’$¸ ß ’$ ffiflfflfi

I N F O R M A T I K

� �

↑ �

On the Chvátal Rank of Polytopes in the 0/1 Cube

Alexander Bockmayr Friedrich Eisenbrand

MPI–I–97–2–009 September 1997

FORSCHUNGSBERICHT RESEARCH REPORT

M A X - P L A N C K - I N S T I T U T F Ü R I N F O R M A T I K

Im Stadtwald 66123 Saarbrücken Germany

Authors’ Addresses

Alexander Bockmayr Max-Planck-Institut für Informatik Im Stadtwald 66123 Saarbrücken

bockmayr@mpi-sb.mpg.de

Friedrich Eisenbrand Max-Planck-Institut für Informatik Im Stadtwald 66123 Saarbrücken

eisen@mpi-sb.mpg.de

Publication Notes

The present report has been submitted for publication elsewhere and will be copyrighted if accepted.

Acknowledgements

We would like to thank Mark Hartmann and Günter Ziegler for their comments on a draft of this paper. In particular, Günter Ziegler suggested an improved version of Lemma 5, which we present here. Thanks also to William Cook and Georg Struth for inspiring discussions.

This work was partially supported by the ESPRIT Working Group 22457 (CCL II) and the Human Capital and Mobility network CONSOLE.

Abstract

Given a polytope P ⊆ R^n, the Chvátal-Gomory procedure computes iteratively the integer hull P_I of P . The Chvátal rank of P is the minimal number of iterations needed to obtain P_I . It is always finite, but already the Chvátal rank of polytopes in R^2 can be arbitrarily large. In this paper, we study polytopes in the 0/1 cube, which are of particular interest in combinatorial optimization. We show that the Chvátal rank of a polytope P ⊆ [0, 1]^n in the 0/1 cube is at most 6n^3 log n and prove the linear upper and lower bound n for the case P ∩ Z^n = ∅.

Keywords

Integer programming, combinatorial optimization, polytope, cutting plane, Chvátal rank

1 Introduction

The Chvátal rank of a polyhedron P = {x ∈ R^n | Ax ≤ b}, with A ∈ R^{m×n} and b ∈ R^m, was introduced by Chvátal in [Chv73] as an indicator for the “degree of discreteness” and thus the complexity of an integer linear program of the form max{cx | x ∈ P ∩Z^n}, c ∈ R^n. An inequality cx ≤ ⌊δ⌋, with c ∈ Z^n and δ = max{cx | x ∈ P }, is called a Chvátal-Gomory cutting plane (here ⌊δ⌋ denotes the greatest integer number less than or equal to δ). The set of vectors P^′ satisfying all cutting planes for P is called the elementary closure of P . Let P^{(0)} = P and P^{(i+1)} = (P^{(i)})^′, for i ≥ 0. Then the Chvátal rank of P is the smallest number t such that P^{(t)} = P_I , where P_I is the integer hull of P , i.e. the convex hull of

P ∩ Z^n.

Chvátal [Chv73] showed that every bounded polyhedron P ⊆ R^n has finite rank. Schrijver [Sch80] extended this result to possibly unbounded but rational polyhedra P = {x ∈ R^n | Ax ≤ b}, where A ∈ Q^{m×n}, b ∈ Q^m. Cook, Gerards, Schrijver, and Tardos [CGST86, Ger90] proved that for every matrix A ∈ Z^{m×n} there exists t ∈ N such that for all righthand sides b ∈ Z^m, the Chvátal rank of P_b = {x ∈ R^n | Ax ≤ b} is bounded by t. More details on these results can also be found in [Sch86, NW88].

Already in dimension 2, there exist rational polyhedra of arbitrarily large Chvátal rank [Chv73]. Lower bounds for the Chvátal rank of special polytopes arising in combinatorial optimization were given in [Chv73, Har88, CCH89, CH90, Har90] among others. In this paper, we study the Chvátal rank of polytopes contained in the n-dimensional 0/1 cube [0, 1]^n. We show that the Chvátal rank of polytopes P ⊆ [0, 1]^n is at most 6n^3 log n and prove the linear upper and lower bound n for the case P ∩ Z^n = ∅.

The organization of the paper is as follows. We start with some geometric preliminaries in Sect. 2. In Sect. 3, we consider polytopes in the n-dimensional 0/1 cube whose integer hull is empty and show that their Chvátal rank is at most n. In Sect. 4, we apply the Hadamard inequality to derive an exponential upper bound on the size of the vectors that define a facet of the integer hull P_I and whose components are relatively prime integers. In Sect. 5 we apply this bound to derive an upper bound 6n^3 log n for the Chvátal rank of rational polytopes whose integer hull is full-dimensional. Here, the basic idea is to walk up in the direction of a facet-defining vector in doubling steps, to obtain by rounding an integral vector in the neighbourhood, and to apply the Chvátal-Gomory rounding procedure until this vector touches the integer hull. Although the size of the vector is doubled every time, the number of iterations of the Chvátal-Gomory rounding procedure in each step is bounded by 6n^2. Finally, in Sect. 6, we extend this result to polytopes in the 0/1 cube that are not rational or whose integer hull is not full-dimensional.

