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ABSTRACT

In recentyears,several techniqueshave beenproposedor automaticallyproducingline-art il-
lustrations.In this papera newv non photo-realistiaenderingscheméor triangulatedsuriacesis
presented.n contrastto prior approachesvith parametricsurfaces,thereis no global parame-
terizationfor trianglemeshes.Soa new approachs madeto automaticallygeneratea direction
field for the stroles. Discretecurvatureanalysison suchmeshesllows to estimatedifferential
parametersLinesof cunaturearethenconstructedo beusedasstrokes. Usingtriangulatedsur
facesallows to renderaestheticallypleasingdine dravingsfrom a hugeclassof models.Besides,
experimentsshav thatevenrealtime visualizationis possible.

Keywords: non photo-realisticcendering line art drawings, triangle meshesdiscretecunature

analysis

1 INTRODUCTION
1.1 Line art rendering

Computer graphics usually focus on creating
photo-realistigicturesof artificial scenesHow-
ever, therearenumerousapplicationswhereab-
stract line-oriented drawvings are preferred to
photographsgspeciallyfor scientific or techni-
cal illustrations. Thereare a coupleof reasons
for this: information canbe corveyed betterby
usingsomelevel of abstractionline draving en-
ablescreatingsketcheghatappeatesscomputer
orientedand may be easierto be reproducecdn
blackandwhite displaysor printers.

Line renderingtechniqueshave a long tradition
in arts, e.g. pen-and-inkillustrationsor copper
plateswith engraed lines, which usedto be a
commonwayto printillustrationsin books.Over
thelastyearscomputembasedechniquedor pro-
ducing suchillustrations have beendeveloped.

Therearetwo basicapproaches:

The first approachis image basedand assists
the userin corverting a digital grey scaleim-

ageinto a pen-and-inkillustration. This way,

theuseris freedfrom drawing individual stroles.
In [Salis94 predefinedstroke texturesare used
to mapthe tone of the referencemage,andin

[Salis97 thestrolkesaregeneratecutomatically
from botha setof referencestrokesandaninter-

actively modifiabledirectionfield.

The secondapproactcreatedine artillustrations
from 3D geometry An early stepin thedevelop-
mentof thistechniquevastheuseof haloedines
[Appel79 which give an impressionof depth.
Differentline stylessuchasline width, dashed
or dottedlines canbe employed for outline and
shading[Doole90a Doole90R. [Leist94 dis-
cussesa ray tracingapproacho emulatecopper
plates.Mostrecently [Deuss99 takesadwantage



of the graphicshardware to achieve similar ef-
fectswith setsof parallelcuttingplanes.

In order to produce high quality illustrations
from polygonalmodels[Winke94 usesspecial
strole texturesin additionto the geometry e.g.
bricks of awall. The strokes arerenderedwith
lines of varying thicknessand shape(waviness)
emulatingthe effect of manualdraving. Apart
from that,anadwancedshadeiis usedwhiche.g.
generateshadavs. After transformingthe poly-
gonsfrom 3D to 2D imagespacea specialtone
mappingprocessdetermineshe density of the
strokesin 2D imagespace.

In this paperwe will concentraten line artren-
dering of 3D geometrythat cando without ary

further informationaboutthe scendike texture.
A directionfield for the strolesis generatecu-
tomatically from the geometry In contrastto

otherapproachessingparametricsurfacesthere
is no global parameterizatioravailable for tri-

anglemesheghat canbe utilized for producing
strolkes. Our resultswill shawv thatrenderingcan
be performedefficiently on suchfree-form ge-
ometry The precedingsuney is continuedwith

focus on automaticallygeneratingstrokes from

3D geometry

1.2 Relatedwork

[Elber9g uses a coverage of isoparametric
cunves of a free-from surface for line art ren-
dering. Thereforestrokes are definedas a par

allel linesin the parameterdomainresultingin

isoparametricurves. Thisworksespeciallywell

with surfacesof revolution. [Winke9§ usessuch
isoparametridinesin orderto producehighqual-
ity illustrationslike in [Winke94]. Interestingly
for this approachthe surfaceis tessellatedo a

polygonal meshfor the final tone mappingas
well.

