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Abstract
Accurate estimations of geometric properties of a
surface from its discrete approximation are impor-
tant for many computer graphics and geometric
modeling applications. In this paper, we derive ex-
act quadrature formulae for mean curvature, Gaus-
sian curvature, and the Taubin integral representa-
tion of the curvature tensor. The exact quadratures
are then used to obtain reliable estimates of the cur-
vature tensor of a smooth surface approximated by
a dense triangle mesh. The proposed method is
fast and easy to implement. It is highly competi-
tive with conventional curvature tensor estimation
approaches.

Additionally, we show that the curvature tensor
approximated as proposed by us converges towards
the true curvature tensor as the edge lengths tend to
zero.

1 Introduction
Given a dense triangle mesh that approximates a
smooth surface, one of the most fundamental prob-
lems consists in accurately estimating surface char-
acteristics like normals and curvatures of the mesh.
Normals are important by themselves, for example
for smooth shading [15, 26], but robust estimates
for them are even more important for derived prop-
erties: curvatures and their derivatives.

The first attempts to define and determine the cur-
vature of a surface date back at least to the eigh-
teenth century. Euler [8] recognized the relationship
between the principal curvatures and normal curva-
tures in arbitrary directions,

κ(φ) = κmax cos2 φ + κmin sin2 φ, (1)

now known as Euler’s formula, where κmax and
κmin are the maximal and minimal principal curva-
tures, respectively, κ(φ) is the normal curvature cor-
responding to tangent direction t(φ), and φ is the
angle between t(φ) and the maximal principal di-
rection tmax in the tangent plane.

In the nineteenth century the seminal work of
Gauß [11] gave a more general framework for the
curvature of surfaces, introducing a local surface
quantity measuring deviation from flatness. The
quantity received the name Gaussian curvature K
and turned out to be one of the most important in-
trinsic surface characteristics.

Further measures of surface curvature are the
principal directions, that can be used for “geometri-
cally meaningful” remeshing [1], and the mean cur-
vature vector that is related to the Laplace-Beltrami
operator. Its computation is the core of many
smoothing and fairing algorithms [29, 6]. Mean
curvature, Gaussian curvature, and the principal di-
rections together are often referred to as curvature
tensor. It is essential for many tasks, like mesh seg-
mentation, feature detection and non-photorealistic
rendering [5, 25, 14].

In this paper, we will focus on curvature repre-
sentations by integrals: in particular for the mean
curvature

H =
1

2π

∫ 2π

0
κ(φ)dφ, (2)

the Gaussian curvature

K = 3H2 −
1
π

∫ 2π

0
κ(φ)2dφ, (3)

and the Taubin integral representation of the curva-
ture tensor

M =
1

2π

∫ 2π

0
κ(φ)t(φ)t(φ)tdφ. (4)

1.1 Related work
Curvature estimation still remains an active re-
search area with many applications. One direc-
tion of research is to estimate the curvature based
on polynomials that interpolate the mesh [13, 3].
Many other approaches use a (more or less) spe-
cial definition of the curvature tensor from differ-
ential geometry and try to find an appropriate dis-
cretization [16, 27, 30]. Taubin [28] and Watanabe
and Belyaev [31] approximate specific integrals to
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obtain an expression for the curvature tensor (4) or
only the principal curvatures, respectively.

In these cases, the correct discretization of the
complete integral from a small number of samples
in the directions of the edges incident to the cen-
tral vertex poses a special problem. Taubin suggests
area weights (of the triangles incident to the respec-
tive edges), and Watanabe and Belyaev use angular
weights that give a trapezoidal approximation of the
integral. Similarly, Meyer et al. [24] computed the
mean curvature using certain “cotangent” weights.
But none of these weights can be expected to give
exact results, even if the edge lengths tend to zero.
Thus, systematic errors are introduced.

