I N F O R M A T I K

A comparison of polynomial evaluation schemes

Laurent Fousse Susanne Schmitt

MPI–I–2004–1–005 June 2004

FORSCHUNGSBERICHT RESEARCH REPORT

M A X - P L A N C K - I N S T I T U T F Ü R I N F O R M A T I K

Stuhlsatzenhausweg 85 66123 Saarbrücken Germany

Authors’ Addresses

Laurent Fousse LORIA/INRIA Lorraine 615 rue du jardin botanique F-54602 Villers-lès-Nancy Cedex

laurent@komite.net

Susanne Schmitt Max-Planck-Institut für Informatik Stuhlsatzenhausweg 85 66123 Saarbrücken

sschmitt@mpi-sb.mpg.de

Abstract

The goal of this paper is to analyze two polynomial evaluation schemes (naive and Horner method) for multiprecision floating point arithmetic. Polynomials are used extensively in numerical computations (Taylor series for mathematical functions, root finding) but a rigorous bound of the error on the final result is seldom provided. We provide such an estimate for the two schemes and find how to reduce the number of operations required at run-time by a dynamic error analysis. This work is useful for multiprecision floating point evaluation of truncated power series.

Keywords

polynomial evaluation, bounded error

1 Goal and motivations

The goal is to compare two polynomial evaluation schemes for multiprecision floating point arithmetic. We want to compute the sum:

P (x) = l∑ j=0 a_ix^i and provide an error bound on the final result with respect to the number of summands l + 1 and the precision F used for the intermediate results (the ”internal” precision).

We make the following assumptions: • |x| ≤ 2^{−k} with k ≥ 1. • |a_i| ≤ |a_0| = 1. • the final result is given with precision f with f < F .

These conditions are not as restrictive as one might think first. Fast and accurate polynomial evaluation is needed in mathematical libraries for the elementary functions [4] (log, exp, cos, . . . ). In this context, there is first an argument reduction based on the properties of the function to evaluate. The goal is to have x in an interval as small as possible in which the polynomial approximation of the function is good. A typical value for k would be 5 in this case.

In [1] such an evaluation scheme based on argument reduction and polynomial evaluation with increased precision is given for the exponential function for example.

First we present the algorithm used for each evaluation method. A bound on the error on the final result is then computed for each algorithm, and, following a discussion on how this evaluation is easier at runtime, actual error and time measurements are provided.

Throughout the paper we let ϵ = 2^{−F} the machine epsilon for F -digit floating point numbers, i.e. the relative difference between two consecutive normalized floating point numbers.

For a non-zero real number x we define the exponent E(x) := 1+⌊log_2 |x|⌋, such that 2^{E(x)−1} ≤ |x| < 2^{E(x)}. We further define ulp_F (x) = 2^{E(x)−F} . When x is a floating point number with a mantissa of F bits, ulp_F (x) corresponds to the weight of the last mantissa bit.

2 Schemes

There are two well-known polynomial schemes.

Basic We compute P (x) in increasing power order. At each step, y_i is an approximation of x^i and z_i of a_ix^i. Then t_l is an approximation of P (x). More precisely, the algorithm used is the following:

t_0 ← a_0 y_0 ← 1 for i ← 1 to l y_i ← ∘(y_{i−1}x) z_i ← ∘(y_ia_i) t_i ← ∘(t_{i−1} + z_i)

Horner We compute P (x) with the classical Horner method. Here, s_0 is an approximation of P (x).

s_l ← a_l for i ← l − 1 downto 0 s_i ← ∘(a_i + ∘(xs_{i+1}))

3 Error estimate

3.1 Basic method

We estimate the error of the basic method ε_{fin} = | | |t_l −^l∑ i=0 a_ix^i | | |. To do this

we introduce the following two sources of error:

• the error of the computation of z_i at each step. We call that the evaluation error and its value is ε_{eval} = | | | | l∑ i=0 (a_ix^i − z_i) | | | | . Here we define z_0 = a_0.

• the summation error. This is the error that is caused by the rounding in the addition at each step, and its value is ε_{add} = | | | | t_l − l∑ i=0 z_i | | | | .

Then ε_{fin} ≤ ε_{eval} + ε_{add}. 3.1.1 The evaluation error

The value y_i is the result of i multiplications

y_i = x^i i∏ j=1 (1 + θ_j ).

As z_i = ∘(y_ia_i), we get for z_i

z_i = a_i · x^i(1 + θ^′_i) i∏ j=1 (1 + θ_j ).

The relative error at step i is given by |z_i − a_i · x^i| |a_ix^i| ≤ | | | | 1 − (1 + θ^′_i) i∏ j=1 (1 + θ_j) | | | | . Assuming rounding is to nearest, we know that ∀ j ∈ {1, . . . , l}, |θ_j| ≤ 2^{−F} = ϵ and ∀ i ∈ {1, . . . , l}, |θ^′_i| ≤ 2^{−F} = ϵ. Lemma 1. Let θ_j for j = 1, . . . , i be given such that ∑_i j=1 |θ_j| ≤^1_2 . Then

1 − i∑ j=1 |θ_j| ≤ i∏ j=1 (1 + θ_j ) ≤ 1 + 2 i∑ j=1 |θ_j|. Proof. By induction on i.