2 Preliminaries

First we recall some definitions and facts from linear algebra ([Lan87] provides further reading). For v = (v_1, . . . , v_n), w = (w_1, . . . , w_n) ∈ R^n, we denote by ⟨v, w⟩ = vw = ∑_n i=1 v_iw_i the standard scalar product and by ‖v‖ = √ ⟨v, v⟩ the induced norm. Sometimes we also write ‖v‖_2 to distinguish it from the l_∞-norm ‖v‖_∞ = max{|v_i| | i = 1, . . . , n}.

The vectors v and w are orthogonal if ⟨v, w⟩ = 0. The inequality |⟨v, w⟩| ≤ ‖v‖ · ‖w‖ is called the Cauchy-Schwarz inequality. If v, w ≠ 0, then their enclosed angle α = ](v, w) is the unique number α in [0, π] with cos(α) = ⟨v, w⟩/(‖v‖·‖w‖). The theorem of Pythagoras states that if v and w are orthogonal, then ‖v + w‖^2 = ‖v‖^2 + ‖w‖^2. If in this case v ≠ 0 and α = ](v, v + w), then α < π/2, cos(α) = ‖v‖/‖v + w‖, sin(α) = ‖w‖/‖v + w‖ and tan(α) = ‖w‖/‖v‖. For w ≠ 0, the number μ = ⟨v, w⟩/⟨w, w⟩ is called the component and the vector μw the projection of v along w. For v ≠ 0 we have the decomposition v = μw+(v−μw), where v−μw is orthogonal to w, and we get sin(](v, w)) = ‖v−μw‖/‖v‖.

1. Lemma If v, w ∈ R^n, v, w ≠ 0, then sin(](v, w)) ≤ ‖v − w‖/‖v‖ and sin(](v, w)) ≤ ‖v − w‖/‖w.‖

Proof: The function of λ that maps λ to ‖v − λw‖^2 = ⟨v − λw, v − λw⟩ = ⟨v, v⟩ − 2λ⟨v, w⟩+λ^2⟨w, w⟩ attains its minimum at the component μ = ⟨v, w⟩/⟨w, w⟩ of v along w. Therefore, we get sin(](v, w)) = ‖v − μw‖/‖v‖ ≤ ‖v − w‖/‖v‖ and for symmetry reasons also sin(](v, w)) ≤ ‖v − w‖/‖w‖.

By (cx = δ) we denote the hyperplane {x ∈ R^n|cx = δ}. If c ≠ 0, the distance from some point y ∈ R^n to (cx = δ) is the number |δ − cy|/‖c‖. It is the minimum of all norms ‖z‖ such that y + z ∈ (cx = δ). The unique z having this property is a multiple of c, and y + z is the orthogonal projection of y onto (cx = δ).

2. Lemma Let c, v ∈ R^n with ⟨c, v⟩ > 0 and let 0 ≠ x_c ∈ (cx = 0), 0 ≠ x_v ∈ (vx = 0) such that x_v = x_c + λc. Let α = ](x_c, x_v) and β = ](c, v), then α ≤ β.

PSfrag replacements

Figure 1: The setting of Lemma 2.

Proof: (See Fig. 1.) We assume ‖v‖ = ‖c‖ = 1. We show cos^2(β) ≤ cos^2(α). This implies the assertion, since both angles are less than π/2. Since vx_v = v(x_c + λc) = 0 we have λ = −⟨v, x_c⟩/⟨v, c⟩. We also have v = μc + (v − μc), where μ = ⟨c, v⟩ = cos(β) is the component of v along c, and ‖v − μc‖ = sin(β). Applying the Cauchy-Schwarz inequality we get |λ| = |⟨v, x_c⟩/⟨v, c⟩| = |⟨μc+(v−μc), x_c⟩/⟨v, c⟩| = |⟨(v−μc), x_c⟩/⟨v, c⟩| ≤

‖v − μc‖ · ‖x_c‖/⟨v, c⟩ = tan(β)‖x_c‖. It follows cos^2(α) = ‖x_c‖^2/‖x_v‖^2 = ⟨x_c, x_c⟩/⟨x_v, x_v⟩ = ⟨x_c, x_c⟩/(⟨x_c, x_c⟩ + λ^2) ≥ ⟨x_c, x_c⟩/(⟨x_c, x_c⟩ + tan^2(β)⟨x_c, x_c⟩) = 1/(1 + tan^2(β)) = cos^2(β).