Consequently, not all curvature tensor approxi-
mations are asymptotically correct. Nevertheless,
Cohen-Steiner and Morvan [4] proved convergence
in the case of restricted Delaunay triangulations for
their approach based on normal cycles. Meek and
Walton [23] proved the pointwise convergence of
several schemes for estimating the normal vector
and Gaussian curvature. They showed that the nor-
mal vector, computed as an average of the incident
triangle normals, converges linearly; if area weights
are used, they could prove quadratic convergence
for vertices of valence four under particular circum-
stances as well. Unfortunately, the convergence
of the angle deficit formula [24] is only given for
rather special conditions, see also [2]. The same
is true for many common definitions of the discrete
mean curvature vector [32]. Nevertheless, when ap-
plied to spheres, considerably better results can be
achieved: Max [22] derived weights for the triangle
normals that yield exact vertex normals under arbi-
trary conditions. Xu [33] suggested a modification
of the mean curvature vector in [24] that converges
on a sphere for each mesh configuration. The angle
deficit formula in the version of Meyer et al. [24]
(modified in the same way as the mean curvature
vector) is also convergent on spheres as has been
shown in [21].

1.2 Contributions
We propose novel weights that allow for the first
time to obtain exact quadratures for the integrals
for mean curvature (2), Gaussian curvature (3), and
the Taubin tensor (4). Furthermore, we describe
how these weights can be estimated to achieve a
fast and reliable computation of the curvature ten-
sor of a smooth surface approximated by a dense
triangle mesh. Further advantages are asymptotic
correctness and easy implementation. The main re-
sults were also presented in the poster [20].

Let P be the central vertex of a one-ring in a
mesh that interpolates a smooth surface, and let n
be the unit normal vector at P. Let Qi be the ver-
tices of that one-ring, and let ai B

−−→
PQi be the con-

necting edges with length ai, see Figure 1 (left).
Then we use the angle αi between ai and ai+1 as
an approximation of the corresponding angle βi in
the tangent plane (compare Figure 3 (right)) while
ki B 2

〈 ai
a2

i
,n
〉

denotes the usual approximation of

the normal curvature κi in the direction given by ai.
First, we will present a formula to compute the

mean curvature H. It is a generalization of the
well-known formula H = 1

n

∑
i κi that holds if all

angles βi are equal. This, again, is a generaliza-
tion of H = 1

2 (κmax + κmin). We prefer to regard it
as a quadrature

∑
i wiκi of the mean curvature inte-

gral (2) with weights that add up to one. Thus, we
will arrive at Theorem 3.2, that is stated here as well
to give an outlook on our results.

1.1 Theorem. Mean curvature is given by the
weighted sum of normal curvatures:

H =
∑

i
wiκi, wi B

tan βi−1 + tan βi∑
j(tan β j−1 + tan β j)

.

One way to derive these weights is to apply mean
value coordinates [10] in a certain way: H lies in the
convex hull of all normal curvatures κ(φ). This rela-
tionship can be formulated in such a way that H is
given by the mean value coordinates of the discrete
samples κi.

In practice, this leads to the following discrete
approximation of H:

H ≈
∑

i

tanαi−1 + tanαi∑
j(tanα j−1 + tanα j)

ki.

But the relevance of our new weights is not lim-
ited to the exact computation of the mean curvature.
The same technique can be used to compute any in-
tegral of the same type. We applied it to the inte-
grals (3) and (4) to obtain approximations for the
Gaussian curvature and for the Taubin tensor.

But first, we will extend the work of Langer
et al. [19] from curves to surfaces to perform an
asymptotic analysis of several popular estimation
schemes for the normal vector. Later on, we will
use the same framework to prove the pointwise con-
vergence of our quadrature formulae.

2 Convergence of mesh normals
In this section, we present a framework for asymp-
totic analysis by deriving new convergence results
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Figure 1: Left: One-ring of a vertex. Right: One-
ring and curvature directions. The location of the
edges makes the curvature computation difficult.

for mesh normal approximation schemes. We rep-
resent the estimated vector in a coordinate system
containing the true normal n itself and two further
orthonormal vectors; let’s call them t and v. Then a
good approximation for the normal would look like
this:

nestimated = (1 + ε)n + ε′t + ε′′v
where each ε is supposed to be small and should
tend to zero if a denser mesh is regarded. In contrast
to other methods, we express everything in terms of
known mesh properties without being dependent on
a certain parameterization domain.