As y_0 = 1 we know that θ_1 = 0 (hence y_1 = x). Then, for i ≤ 2^{F −1}, the hypothesis of the lemma is fulfilled: |θ^′_i| + i∑ j=2 |θ_j | ≤ i∑ j=1 2^{−F} = i2^{−F} ≤ 1 2 ⇔ i ≤ 2^{F −1}.

We get the following relative error bound on z_i: |z_i − a_i · x^i| |a_ix^i| ≤ 2i2^{−F} = i2^{1−F} if i ≤ 2^{F −1}.

We will therefore assume that l ≤ 2^{F −1}. The evaluation error can then be bounded the following way : ε_{eval} ≤ l∑ i=1 i2^{1−F} |a_ix^i| ≤ 2^{1−F} l∑ i=1 i2^{−ki}

≤ 2^{1−F} ∞∑ i=1 i2^{−ki} = 2^{1−k−F} (1 − 2^{−k})^2 ≤ 2^{3−k−F} . 3.1.2 The summation error

The summation error ε_{add} = | | | | t_l − l∑ j=0 z_j | | | | is naively bounded by ε_{add} =^1_2^l ∑ i=1 ulp_F (t_i) since rounding is to nearest. A

better bound can be given if for example the exponents of the summands decrease after the first error (which can be easily detected at run time), see [2].

3.1.3 The final error

Since the summation error is given relative to the ulp of the current sum at each step, we need to know how the ulp (or the exponent) of this sum changes in the computation. This is necessary as well to get a relative error at the end.

Each time the exponent of the current sum decreases, the relative error accumulated so far is multiplied by 2 (the basis of the computation), so we don’t want to let this exponent decrease too much. For that we need an upper bound on the z_i.

We assume that we still use rounding to nearest. Then |z_i| ≤ |a_ix^i|(1 + i2^{1−F} ) ≤ 2^{−ki}(1 + i2^{1−F} ) = 2^{F −ki−1}(1 + i2^{1−F} )ulp_F (t_0).

Let i_0 be the first index at which the exponent of t_i decreases (it can grow before), i.e: E(t_{i0} ) < E(t_{i0−1}) and ∀ j ∈ {0, . . . , i_0 − 1}, E(t_j ) ≥ E(t_{j−1}) and let i_0 = l + 1 if there is no decrease in exponent. Then we have ulp_F (t_{i0−1}) = 2^αulp_F (t_0) with α ≥ 0.

Lemma 2. Let F ≥ 5 and p ≤ 2^{F −3}. We further assume that ki_0 + α ≥ 3. Then ∀j ∈ {i_0, . . . , i_0 + p}, ulp_F (t_{i0} ) = ulp_F (t_{i0−1}) 2 ≤ ulp_F (t_j) ≤ ulp_F (t_{i0−1}).

Proof. The proof is done by induction on j. First we show that ulp_F (t_{i0−1}) 2 = ulp_F (t_{i0} ) < ulp_F (t_{i0−1}).

From the definition of t_{i0} the last inequality follows directly. For the first equality it suffices to show that ulp_F (t_{i0} ) ≥ ulp_F (t_{i0−1}) 2 . We first estimate |t_{i0} |. |t_{i0−1} + z_{i0} | ≥ |t_{i0−1}| − |z_{i0} | ≥ ( 2^{F −1} − 2^{F −ki0−1−α}(1 + i_02^{1−F} ) ) ulp_F (t_{i0−1}) ≥ 2^{F −2}ulp_F (t_{i0−1}).

To show the last inequality we need to show 2^{F −ki0−1−α}(1 + i_02^{1−F} ) ≤ 2^{F −2}.

From the assumption it follows that ki_0 + α ≥ 2. Hence

2^{F −ki0−1−α}(1 + i_02^{1−F} ) ≤ 2^{F −3} + i_02^{−ki0} ≤ 2^{F −3} + 1 2 ≤ 2^{F −2} as F ≥ 2. Since t_{i0} = ∘_F (t_{i0−1} + z_{i0} ) we know that after rounding the condition will still hold.