A polyhedron P is a set of vectors of the form P = {x ∈ R^n|Ax ≤ b}, for some real matrix

A ∈ R^{m×n} and some real vector b ∈ R^m. The polyhedron is rational if both A and b

are rational. If P is bounded, then P is called a polytope. An integral 0/1 polytope is a polytope that is the convex hull of a set of 0/1 vectors S ⊆ {0, 1}^n. The integer hull P_I of a polytope P is the convex hull of the integral vectors in P . The dimension dim(P ) of P is the dimension of its affine hull and P ⊆ R^n is full-dimensional if dim(P ) = n. An inequality cx ≤ δ defines a facet F = {x ∈ P | cx = δ} of P , if δ = max{cx | x ∈ P } and dim(F ) = dim(P )−1. The diameter of P is the number D = max{‖x_1−x_2‖ | x_1, x_2 ∈ P }. If P is in the 0/1 cube, then D ≤ √ n. A rational half space is of the form H = {x ∈ R^n | cx ≤ δ}, for some non-zero vector

c ∈ Q^n. If the components of c are relatively prime integers, i.e. c ∈ Z^n, gcd(c) = 1, a

rational half space has always such a representation, then H_I = {x ∈ R^n | cx ≤ ⌊δ⌋}, where ⌊δ⌋ is the greatest integer number less than or equal to δ. The elementary closure of a polyhedron P is the set P^′ = ⋂ H⊇P H_I , where the intersection ranges over all rational half spaces containing P . If P^{(0)} = P and P^{(i+1)} = (P^{(i)})^′, for i ≥ 0, then the Chvátal rank of P is the smallest number t such that P^{(t)} = P_I . We refer to an application of the^′ operation as one iteration of the C-G procedure. One has the following facts (see [Sch86], Corollary 23.2a and Lemma, p. 340).

3. Theorem For each polytope P , there exists a number t such that P^{(t)} = P_I .

4. Lemma Let F be a face of a rational polyhedron P . Then F^′ = P^′ ∩ F .

We define the function log : N \ {0} → N as

log(x) = { 1 if x ≤ 2 ⌈log_2(x)⌉ if x > 2

(here ⌈y⌉ denotes the smallest integer greater than or equal to y).

3 Polytopes in the 0/1 cube without integral points

5. Lemma Let P ⊆ [0, 1]^n be a d-dimensional rational polytope in the 0/1 cube with P_I = ∅. If d = 0, then P^′ = ∅, if d > 0 then P^{(d)} = ∅.

Proof: The case d = 0 is obvious.

If d = 1, then P is the convex hull of two points a, b ∈ [0, 1]^n, a ≠ b. Since P ∩ Z^n = ∅, there exist i, j ∈ {1, . . . , n} such that 0 < a_i, b_j < 1. If a_i ≤ b_i (resp. a_i ≥ b_i), then x_i ≥ a_i (resp. x_i ≤ a_i) is valid for P and P^′ ⊆ (x_i = 1) (resp. P^′ ⊆ (x_i = 0)). Since 0 < a_i < 1 and dim(P ) = 1, it follows P^′ ⊆ {b}. Using 0 < b_j < 1, we can show in the same way that P^′ ⊆ {a}. Together, we obtain P^′ ⊆ {a} ∩ {b} = ∅.

The general case is proven by induction on d and n. If P is contained in (x_n = 0) or (x_n = 1), we are done by induction on n. Otherwise, the dimension of P_0 = P ∩ (x_n = 0) and P_1 = P ∩(x_n = 1) is strictly smaller than d. By the induction hypothesis and Lemma 4 we get P^{(d−1)}_0 = P^{(d−1)} ∩ (x_n = 0) = ∅ and P^{(d−1)}_1 = P^{(d−1)} ∩ (x_n = 1) = ∅. It follows 0 < min{x_n | x ∈ P^{(d−1)}} ≤ max{x_n | x ∈ P^{(d−1)}} < 1, which implies P^{(d)} = ∅.

Irrational polytopes. For each polytope P ⊆ [0, 1]^n, there exists a rational polytope P^∗ ⊇ P in the 0/1 cube with the same integer hull (see [Sch86], proof of Corollary 23.2a). Indeed, for each 0/1 point y /∈ P , there exists a rational half space H_y containing P but not containing y. So

P^∗ = [0, 1]^n ∩ ⋂ y∈{0,1}^n y /∈P H_y (1)

has the desired properties. As P^∗ ⊇ P implies (P^∗)^{(t)} ⊇ P^{(t)} we have proved the following corollary.