Consider again a dense mesh M interpolating a
smooth surface S and a mesh vertex P. Let the one-
ring be given by vertices Qi, edges ai with length
ai and included angles αi as indicated in Figure 1
on the left hand side. For each Qi, consider the
geodesic curve gi(s), parameterized by arc length s,
connecting P with Qi, gi(0) = P. For each geodesic
gi(s) consider its Darboux frame (ti, vi,n) for s = 0:
n is the unit surface normal at P, ti =

dgi(s)
ds |s=0 is the

unit tangent vector, and vi = n × ti.

2.1 Averaging of face normals
It follows immediately from Appendix A that the
triangle normals converge linearly to the real nor-
mal at P. Since the coordinate systems (ti, vi,n),
chosen by us as Darboux frames, are adapted to the
mesh structure, it is now easy to derive further con-
vergence results. First, we prove quadratic conver-
gence for regular vertices. These shall be vertices of
even valence, where opposing edges have the same
length, and opposing angles are equal, see Figure 2
on the right hand side. For these vertices, the lin-
ear error terms of opposite edges cancel each other.
More rigorously, we define

2.1 Definition (regular vertex). Let P be a mesh
vertex of valence n = 2m with incident edges ai of
length ai. Let αi be the angle between ai and ai+1.
Then P is called regular iff

ai = ai+m and αi = αi+m

ai−1

ia

iα
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Figure 2: Left: Cotangent weights and Voronoi re-
gion. Right: Example of a regular vertex.

for all i = 1 . . .m.

From the Taylor expansions for the triangle nor-
mals given in Appendix A, we conclude

2.2 Theorem (mesh normals). Let P be a mesh
vertex with incident edges ai of length ai connecting
P with Qi. Let αi be the angle between ai and ai+1

and let ni B
ai×ai+1
‖ai×ai+1‖

. Let wi be weights depending
only on edge lengths and included angles. Then∑n

i=1 wini∥∥∥∑n
i=1 wini

∥∥∥
converges linearly to the real normal as the edge
lengths ai tend to zero if all αi are bounded within
(0, π) (meaning that there is a δ > 0 such that al-
ways δ < αi < π − δ for all αi).

If P is regular, the convergence is quadratic.

Examples for the weights wi are area weights,
uniform weights, and spherical weights [22].

2.2 Averaging of edges
Now we turn our attention to the mean curvature
vector k at P. We use an approximation similar to
the one in the paper of Meyer et al. [24]. Using
the notation of Figure 2 (left hand side), let wi B

cot γi + cot δi and let A B 1
8

∑
i wia2

i be the Voronoi
area of the one-ring of P. A can be computed in
terms of γi and δi because ηi =

π

2 − γi. We define

k B
1

4A

∑
i
wiai = 2

∑
i wiai∑
i wia2

i

≈ Hn.

The same formula has been investigated by Xu [33].
In contrast to [24], where a “mixed region” for

A has been used to ensure that it lies completely
within the one-ring of P, we use always the Voronoi
region. This allows us to prove the following con-
vergence result.

2.3 Theorem (normal approximation). Let P be a
mesh vertex and k be the approximated mean curva-
ture vector at P as above. Then k converges linearly
towards the real normal vector of the same length.

If P is regular, the convergence is quadratic.
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The proof of this theorem and further details can
be found in our Research Report [18].

3 The curvature tensor
We begin this section by analyzing the asymptotic
behavior of the (modified) mean curvature vector as
defined in [24, 33]. After showing its limitations,
we will suggest a novel weighting scheme for bet-
ter approximation of the mean curvature. It gives an
exact quadrature for the mean curvature integral (2),
and is the main contribution of this paper. To in-
dicate further applications of our new weights, we
present an exact quadrature for the Gaussian curva-
ture (3) as well.