We now get ulp_F (t_{i0} ) = 2^{E(ti0 )−F} > 2^{−F} |t_{i0} | ≥ 2^{−2}ulp_F (t_{i0−1}) and because of the strict inequality it follows that

ulp_F (t_{i0} ) ≥ ulp_F (t_{i0−1}) 2 . We now assume the property holds for j ∈ {i_0, . . . , i_0 + p − 1} and first show the inequality ulp_F (t_{i0+p}) ≥ ulp_F (t_{i0−1}) 2 . To do this, we estimate |t_{i0+p}| similarly as above. |t_{i0+p−1} + z_{i0+p}| ≥ |t_{i0−1}| − i_0+p∑

j=i_0 |z_j | − i_0+p−1∑

j=i_0 1 2 ulp_F (t_j)

≥ [ 2^{F −1} − i_0+p∑

j=i_0 2^{F −kj−1−α}(1 + j2^{1−F} ) − p 2 ] ulp_F (t_{i0−1})

≥ 2^{F −2}ulp_F (t_{i0−1}).

We have to show the last inequality. If we extend the sum to infinity we get the following bound (using ki_0 + α ≥ 3) i_0+p∑

j=i_0 2^{F −kj−1−α}(1 + j2^{1−F} ) + p 2 ≤ ∞∑ j=i_0 2^{F −1−kj−α} + ∞∑ j=i_0 j2^{−kj−α} + p 2 ≤ 2^{F −1−ki0−α} 1 − 2^{−k} + 2^{−ki0−α} ∞∑ j=0 (j + i_0)2^{−kj} + p 2 = 2^{F −1−ki0−α} 1 − 2^{−k} + 2^{−ki0−α} 2^{−k} (1 − 2^{−k})^2 + i_02^{−ki0−α} 1 1 − 2^{−k} + p 2 ≤ 2^{F −4} 1 2 + 2^{−3}

2^{−1} 1 4 + i_02^{−i0} 1 1 2 + p 2 ≤ 2^{F −3} + 1 4 + 1 + p 2 ≤ 2^{F −2}. For the last inequality we use F ≥ 5 and hence 2^{F −4} ≥ 2. Further, we use p ≤ 2^{F −3}, and hence^p_2 ≤ 2^{F −4}.

As for the case j = i_0 we can see that after rounding, |t_{i0+p}| ≥ 2^{F −2}ulp_F (t_{i0−1}). As before, it follows that ulp_F (t_{i0+p}) ≥^{ulpF (ti0 −1)}_2 .

Now we consider the other inequality ulp_F (t_{i0+p}) ≤ ulp_F (t_{i0−1}).

Again we estimate |t_{i0+p}|. |t_{i0+p−1} + z_{i0+p}| ≤ |t_{i0} | + i_0+p∑

j=i_0+1 |z_j | + i_0+p−1∑

j=i_0+1 1 2 ulp_F (t_j )

≤ [ 2^{F −1} − 1 2 + i_0+p∑

j=i_0+1

2^{F −kj−1−α}(1 + j2^{1−F} ) + p − 1 2 ] ulp_F (t_{i0−1}).

For the last inequality we need

|t_{i0} | ≤ (2^F − 1)ulp_F (t_{i0} ) = ( 2^{F −1} − 1 2 ) ulp_F (t_{i0−1}).

We need to show that i_0+p∑

j=i_0+1

2^{F −kj−1−α}(1 + j2^{1−F} ) + p 2 ≤ 2^{F −1} which is trivial with what we’ve already proved for the other inequality. It follows that |t_{i0+p−1} + z_{i0+p}| ≤ (2^F −^1_2 )ulp_F (t_{i0−1}). Rounding leads to the same estimate for |t_{i0+p}|: |t_{i0+p}| ≤ ( 2^F − 1 2 ) ulp_F (t_{i0−1}) < 2^F ulp_F (t_{i0−1}).

Then ulp_F (t_{i0+p}) ≤ 2^{−F +1}|t_{i0+p}| < 2ulp_F (t_{i0−1}) and hence ulp_F (t_{i0+p}) ≤ ulp_F (t_{i0−1}).

Note that for ki_0 + α = 2 the lemma is still true, but we need to be more careful with the estimates.

As p ≤ l ≤ 2^{F −1}, we know that the exponent of the final result is at least one less that the highest exponent of the partial sums. The final error on t_l is then: ε_{fin} ≤ ε_{eval} + ε_{add} ≤ 2^{3−k−F} + l 2 ulp_F (t_{i0−1}) = ( 2^{2−k−α} + l 2 ) ulp_F (t_{i0−1}) ≤ (2^{3−k−α} + l)ulp_F (t_l).

Here we used ulp_F (t_{i0−1}) = 2^αulp_F (t_0) = 2^α2^{1−F} .

Figure 1: Decreasing ulp of z_i

3.2 Improvement of the basic method

From the error bound we see that the final error comes mostly from the rounding error at each step and not from the evaluation error. In order to decrease the evaluation cost it could be meaningful to use a reduced precision for the z_i. This idea appears already in [5] for summing a series with decreasing terms. A gain of a factor of up to three is given for the summation time. A detailed error analysis is however not provided.

3.2.1 The evaluation error

As the value of z_i decreases by an order of 2^{−k} compared to the value of z_{i−1}, the first idea is to use only F − ki bits of precision to compute z_i. For example figure 1 shows how the ulp of the z_i decrease for k = 2 and |a_i| = 1 (the dashed boxes are the neglected bits in this improved method).

