mesh. Such vector fields can de-
scribe simulated 2-dimensional flows, or they may reflect geometric properties of the
underlying mesh. We introduce a thinning technique which preserves the complete
topology of the vector field, i.e. the critical points and separatrices. As the theo-
retical foundation, we have shown in an earlier paper that for local modifications
of a vector field, it is possible to decide entirely by a local analysis whether or not
the global topology is preserved. This result is applied in a number of compression
algorithms which are based on a repeated local modification of the vector field –
namely a repeated edge-collapse of the underlying piecewise linear domain.

1 Introduction

Topological methods have had become a standard tool for visualizing 2D vec-
tor fields because they give the opportunity to represent even complex flow
structures by only a small number of graphical primitives. Since the introduc-
tion of topological methods as a visualization tool in [11], a number of ex-
tensions and modifications of topological concepts have been introduced. The
original work [11] considered only first order critical points, i.e. critical points
with a non-vanishing Jacobian matrix. Based on an eigenvector/eigenvalue
analysis, these critical points were classified into sources, sinks and saddles.
Then separatrices starting from the saddle points in the direction of the eigen-
vectors of the Jacobian matrix were integrated. In addition, separatrices from
detachment and attachment points at no-slip boundaries were considered. [14]
treats higher order critical points while [19] considers critical points at infin-
ity. In [3], separatrices starting from boundary switch points are considered
to separate regions of different inflow/outflow behavior across the boundary
of the flow. [21] considers closed separatrices in the flow. Attachment and sep-
aration lines are treated in [12] as additional topological features. In [2] and
[5], the topology of scalar fields is treated for visualization purposes. Initial
approaches for visualizing 3D topological skeletons are presented in [9].
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Flow data sets to be visually analyzed are increasingly large and increas-
ingly complex. To deal with this problem, two general approaches have been
developed which make use of topological concepts: topological simplification
and topology preserving compression of vector fields.

Topology simplification methods are motivated by the assumption that not
all topological features of a vector field have the same importance. This hap-
pens when some of the critical points and separatrices result from noise in the
vector field. The simplest way to solve this problem is to apply a smoothing of
the vector field before extracting the topology [4]. More involved techniques
start with the original topological skeleton and repeatedly apply local modi-
fications of the skeleton and/or the underlying vector field in order to remove
unimportant critical points. They are based on the index theorem for vector
fields which ensures that the sum of the indices of the critical points remains
constant in the modified area. (See [7] or another textbook on vector analysis
for an introduction to the index of critical points and the index theorem.) [3]
uses an area metric to denote unimportant critical points. These points are
repeatedly collapsed to more important critical points in the neighborhood.
[4] collapses pairs of first order critical points of opposite index (i.e. a sad-
dle is collapsed with a source, sink, or center). [18] uses a similar approach
but provides a way of consistently updating the underlying vector field. [17]
merges clusters of critical points to a higher order critical point. [20] analyzes
the curvature normal of certain time surfaces to obtain a topology-preserving
smoothing of a vector field. The simplification of the topology of scalar fields
(which can be considered as a special case of vector field topology) is treated
in [6] and [1].

Topology preserving compression techniques can be considered as a con-
trasting approach to topology preserving simplification techniques. Here, the
complete topological skeleton is considered to be important, and compres-
sion techniques for the vector field are sought which preserve this topological
skeleton completely. [13] is the first approach at an algorithm to compress a
vector field under the consideration of preserving the characteristics of critical
points. In [15] a method is introduced which preserves not only the critical
points but also the behavior of the separatrices. Unfortunately, this approach
gives reasonable compression ratios only for vector fields with a rather poor
topology. An approach which gives good compression ratios even for complex
topologies (under consideration of both critical points and separatrices) was
recently presented in [16]. This approach is based on a theorem which shows
that — although the topology of a vector field is a global feature — it can be
decided entirely by a local analysis whether a local modification of the vector
field is going to change the topology. Based on this, repeated local modifica-
tions of the vector field are applied which compress the data set but preserve
its topology.

The vector fields we consider in this paper are piecewise linear: in the 2D
domain there is a finite number of sample points in which a velocity vector
is measured or simulated. To get a vector field, the sample points are trian-
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gulated, and a linear interpolation is applied inside each triangle. This way, a
piecewise linear vector field can be considered as a 2D triangular mesh with
velocity information in each vertex. Furthermore, compression approaches for
such vector fields are highly related to thinning approaches for triangular
meshes. Thinning approaches reduce the number of triangles in a mesh by
applying local collapsing operations. This process is steered by minimizing
certain error functions between the original and the thinned mesh.