Mostrecently[Elber99 extendstheseechniques
to enableinteractve renderingwith isoparamet-
ric curves,isophote®r linesof cunatureonfree-
form surfaces.For renderingthesestrole curves
are approximatecdyy piecavise linear polygons.
They are then evaluatedup to a certainlength
determinedby the shader For shading,the sur
facenormalsat the seedpoints of the polygons
areused.In orderto meetrealtime demandsall
possiblestrokes are precalculated Furthermore,
the numberof polygonsinvolved in the render

ing processs effectively reducedy insertingthe
polygonsinto buckets. Geometricallyabucketis
aconeoutgoingfrom theorigin. Theunionof all
bucketscover the unit sphere Every bucket con-
tains all normalsfalling into the corresponding
cone. The shadeffirst evaluatesthe “intensity”
for the axis of a conetaken asa representate
normal. Thisway polygonsin abucketonly need
to be evaluatedif the expectedintensityis above
acertainlimit.

Elberprefersstrokesgeneratedrom isoparamet-
ric curvesbecausehey canbe determinedmore
efficiently than isophotesor lines of cunature.
Furthermorehey producevisually goodresults.
Thisis impossiblefor triangulatedsurfacedack-
ing a global parameterization.We uselines of
principle curvaturewhich definea natural“flow”
overthesuriaceinstead.Texturesgeneratedrom
principle cunaturedirectionshave recentlybeen
usedby [Inter97] to visualizevolumemodels.

1.3 Overview

In this paperwe presentan algorithm to ren-
der line-oriented sketchesof triangulatedsur

faceswithout ary (stroke) texture information.
We tracelinesinto thedirectionof themaximum
cunvature and use them as strokes, expanding
[Elber99 to beutilizedfor trianglemeshesSuch
meshesreauniversalrepresentationf surfaces
andthey becomemoreandmorepopularfor geo-
metricmodeling. This way our techniqueallows

usto createaestheticallypleasingline art drav-

ingsfor awide classof geometricamodels.

In orderto utilize linesof curvatureasstrokesfor
line artrenderinganalgorithmto constructhese
lines is needed. In contrastto parametricsur
faces,thereare no derivatives or cunaturesde-
finedfor apiecaviselineartrianglemesh.There-
forewe useamethodfor calculatingdiscretecur-
vature. Given principle cunaturevaluesanddi-
rectionswe cancomputdinesof cunatureby in-
tegration.

For therenderingof thescenesuchlinesareuni-

formly scatteredver the suriace. Dependingon

thepointof view andthelighting, thestrokesare
dravn with differentlengths. This classification
of strolesis partof the shadingalgorithm.



2 CONSTRUCTION OF LINES OF CUR-
VATURE

Discretecunatureon triangulatedsurfacess ap-
proximatedo getvaluesanddirectionsof princi-
ple cunaturein every vertex. Thenlines of cur
vaturecanbe integratedfrom the (discrete)field
of directionsaccordingo themaximalcunature.

2.1 Approximation of discretecurvature

A trianglemeshis a piecavise linearratherthan
a smoothsurface,so it is not clear how to cal-

culateary dervatives on sucha mesh. A com-
montechniguegeneralizesonceptdrom differ-

entialgeometryof smoothsurfaces.It fits simple
geometricprimitivese.g. secondorder surfaces
(quadrics)to a vertex andits neighbors.The dif-

ferential parametersan then be obtainedfrom

differentiatingthosewell known primitives.

Our approachuseslocally isometricdivided dif-
ferenceoperatorswhich are derved by fitting a
secondorder Taylor polynomialto a vertex and
its neighbors.A locally isometricparameteriza-
tion leadsto simplelinearoperatorsincederva-
tiveswith respecto suchaparameterizatiohave
ageometridnterpretation.This waywe canesti-
mategeometriccunature.

We locally estimatethe first and secondfunda-
mentalform of the surface F'(u, v) in every ver
tex of its triangulation. Deriving surfacecurva-
tureslike principal cunaturesfrom the funda-
mentalformsis straightforvard. An introduction
to thebasicconceptf differentialgeometrycan
befounde.g.in [Farin9g Carmo76.

In this sectionV' denotesthe vertex for which
the fundamentalforms are to be approximated,
Vi (1 < ¢ < n, andfor corvenienceV,, ;1 := V1)
areits neighbors.)Q and@; denotethe positions
of V andV; in 3D space.Without lossof gener
ality theoriginis shiftedsuchthat@ := (0,0, 0).
For simplicity, we do not handleverticeson the
boundaryof the mesh.