The relative error is now :

z_i = a_ix^i(1 + θ^′_i) i∏ j=1 (1 + θ_j )

with ∀i ∈ {1, . . . , l}, |θ^′_i| ≤ 2^{ki−F} and ∀j ∈ {1, . . . , i}, |θ_j| ≤ 2^{kj−F} . To apply Lemma 1, we need F ≥ ki + 3. Then |θ^′_i|+ i∑ j=1 |θ_j | ≤ 2^{ki−F} + i∑ j=1 2^{kj−F} = 2^{ki−F} + 2^k 2^k − 1 2^{−F} (2^{ki} −1) ≤ 3·2^{ki−F} ≤ 1 2 .

(Note that we don’t use θ_1 = 0 here, which does not improve the estimates.) Using the lemma and the assumptions on |θ^′_i|, |θ_i|, we get the two inequalities 1 − 2^{ki−F} − i∑ j=1 2^{kj−F} ≤ (1 + θ^′_i) i∏ j=1 (1 + θ_j ) ≤ 1 + 2 ( 2^{ki−F} + i∑ j=1 2^{kj−F} ) .

The relative error at each step is given by |z_i − a_ix^i| |a_ix^i| = | | | | 1 − (1 + θ^′_i) i∏ j=1 (1 + θ_j ) | | | | ≤ 2^{−F} e(i) with

e(i) = 2 ( 2^{ki} + i∑ j=1 2^{kj} ) = 2 ( 2^{ki} +

2^k 2^k − 1

(2^{ki} − 1) ) . The following estimate (for F ≥ ki + 3 for i = 1, . . . , l) is useful.

2^{−ki}e(i) = 2 ( 1 + 2^k 2^k − 1

(1 − 2^{−ki}) ) ≤ 2(1 + 2) = 6.

The evaluation error is then bounded by ε_{eval} ≤ l∑ i=1 2^{−F} e(i)|a_ix^i| ≤ 2^{−F} l∑ i=1 e(i)2^{−ki} ≤ 6l2^{−F} .

3.2.2 The final error To get a similar bound as before on the final error, we need to compare the ulp of the final result with the accumulated error. Again we assume rounding to nearest. Then |z_i| ≤ |a_ix^i|(1 + 2^{−F} e(i)) ≤ 2^{−ki}(1 + 2^{−F} e(i)) ≤ 2^{F −ki−1}(1 + 2^{−F} e(i))ulp_F (t_0).

Using F ≥ ki + 3 for all i, we can further estimate 2^{−F} ≤ 2^{−ki−3} and |z_i| ≤ 2^{F −ki−1} ( 1 + 6 8 ) ulp_F (t_0) ≤ 2^{F −ki}ulp_F (t_0).

Let i_0 as before be the first index at which the exponent of t_i decreases (i_0 = l + 1 if there is no decrease). Also let α ≥ 0 with ulp_F (t_{i0−1}) = 2^αulp_F (t_0). The next lemma is similar to Lemma 2.

Lemma 3. Let p ≤ 2^{F −2} and F ≥ kl + 3. We further assume that ki_0 + α ≥ 4. Then ∀j ∈ {i_0, . . . , i_0 + p}, ulp_F (t_{i0} ) = ulp_F (t_{i0−1}) 2 ≤ ulp_F (t_j) ≤ ulp_F (t_{i0−1}).

Proof. The proof is exactly the same as the proof of Lemma 2, using the estimates from above.

We can now estimate the partial sum exponent as before and get the final error ε_{fin} ≤ ε_{eval} + ε_{add} ≤ 7lulp_F (t_l). 3.3 Horner method

The ideas of the error estimate for the Horner method are taken from [3]. Looking at the relative error, in step i we have s_i = (a_i+(x·s_{i+1})(1+θ_i))(1+θ^′_i) with |θ_i|, |θ^′_i| ≤ 2^{−F} . The general formula is then

s_0 = l∑ i=0 (1 + θ^′_i) (_{i−1} ∏ j=0 (1 + θ_j )(1 + θ^′_j ) ) a_ix^i. Defining

δ_i := (1 + θ^′_i) (_{i−1} ∏ j=0 (1 + θ_j )(1 + θ^′_j ) ) − 1, we can write

s_0 = l∑ i=0 (1 + δ_i)a_ix^i.

We then can estimate the difference between s_0 and P (x): |s_0 − P (x)| = | | | | l∑ i=0 (1 + δ_i)a_ix^i − l∑ i=0 a_ix^i | | | | = | | | | l∑ i=0 δ_ia_ix^i | | | | ≤ l∑ i=0 |δ_i||a_i||x|^i. Now we need a bound for |δ_i|. Using Lemma 1, we get

1 − (2i + 1)2^{−F} ≤ δ_i + 1 = (1 + θ^′_i) (_{i−1} ∏ j=0 (1 + θ_j )(1 + θ^′_j ) ) ≤ 1 + 2(2i + 1)2^{−F}

as long as 2i + 1 ≤ 2^{F −1}. Therefore, for l ≤ 2^{F −2} −^1_2 , we get the estimate for all i = 0, . . . , l:

|δ_i| ≤ 2(2i + 1)2^{−F} = (2i + 1)2^{1−F} .