The main approach of this paper is repeatedly to apply half-edge collapses
to piecewise linear vector fields (i.e. a triangular mesh) in such a way that
the topology of the vector field is preserved. This approach is based on the
observation that the topology reflects important properties of the vector field.

The rest of the paper is organized as follows: Sect. 2 gives a short intro-
duction to the topology of 2D vector fields. Sect. 3 introduces a number of
topology based equivalence concepts for vector fields. Based on this, Sect. 4
describes three topology preserving thinning algorithms. One of them was al-
ready presented in [16], the other two are new approaches. Sect. 5 shows the
results while Sect. 6 draws some conclusions.

2 The Topology of 2D Vector Fields

The application of topological methods to a 2D vector field v aims to separate
regions of different flow behavior in the domain of v. To do so, the topological
skeleton of v has to be extracted. Here we consider the following features for
constructing this skeleton:

• Critical points [11] are isolated points with a vanishing velocity. Based on
an eigenvector/eigenvalue analysis of the Jacobian of v, we distinguish
between sources, sinks, and saddles1.

• Boundary switch points [3] separate outflow regions and inflow regions
across the boundary of the domain of v. (See Fig. 1a for an example.)

• Separatrices [11] are particular stream lines starting either from the saddle
points in the direction of the eigenvectors or from the boundary switch
points in both forward and backward directions.

Fig. 1b shows an example of a topological skeleton.
This system of points and lines separates the domain of v into regions of

similar flow behavior: considering two points x2 and x3 in the same sector
of the topological skeleton of v, the stream lines passing through x2 and
x3 originate in the same source or inflow region, and terminate in the same
sink or outflow region. Fig. 1c and 1d give an illustration. In this paper we
restrict ourselves to the topological features mentioned above. In particular

1 There are also centre critical points, i.e. focus points of a circular flow. They are
not considered in this paper because they are structurally unstable: adding some
noise to a vector field, a centre becomes a source or a sink.
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Fig. 1. a) Vector field with 2 inflow areas (dotted lines) and 2 outflow areas (solid
lines) across the boundary of the domain; these areas are separated by boundary
switch points (white points); b) topological skeleton of a vector field consisting of 2
boundary switch points (white points), one boundary outflow region (solid grey line),
one boundary inflow region (dotted grey line), one saddle point (white diamond),
one source (black point), one sink (black point), and the separatrices (black lines);
c) x2 and x3 are in the same sector of the topological skeleton while x1 is located
in a different one; d) the stream lines through x2 and x3 start in the same inflow
region and end in the same outflow region while the stream line through x1 shows
a different behaviour: it orginates at a source within the domain.

we assume that no higher order critical points [14], closed stream lines [21] or
no-slip boundaries [11] appear in the flow.

3 Topologically Equivalent Vector Fields

In order to evaluate a thinning algorithm on piecewise linear vector fields, we
have to compare the topological skeleton of the original and the compressed
vector field. To do so, a number of topology based equivalence concepts are
possible:

1. Two topological skeletons are equivalent if both their critical points and
separatrices are identical.

2. Two topological skeletons are equivalent if they have the same critical
points (both location and Jacobian matrices), and the corresponding sep-
aratrices end in the same critical points or inflow/outflow regions.

3. The topological skeletons of v1 and v2 are equivalent if there is a one-
to-one map between the critical points of v1 and v2, such that saddles
are mapped to saddles, sources to sources, and sinks to sinks, and corre-
sponding separatrices of v1 and v2 end in corresponding critical points or
inflow/outflow regions.

Note that the equivalence concept 1 is a rather strong one: v1 and v2 are
supposed to have the same critical points (including the Jacobian matrices)
and the same separatrices. Concept 2 relaxes this by allowing that correspond-
ing separatrices have different paths (as long as they end in the same critical
point or inflow/outflow region). In concept 3 we further relax this by allow-
ing the critical points to move, so long as they do not merge or change their
classification.
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Fig. 2. Configuration for half-edge collapse p0 → p1; a) triangles t1, . . . , t6; b) new
triangles t́2, . . . , t́5.