3.1 Analysis of the cotangent weights
3.1 Theorem (mean curvature approximation I).
Let k be the mean curvature vector at P defined in
Section 2.2. Let all edge lengths ai be equal and let
all angles αi be equal. Then ‖k‖ converges linearly
towards the real mean curvature.

If the edge lengths ai and angles αi are varying
then ‖k‖ will in general not converge towards the
correct mean curvature.

Proof. Under the assumption that all the ai and αi

are equal, the weights wi are equal as well, and the
convergence follows from the Taylor expansions in
Appendix A.

For the general case, Figure 1 (right hand side)
indicates a counter-example. There, κi < H along
the three edges, and therefore ‖k‖ < H as well. �

Consequently, the cotangent weights are not per-
fectly appropriate to get the pointwise correct mean
curvature for differing edge lengths and angles,
even though they are well suited to obtain the cor-
rect normal. (Using the original, unmodified for-
mula of [24] does not ameliorate the situation.) In
the following, we derive “complementary” weights
that do not yield a normal approximation but guar-
antee a pointwise convergent estimation of the mean
curvature H.

3.2 Quadratures for curvature integrals
Now we adopt another point of view concerning our
formula to approximate the mean curvature. It can
be seen as a quadrature of the mean curvature inte-
gral (2). This viewpoint proves to be powerful and
extensible to the computation of the Gaussian cur-
vature and the curvature tensor.

Given a point P on a smooth surface S, consider
its tangent plane that is spanned by the two unit vec-
tors in the principal directions tmax and tmin, see Fig-

φi
P
βk S

tmin

tmaxti

tk
tk+1

Qi+1

gi

ai+1

P
αi

βi

gi+1
ai

Qi

Figure 3: Angles in tangent plane and mesh.

ure 3 on the left hand side. The curvatures in these
directions are given by κmax and κmin, respectively.
Assume now that ti, i = 1..n are further unit tan-
gent vectors. Let φi be the angle between tmax and ti

measured counter-clockwise and let βi B φi+1 − φi

(indices modulo n) be the angle between ti+1 and ti.
Let κi be the normal curvature of S at P in direction
ti. Now we will show how the surface curvature can
be computed only from the knowledge of the κi and
βi. Discrete estimations for κi and βi are given in
Section 3.3.

Mean curvature
First, we present a quadrature formula

∑
i wiκi for

the mean curvature integral (2) with certain weights
wi that add up to one.

3.2 Theorem (mean curvature approximation
II). Mean curvature is given by the weighted sum
of normal curvatures:

H =
∑

j
w jκ j, w j B

tan β j−1 + tan β j∑
k(tan βk−1 + tan βk)

. (5)

Proof. First, let w j be arbitrary weights such that∑
j w j = 1. Euler’s formula (1) yields
∑

j
w jκ j

= κmax

∑
j
w j cos2 φ j + κmin

∑
j
w j sin2 φ j

= κmax

∑
j
w j

1+cos 2φ j

2
+ κmin

∑
j
w j

1−cos 2φ j

2

=
κmax + κmin

2
+
κmax − κmin

2
Re
(∑

j
w je2iφ j

)
.

Now it is sufficient to show that
∑

j w je2iφ j = 0.
This is a problem of finding generalized barycen-

tric coordinates for the origin of the complex plane,
given the vertices e2iφ j . Using mean value coor-
dinates [10], we obtain immediately that w j B

tan β j−1+tan β j∑
k(tan βk−1+tan βk) is a possible solution. �

Gaussian curvature
To obtain the Gaussian curvature K, we compute the
integral G B 1

2π

∫ 2π

0
κ(φ)2dφ from Equation (3) in a

similar way. It turns out that we should consider

G ≈
∑

i
w̃iκ

2
i , w̃ j B

tan 2β j−1 + tan 2β j∑
k(tan 2βk−1 + tan 2βk)

. (6)
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Additionally, a correction term has to be added.

3.3 Theorem (Gaussian curvature). The Gaus-
sian curvature can be computed from the mean
curvature H and the corrected weighted sum of
squares of normal curvatures with the weights de-
fined in (6):

K = 3H2 − 2
∑

i
w̃iκ

2
i + 4H(

∑
i
w̃iκi − H).