The error estimate for the Horner scheme is then |s_0 − P (x)| ≤ l∑ i=0 (2i + 1)2^{1−F} |a_i||x|^i.

Using |a_i| ≤ 1 and |x| ≤ 2^{−k} we can further estimate |s_0 − P (x)| ≤ 2^{1−F} l∑ i=0 (2i + 1)2^{−ik} ≤ 2^{1−F}

1 + 2^{−k} (1 − 2^{−k})^2 . The last inequality is obtained by extending the sum to infinity. The goal is to get a lower bound of |s_0| so we can bound the relative error. |P (x)| ≥ 1 − l∑ i=1 |a_ix^i| ≥ 1 − l∑ i=1 2^{−ki} = 1 − 2^{−k} 1 − 2^{−kl} 1 − 2^{−k} . We need to distinguish two cases here:

• If k ≥ 2, we get |P (x)| ≥ 1 − 2^{−k} 1 1 − 2^{−k} ≥ 2 3 . Using the estimate from above we get the lower bound of |s_0|: |s_0| ≥ 2 3 − 2^{1−F} 1 + 2^{−k} (1 − 2^{−k})^2 = 2 3 · (1 − 2^{−k})^2 − 3 · 2^{−F} (1 + 2^{−k}) (1 − 2^{−k})^2 . And the relative error is then bounded by : ϵ_{rel} = |s_0 − P (x)| |s_0| ≤ 3 · 2^{−F} (1 + 2^{−k}) (1 − 2^{−k})^2 − 3 · 2^{−F} (1 + 2^{−k}) . The worst case is k = 2 which gives ϵ_{rel} ≤^{5·2−F}_{34 −5·2−F} . For example with F ≥ 6^1 this means we will lose at most 3 bits of precision in the final result.

• k = 1. We get |P (x)| ≥ 2^{−l}. The lower bound of s_0 is then |s_0| ≥ 2^{−l} − 12 · 2^{−F} which is only meaningful if F ≥ l + 4. The relative error is then ϵ_{err} ≤ 12 · 2^{−F} 2^{−l} − 12 · 2^{−F} . For example for F = 53 and l = 10 we estimate that we can lose up to 14 bits in the final result. This estimate is quite bad but this comes from the static lower bound for P (x) and s_0. At run time the final value of s_0 is known and a better error estimate can almost always be given.

1ϵ = 2^{−6}.

3.4 Improvement of the Horner method

Similar to the basic method, we estimate the errors after cutting the number of bits in the internal representation. We start the computation with low accuracy and increase the size of the partial result at each step. Here we have the relative errors |θ^′_i| ≤ 2^{ki−F} and θ_i ≤ 2^{ki−F} for i = 0, . . . , l. Again we define δ_i := (1 + θ^′_i) (_{i−1} ∏ j=0 (1 + θ_j )(1 + θ^′_j ) ) − 1. To apply Lemma 1, we need the inequality

2^{ki−F} + 2 i−1∑ k=0 2^{kj−F} ≤ 1 2 . This is satisfied for F ≥ ki + 3:

2^{ki−F} + 2 i−1∑ k=0 2^{kj−F} = 2^{−F} ( 2^{ki} + 2 2^k − 1

(2^{ki} − 1) )

≤ 2^{−F} ( 2^{ki} + 2 · 2^{ki} ) = 3 · 2^{ki−F} ≤ 1 2 . Now we can give a bound for |δ_i|. Using Lemma 1, we get 1 − 2^{−F} ( 2^{ki} + 2 i−1∑ k=0 2^{kj} ) ≤ δ_i + 1 ≤ 1 + 2 · 2^{−F} ( 2^{ki} + 2 i−1∑ k=0 2^{kj} )

as long as F ≥ ki + 3. We write

e(i) = 2 ( 2^{ki} + 2 i−1∑ k=0 2^{kj} ) = 2 ( 2^{ki} + 2 2^k − 1

(2^{ki} − 1) )

and get, for F ≥ kl + 3, the estimate for all i = 0, . . . , l: |δ_i| ≤ 2^{−F} e(i). We later need the estimate

2^{−ki}e(i) = 2 ( 1 + 2 2^k − 1

(1 − 2^{−ki}) ) ≤ 6.

Now we can estimate the difference between s_0 and P (x): |s_0 − P (x)| = | | | | l∑ i=0 δ_ia_ix^i | | | | ≤ l∑ i=0 2^{−F} e(i)|a_i||x|^i. Using |a_i| ≤ 1 and |x| ≤ 2^{−k} we can further estimate |s_0 − P (x)| ≤ 2^{−F} l∑ i=0 2^{−ik}e(i) ≤ 6 · 2^{−F} (l + 1).