4 Thinning the Mesh

In this section we discuss three thinning methods each preserving one of the
equivalence concepts mentioned above. All these methods are based on a con-
trolled half-edge collapse of the underlying triangular mesh. This means that
a half-edge collapse is only carried out if it is guaranteed to keep the topology
unchanged (using one of the equivalence concepts from Sect. 3). The whole
process is a greedy optimization driven by a priority queue. In a 3D setup the
priority of a collapse would be some kind of quality measure, such as distance
to the original surface. In the 2D case we have an additional degree of free-
dom. A natural choice would be to locally apply some difference measure for
flow fields [8, 10]. In our current implementation we merely assign priorities
proportional to edge lengths, preferring short edges for collapse.

The core of this thinning algorithm is therefore an algorithm which decides
if a particular half-edge collapse changes the topology of the whole vector field.

Consider a one-ring around a vertex p0 consisting of the triangles t1, . . . , tn
and the vertices p1, . . . ,pn (see Fig. 2a). We describe three algorithms which
decide if a half-edge collapse p0 → p1 (see Figs. 2a and 2b) changes the
topology of v in the sense of one of the equivalence concepts introduced in
Sect. 3.

A thinning algorithm which preserves equivalence concept 1 can easily be
formulated as

Algorithm 1 (check whether a half-edge collapse p0 → p1 changes the topol-
ogy in the sense of concept 1):

1. If one of the triangles t1, . . . , tn contains a critical point or a part of a
separatrix, stop and prohibit the half-edge collapse.

2. Simulate the half-edge collapse p0 → p1.
3. If one of the new triangles t́2, . . . , ´tn−1 contains a critical point, stop and

prohibit the half-edge collapse.
4. Allow the half-edge collapse and stop.

This algorithm is justified by the fact that any local modification is going
to change the location of a critical point or a separatrix. Hence, a half-edge
collapse can only be allowed in regions without any topological features.
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A thinning algorithm which preserves equivalence concept 2 was intro-
duced in [16]. There it was shown that it can be decided entirely by a local
analysis of the area to be modified, whether or not a local modification (i.e.
a half-edge collapse) preserves the topology. This property is remarkable be-
cause the topology of a vector field is a global feature: a local modification
of a vector field might change the topology at a completely different location.
In [16] it was also shown that to check whether a local modification changes
the topology, a number of points on the boundary of the modified area has
to be collected, and their cyclic order before and after the collapse has to be
compared. This gives the following algorithm:

Algorithm 2 (check whether a half-edge collapse p0 → p1 changes the topol-
ogy in the sense of concept 2):

1. Check if there are critical points inside D′ = (t1, . . . , tn). If so, prohibit
the half-edge collapse and stop.

2. Collect all separatrices which pass through D′. For each separatrix, store
the entry point and exit point of D′ in a cyclic list L1 which is ordered
in the same cyclic order as the points on the closed polygon ((p1,p2),. . . ,
(pn−1,pn), (pn,p1)).

3. If a separatrix enters D′ more than once, prohibit the half-edge collapse2

and stop.
4. Compute the boundary switch points of the vector field on the polygon

((p1,p2),. . . , (pn−1,pn), (pn,p1)), insert these points into L1.
5. Simulate the half-edge collapse p0 → p1 while storing the original config-

uration (to allow an undo of the half-edge collapse).
6. Apply linear interpolation of the vector field inside the new triangles

(p1,p2,p3), (p1,p3,p4), . . . , (p1,pn−1,pn)). Check whether there are crit-
ical points inside one of the new triangles. If so, prohibit half-edge collapse
and stop.

7. Construct a new cyclic ordered list L2 of points on the polygon ((p1,p2),
. . . , (pn−1,pn), (pn,p1)) consisting of the following points:
a) all boundary switch points from step 4 of the algorithm
b) the entry points to D′ of all separatrices
c) the exit points, from D′. These are compute by integrating the stream

lines starting from all points of step 7b of this algorithm inside D′

until they reach the boundary again.
8. Compare the cyclic order of the points in L1 and L2. If the corresponding

points do not have the same cyclic order in L1and L2, prohibit the half-
edge collapse and stop.