6. Corollary The Chvátal rank of polytopes P ⊆ [0, 1]^n with P_I = ∅ is at most n.

The next lemma will imply that the bound from above is tight. The proof follows immediately from the proof of lemma 7.2 in [CCH89].

7. Lemma Let F_j be the set of all vectors y in R^n such that j components of y are 1/2 and each of the remaining n−j components are equal to 0 or 1. If a polyhedron P contains F_1, then F_j ⊆ P^{(j−1)}, for all j = 1, . . . , n.

If we define P_n as the convex hull of F_1, then (P_n)_I = ∅ and F_n = {(1/2, . . ., 1/2)} ⊆ P^{(n−1)} n . Thus n is the smallest number such that P^{(n)}_n = (P_n)_I = ∅. We therefore have the following proposition.

8. Proposition There exist rational polytopes P ⊆ [0, 1]^n with P_I = ∅ and Chvátal rank n.

4 Rational polytopes in the 0/1 cube with full-dimensional integer hull

Throughout this section we assume that P ⊆ [0, 1]^n, n ≥ 1, is a rational polytope with dim(P_I ) = n. Note that for n = 1, this implies P = P_I .

4.1 An exponential upper bound

9. Lemma For 0 ≠ c ∈ Z^n let γ = max{cx | x ∈ P } and δ = max{cx | x ∈ P_I }. Then cx ≤ δ is valid for P^{(k)}, for all k ≥ n⌈γ − δ⌉.

Intuitively, the lemma says that any face-defining inequality cx ≤ δ of P_I can be obtained from P by at most n ⌈d_c⌉ iterations of the C-G procedure, where d_c = γ−δ is the integrality gap of P with respect to c. Note that d_c = d ‖c‖, where d is the distance of the hyperplanes (cx = δ) and (cx = γ). A related result can be found in [Chv73, Sect. 4], see also [Har88, Lemma 2.2.7].

Proof: The proof is by induction on ⌈γ − δ⌉. The case ⌈γ − δ⌉ = 0 is trivial, so suppose ⌈γ − δ⌉ > 0. This implies n ≥ 2.

If γ /∈ Z, then cx ≤ ⌊γ⌋ = ⌈γ⌉ − 1 is valid for P^′.

If γ ∈ Z, then F = (cx = γ) ∩ P is a face of P without any integral points and dim(F ) < dim(P ) = n. With Lemma 5 and since n ≥ 2, we get F^{(n−1)} = ∅. Since F^{(n−1)} = P^{(n−1)} ∩ F , we have max{cx | x ∈ P^{(n−1)}} < γ, which implies that cx ≤ γ − 1 is valid for P^{(n)}.

So in any case we see that cx ≤ ⌈γ⌉ − 1 is valid for P^{(n)}. Let γ^′ = max{cx | x ∈ P^{(n)}}. Then γ^′ ≤ ⌈γ⌉−1 and since δ ∈ Z, it follows by induction that cx ≤ δ is valid for (P^{(n)})^{(k}0^), for all k^′ ≥ n(⌈γ − δ⌉ − 1) ≥ n⌈γ^′ − δ⌉. This implies the claim.

Next we derive an upper bound for ‖c‖, if cx ≤ δ, c ∈ Z^n, gcd(c) = 1 is a facet-defining inequality of an integral 0-1 polytope P .

10. Proposition Let cx ≤ δ be a facet-defining inequality of a full-dimensional integral 0/1 polytope P ⊆ R^n, with c ∈ Z^n and gcd(c) = 1, then ‖c‖_2 ≤ 2^{n log2 n}.

Proof: We show that ‖c‖_∞ ≤ 2^n2^{log2 n}. Since ‖c‖_2 ≤ n^12 ‖c‖_∞, this implies the result.

The claim is trivial for n = 1, so assume n > 1. Let F = {x ∈ P | cx = δ}. Then F is a (n − 1)-dimensional face of P which is again an integral 0/1 polytope. Since F is the convex hull of its extreme points, there exist n affinely independent 0/1 points p_1, . . ., p_n with cp_i = δ. So c is in the one-dimensional submodule of Z^n determined by

p_2 − p_1 . . p_n − p_1 u = 0, u ∈ Z^n. (2)

Since gcd(c) = 1, c is in fact the generator of this submodule. Thus the norm ‖c‖_∞ is the smallest among all integral vectors satisfying (2). We now give an upper bound on this number.

First note that the matrix in (2) has integral entries between −1 and 1. If n = 2, then one sees easily that ‖c‖_∞ = 1, so let n ≥ 3. After some appropriate column permutation, we can assume that the matrix is of the form [A | b] with a nonsingular matrix A = (a_1, . . . , a_{n−1}) ∈ Z^{n−1×n−1} and some b ∈ Z^{n−1}. One has Av = b for

v = A^{−1}b = 1 det(A) Ã b,

where Ã is the adjoint matrix of A. Thus u = (Ãb, −det(A)) is an integral solution of (2) and so ‖c‖_∞ ≤ ‖u‖_∞, which we investigate now.