We can use the same lower bound for |P (x)| as above: |P (x)| ≥ 1 − 2^{−k} 1 − 2^{−kl} 1 − 2^{−k} . We need to distinguish two cases here:

• If k ≥ 2, we get |P (x)| ≥ 2 3 . Using the estimate from above we get the lower bound of |s_0|: |s_0| ≥ 2 3 − 6 · 2^{−F} (l + 1).

(For the right hand side to be positive we need 2^{−F} (l + 1) ≤^1_9 .) The relative error is then bounded by : ϵ_{rel} = |s_0 − P (x)| |s_0| ≤ 6 · 2^{−F} (l + 1) 2 3 − 6 · 2^{−F} (l + 1) .

• k = 1. We get |P (x)| ≥ 2^{−l}. The lower bound of s_0 is then |s_0| ≥ 2^{−l} − 6 · 2^{−F} (l + 1). (The right hand side is positive for example for F ≥ 2l + 3.) The relative error is then ϵ_{err} ≤ 6 · 2^{−F} (l + 1) 2^{−l} − 6 · 2^{−F} (l + 1) . 4 Providing a dynamic error bound

The static error bounds we provided are good to have an idea of the maximum error these algorithms can yield in the worst case (although we don’t provide examples showing that these bounds are optimal).

However, the static analysis shows its limits when we want to give an error bound that is relative to the final result. The lower bound of the final result is rather pessimistic and is not relevant at run-time since we know the final result.

The algorithms were therefore written to provide the evaluation of P (x) and a bound on the final error at the same time so that we know how many bits are significant.

For the Horner and improved Horner methods nothing needs to be done, we only have to compare the value of the error given by the static analysis with the value of the final result.

For the basic and improved basic methods, we compute the maximum of the exponents of the intermediate results t_i. We know that this exponent is the exponent of t_{i0−1} and can then compute α. We also know whether the exponent of t_l is that of t_{i0} or of t_{i0−1} and we don’t overestimate the error too much.

5 Conclusion and future work

In this paper we presented and analyzed two polynomial evaluation methods and improved these methods. The results confirm the reputation of the Horner method having more numerical stability.

For large inputs, the improved methods are faster than the original methods. This gain was predictable from the theoretical complexity: depending on the time complexity of the multiplication, the truncated basic method gains a factor ranging from 2 to 3 on the time spent doing multiplications compared to the basic method. The actual error of the improved methods is comparable to the error of the original methods. It is therefore not straightforward which method to chose as there is a tradeoff between very good accuracy and good efficiency (Horner) and not so good accuracy but even higher efficiency (improved horner method in the last example). The choice is highly context-dependant.

As a future work, Smith gives in [5] a method to sum series where the terms are “related”. In our tests the coefficient were precomputed once but we could apply our error analysis to Smith’s “concurrent series” summing to get an efficient method to sum such series with bounded error.

References

[1] David Defour, Florent de Dinechin, and Jean-Michel Muller. Correctly rounded exponential function in double precision arithmetic. In Proceedings of SPIE 46th Annual Meeting, International Symposium on Optical Science and Technology, San Diego, USA, 2001.

[2] Demmel J. and Hida Y. Accurate floating-point summation, 2002.

[3] D. Manocha. Error analysis for polynomial evaluation. http://www.cs.

unc.edu/~smp/COMP205/LECTURES/ERROR/lec4.ps.

[4] Jean-Michel Muller. Elementary Functions. Algorithms and Implementation. Birkhauser, 1997. 232 pages.

[5] David M. Smith. Algorithm 693. A Fortran package for floating-point multiple-precision arithmetic. ACM Transactions on Mathematical Software, 17(2):273–283, 1991.

[6] INRIA. Spaces Project. The mpfr library. http://www.mpfr.org/.

A Experiments

The different algorithms were written with the MPFR[6] floating-point library and run on a P4 processor at 3GHz, taking the l first term of the exponential series for P , with several values of the different parameters. The values of l were chosen so that every term z_i in the basic method is greater than the ulp of the current result (no term is completely useless). The figure shows the runtime, the predicted accuracy and the actual accuracy.

We took x = ∘(^{1√}_{42} ).