Moreover, all curvature integrals with appropri-
ate structure can be exactly evaluated with our new
weights. As an important example, we computed
the Taubin integral (4) as well. However, more care
must be taken in this case since we integrate matri-
ces given in a coordinate system yet unknown.

3.3 Practical curvature tensor estimation
It is obviously a challenging problem to compute
the weights (5) and (6) in a stable way, since the
denominator may vary arbitrarily. Nevertheless, we
could prove the convergence of our formulae if edge
lengths tend to zero while the variation of the in-
cluded angles is bounded.

Discrete estimates for normal curvatures and
geodesic angles
Let P be a vertex of the meshM with its one-ring
given by vertices Qi such that P and the Qi inter-
polate the surface S, see left hand side of Figure 1.
Let ai be the edge connecting P and Qi, let gi be the
geodesic connecting P and Qi in S, and let ti be the
unit tangent to gi at P. Given a (possibly estimated)
unit normal vector n at P, the normal curvature can
be approximated as κi ≈ 2 〈ai ,n〉

a2
i

, where ai B ‖ai‖,

see for example [28]. Furthermore, βi can be ap-
proximated by the angle αi between ai and ai+1, see
Figure 3 on the right hand side.

Convergence properties
From the Taylor expansions of ai

ai
in Appendix A,

it becomes clear that the above estimate for κi is a
linear approximation of the true normal curvature
provided that n is at least a quadratic approximation
of the correct normal. This is unfortunate but many
other methods rely on good normals as well [13, 30,
27, 28]. Furthermore, the progress in acquisition
techniques makes it often possible to obtain high
quality normals directly from the scanning process.

3.4 Corollary. Let ki B 2 〈ai ,n〉
a2

i
. If P is regular, then

∑
i

tanαi−1 + tanαi∑
j(tanα j−1 + tanα j)

ki

converges linearly towards the real mean curvature
at P.

Similar results hold for the Gaussian curvature
and the curvature tensor.

4 Experimental results
It remains to show that our new weights are not only
of theoretical value, but also of practical use. To
that end, we present at first detailed results of our
quadrature method to compute the mean curvature;
afterwards, we briefly compare our method and ex-
isting approaches to compute the curvature tensor.

4.1 Convergence properties
The top row of Figure 4 demonstrates that our
method converges even for irregular meshes. We
sampled the graph of f (u, v) = 0.1e2u+v−v2

(the same
function was used by Cazals et al. [3]) and com-
puted the root-mean-square error while increasing
the sampling density. More precisely, the graph of
f is sampled at (x, y, f (x, y)) where the points (x, y)
lie on a randomly perturbed rectangular grid of side
length h within [−2, 1] × [−2, 2]. The perturbation
is done by adding a vector of random direction and
length 0.3h to each point (x, y). During the experi-
ments, we decreased h from 0.128 to 0.004. The re-
sulting graph for h = 0.128 is depicted in Figure 4.
Our tangent weights show a linear convergence as
predicted in Theorem 3.4 while conventional cotan-
gent weights [24] do not converge.

4.2 Error distribution
We applied our newly proposed formula for mean
curvature approximation to several meshes with the
vertices exactly interpolating smooth surfaces of
constant mean curvature. For these meshes it is es-
pecially easy to compare the estimated values with
the true values. We studied the following meth-
ods: cotangent weights using a mixed area as pro-
posed by Meyer et al. [24], cotangent weights using
Voronoi areas as defined in Theorem 3.1 and tan-
gent weights as defined in Theorem 3.2. Since, for
the last method, knowledge of the normal vectors is
necessary, we compared the results when using the
true normals which were available for our test sur-
faces, and using estimated normals with spherical
weights [22] to study the case where the true nor-
mals are unknown. One of these meshes (with 320
boundary vertices) is depicted in Figure 4 (bottom).