Since the entries of A are between −1 and 1, we get by the Hadamard inequality that |det(A)| ≤ n−1∏ i=1 ‖a_i‖_2 ≤ (n − 1)^n

�1_2

= 2^n

�1_{2 log2(n−1)} ≤ 2^{n2 log2 n}.

Likewise each (n − 2) × (n − 2) subdeterminant of A is bounded by 2^n

�2_{2 log2(n−2)} . Since the entries of b are between −1 and 1, it follows that ‖Ã b‖_∞ ≤ (n − 1)2^n �2_{2 log2(n−2)} = 2^{log2(n−1)+ n}

�2_{2 log2(n−2)} ≤ 2^{n2 log2(n−1)}.

This implies the result.

We give a first upper bound of the Chvátal rank of polytopes in the 0/1 cube with fulldimensional integer polytope.

11. Theorem Let P ⊆ [0, 1]^n be a rational polytope in the 0/1 cube with dim(P_I ) = n. Then P^{(t)} = P_I , for t ≥ n 2^{(n+1) log2 n}.

Proof: We show for each facet-defining inequality cx ≤ δ of P_I , with c ∈ Z^n and gcd(c) = 1, that P^{(t)} ⊆ {x ∈ R^n | cx ≤ δ}, for each t ≥ n2^{(n+1) log2 n}. Let γ = max{cx | x ∈ P }. The distance d of (cx = γ) and (cx = δ) is at most √ n, the diameter of the n-dimensional 0/1 cube. So γ − δ = d ‖c‖ is bounded by n^12 2^{n log2 n} ≤ 2^{(n+1) log2 n}. The claim now follows with Lemma 9.

4.2 A polynomial upper bound in the dimension

The next definitions and lemmas will help us to prove that the Chvátal rank of polytopes in the 0/1 cube is bounded by a polynomial function in the dimension.

12. Definition Let cx ≤ δ be a facet-defining inequality of P_I and γ = max{cx | x ∈ P }. The c-height of P is the distance h_c = (γ−δ)/ ‖c‖ of (cx = δ) and (cx = γ). If v ∈ R^n, then P is called v-saturated with respect to c if max{vx|x ∈ P } = max{vx|x ∈ P ∩ (cx ≤ δ)}.

PSfrag replacements

Figure 2: An illustration for Definition 12. P is v-saturated with respect to c, since max{vx|x ∈ P } is attained “below” (cx = δ).

The following fact is straightforward.

13. Lemma If P is c-saturated with respect to c for each facet-defining inequality cx ≤ δ of P_I , then P = P_I .

The next lemma gives a bound on the c-height of P , if P is v-saturated with respect to c, in terms of the angle between v and c and the diameter of P .

14. Lemma Let cx ≤ δ be a facet-defining inequality of P_I and suppose P is v-saturated with respect to c, for some 0 ≠ v ∈ R^n with α = ](v, c) < π/2. Then h_c ≤ tan(α)D, where D is the diameter of P . In particular if α ≤ π/4, then h_c ≤ √ 2 sin(α)D.

PSfrag replacements

Figure 3: The setting of Lemma 14

Proof: Let vp = max{vx|x ∈ P } and cq = max{cx|x ∈ P }, for some p, q ∈ P . Then h_c is the distance of q from (cx = δ). Since P is v-saturated with respect to c, we can assume cp ≤ δ. Let r be the orthogonal projection of q on (cx = cp). If c̃ = c/‖c‖, then q = r +λc̃, where λ ≥ 0 is the distance from q to (cx = cp), and h_c ≤ λ. Now consider the ray starting from r through q in direction c (see Fig. 3). We have vq = v(r+λc̃) ≤ vp as q ∈ P and vp is maximal. Since ⟨v, c⟩ > 0, there must be a μ ≥ λ ≥ h_c with v(r +μc̃) = vp. Geometrically, the point s = r + μc̃ is the intersection of the ray and the hyperplane (vx = vp), and the upper bound μ on h_c is the distance of s from (cx = cp).

If r = p, then h_c = μ = 0. So assume r−p ≠ 0. Since ‖q−p‖ ≤ D, it follows by the theorem of Pythagoras that ‖r − p‖ ≤ D. Note that (r − p) ∈ (cx = 0) and (s − p) ∈ (vx = 0). By Lemma 2, they enclose an angle α^′ ≤ α and tan(α^′) = μ/‖r − p‖. We therefore have μ ≤ tan(α)D. Finally, if α ≤ π/4, then cos(α) ≥ 1/ √ 2, and so h_c ≤ √ 2 sin(α)D.