2.1.1 Parameterization

As we areinterestedn cunaturesit is sufficient
to estimatepartialderivativesup to secondrder
For approximatingthe dervatives F,,, F,, Fyy,
F,, andF,, in aspecificvertex V we needalo-
cally isometricparameterizatiod (u;, v;) = Q;
of its neighborhoodvith F(0,0) := (0,0,0) =

Q. A parameterizatiois isometric if || Fy| ~ 1,
|F,|| =~ 1 andF,] F, ~ 0. The coeficients of
thefundamentaformsarecompletelydefinedby
thederivativesup to secondorder

The obvious way of constructingsucha param-
eterizationis to projectthe neighborhoodf the
vertex into a tangentplane at this vertex. The
projectionplaneP is given by averagingthe tri-
anglenormalsaroundV resultingin the normal
vector Np. By transformingthe projectedpoints
into anorthonormalbasis{Up, Vp, Np} we get
aparameterizatiod’(up;, vp;) = Q;. Thispro-
jection methodsuffers from the fact thatthe or-
deringof neighborsaroundV is not necessarily
presered. The orderingcanbe destryed if the
trianglemeshis not sufiiciently flat [Welch94.

An alternatve parameterizationconsidersthe
lengthsandtheangleshetweeradjacenedgef
the triangulatedsurface. The orderingof neigh-
bors is presered when using the exponential
map[Carmo7§

exp(Qi) = _ (1)
1Qi || (cos(3225 @), sin(X0 7 &)

whereq; = flat(l(Qi,QHl)) with Zz a; =
27. Thereforeflat scalegheangleshetweerntwo
edgesn 3D sothatthey sumto 27 in 2D. A pos-
sibledefinitionfor flat is

flat(¢;) = ¢ 22—7:15
;P

This uniformly scaleghe 3D anglein a straight-
forward way andwill work with ary configura-
tion of 3D angles[Welch94

(2)

2.1.2 Surfacefitting

Given this isometric parameterizationthe sur
facecanlocally be approximatedy a quadratic
Taylor polynomial

F(u,v) = (3)
uFy 4 vFy + % Fyy + w0 Fyy + % Fyy
Recall that we shifted the origin and chose
our parameterizatiorso that @ = (0,0,0) =
F(0,0). Fitting a secondordersurfaceto a ver-
tex V' andits neighborsis straightforvard: By
utilizing the parameterizatiod”(u;, v;) = Q; we
setup asystemof n linearequations

VF =Q (4)



with 'V = (uiav’ia 1/42_?’ Ui, g)’u F =
(FuaFvaFuuaFuvaFvv)T andQ = (QZ): The
(leastsquaregesp. leastnorm) solution of this
linearsystemis

1

vi(vv)T'Q : n<5
F = V-lQ : n=5 (5)
(VIV)'ViQ : n>5

An alternatve approachproposedn [Welch94
is to switch to anothersetof basisfunctionsif
the V matrixis ill-conditionedor n < 5.

TheresultingvectorF yields approximationf
the Taylor coeficients F,,, F,, Fyy, Fyy, Fyy Of
the surface. This enablesus to estimatefurther
differentialparameteratthe vertex V' of thetri-
angulationasneeded.

As we usedanisometricparameterizatioit turns
outthatthefirst fundamentaform is theidentity

F!F, FJF) _ (1 0 ®)
FJF, FJF,)] 7 \0 1

Thefollowing termshave beensimplified by tak-
ing adwantageof this fact.

2.2 Integration of linesof curvature

With the approximatedirst (identity) and sec-
ond fundamentaforms, principal cunvatureval-

uesanddirectionscanbeestimatedor everyver-

tex.

Let N := (F, x F,)/||F, x F,| bethenormal
vectorat a vertex V, thnewe usethe following
notationfor the secondundamentaform:

I m F!/N E]N
=\ T T (7)

m n F,,N F,N
The normal curvature for a tangentdirection

A = dv/du in the parametedomainis given
by [Farin9g

_ 14 2m\ + n\?