F = 53, f = 40, l = 11

Method ulp error ulp error Time(μs) (measured) (dynamic estimate) basic 1.063269 1.50e1 5.646 basic improved 1.063269 1.04e2 10.834 horner 0.063269 2.22 4.234 horner improved 0.063269 3.60e1 9.918

F = 410, f = 400, l = 57

Method ulp error ulp error Time(μs) (measured) (dynamic estimate) basic 0.100492 6.10e1 0.135 basic improved 0.100492 5.42e2 0.149 horner 0.100492 2.22 0.071 horner improved 0.100492 1.74e2 0.099

F = 4010, f = 4000, l = 404

Method ulp error ulp error Time(μs) (measured) (dynamic estimate) basic 1.672861 4.08e2 39.375 basic improved 1.672861 3.84e3 39.062 horner 0.327139 2.22 20.156 horner improved 0.672861 1.22e3 17.812

One test with x =^{1√}_{4200} which verifies k = 6 :

F = 4010, f = 4000, l = 311

Method ulp error ulp error Time(μs) (measured) (dynamic estimate) basic 6.589485 3.11e2 30.469 basic improved 6.589485 2.95e3 25.312 horner 0.410515 1.05 15.469 horner improved 0.410515 9.36e2 10.781

From the results we see that no methods ever underestimated the actual error it did but rather provided safe error bounds usually by several orders of magnitude larger than the measured error in the case of the first two methods.

The basic and basic improved methods achieve the same accuracy in our tests confirming the intuition that computing too many bits for the higher terms of the series is inefficient. The improved method is worse than the basic method for small inputs because we lose more time evaluating the error and rounding the partial result than actually computing the evaluation.

The Horner method has always the best accuracy (measured and predicted) but it not always as efficient as the truncated (improved) methods.

The same experiments were done with the cosine series but were not included as the results are similar.

I N F O R M A T I K

Below you find a list of the most recent technical reports of the Max-Planck-Institut für Informatik. They are available by anonymous ftp from ftp.mpi-sb.mpg.de under the directory pub/papers/reports. Most of the reports are also accessible via WWW using the URL http://www.mpi-sb.mpg.de. If you have any questions concerning ftp or WWW access, please contact reports@mpi-sb.mpg.de. Paper copies (which are not necessarily free of charge) can be ordered either by regular mail or by e-mail at the address below.

Max-Planck-Institut für Informatik Library attn. Anja Becker Stuhlsatzenhausweg 85 66123 Saarbrücken GERMANY e-mail: library@mpi-sb.mpg.de

MPI-I-2004-NWG3-001 M. Magnor Axisymmetric Reconstruction and 3D Visualization of Bipolar Planetary Nebulae

MPI-I-2004-5-001 S. Siersdorfer, S. Sizov, G. Weikum Goal-oriented Methods and Meta Methods for Document Classification and their Parameter Tuning

MPI-I-2004-4-004 R. Zayer, C. Rssl, H. Seidel r-Adaptive Parameterization of Surfaces

MPI-I-2004-4-003 Y. Ohtake, A. Belyaev, H. Seidel 3D Scattered Data Interpolation and Approximation with Multilevel Compactly Supported RBFs

MPI-I-2004-4-002 Y. Ohtake, A. Belyaev, H. Seidel Quadric-Based Mesh Reconstruction from Scattered Data

MPI-I-2004-4-001 J. Haber, C. Schmitt, M. Koster, H. Seidel

Modeling Hair using a Wisp Hair Model

MPI-I-2004-2-001 H.d. Nivelle, Y. Kazakov Resolution Decision Procedures for the Guarded Fragment with Transitive Guards

MPI-I-2004-1-004 N. Sivadasan, P. Sanders, M. Skutella Online Scheduling with Bounded Migration

MPI-I-2004-1-003 I. Katriel On Algorithms for Online Topological Ordering and Sorting

MPI-I-2004-1-002 P. Sanders, S. Pettie A Simpler Linear Time 2/3 - epsilon Approximation for Maximum Weight Matching

MPI-I-2004-1-001 N. Beldiceanu, I. Katriel, S. Thiel Filtering algorithms for the Same and UsedBy constraints

MPI-I-2003-NWG2-002 F. Eisenbrand Fast integer programming in fixed dimension

MPI-I-2003-NWG2-001 L.S. Chandran, C.R. Subramanian Girth and Treewidth

MPI-I-2003-4-009 N. Zakaria FaceSketch: An Interface for Sketching and Coloring Cartoon Faces

MPI-I-2003-4-008 C. Roessl, I. Ivrissimtzis, H. Seidel Tree-based triangle mesh connectivity encoding

MPI-I-2003-4-007 I. Ivrissimtzis, W. Jeong, H. Seidel Neural Meshes: Statistical Learning Methods in Surface Reconstruction

MPI-I-2003-4-006 C. Roessl, F. Zeilfelder, G. Nrnberger, H. Seidel

Visualization of Volume Data with Quadratic Super Splines

MPI-I-2003-4-005 T. Hangelbroek, G. Nrnberger, C. Roessl, H.S. Seidel, F. Zeilfelder

The Dimension of C^1 Splines of Arbitrary Degree on a Tetrahedral Partition

MPI-I-2003-4-004 P. Bekaert, P. Slusallek, R. Cools, V. Havran, H. Seidel

A custom designed density estimation method for light transport

MPI-I-2003-4-003 R. Zayer, C. Roessl, H. Seidel Convex Boundary Angle Based Flattening