15. Lemma Let cx ≤ δ define a facet F = {x ∈ P_I | cx = δ} of P_I and let 0 ≠ v ∈ R^n be such that α = ](c, v) < π/2. Further let P not be v-saturated with respect to c. The distance from any p_I ∈ F to the hyperplane vx = max{vx|x ∈ P } is bounded by

h_c/ cos(α) + tan(α)D,

where D is the diameter of P . In particular if α ≤ π/4, then the distance from any p_I ∈ F to the hyperplane (vx = max{vx|x ∈ P }) is bounded by √ 2(h_c + sin(α)D).

PSfrag replacements

Figure 4: The setting of Lemma 15

Proof: Suppose vp = max{vx | x ∈ P }, for some p ∈ P and p_I ∈ F . Let q be the orthogonal projection of p on (vx = vp_I), and let r be the orthogonal projection of p on (cx = δ), i.e. p = q + λv and p = r + μc, for some λ, μ > 0 (see Fig. 4). The existence of q and r follows from P not being v-saturated with respect to c. Clearly ‖p − q‖ is the distance from p_I to (vx = vp). Note that p − q is a multiple of v and that p − r is a multiple of c. Let s be the intersection of the line through p and q and the hyperplane cx = δ. Then cos(α) = ‖p − r‖/‖p − s‖ and since ‖p − r‖ ≤ h_c we obtain ‖p − s‖ ≤ h_c/ cos(α). We distinguish two cases.

Case 1: cq ≥ δ. Then ‖p − q‖ ≤ ‖p − s‖ and we are done.

Case 2: cq < δ (see Fig. 4). Then ‖p − q‖ = ‖p − s‖ + ‖s − q‖. An upper bound on ‖s − q‖ can be obtained in the following way: The vector q − p_I lies on (vx = 0) and the vector s−p_I lies on (cx = 0). Both vectors are different from 0. Moreover, q −p_I can be obtained from s − p_I by adding a multiple of v. So with Lemma 2, they enclose an angle α^′ ≤ α. Therefore we have tan(α^′) = ‖s − q‖/‖q − p_I‖. Since ‖q − p_I ‖ ≤ ‖p − p_I ‖ ≤ D, we have the bound ‖s − q‖ ≤ tan(α)D and the claim follows.

We will now derive the upper bound 6n^3 log n for the Chvátal rank of rational polytopes P ⊆ [0, 1]^n with full-dimensional integer hull P_I . From Lemma 13, we know that P^{(k)} = P_I , if P^{(k)} is c-saturated with respect to c, for all facet-defining inequalities cx ≤ δ of P_I . Using Lemma 15, we will estimate the number of iterations of the C-G procedure that are needed until P^{(k)} becomes c-saturated. The idea is to approximate the vector c, whose length is bounded by 2^{n log2 n}, by a sequence of N = n log n vectors v_i, i = 1, . . . , N, such that ‖v_i‖ ≤ 2^i √ n and sin(](c, v_i)) ≤ 1/2^i. This will lead to a sequence of polytopes

P = P^{(k0)} ⊇ P^{(k1)} ⊇ P^{(k2)} ⊇ . . . ⊇ P^{(kN )} = P_I ,

with k_0 ≤ k_1 ≤ . . . ≤ k_N , such that P^{(ki)} is v_i-saturated with respect to c, and such that the number k_i − k_{i−1} of iterations of the C-G procedure needed at each step is at most 6n^2, for all i = 1, . . . , N.

Let cx ≤ δ, c ∈ Z^n, gcd(c) = 1 be again a facet-defining inequality for P_I . If n = 1, then P_I = P , so assume n ≥ 2. Let N = n log n. Suppose there exists a sequence of integral vectors v_1, . . . , v_N ∈ Z^n, with v_N = c, such that ⟨c, v_i⟩ > 0, sin(](c, v_i)) ≤ 1/2^i, ‖v_i‖ ≤ 2^i √ n, for all i = 1, . . . , N. If P^{(ki}�^{1)} is v_{i−1}-saturated with respect to c, then by Lemma 14 the c-height h_c of P^{(ki}�^{1)} is bounded by h_c ≤ √ 2 sin(](c, v_{i−1})) D ≤ √ 2D/2^{(i−1)}. Lemma 15 implies that the distance from P_I to the hyperplane (v_ix = max{v_ix|x ∈ P^{(ki}�^{1)}}) is at most √ 2(h_c + sin(](c, v_i))D) ≤ (1/2^{i−2} + 1/2^{i−1})D. Thus, with Lemma 9, it takes at most n ‖v_i‖ (1/2^{i−2} + 1/2^{i−1})D ≤ 6n^2

iterations of the C-G procedure until the result P^{(ki)} is v_i-saturated with respect to c. Starting from P , it takes at most D‖v_1‖n ≤ 2n^2 iterations of the C-G procedure until the outcome P^{(k1)} is v_1-saturated with respect to c. It follows that P^{(k)} is c-saturated with respect to c and thus P^{(k)} ⊆ (cx ≤ δ), for all k larger than ∑_N i=1 6n^2 = 6n^3 log n.