KN 14 A2

(8)
The normal cunature k(A) hastwo extremain
thegenerakase-theprincipalcurnvaturess<, xo.
The correspondingprincipal directionsare ob-
tainedasroots A1, Ao of a quadraticpolynomial
with

(n—1)2+4m
2m

(n—0)F

(9)

Ao =

Sincestrokesshouldfollow the maximumcurva-
ture kmax = max{|k1/,|k2|} we choseAyax =
Aj With |k;| = Kkmax. By transformingthesedi-
rectionsimax from the parametedomainto 3D
spaceby

€:= (Fu+)\mava)/||Fu ‘l')\mavaH (10)

we obtaina discretevectorfield : — ¢€; defined
for every vertex V; of themesh.

This field can be made continuousby interpo-
lating directionsacrosstriangles. For a triangle
A = ANV, Vi,, Vi,) weinterpolatdinearly us-
ing barycentriccoordinates.A point P in the
triangleplanecanbe expressedy

3 3
Pa=) Vi Y =1 (11)
k=1 k=1

Applying the samebarycentriccombinationto
€11, €in €z Yieldstheinterpolateddirection

g(PA) = 715}1 + ’)IQé.’iQ + 73é'i3 (12)

For corveniencetheresultinge(Pa) arenormal-
izedto unit length. For trianglesat the boundary
of themesh,only the directionsof innervertices
are calculatedand taken into accountfor inter

polation. We do not handletriangleswith three
boundaryvertices. Exceptfor pointsin suchtri-

anglesfor ary otherpoint P of the surfacethe
directionof the maximumcunaturecanbe esti-
mated.

In oder to trace one single line of cunature
F(k(t)) startingfrom a point Py := F(ug,vg)
andstreamingalongeén, .y, we solve thedifferen-
tial equation

K'(t) = Ehax(k(?)),

Hereéhax is the projectionof &,y into theplane
of thereferencdriangle A. A simpleEulerinte-

gratorhasprovento besuficientfor our purpose.
With agivenstepsizeh Eq. 13is thendiscretized
to

k(to) = (uo,v0)  (13)

kn—|—1 = kn + hé}ﬁax(kn)a kO = PO (14)

Note,thatwe do not needa global parameteriza-
tion. Usingthe projecteddirectionsis necessary
in orderto guarante¢hattheresultingstreanline
doesnot leave the surface. In addition,we must
detectwhenwe leave the currenttriangle A and



enteranotherone. The barycentriccoordinates
areusedfor thein-triangletest. If v1,7v2,7v3 > 0
for a point P thenthis pointis situatedinside
/. Otherwisea neighbortriangleis entered Let
i :=1+1 mod 3 and:” :=4+2 mod 3.

In caseone coordinatey; is negative, the inter-
sectionT of theline segment[F'(k,), F(kp+1)]
with the oppositeborder [V}, V;»] of the trian-
gleis calculated.If two coordinatesy;,~y;» are
negative we have to determinebothintersections
T, Ty with thetwo edgedV;, V], [Vi, Vi#]. The
point T = T} closestto the startingpoint with
T — F(ky)|| — min is the position,wherethe
curve leavesthe currenttriangle. It may happen
thatavertex is (nearly)intersectedi.e. 71 =~ T5.
The integration algorithm must be numerically
stablein suchthatit guaranteeso determinethe
correcttrianglethatwill beenterechext.

Figure 1 illustratesthe two intersectioncases.
ThepointT' is usedasnew vertex of the stream
line polygon,thus F'(ky,+1) := T. Furthermore
thereferencdriangleis changed.

Integration is stoppedafter a maximum path
lengthor whenreachingthe boundaryof the tri-
anglemeshor atrianglewith threeboundaryver-
tices. Sincethereareno directionsdefinedin its
vertices,integrationis stoppedaswell.

So far, we did not careaboutthe orientationof

theénax,; vectors.IntegratingEq. 13 only makes
senseif thesevectorsare consistentlyoriented.
Asthisis notgloballypossibledirectionsareori-

entedlocally. Thereforeaninitial orientationis

chosenat the seedpoint. Then every time the
curve leaves onetriangle, the directionsat ver-

tices of the newly enteredtriangle are oriented
into the currentdirection of the curve. Thus,if

écur denoteshecurrentdirectionall €; areflipped
to —e; if theangle/(écur, €;) > .