Enneper’s surface is a manifold that cannot
completely be embedded in �3 without self-
intersections. For this mesh, the difference between
Voronoi areas and mixed areas for the computation
of the cotangent weights was very small. To sim-
plify the histogram, we decided to display only the
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Figure 4: Comparison of cotangent weights and our tangent weights. Top: The graph of f (u, v) = 0.1e2u+v−v2

and the measured root-mean-square error when the sampling density is increased. Bottom: Enneper’s
surface and the corresponding error distribution. The leftmost and rightmost columns in the histogram
count not only the vertices of the specified curvature but also all vertices with lower or higher curvature,
respectively.

former.
Here, the result of the preceding convergence

analysis is confirmed. While the cotangent weights
mean curvature estimations are scattered over a
large range of values, the tangent weights method
gave good approximations of the correct value zero.
Also, the importance of a good normal approxima-
tion could be seen here: using the estimated nor-
mals, the tangent and cotangent weights led to sim-
ilar results. But note that the correct zero value
seems to be avoided by the cotangent method. This
is probably an inherent problem of computing the
mean curvature as the norm of a vector.

4.3 Curvature tensor
We tested our algorithm to compute the Taubin ten-
sor (4) on a model of a torus with Gaussian curva-
ture varying from −1 to 1

3 . The results are given in
Table 1. We measured the root-mean-square error
for the mean curvature H, Gaussian curvature K,
the angular deviation θ of the principal directions in

H K θ T (sec)
(a) Taubin (classic) 0.082 0.38 0.16 0.11
(b) Taubin (quadr.) 0.0012 0.041 0.14 0.21
(c) GI (cubic) 0.0046 0.0079 0.0018 0.53

Table 1: RMS error and time for a rectangularly tes-
sellated torus (3969 vertices); the italicized method
is developed in this paper.

radians, and the time in seconds computed on a 1.8
GHz CPU (Intel Xeon). No optimization to achieve
especially short running times was done for our al-
gorithm. We compared the following methods: (a)
the original Taubin method [28], (b) the Taubin ten-
sor computed by exact quadrature as presented in
this paper, (c) cubic polynomial fitting as done by
Goldfeather and Interrante [13]. All computations
were done with the exact normals known.

The classical Taubin method is the fastest but
its accuracy is less than that of modern techniques.
Nevertheless, if the Taubin tensor is computed using
the quadrature weights as proposed in this paper, it
can achieve competitive results with a small time
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penalty. The approach of Goldfeather and Inter-
rante offers the best results for computing the prin-
cipal directions, yet it is also the algorithm with the
longest running time. Our approach combines high
accuracy and relatively fast computation.

5 Conclusion
We have presented an approach for the exact com-
putation of curvature integrals that leads to quite im-
pressive results and relies only on elementary math-
ematics. Our experiments showed short running
times and often superior results compared to exist-
ing methods. While many approaches yield satis-
factory results for regular meshes, our weights can
deal with arbitrary aspect ratios. Furthermore, the
method is proven to converge if normal vectors of
at least quadratic accuracy are available.

The power of our method can be observed by
comparing (a) and (b) in Table 1. The only differ-
ence lies in the discretization of the integral. The
small, but decisive, change in the weights improves
the Taubin tensor by orders of magnitude of accu-
racy while it retains relatively short running times.

While at present, we are not able to compete with
Goldfeather and Interrante (except for the mean cur-
vature), we enjoy mathematical elegance and sim-
plicity.

Furthermore, we introduced a framework for
asymptotic analysis of differential properties of dis-
crete surfaces. Using it, we have shown that all
commonly used weighting schemes for estimating
vertex normals on a mesh from the normals of the
incident faces converge quadratically towards the
true normal at regular vertices. The same is true
for the mean curvature vector as suggested by us.

In the future, we hope to find a way to compute
the tangent weights without explicit evaluation of
numerator and denominator to make their computa-
tion more stable. Furthermore, we plan to examine
the influence of noise on normal and curvature esti-
mations.
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Implicit fairing of irregular meshes using diffusion
and curvature flow. Computer Graphics (Proceed-
ings of SIGGRAPH 99), pages 317–324, 1999.