Now we give the construction of the sequence v_1, . . . , v_N . For x ∈ R we define ⌊x⌉ = { ⌊x⌋ if x ≥ 0, ⌈x⌉ if x < 0. For w ∈ R^n, let ⌊w⌉ ∈ Z^n be the vector obtained by componentwise application of ⌊·⌉. Then ⟨w, ⌊w⌉⟩ ≥ 0 and ⟨w, ⌊w⌉⟩ > 0, if ‖w‖ ≥ √ n. Moreover, ‖⌊w⌉‖ ≤ ‖w‖ and ⌊w⌉+h = w, for some h ∈ (−1, 1)^n. If we define w_k = ⌊k √ n c ‖c‖ ⌉, for all k ∈ Z, k ≥ 1, then ⟨c, w_k⟩ > 0, ‖w_k‖ ≤ k √ n, sin(](c, w_k)) = sin(](k √ n c ‖c‖ , w_k)) ≤ ‖h‖ / ‖k √ n c ‖c‖ ‖ ≤ 1/k. The last property follows from Lemma 1.

Now let v_i = w_2i , for i = 1, . . . , N − 1, and v_N = c. Then ‖v_i‖ ≤ 2^i √ n and sin(](c, v_i)) ≤ 1/2^i. Since also ‖c‖ ≤ 2^{n log2 n}, the sequence has all the desired properties.

This proves the following theorem.

16. Theorem The Chvátal rank of rational polytopes P ⊆ [0, 1]^n in the 0/1 cube with dim(P_I ) = n is at most 6n^3 log n.

5 Arbitrary polytopes in the 0/1 cube

We now generalize our results to polytopes P ⊆ [0, 1]^n that may be irrational or may not have a full-dimensional integer hull.

17. Theorem Let P ⊆ [0, 1]^n be a polytope in the 0/1 cube. If n = 1, then P^′ = P_I . If n ≥ 2, then the Chvátal rank of P is at most 6n^3 log n.

Proof: We can assume that P ⊆ [0, 1]^n is rational. The general case follows then again by applying construction (1). The proof is by induction on the codimension codim(P_I ) = n − dim(P_I). The case codim(P_I) = 0 is just Theorem 16, so assume codim(P_I ) > 0.

Suppose that there is a facet (x_i = 1) or (x_i = 0) of the 0-1 cube that does not contain any integral elements of P . If n = 1, then P^′ = P_I , and we are done. So suppose n ≥ 2. By Lemma 5 and one additional application of the C-G procedure, we see that for all k ≥ n

P^{(k)} ⊆ R^{i−1} × {0} × R^{n−i} or P^{(k)} ⊆ R^{i−1} × {1} × R^{n−i}.

If P^∗ ⊆ [0, 1]^{n−1} is the polytope obtained from P^{(k)} by eliminating the i-th component of its elements, then the Chvátal rank of P^∗ is equal to the Chvátal rank of P^{(k)}, but codim(P^∗_I ) = codim(P_I ) − 1. Applying the induction hypothesis to P^∗ shows that the Chvátal rank of P is bounded by n + 6(n − 1)^3 log(n − 1) ≤ 6n^3 log n.

Suppose now that each facet of the 0/1 cube contains integral elements of P . Since dim(P_I ) < n, there exists a hyperplane (cx = δ), c ≠ 0 that contains P_I . If cx ≤ δ, for all 0/1 points x ∈ {0, 1}^n, then cx ≤ δ would define a face of the 0-1 cube that contains all integral elements of P , which is contrary to our assumption. The same argument holds for the inequality cx ≥ δ. Thus there exist 0/1 points y_1, y_2 ∈ {0, 1}^n with cy_1 < δ and cy_2 > δ. Define

P^1 = convex hull(P, y_1) and P^2 = convex hull(P, y_2).

Then dim(P^1_I ) > dim(P_I ), dim(P^2_I ) > dim(P_I ), and P^1_I ∩ P^2_I = P_I . By the induction hypothesis, the Chvátal rank of P^1 and P^2 is bounded by 6n^3 log n. Since (P^1)^{(t)} ∩ (P^2)^{(t)} ⊇ P^{(t)}, this is also an upper bound for the Chvátal rank of P .