Therearesophisticateanethoddor adjustingthe
stepsize h adaptvely during numericalintegra-
tion. We found that varying » accordingto the
shapeof currenttriangleis fastand gives satis-
factoryresults.In our experimentghefollowing
heuristichasshavn to work well. Let ¢ bethe
circumferenceof the triangle and o; the small-
estanglebetweenary two directionsepax ;. \We
thenchoose

c
(1+ Z?’:l ;)?

hp = 5 (15)

Of coursewe donotclaimto guaranteary error
boundsontheintegrationasthisis notnecessary
for thereconstructiorof the naturalflow.

3 RENDERING

After scatteringseedpoints uniformly over the

surface, lines of cunature are dravn starting

from thesepoints. The shaderthendetermines
which partsof thelinesareactuallyrendered.

3.1 Distribution of seedpoints

In orderto cover the surfacewith lines of cur
vaturewe startwith uniformly scatteringa num-
ber of seedpoints. Drawing curves outgoing
from theseseedpoints we expect that the sur
facewill besuitablycovered.We provide afunc-
tion thatcomputesanappropriateaumberof ran-
domly placedpointspertriangle.

We startwith anapproximatenumberm of points
which areto be scattereaver thewholesurface.
In additiona parametern is chosenasthe max-
imum numberof pointsscatteredicrossa single
triangle. In general;m is choserseveral magni-
tudessmallerthann. Now for every triangle A;
thefollowing algorithmis iteratedm: times.

Chosea randomnumberr € [0,1]. Let A; be
theareaof A; andA := ), A, thetotal surface
arealf r > % - = thenapointis falling into A;.

This pointis determinedy choosingoarycentric
coordinatesvith randomy;, 2 € [0, 1] andy; =

L=y =7

By repeatinghis algorithmm timespertriangle
every trianglehasa chanceof gettingat mostm

points. Especiallyfor configurationswith trian-

glesof very differentareathe possibility of plac-
ing multiple pointsinto a singletriangleis im-

portant. The probability is chosenin a way that
in factapproximately: pointsarespreacdverthe
surface.

For somemodelsit might be appropriateo em-
phasizedetailin distinctregionsof themodel.In
orderto achiere this the densityof seedpointsis
increasedor thatregion. Regionsof detail can
be detectedrom the geometryof the model by
thresholdingthe maximumcurvature Kyax. FOr
trianglesin suchregionsthe probability of get-
ting a seedpointis increasedy somefactor Of
course thegeneratedlistribution of pointsis not
uniform arymore. Figure 3 shawvs sucha non
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Figurel: Barycentriccoordinatesy; , y2,v3 canbeusedfor thein-triangletest. Therearetwo caseshow
thetracedpathcanleave thecurrenttriangle.Left: onecoordinatey; is negative. Middle: Two coordinates
9,73 arenegative. Thentwo intersectionpoints have to be determined.Right: If two coordinatesare
negative anda vertex is (nearly)intersectedhenthe integrationalgorithm mustbe able to find the next

triangle.

uniform distribution. Regionsof high curvature
of the mannequirheadarerenderedwith higher
densityof strokes.

3.2 Shadingand rendering

Theline artshadeis restrictedo blackandwhite
only. There are different approachegossible
dependingon the requestedjuality of the out-
put. While [Winke94 Winke9q use sophisti-
catedshadingin conjunctionwith a specialtone
mappingprocesspur shadeiis relatively simple
muchlike the one usedin [Elber99. Therefore
realtime applicationsarepracticable.In general
ary adwancedshadercan be used. We are not
limited to a particularshadingresp. hidden-line
removal algorithm.

A setof lines of curvatureoutgoingin both di-

rectionsfrom uniformly spreadseedpoints on

the surface is precomputedas polygons. The

maximum arc length spax Of these“candidate
strokes” is limited to someusefulvaluedepend-
ing on the total areaof the surface. The shader
canthen affect densityand length of strolesto

berendered.

Thearclengthof strokesis dervedfrom bothan
illumination anda silhouetteintensityterm. For

illumination only diffuselight is considered.In

additionto lighting, the silhouetteof the surface
shouldalwaysbevisible or beenhancedFor sil-

houetteareaghesurfacenormalis nearlyperpen-
dicularto the viewing direction. Furtheron, the
boundaryof the surfaceis definedto be part of

the silhouetteandthus consideredextra. Other

wise the boundaryis likely to be invisible since
it cannotberespectedtherwise.