MPI-I-2003-4-002 C. Theobalt, M. Li, M. Magnor, H. Seidel

A Flexible and Versatile Studio for Synchronized Multi-view Video Recording

MPI-I-2003-4-001 M. Tarini, H.P.A. Lensch, M. Goesele, H. Seidel

3D Acquisition of Mirroring Objects

MPI-I-2003-2-004 A. Podelski, A. Rybalchenko Software Model Checking of Liveness Properties via Transition Invariants MPI-I-2003-2-003 Y. Kazakov, H. Nivelle Subsumption of concepts in DL FL_0 for (cyclic) terminologies with respect to descriptive semantics is PSPACE-complete MPI-I-2003-2-002 M. Jaeger A Representation Theorem and Applications to Measure Selection and Noninformative Priors MPI-I-2003-2-001 P. Maier Compositional Circular Assume-Guarantee Rules Cannot Be Sound And Complete MPI-I-2003-1-018 G. Schaefer A Note on the Smoothed Complexity of the Single-Source Shortest Path Problem MPI-I-2003-1-017 G. Schfer, S. Leonardi Cross-Monotonic Cost Sharing Methods for Connected Facility Location Games

MPI-I-2003-1-016 G. Schfer, N. Sivadasan Topology Matters: Smoothed Competitive Analysis of Metrical Task Systems MPI-I-2003-1-015 A. Kovcs Sum-Multicoloring on Paths MPI-I-2003-1-014 G. Schfer, L. Becchetti, S. Leonardi, A. Marchetti-Spaccamela, T. Vredeveld

Average Case and Smoothed Competitive Analysis of the Multi-Level Feedback Algorithm

MPI-I-2003-1-013 I. Katriel, S. Thiel Fast Bound Consistency for the Global Cardinality Constraint MPI-I-2003-1-012 - not published -

MPI-I-2003-1-011 P. Krysta, A. Czumaj, B. Voecking Selfish Traffic Allocation for Server Farms

MPI-I-2003-1-010 H. Tamaki A linear time heuristic for the branch-decomposition of planar graphs MPI-I-2003-1-009 B. Csaba On the Bollobás – Eldridge conjecture for bipartite graphs MPI-I-2003-1-008 P. Sanders Polynomial Time Algorithms for Network Information Flow MPI-I-2003-1-007 H. Tamaki Alternating cycles contribution: a strategy of tour-merging for the traveling salesman problem MPI-I-2003-1-006 M. Dietzfelbinger, H. Tamaki On the probability of rendezvous in graphs MPI-I-2003-1-005 M. Dietzfelbinger, P. Woelfel Almost Random Graphs with Simple Hash Functions MPI-I-2003-1-004 E. Althaus, T. Polzin, S.V. Daneshmand

Improving Linear Programming Approaches for the Steiner Tree Problem MPI-I-2003-1-003 R. Beier, B. Vcking Random Knapsack in Expected Polynomial Time MPI-I-2003-1-002 P. Krysta, P. Sanders, B. Vcking Scheduling and Traffic Allocation for Tasks with Bounded Splittability MPI-I-2003-1-001 P. Sanders, R. Dementiev Asynchronous Parallel Disk Sorting MPI-I-2002-4-002 F. Drago, W. Martens, K. Myszkowski, H. Seidel

Perceptual Evaluation of Tone Mapping Operators with Regard to Similarity and Preference MPI-I-2002-4-001 M. Goesele, J. Kautz, J. Lang, H.P.A. Lensch, H. Seidel

Tutorial Notes ACM SM 02 A Framework for the Acquisition, Processing and Interactive Display of High Quality 3D Models MPI-I-2002-2-008 W. Charatonik, J. Talbot Atomic Set Constraints with Projection MPI-I-2002-2-007 W. Charatonik, H. Ganzinger Symposium on the Effectiveness of Logic in Computer Science in Honour of Moshe Vardi MPI-I-2002-1-008 P. Sanders, J.L. Trff The Factor Algorithm for All-to-all Communication on Clusters of SMP Nodes MPI-I-2002-1-005 M. Hoefer Performance of heuristic and approximation algorithms for the uncapacitated facility location problem MPI-I-2002-1-004 S. Hert, T. Polzin, L. Kettner, G. Schfer

Exp Lab A Tool Set for Computational Experiments

MPI-I-2002-1-003 I. Katriel, P. Sanders, J.L. Trff A Practical Minimum Scanning Tree Algorithm Using the Cycle Property MPI-I-2002-1-002 F. Grandoni Incrementally maintaining the number of l-cliques MPI-I-2002-1-001 T. Polzin, S. Vahdati Using (sub)graphs of small width for solving the Steiner problem MPI-I-2001-4-005 H.P.A. Lensch, M. Goesele, H. Seidel A Framework for the Acquisition, Processing and Interactive Display of High Quality 3D Models