References

[CCH89] V. Chvátal, W. Cook, and M. Hartmann. On cutting-plane proofs in combinatorial optimization. Linear Algebra and its Applications, 114/115:455–499, 1989.

[CGST86] W. Cook, A. M. H. Gerards, A. Schrijver, and E. Tardos. Sensitivity theorems in integer linear programming. Mathematical Programming, 34:251 – 264, 1986.

[CH90] W. Cook and M. Hartmann. On the complexity of branch and cut methods for the traveling salesman problem. In W. Cook and P. D. Seymour, editors, Polyhedral Combinatorics, pages 75–81. DIMACS, 1990.

[Chv73] V. Chvátal. Edmund polytopes and a hierarchy of combinatorial problems.

Discrete Mathematics, 4:305 – 337, 1973.

[Ger90] A. M. H. Gerards. On cutting planes and matrices. In W. Cook and P. D.

Seymour, editors, Polyhedral Combinatorics, pages 29–32. DIMACS, 1990.

[Har88] M. E. Hartmann. Cutting planes and the complexity of the integer hull. Technical Report 819, School of Operations Research and Industrial Engineering, Cornell University, September 1988.

[Har90] M. Hartmann. On the Chvátal rank of the subtour polytope for almost all graphs. Technical Report UNC/OR/TR-90/24, Department of Operations Research, Univ. of North Carolina, December 1990.

[Lan87] S. Lang. Linear Algebra. Springer, Undergraduate Texts in Mathematics, 1987.

[NW88] G. L. Nemhauser and L. A. Wolsey. Integer and Combinatorial Optimization.

John Wiley, 1988.

[Sch80] A. Schrijver. On cutting planes. Annals of Discrete Mathematics, 9:291 – 296, 1980.

[Sch86] A. Schrijver. Theory of Linear and Integer Programming. John Wiley, 1986.

Øøıȷ

Øø k

I N F O R M A T I K

Below you find a list of the most recent technical reports of the research group Logic of Programming at the Max-Planck-Institut für Informatik. They are available by anonymous ftp from our ftp server

ftp.mpi-sb.mpg.de under the directory pub/papers/reports. Most of the reports are also accessible via

WWW using the URL http://www.mpi-sb.mpg.de. If you have any questions concerning ftp or WWW access, please contact reports@mpi-sb.mpg.de. Paper copies (which are not necessarily free of charge) can be ordered either by regular mail or by e-mail at the address below.

Max-Planck-Institut für Informatik Library attn. Birgit Hofmann Im Stadtwald D-66123 Saarbrücken GERMANY e-mail: library@mpi-sb.mpg.de

MPI-I-97-2-009 A. Bockmayr, F. Eisenbrand On the Chvátal Rank of Polytopes in the 0/1 Cube

MPI-I-97-2-008 A. Bockmayr, T. Kasper A Unifying Framework for Integer and Finite Domain Constraint Programming

MPI-I-97-2-007 P. Blackburn, M. Tzakova Two Hybrid Logics

MPI-I-97-2-006 S. Vorobyov Third-order matching in ˘ !-Curry is undecidable

MPI-I-97-2-005 L. Bachmair, H. Ganzinger A Theory of Resolution

MPI-I-97-2-003 U. Hustadt, R.A. Schmidt On evaluating decision procedures for modal logic

MPI-I-97-2-002 R.A. Schmidt Resolution is a decision procedure for many propositional modal logics

MPI-I-97-2-001 D.A. Basin, S. Matthews, L. Viganò Labelled modal logics: quantifiers

MPI-I-96-2-010 A. Nonnengart Strong Skolemization

MPI-I-96-2-009 D.A. Basin, N. Klarlund Beyond the Finite in Automatic Hardware Verification

MPI-I-96-2-008 S. Vorobyov On the decision complexity of the bounded theories of trees

MPI-I-96-2-007 A. Herzig SCAN and Systems of Conditional Logic

MPI-I-96-2-006 D.A. Basin, S. Matthews, L. Viganò Natural Deduction for Non-Classical Logics

MPI-I-96-2-005 A. Nonnengart Auxiliary Modal Operators and the Characterization of Modal Frames

MPI-I-96-2-004 G. Struth Non-Symmetric Rewriting

MPI-I-96-2-003 H. Baumeister Using Algebraic Specification Languages for Model-Oriented Specifications

MPI-I-96-2-002 D.A. Basin, S. Matthews, L. Viganò Labelled Propositional Modal Logics: Theory and Practice

MPI-I-96-2-001 H. Ganzinger, U. Waldmann Theorem Proving in Cancellative Abelian Monoids

MPI-I-95-2-011 P. Barth, A. Bockmayr Modelling Mixed-Integer Optimisation Problems in Constraint Logic Programming