For boththeilluminationandthesilhouetteanten-
sity a truncationlevel is usedso that shortlines
arenotdravn. This preventshighlightedregions
from beingcoveredby smallspotsresultingfrom
shortcurve sggments.Suchregionsareto beren-
deredwithout ary strolesinstead. The total in-
tensityis obtainedasacornvex combinatiorof the
diffuseandthesilhouetteintensity

In orderto determineintensitiestheremustbe a
normalvector definedfor every strolke. We use
the normalvectorof the trianglewherethe seed
point of a stroke is located. This way intensities
only have to becalculatedbncefor everytriangle
that containsary seedpoints. As a resultreal
timevisualizationis possibleor reasonablsized
modelswithout arny advanceddatastructure.

The densitycanbe adjustedby randomlyselect-
ing only afraction € [0, 1] of strokesfor ren-
dering. This fraction may vary with the distance
of the surfaceto the viewer. This way a con-
stant brightnesslevel of the 2D imageis pre-
sened. This may be achieved with somesim-
plified kind of tone mapping. An easierway
is taking only into accountthe relative distance
dmin < d < dpa.x. Differenttransferfunctions
d — 7 canbeusedfor this purpose Thesimplest
alternatve allows the userto selectthe density
and thereforethe number of strokes rendered.
This maybethemethodof choiceto achieve real
timerenderingonavarietyof graphicshardvare.

Hiddensurfaceremoval is trivial if oneis using
a z-huffer. The scends renderedwice, first the
facesin backgroundcolor, thenthe stroles. A
commonproblemhereis “z-fighting” causedy
nearlyequalz-valuesfor surfaceandstroles,re-
sulting in visual artifacts as dotted stroles. In



orderto avoid suchartifactsthe strolesaretrans-
lated somesmall amountinto z-directionresp.
towardstheviewer.

The graphicshardware may exploit back face
culling for the trianglesbut not for the stroles.
So an extra test in the renderingalgorithm is
worthwhile. Thereforestrokes canbe culled if

N;V > e. Heree € [0, 1] is somesmall positive
constantj.e. 0.2. As strokesoriginatedataback
facemay flow into front facesandthus may be
visible, theusualtestagains® is inappropriate.

4 RESULTS

Figures2-4 shaw line artrenderingof threetri-

anglemeshes.Differentshadingparametersre
used. The figureshave beenrenderedby using
theabore z-huffer algorithm. Both, the synthetic
model (cf. fig. 2) andthe cat (cf. fig. 4) can
bedisplayednteractvely ona SGI1 02 (R10000,
225MHz). A maximumof about10k resp. 25k
strokesareprecalculated.

Althoughwe donotutilize specialdatastructures
or algorithmslike groupingstrokesinto buckets

asin [Elber99, we areableto interactwith rea-

sonablesizedmodelsin realtime. By assigning
triangle normalsto the strokes all strokes out-

going from the sametriangle are treatedequal.
Soshadingis donepertriangleandit canbere-

strictedto thosetrianglesthatcontainatleastone

seedpoint of astroke.

For this reasonthe mannequirhead(cf. fig. 3)
with about nine times more trianglesthan the
other modelscannotbe displayedinteractiely
anymore. By combiningElber’s algorithmwith
our trianglerenderingsubstantiabainsareto be
expectedfor futurework.

5 CONCLUSION

We presented techniquethatallows to produce
aestheticallypleasingline-dravings from trian-
gle meshegoy utilizing lines of cunature. The
z-huffer renderingusedcanevendisplaymodels
of reasonablsizein realtime.
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Figure2: A syntheticmodel (9 kA) renderedwith differentshadingparameters.The rightmostfigure
shavsthesilhouette.
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Figure3: Fromleft: original modelof the mannequirnead(87 kA); line artillustration; samebut using
fewer strokes; without shadingbut enhancedtroke densityfor regionsof high curvaturee.g. nose,eyes,
eat
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Figure4: Fromleft: original modelof the cat(11 kA); all generatedtrokes; with shadingcon-
sidered;samebut usingfewer andthicker strolkes.