9. Allow the half-edge collapse and stop.

2 This is necessary to fulfill the theorem in [16] on which this algorithm is based
upon. In fact, the algorithm is based on the assumption that a local modification
of the vector field does not change the entry points of the separatrices into the
area to be modified. This does not hold any more for re-entering stream lines.
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a) d) e)b) c) f)

Fig. 3. Example of algorithm 2; a) 3 separatrices passing through D′, and 2 bound-
ary switch points (white circles) are present; the empty boxes are the entry points
of the separatrices into D′ (in integration direction), the solid boxes are the exit
points; b) cyclic list L1 (grey arrows) after step 2; c) L1 after step 4; d) collecting
points of new list L2 after half-edge collapse: after step 7a and 7b; e) integrate new
stream lines (step 7c); f) cyclic list L2 after step 7c; half-edge collapse is allowed,
since the corresponding points in L1 and L2 (shown in c) and f)) are in the same
order.

a) b) c) d)

Fig. 4. a) Another example of algorithm 2; a) 3 separatrices passing through D′,
and 2 boundary switch points (white circles) are present: L1 consists of the marked
points on the boundary; b) points of L2 after step 7b; c) points of L2 after step 7c;
edge collapse is not allowed, since the corresponding points in L1 and L2 (shown in
a) and c)) are in a different order; d) example of separatrices which tend to be very
close to each other.

Fig. 3 illustrates an example of this algorithm where an edge collapse is al-
lowed. Figs. 4a – 4c show an example where the algorithm prohibits a half-edge
collapse.

Now we want to modify algorithm 22 to handle equivalence concept 3.
To do so, we have to compare the critical points in D′ before and after the
half-edge collapse if some of the critical points collapsed. We get the following

Algorithm 3 (check whether a half-edge collapse p0 → p1 changes the topol-
ogy in the sense of concept 3):

1. Extract and store the critical points inside D′ = (t1, . . . , tn). If there
is more than one saddle, or if there is more than one source/sink, then
prohibit the half-edge collapse and stop.

2. as in algorithm 2.
3. as in algorithm 2.
4. as in algorithm 2.
5. as in algorithm 2.
6. Apply linear interpolation of the vector field inside the new triangles

(p1,p2,p3), (p1,p3,p4), . . . , (p1,pn−1,pn)). Check the new triangles for
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c) d) e)
a) b)

Fig. 5. a) 1-ring containing one saddle (white diamond) and one source (black
circle); 3 of the 4 separatrices created by the saddle leave the 1-ring while one ends
in the source; in addition, two separatrices enter the region from outside (hollow
boxes): one ends in the source, the other leaves the region; b) simulated half-edge
collapse removes the critical points: half-edge collapse is not allowed; c) another
example of a 1-ring containing one saddle (white diamond) and one source (black
circle); d) simulated half-edge collapse gives two new critical points: one saddle and
one sink; e) cyclic list L2 after step 7 of algorithm 3; e) the half-edge collapse is
allowed.

critical points. If the number of saddles or the number of sources/sinks
does not coincide with the numbers found in step 1, prohibit the half-edge
collapse and stop. If there is one saddle, integrate its 4 separatrices until
they leave D′. Store the 4 exit points into a new cyclic list L2 of points
on the polygon ((p1,p2), . . . , (pn−1,pn), (pn,p1)).

7. Insert the following points into L2:
a) as in algorithm 2.
b) as in algorithm 2.
c) as in algorithm 2.

8. as in algorithm 2.
9. as in algorithm 2.

Figs. 5a and 5b illustrate an example of algorithm 3 where the half-edge
collapse is not allowed. Figs. 5c – 5e show an example with an allowed half-
edge collapse.

An analysis of the algorithm in [16], especially on the skin friction data
set (described in the next section), had shown that this data set tends to
have many separatrices very close to each other (see Fig. 4d for an example).
This can be explained with the presence of attachment and separation lines
[12]. For these cases the algorithm in [16] may forbid a half-edge collapse
due to numerical instabilities. To solve this, we collected the entry points of
separatrices at the 1-ring of a vertex to clusters: entry points of separatrices
which are very close to each other3 are set to the same entry point and thus
have the same exit point as well.

3 We used 1/1000 of the length of the boundary edge.
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a) b)

c)
d)

Fig. 6. Test data set 1 (flow in a bay area near Greifswald); a) piecewise triangular
domain of the original data set; b) domain of the compressed data set (algorithm 1);
c) domain of the compressed data set (algorithm 2); d) domain of the compressed
data set (algorithm 3).

