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1. Introduction

Accurate estimations of geometric properties of a surface
from its discrete approximation are important for many com-
puter graphics and geometric modeling applications. Es-
pecially, curvature estimation of a mesh is an active re-
search area [GI04, CSM03, CP03] with many applications.
The most important curvature measures on a surface are the
mean curvature H, the Gaussian curvature K, and the curva-
ture tensor, here given in the Taubin integral representation
M:
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κ(φ)t(φ)t(φ)tdφ. (2)

(κ(φ) and t(φ) are the normal curvature and the unit tangent
vector given by the angle φ in the tangent plane.) In the pa-
pers [Tau95, MDSB02] the integrals (2) for M and (1) for
H, respectively, are approximated by a weighted sum. But
the proposed weights do not allow for an exact evaluation of
the integrals. Thus, systematic errors are introduced.

We propose novel weights to derive exact quadrature for-
mulae to compute the mean and Gaussian curvature (1), and
the Taubin tensor (2) of smooth surfaces. We indicate how
these quadratures lead to a fast and reliable method to ap-
proximate these properties on a triangle mesh interpolating
the smooth surface. Further advantages are asymptotic cor-
rectness and easy implementation. In the following sections,
we will sketch our results; details can be found in [LBS05].

2. Quadratures for curvature integrals
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PLet P be the central vertex of a one-ring
in a mesh that interpolates a smooth sur-
face, and let n be the unit normal vector at
P. Let Qi be the vertices of that one-ring,
and let ai B

−−→

PQi be the connecting edges
with length ai. Then we use the angle αi
between ai and ai+1 as an approximation
of the corresponding angle βi in the tangent plane while

kiB 2
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denotes the usual approximation of the normal

curvature κi in the direction given by ai. (Here, any standard
approximation for the surface normal n may be used.)

First, we present a formula to compute the mean cur-
vature H. It is a generalization of the well-known formula
H = 1

n ∑i κi that holds if all angles βi are equal. This again is
a generalization of H = 1

2 (κmax +κmin). We prefer to regard
it as a quadrature ∑i ωiκi of the mean curvature integral (1)
with weights that add up to one.
Theorem 2.1 (Mean curvature) Mean curvature is always
given by the weighted sum of normal curvatures:

H = ∑i ωiκi, ωi B
tanβi−1 + tanβi

∑ j(tanβ j−1 + tanβ j)
. (3)

One way to derive these weights is to apply mean value co-
ordinates [Flo03] in a certain way: H lies in the convex hull
of all normal curvatures κ(φ). This relationship can be for-
mulated in such a way that H is given by the mean value
coordinates of the discrete samples κi. But note, that H does
not necessarily lie in the convex hull of the κi. In these cases,
some of the weights ωi automatically get negative values.

Formula (3) implies the following approximation of H:

H ≈∑i wiki, wi B
tanαi−1 + tanαi

∑ j(tanα j−1 + tanα j)
.

But the relevance of our new weights is not limited to the
exact computation of the mean curvature. The same tech-
nique can be used to compute any integral of the same type.
For Gaussian curvature K we have to compute the integral
1

2π
R 2π

0 κ(φ)2dφ from Equation (1) with weights

w̃i B
tan2αi−1 + tan2αi

∑ j(tan2α j−1 + tan2α j)
. (4)

Theorem 2.2 (Gaussian curvature) Gaussian curvature
can be approximated asymptotically correctly from the mean
curvature H and the corrected weighted sum of squares of
normal curvatures with the weights defined in (4):

K ≈ 3H2
−2∑i w̃ik2

i +4H(∑i w̃iki −H).

The Taubin integral (2) can be computed similarly.
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Figure 1: Enneper’s surface, represented by a mesh with very irregular connectivity. The leftmost and rightmost histogram
columns count not only the vertices of the specified curvature but also all vertices with lower or higher curvature, respectively.

3. Analysis and conclusions

An asymptotic analysis with respect to the edge lengths us-
ing Taylor series shows that the approximation of the normal
curvatures κi by ki introduces a linear error. This leads to a
linear convergence rate in the approximations of H, K, and
M as well. In contrast, [CSM03, MDSB02] are known to
converge only for special cases; many other approaches do
not give a convergence guarantee at all.

We tested our algorithm on several meshes of different
connectivity, regularity, and size, with and without exact nor-
mals known. The model of Enneper’s surface (Figure 1), a
surface with constant mean curvature zero, demonstrates that
we obtain superior results for mean curvature approxima-
tion for meshes of irregular connectivity if accurate normal
vectors are available: the histogram shows that our estima-
tion (using tangent weights) is close to the correct value zero
(Root Mean Square error: 0.0226) for the majority of the ver-
tices while the cotangent weights [MDSB02] yield approxi-
mations distributed over a wide range (RMS error: 0.0714).
Using “spherical normals”, estimated as in [Max99], our ap-
proach is still competitive (RMS error: 0.248).

We also analyzed the quality of our weights when comput-
ing the whole curvature tensor. Our model was a rectangu-
larly tessellated torus. We measured the RMS error for mean
curvature H, Gaussian curvature K, the angular deviation θ
of the principal directions in radians, and the time in sec-
onds computed on a 1.8 GHz CPU (Intel Xeon). The power
of our method can be observed by comparing our method to
compute the Taubin tensor by an exact quadrature and the
original approach of Taubin [Tau95].

H K θ T (sec)
Taubin (classic) 0.0817 0.380 0.158 0.11
Taubin (quadrature) 0.00120 0.0405 0.139 0.21

The only difference lies in the discretization of the inte-
gral. The small, but decisive, change in the weights improves

the Taubin tensor by orders of magnitude of accuracy while
it retains relatively short running times.
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