[7] M. P. do Carmo. Differential Geometry of Curves
and Surfaces. Prentice-Hall, 1976. 503 pages.

[8] L. Euler. Recherches sur la courbure des surfaces.
Mem. de l’Academie des Sciences de Berlin, 16:119–
143, 1760. = [9].

[9] L. Euler. Leonhardi Euleri Opera Omnia, vol-
ume 28, pages 1–22. Teubner and O. Füssli, Leipzig-
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A Taylor series expansion of geodesics
Given an arbitrary, smooth surface curve r(s), parameter-
ized by arc length s, we can analyze it using Taylor se-
ries along with the so called Darboux frame t(s), v(s), n(s),
where t(s) is the unit tangent vector of the curve, n(s) is the
unit surface normal, and v(s) B n(s)×t(s) is defined by the
cross product. The behavior of the Darboux frame along
the curve is governed by the following modified Frenet-
Serret equations [7, 17]


dt/ds
dv/ds
dn/ds

 =


0 κg κn
−κg 0 τ
−κn −τ 0




t
v
n



where κn is the normal curvature, κg is the geodesic curva-
ture, and τ is the geodesic torsion of the curve. (We omit
the position s, since the equations hold for all (fixed) s and
we are interested only in the case s = 0, anyway.) Thus
for the geodesic gi(s) with gi(0) = P and gi(s1) = Qi as
defined in Section 2, compare also Figure 3, we have

dti

ds
= κin,

dvi

ds
= τin,

dn
ds
= −κiti − τivi,

where κi(s) and τi(s) are the normal curvature and geodes-
ic torsion of gi(s), respectively.

Differentiating the curve gi(s) with respect to its arc
length s, then yields

g′i =
dgi

ds
= t, g′′i = t′= κin, g′′′i = (κin)′= κ′i n− κ

2
i t− κiτib,

and so on. Now we can use Taylor expansion to express
ai =
−−−→
PQi = gi(s1) − gi(0):

ai = s1g′i +
s2

1

2
g′′i +

s3
1

6
g′′′i + O(s4

1)

= ti
(
s1 −

s3
1

6
κ2i + O(s4

1)
)

+ n
( s2

1

2
κi +

s3
1

6
κ′i + O(s4

1)
)

+ vi
(
−

s3
1

6
κiτi + O(s4

1)
)
.

Since (ti, vi, n) is an orthonormal basis, we can com-
pute the length ai of ai in terms of s1 by

ai B ‖ai‖ = s1 −
s3

1

24
κ2i + O(s4

1).

After inverting the Taylor series for ai we obtain

s1 = ai +
a3

i

24
κ2i + O(s4

1).

Substituting the expansion of s1 into the formula for ai and
dividing by ai yields

ai

ai
=ti
(
1 −

a2
i

8
κ2i + O(a3

i )
)

+vi
(
−

a2
i

6
κiτi + O(a3

i )
)

+n
( ai

2
κi +

a2
i

6
κ′i + O(a3

i )
)
.

Let βi be the angle between ti and ti+1 (indices taken
modulo n), see Figure 3 on the right hand side. Now we
can compute the normal of an incident triangle at P as

ai

ai
×

ai+1

ai+1
= sin βin

(
1 −

a2
i

8
κ2i −

a2
i+1

8
κ2i+1 + O(ai, ai+1)3

)

+ cos βin
(
−

a2
i+1

6
κi+1τi+1 + O(ai, ai+1)3

)

− vi
( ai+1

2
κi+1 +

a2
i+1

6
κ′i+1 + O(ai, ai+1)3

)

− cos βin
(
−

a2
i

6
κiτi + O(ai, ai+1)3

)

+ sin βin
(
O(ai, ai+1)3

)

+ ti
(
O(ai, ai+1)3

)

+ vi+1
( ai

2
κi +

a2
i

6
κ′i + O(ai, ai+1)3

)

− ti+1
(
O(ai, ai+1)3

)
.
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