5 Results

We applied our thinning algorithms to two test data sets. The first data set
describes (the perpendicular of) the flow of a bay area of the Baltic Sea
near Greifswald in Germany. The data set was created by the Department
of Mathematics, University of Rostock. The data is given as an incomplete
flow data set on a regular 115 x 103 grid. Triangulating the defined cells, we
have a piecewise linear vector field consisting of 14,086 triangles (see Fig. 6a).
Fig. 7a shows the topological skeleton of the vector field. This flow data set

consists of 71 critical points, 44 boundary switch points, and 168 separatri-
ces. Fig. 6b shows the resulting triangular grid after applying algorithm 1.
This grid consists of 4,944 triangles. We can clearly see that areas containing
separatrices or critical points are left untouched by the algorithm. Fig. 7b
shows the topological skeleton after algorithm 1 (which by definition has to
be identical to Fig. 7a).
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a) b)

c) d)

Fig. 7. Test data set 1; a) topological skeleton of original data set; b) topological
skeleton of compressed data set (algorithm 1); c) topological skeleton of compressed
data set (algorithm 2); d) topological skeleton of compressed data set (algorithm 3).

Applying algorithm 2, we obtained a new piecewise linear vector field which
consists of 660 triangles. Fig. 6c shows the piecewise triangular domain of the
compressed vector field. Fig. 7c shows the topological skeleton of the com-
pressed vector field. The compression ratio is 95.3%. The complete compres-
sion algorithm took 280 seconds on an Intel Xeon 1.7 GHz processor. Figs. 6d
and 7d show the same results for algorithm 3. Here, the number of triangles
was reduced to 374. Fig. 6d shows the resulting triangular grid while Fig. 7d
shows the new topological skeleton.

The second test data set describes the skin friction on a face of a cylinder
which was obtained by a numerical simulation of a flow around a square cylin-
der. The data set was generated by Verstappen and Veldman of the University
of Groningen. This data set is also analyzed in [3],[13] and [16]. The data is
given on a rectangular 102 x 64 grid with varying grid size. To get a piecewise
linear vector field, we divided each grid cell into two triangles which gives a
piecewise triangular domain consisting of 12,726 triangles. Fig. 8a shows the
piecewise triangular domain of the vector field. As we can see in this picture,
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a)
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Fig. 8. Test data set 2 (skin friction); a) piecewise triangular domain of the original
data set; b) domain of the compressed data set (algorithm 1); c) domain of the
compressed data set (algorithm 2); d) domain of the compressed data set (algorithm
3).

all triangles there tend to be long and thin. Fig. 9a shows the topological
skeleton of the vector field. This vector field consists of 338 critical points, 34
boundary switch points, and 714 separatrices. Therefore, it can be considered
as a vector field of complex topology. Fig. 8b shows the resulting grid after ap-
plying algorithm 1. This grid consists of 10,680 triangles. As we can see, almost
no thinning took place because the separatrices of this vector field are rather
dense. Fig. 9b shows the topological skeleton after algorithm 1 (identical to
Fig. 9a). By applying our compression algorithm 2, we obtained a vector field
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Fig. 9. Test data set 2 (skin friction); a) topological skeleton of original data set;
b) topological skeleton of compressed data set (algorithm 1); c) topological skeleton
of compressed data set (algorithm 2); d) topological skeleton of compressed data set
(algorithm 3).

with the piecewise triangular domain shown in Fig. 8c. This domain consists
of 2,153 triangles which gives a compression ratio of 83.1%. Fig. 9c shows the
topological skeleton. The complete compression algorithm took 299 seconds
on an Intel Xeon 1.7 GHz processor. Fig. 8d shows the underlying grid result-
ing from algorithm 3 consisting of 1071 triangles. The topological skeleton of
this vector field is shown in Fig. 9d.
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6 Conclusions

We have introduced and compared a number of new topology preserving thin-
ning algorithms for piecewise linear vector fields which are based on one of
the topology based equivalence concepts of Sect. 3. We applied the algorithms
to two test data sets of moderate and complex topology respectively.

Equivalence concept 1 (and its thinning algorithm) gives very poor com-
pression ratios for topologically complex data. This is due to the fact that
the appearance of a critical point or separatrix in a triangle prevents it from
being collapsed.

Equivalence concept 2 gives significant compression ratios even for topolog-
ically complex data sets. Applying this algorithm guarantees that the topo-
logical skeleton of the original and the thinned vector field coincide in the
critical points and the connectivity of the separatrices.

In comparison to equivalence concept 2, concept 3 gives a further reduction
of the number of triangles in the thinned mesh by a factor of approximately
50%. This was achieved for both test data sets. The visualization of the topo-
logical skeleton shows that the critical points change their locations, but the
change tends to be limited to the neighborhood of the original critical point.
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